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ABSTRACT

In this thesiswe presenttheoreticalinvestigationsof theeffectsof Andreev bound
stateson the currenttransportin superconductinginterferometers.We alsoinves-
tigatetheslow dynamicsof theAndreev statesin a superconductingpoint contact,
andthepossibleapplicationasaquantumbit.
We consider superconductor-normal metal-superconductor(SNS) and normal
metal-superconductor(NS) interferometers,wherethecontactregion is aY-shaped
normalmetalwaveguide,andthetwo connectionpointsto thesamesuperconduct-
ing electrodecanhavedifferentphases.Theelectriccurrentin theinterferometeris
calculatedasa functionof theappliedvoltageandthephasedifference

�
. Andreev

reflectionin SNSandNS interferometersincorporatestwo features:interferencein
the armsof the Y-shapednormal region, and interplaywith Andreev resonances.
Thelatterfeatureyieldsrich phasedependentcurrentstructuresin thesubgapvolt-
ageregion. The interferenceeffect leadsto a suppressionof thecurrentstructures
at

�����
.

We investigatethe effectson the Josephsoncurrentin NS interferometersdueto
currentinjection from thenormalelectrode.The two maineffectsof thenonequi-
librium situationare: nonequilibriumpopulationof theAndreev levels,which can
resultin enhancement,suppression,or evensignreversalof theJosephsoncurrent,
andan anomalousinterferenceJosephsoneffect, which givesrise to a long range
Josephsoneffect, increasingwith thevoltage ��� up to thesuperconductinggap � .
ThetwoAndreev statesin asuperconductingquantumpointcontactcanbeaccessed
for manipulationandmeasurementby embeddingthepoint contactin a supercon-
ductingloop. We calculateaneffective Hamiltonianfor theslow dynamicsof the
Andreev two-level systemin the ring. Furthermore,we discussmethodsof ma-
nipulationof theAndreev levels,andcouplingof qubits. Thestateof theAndreev
two-levelsystemcanbereadoutby monitoringthemacroscopicquantumtunneling
in a currentbiasedJosephsonjunction,which is embeddedin thesuperconducting
ring of thequbit. We discusstheeffectson thequbit, the readoutschemeandthe
signal-to-noiseratio.
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CHAPTER 1

INTRODUCTION

Latein Camp3, just below 6000m,on RutaSueciafollowing thesouthwestridge
on Aconcagua[1], 8 Jan2001. We have just hadour dinner(fillet of beefwith

Swedishmushroomsauceandpasta)andmeltedsnow for the next day. Thereis no
wind andit is absolutelyquiet. Thecampis placedat thecol betweencerroPiramidal
andthe greatpillars. We have big walls on both sides. The eastside is vertical and
partof thewell-known southwall, of whichwe from thecampcite only seetheupper
half. It looks cold, with blue-whitesnowfields anddark sandstone.The mountain
formsa half circle, like anamphitheatre,aroundthedirty GlacierFranciaandwe are
slowly climbing higherandhigheron its westernspur. Andersis sitting in the tent,
listeningto Chileanpopmusicon hisam-receiver, while I amwalkingaroundwaiting
for the sunsetin thePacific Oceanandtrying to getsomenice picturesin the fading
sunlight. The air is cold anddry. It is thin, but only in a goodsense;cleanandeasy
to breath. While the sunis fading throughstripesof distantclouds,the shadows of
thesurroundingmountainsarerising,creatingstrangevisualeffectson thesky. In the
westaretheyoungestmountains,rocky peaksof which severalareover 6000mhigh.
WhenI look further to theeastthesejaggedpeaksturn into smoothsandhills, like a
high altitudedesert. In the far east,I can imaginethe Pampas.Behindme is the is
thegreat(nameless)pillar, a monolith in wind-polishedsandstone,over two hundred
metershigh andprobablynever climbed. Tomorrow morningwe will packour stuff
andclimb aneasypitch to its base.Thenwe follow a ledgearoundit to find theway
further up the mountain.Above the greatpillar, thereis still alpenglow on the south
summitof Aconcagua,a sharpwhiteedge.

1.1 MESOSCOPIC SUPERCONDUCTING JUNCTIONS

Mesoscopicphysicsconcernssystemswherethe numberof atomsis large, read
macroscopic,but neverthelesstheamplitudeof thequantummechanicalfluctua-

tionsof somemeasurablequantityis comparablewith its average,andthesystemcan-
notbetreatedclassically. Hence,mesoscopicphysicscanbeinterpretedasthephysics
in theintermediatezonebetweenquantummechanicsandNewtonianmechanics.

This thesisconcernselectronicpropertiesof simplesuperconductingcircuitsand,
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in particular, differenttypesof mesoscopicjunctionsbetweensuperconductingelec-
trodes. Thesejunctionscanbe of several types,having considerablydifferentprop-
erties. The simplesttype is the tunnel junction, or SIS junction (Superconductor-
Insulator-Superconductor),wherea tunnelbarrier, usuallya thin oxidelayer, separates
thesuperconductingelectrodes.Morecomplex is thefamily of SNSjunctions,whereN
standsfor Normalmetal,i.e. a non-superconductingregion. Onemaydistinguishtwo
maintypesof SNSjunctions:junctionswith a low concentrationof impurities,where
thetransportis essentiallyballistic andcoherent,andjunctionswherethetransportis
diffusive. Metal or semiconductorjunctionsare usually diffusive. However, recent
progressthesemiconductortechnologyhasmadeit possibleto createessentiallybal-
listic SNSjunctions.We focuson this latter typeof SNSjunctions,andgenerallyon
junctionswherethetransportis coherent.

The theoreticalstory of superconductingjunctionsstartsin 1957,whenBardeen,
CooperandSchieffer (BCS)presentedtheir microscopictheoryof superconductivity
[2]. In earlymodelsof tunneljunctionsa tunnelHamiltonianwasusedto couplethe
two superconductingelectrodes.This model wassuccessfullyappliedby Cohenet
al. [3] to calculatethedissipativecurrentin voltagebiasedjunctions.Themostfamous
work wasdoneby Josephson[4], who predicteda non-dissipative currentin tunnel
junctions,theJosephsoneffect.

Whenit comesto voltagebiasedjunctionsthetunnelHamiltonianapproachworks
well to calculatethe lowest order process,single electrontunneling. This yields a
current-voltagecharacteristicswith zerodc-currentat subgapvoltages, 
���
��������� ,
where� is themodulusof thesuperconductingorderparameter. However, afinite dc-
currentonsetat � � ����� wasindeedseenin experimentsby Taylor andBursteinin
1962[5]. A few yearslatercurrentstructuresatevenlowervoltages,� � ������������� �� ��������� �!�"� , wherefound[6,7]. This subharmonicgapstructure couldnot beexplained
by thesimpletunnelHamiltonianapproach,whichyieldsunphysicalresultsfor higher
orderprocesses(multi-particletunneling)[8] dueto thedivergenceof theBCS-density
of statesat theedgesof thesuperconductinggap.

In 1963,de Gennespresentedan equationof motion for quasiparticlesin the su-
perconductingstate,todayreferredto as the Bogoliubov-de Gennes(BdG) equation
[9, 10]. Oneyear later Andreev, usingargumentssimilar to the BdG-equation,sug-
gesteda new effect at the boundarybetweenthe normal and the superconducting
state[11], lateron referredto asAndreev reflection. Theideais thatanelectron,which
is senttowardsthesurfaceof a superconductor, canbe reflectedasa hole. The con-
servation of currentimplies that two electronchargesaretransmittedinto the super-
conductorduringthisprocess,whichcanbeinterpretedasthatoneCooperpair [12] is
addedto thesuperconductor. Theoppositeprocessis alsopossible:An incominghole
is reflectedasanelectron,whereasa Cooperpair is emittedfrom thesuperconductor.
In 1970theJosephsoneffect in transparentSNSjunctionswaspredictedby Kulik [13]
andexplainedby coherentconsequentAndreev reflectionsat the oppositeNS inter-
faces. Generally, Andreev reflectionis an importantmechanismof currenttransport
throughNS interfaces,anda centralconceptin this thesis.

2



Chap. 1: Introduction

In theearlyworksontheJosephsoneffect[13,14] anapproachbasedonexpansion
over eigenstatesof the BdG-equationwas used. During the sameperiod of years,
several authorsappliedthe Green’s function techniqueto investigatethe Josephson
effect in SNSjunctions[15,16]. TheJosephsoneffect in transparentconstrictions,or
ScS-junctions,wascalculatedin 1977by Kulik andOmel’yanchuk[17], andin 1979
Artmenkoet al. [18] extendedthis theoryto voltagebiasedconstrictions.A review of
theGreen’s functiontechniquescanbefoundin Ref. [19]

Thetheoryfor constrictionsis consistentwith theLandauerapproach[20], widely
usedin the mesoscopictheoryof normal junctions. The Landauerapproachwasap-
plied to voltage-biasedsuperconductingjunctionsfor thefirst time in 1982by Blonder
et al. [21], who consideredtransportthrougha SIN-interfaceasa coherentscattering
problem. This new approachwasessentiallyto matchsolutionsto theBdG-equation
at theinterface,in orderto calculatescatteringstatesfor particlesincomingfrom both
directions.Knowing theprobabilitycurrentassociatedwith thescatteringstates,it is
straightforwardto calculatethe electricalcurrent. Generally, the quantummechani-
cal BdG-Landauerapproachis adequatefor mesoscopicjunctions,whoseproperties
are dominatedby coherentelectrondynamics. The quantizationof transverseelec-
tron modesin mesoscopicjunctionsalso makesone-dimensionalmodelsappropri-
ate[22,23].

In 1982,Klapwijk etal. introducedtheideaof multipleAndreev reflections(MAR)
asthe mechanismbehindthe ac-Josephsoneffect in voltagebiasedtransparentSNS
junctions[24]. Thefollowingyearthetheorywasgeneralizedto arbitrarytransparency
by Octavio et al. [25]. However, in theseearlypapersaboutMAR theauthorsconsid-
eredonly incoherenttransportin thenormalregion.

In the early 90:sseveral groupssuccessfullycalculatedthe dc-Josephsoncurrent
in differentkindsof mesoscopicweaklinks, usingthequantummechanicalapproach,
[26–32]. It wasshown that the boundAndreev statesplay an importantrole for the
currenttransportin any kindsof superconductingjunctions.

An importantstepwastakenwhenthecurrent-voltagecharacteristicsfor pointcon-
tactswith arbitrary transparency wascalculated,using the quantummechanicalap-
proachandtheGreen’s functionapproach[33–37]. Thedc-partof thecurrentin such
junctionsexhibits a staircase-likesubharmonicgapstructurewith conductancepeaks
in the low voltageregion ( ���#���� ), at � � �������$�%�&� � � ���'����� �!�"� Thesecurrent
structuresareexplainedby coherentMAR. Thesamesubharmonicgapstructureexists
in tunneljunctions.However, in thiscasethesubharmonicgapstructureis suppressed;
at small transparency (*) �

the amplitudesof thesubharmonicstructuresdecrease
with thetransparency as (,+
New fabrication techniques

Thestudyof quantumjunctionshasattractedinterestduringtherecentyears,dueto the
developmentsin fabricationtechniques.A very usefulmethodto reachthequantum
transportregimewasdevelopedin thebeginningof the90:s; thebreakjunctiontech-
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nique[38–42]. The ideais to mechanicallybreaka wire, in orderto createa narrow
constriction.Justbeforethewire breakscompletely, thetwo electrodescanbelinked
only by a singleatom,or evena chainof atoms[43]. Dependingon thetypeof atoms
in thepoint contactonemayachieve a very low numberof conductingmodes,down
to asinglemode- aquantumpointcontact.It hasbeenshown thatthetheoryof coher-
entMAR in pointcontactsagreeswith theexperimentalcurrent-voltagecharacteristics
with astonishingaccuracy [44]. More recently, Koopset al. [45] have measuredthe
non-sinusoidalcurrent-phaserelation of a nearly transparentpoint contact,in good
agreementwith the theoreticalpredictions[26–32]. The experimentwasperformed
with a rf-SQUID-like setup,a superconductingloop with a point contact,wherethe
inducedflux throughtheloopwasmeasuredasa functionof theappliedexternalflux.

Furthermore,transparentnormal regionshave beenfabricatedwith ballistic 2D-
electrongasin a multi-layersemiconductorstructure.With normalregionsmadewith
such2D-electrongas,themeanfreepathof theelectronscanreachseveralmicrome-
ters.Thetransportcanberestrictedto asmallnumberof conductingelectronicmodes
by usingetchednormalregionsor by depositingelectrostaticgates[26,46]. Dueto the
largewavelengthof theelectronsin the2D system(of theorderof

� - �/. ) it is possi-
ble to createwave guidesfor theelectronswith a low numberof conductingchannels.
Hence,a finite length of the junction can be combinedwith the quantumtransport
regime.

SN and SNS interfer ometer s

An interestingapplicationbasedonmesoscopicSNSjunctionsis Andreev interferom-
etry [47–49]. Essentially, anAndreev or NSinterferometerconsistsof athreeterminal
device with two equipotentialsuperconductingelectrodes,having differentsupercon-
ducting phases,and one voltagebiasednormal electrode. The threeelectrodesare
connectedthroughanY-shapednormalbeamsplitter (SeeFig. 3.1). Thecentralphe-
nomenonin theNSinterferometeris thephasedependenceof thecurrentin thenormal
electrode,dueto interferenceeffectson theAndreev transportthroughthedoubleSN
interface.Total suppressionof Andreev reflectionoccurswhenthephasedifferenceis
equalto

�
. If the two superconductingelectrodesareconnectedto a superconducting

ring, this phasedifferencecanbe controlledby meansof the externalmagneticflux
throughthe ring. Flux-sensitive NS interferometershasbeenstudiedexperimentally
by severalgroups,seeRefs.[50,51].

An alternativesetupis to replacethenormalinjectionelectrodewith a third super-
conductingelectrode,which givesanY-shapedSNSjunctionor anSNSinterferome-
ter (seeFig. 3.6). Recently, Kutchinsky et al. discoveredphasedependenceof current
structuresat subgapvoltagesin diffusive SNSinterferometers[52–55]. Although at
presentday no experimentshave beenperformedwith ballistic interferometers,one
cangenerallyexpecteven morepronouncedphasedependentinterferenceandreso-
nanteffectsusingjunctionsdominatedby ballistic transportandpreferablyalsoin the
quantumtransportregime.

4



Chap. 1: Introduction

Theeffectsof resonancesassociatedwith Andreev statesin quantumSNandSNS
interferometersarestudiedin PapersI-III. PaperI discussesNS interferometerswhile
PaperIII, andpart of PaperII, is devoted to the phasedependentsubharmonicgap
structurein voltagebiasedSNSinterferometers.

Nonequilibrium Josephson effect

It is generallyacceptedthatboundAndreev statesplay animportantrole for theelec-
tronic transportin mesoscopicSNS junctions[14]. Eachtransportmodein a SNS
junctionis associatedwith anumberof Andreev levels,whichdependsontheeffective
length 0 of thenormalregion roughlyas 1325476 ��0 . Shortjunctions,on thescaleof
thesuperconductingcoherencelength 4�6 �98:<;>= ��� , hostonly onepair of levels,while
the numberof levels in long junctionsmay be large. The Josephsoncurrentin long
junctionsdecaysexponentiallywith increasedlength[13,16], which is dueto thefact
thattheAndreev levelscarrycurrentin alternatedirectionsandthereforetendto cancel
out eachotherscurrentcontributionspairwise[56]. This cancellationdependson the
populationof theAndreev levels,which in equilibrium is the Fermidistribution. By
usingtheinterferometersetup,andinjectingelectronsinto thenormalregion from the
probe,it is possibleto createa nonequilibriumpopulationof theAndreev levels and
henceto modify theJosephsoncurrent.

In PaperI wegive adetaileddescriptionof thenonequilibriumJosephsoneffect in
quantum3- and4-terminaldevices,i.e. quantumSNSjunctionswith oneor two probes
attachedto the normalregion. The focusis put on the anomalousJosephsoncurrent
[57]. Theorigin of this effect is anasymmetrybetweenthenonequilibriumJosephson
currentproducedby injectedelectronsandinjectedholes.Theanomalouscurrentdoes
notdependonthelengthof thenormalregionandcanbeof theorderof theequilibrium
currentin a point contact,even if the junction is long andthe equilibrium currentis
exponentiallysmall.

1.2 QUANTUM ELECTRONICS

In 1986Leggett [58] suggestedthat a macroscopicquantumtwo-level systemcould
be achieved using a superconductingring with a tunnel junction, i.e. an rf-SQUID.
His ideawasthat a hystereticrf-SQUID biasedat a half flux quantum,? 6 ��� , where? 6 �@8: ���A� , shouldfluctuatequantummechanicallybetweentwo stateswith persis-
tentcurrentsin oppositedirections,requiredthatthechargingenergy of thejunctionis
sufficiently small, BDC �FE �G�>HJI7���AK . The device wassuggestedasa tool for studying
macroscopicquantummechanics,andalsotheroleof dissipation[59]. If thetwo-level
systemis well separatedfrom higherenergy levels,thesystemcanbeseenasanarti-
ficial spin-1/2particlein aneffective magneticfield, which dependson theelectronic
propertiesof the device andthe externalflux. In order to measurethe spin-stateof
sucha device a quantummeasurementis needed,i.e. themetershouldhave sufficient
accuracy to distinguishthe two statesfrom eachother. Leggett’s suggestionwasto
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usea dc-SQUID,inductively coupledto the rf-SQUID, to measurethe inducedflux
by therf-SQUID. Theamplitudeof thesignalfrom therf-SQUID is of theorderof a
flux-quantum.Generally, thecoherencein mesoscopictwo-level systemsis extremely
sensitive to environmentalnoise. The hystereticrf-SQUID is unfortunatelystrongly
coupledto noisein theexternalflux, dueto thelargeinductance.This is probablythe
reasonwhy theearly attemptsto observe theeffect have failed. However, promising
experimentshasrecentlybeenreportedby Friedmanetal. [60].

The ideaof quantumcomputingL hasbroughtbackLeggett’s two-level systemto
thelimelight. Thebasicbuilding block in a quantumcomputeris thequbit, or QUan-
tum BIT, which is aquantumtwo-level system.Thequbit correspondsto theordinary
bit in classicalcomputers,but therearesomeimportantdifferences.The stateof the
qubit cantakeany superpositionof

�
and

-
, comparedto thediscretevaluesof theor-

dinarybit. Moreover, thissuperpositionis coherentwhichimpliesanadditionaldegree
of freedom;thephasedifferencebetweenthetwo eigenstates.

Several groupsexplore the possibility of microscopicqubits, i.e. qubitsbasedon
individual microscopicdegreesof freedom,for examplenuclearspinsin molecules
(NMR) [62,63]. However, we will focus on macroscopicsuperconductingqubits,
which openthe possibility for coherentquantumelectronics.Several promisingex-
perimentson superconductingqubitshave beenbasedon phasedegreeof freedomin
Josephsonjunctions. Usually onedistinguishesbetweencharge qubits, working in
the regime B CNM BPO [64–66], and flux qubits, working in the regime BDO M B C
[58,60,67], where BPO � ?Q6 R7ST��� � is theJosephsonenergy. For a review seeRef.[68].

Quantumcoherencein a qubitbasedon theJosephsoneffectwasdemonstratedfor
thefirst time in 1999by Nakamuraetal. [65]. They showedthatcoherentoscillations
betweentwo chargestatesof aCooperpairbox[64], i.e. asmallislandconnectedvia a
Josephsonjunctionto asuperconductingreservoir, couldbeinducedby voltagepulses.
MorerecentlyVion etal. [69] reportedmeasurementsof Rabi-oscillationsonasimilar
chargequbit with a significantlylongerdecoherencetime, U/VW2 - �YX>Z\[ , comparedto
theexperimentof Nakamuraet.al, U/V,2]���/[ . Thehystereticrf-SQUID by Leggettis
anexampleof a phasequbit. A similar designhasbeenstudiedby Mooij et al. [67],
who constructeda flux qubit in thenon-hystereticregime BDO�) B�^ �_E ?Q6 ��� � H I ��0 ,
where 0 is thegeometricinductance,to avoid thesensitivity to externalflux noise.All
thesequbitsarechildrenin therecentbabyboomof superconductingqubits,andnew
ideasarestill coming.

All qubitsbasedon the Josephsoneffect uselarge classicalJosephsonjunctions,
wherethe phasedifferenceis the only dynamicalvariable. An alternative approach
is to usethe inherentdynamicsof the boundAndreev statesin a quantumjunction,
which is not directly relatedto the dynamicsof the phasedifference. In a quantum
point contactwith a singleconductingchannelthereis only a singlepair of Andreev
levels,which is a goodcandidatefor thequbit application.Thestateof theAndreev`

This thesisdoesnot concernany quantumcomputing,althoughthis is an interestingsubject.We
areonly consideringthe basicbuilding block; the qubit, which is interestingenoughon its own. The
theoryandalgorithmsof quantumcomputingcanbefoundfor examplein [61].

6



Chap. 1: Introduction

two-level systemdeterminesthedirectionof thepersistentcurrentin thecontact.If the
two electrodesof thepoint contactareconnected,forminga superconductingring the
situationbecomessimilar to Leggett’s bistablerf-SQUID, with thedifferencethat the
inductanceof thering canbelow, B�^ M BPO . (TheJosephsonenergy of a transparent
quantumpoint contactis of the order of the energy gap BPOa2 � .) Although the
Andreev level qubit is aphasequbit, it is not thephasedifferencewhich is therelevant
degreeof freedom,but thestateof theAndreev two-level systemof thepoint contact.
Thus,this device canbeseenasa microscopicqubit, which is coherentlycoupledto
themacroscopicring.

PaperIV discussesa qubit basedon theAndreev two-level system.Thedynamics
of thequbit is discussedin Sec.2.1andChapter4.

Measurement of persistent current qubits

The spin-stateof a qubit basedon the Josephsoneffect canbe measuredby means
of thecharge on a junctionor the supercurrent,which is a function of thephasedif-
ference.Sincetheclassicalmeteris a sourceof noise,a weakcouplingbetweenthe
meterandthequbit is required,which obviously makesthemeasurementprocessin-
creasinglydifficult dueto the small signalfrom thequbit. Hence,greateffort is put
on the designof accuratemethodsto measurecharge [70,71] andflux, see[60,67].
A new meterto measurepersistentcurrentshasrecentlybeendevelopedby Cottetet
al. [66], with promisingexperimentalresults[69]. The techniqueis applicableto the
phaseor chargequbitswherethetwo-levelsystemcouplesto thepersistentcurrentin a
superconductingring. Hence,thesesystemscanalsobemeasuredusingthedc-SQUID
technique.The new meterby Cottetet al. is a Josephsonjunction with largecritical
currentcomparedto thetypicalcurrentstates,which is embeddedin thesuperconduct-
ing ring. Thebig Josephsonjunctionis alsoconnectedto a stablecurrentsourceand
a voltmeter. Themeasurementis performedby increasingthecurrentbiasfrom zero
to apeakvaluewheretheratefor macroscopicquantumtunneling(MQT) in themeter
is significant. The MQT-event yieldsa voltagepulse,which canbemeasuredby the
voltmeter. Theratefor MQT dependsstronglyonthecurrentthroughthejunction,and
henceon thedirectionandamplitudeof thecurrentin the ring, which canbeusedto
determinethecurrentstateof thequbit.

Themainadvantageof this MQT-metercomparedto thedc-SQUIDis that it mea-
suresthecurrentstateratherthanthe inducedflux, which is a weakeffect if thequbit
is operatedin thenon-hystereticregime B�^ M BDO .

In Sec.5.1we discussa qubit with persistentcurrentstates,connectedto a MQT-
meter. The generalpropertiesof the qubit-metersystemarediscussedaswell asthe
signal-to-noiseratioof measurementsatzerotemperature.

7
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1.3 OUTLINE OF THIS THESIS

This thesisis to large extent a studyof differentaspectsof nonequilibriumAndreev
states.

Thestructureof theremainingpartof this thesisis asfollows.

In Chapter2, I introducethe formalismon which thework is based.We
useaquantummechanicalscatteringapproachto calculatecurrent-voltage
characteristicsandthe(non)equilibriumJosephsoneffect in quantumSNS
junctions.Thedynamicsof theAndreev statesin a point contactis inves-
tigatedusinga functionalintegral approach.

In Chapter3, I presenttheresultsof PapersI-III. In thesepaperswediscuss
NS andSNSinterferometersandtheeffectsof theAndreev boundstates
on thecurrent-voltagecharacteristics.Wealsodiscussthenonequilibrium
Josephsoneffect causedby normalinjectionin anSNSjunction.

In Chapter4, I presentthe resultsof PaperIV anddiscussthe Andreev
level qubit. The paperis devoted to the slow dynamicsof the Andreev
statesin a quantumpoint contactandthepossiblequbit application.Ma-
nipulationof the qubit stateandcouplingof qubitsareothersubjectsin
thediscussion.

Finally, in Chapter5, I discussthe readoutschemeof superconducting
qubits,usingthemethoddevelopedby Cottetetal. [66]. Themethodmay
in particularbeusefulfor experimentswith Andreev level qubits.

8



CHAPTER 2

SUPERCONDUCTING JUNCTIONS

In this chapterI will introducetheformalismswhich areusedin theappendedarti-
cles. Although threeof the four appendedpapersarebasedonly on the scattering

theoryI find it illustrative to begin with the functional integral approachto thepoint
contact,the resultsof which areusedto describetheAndreev level qubit. The func-
tional integral approachgivesanoverall pictureof the junctionin theelectriccircuit,
including the effective capacitanceof the junctionandthe influenceof inductive and
capacitive elementsin the circuit. The scatteringapproach,which is introducedin
Sec.2.2,concernsonly thetransportpropertiesof the junction,andimplies thephase
differencebeinga well definedclassicalvariable.

2.1 FUNCTIONAL INTEGRAL APPROACH TO THE QUANTUM POINT
CONTACT

In this sectionwe use the functional integral techniqueto calculatean effective
Hamiltonianfor thequantumpoint contact,describingthedynamicsof theenergy

levels closeto the Fermi surface. Our aim is to describethe dynamicsof the An-
dreev two-level systemin a fluctuatingenvironment.We alsoderive theHamiltonian
describingtheslow phasedynamicsof thetunneljunction.

Hamiltonian of the super conducting quantum point contact

It hasbeenshown by Levy Yeyati etal. [72] andCuevaset al. [36] thattheJosephson
effect in superconductingquantumconstrictionswith arbitrary transparency can be
describedusinga tunnelHamiltoniandescriptionof thecouplingof theelectrodes.We
canwrite the Hamiltonianfor a single-modequantumpoint contactconnectingtwo
bulk electrodesas b � b ^dc bfe c bfg c bfh � (2.1)

whichconsistsof thefollowing terms.Thebulk electrodesaredescribedby theHamil-
tonianfor theBCS-superconductingstate[2], consideredin themeanfield approxima-

9
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tion (seee.g. [73] for adetailedderivation);for theleft electrode,ib ^ �kj lnm ^po�qsr itsu^ E r �nv�HPwsx%y 8: I��. E<z{ y]| �8: z} H I y Z/~��p�Qc i� ^A� it ^ E r �nv�H�� (2.2)

where t E r �nv�H � E��%� E r �nv�H�� � u� E r ��v7H�H is the two componentNambu representationfor
electronsandholesin thesuperconductor, �p� denotethePauli matrices,andtheorder
parametermatrix is givenby theequation,i�d^ � �d^<� �Y����� l�� �!���s� ����� (2.3)

where �d^ is realandpositive. Thebulk Hamiltonianfor theright electrodeis similar.
Using the meanfield approximationwe neglect fluctuationsof the magnitudeof the
orderparameter��^ andalsodeviationsfrom theJosephsonrelation,��� E v�H � �� 8:W���E v�H�� (2.4)

where � E v�H is thevoltageacrossthepointcontactand
��E v�H ��� e E r g �nv�H y � ^ E r g �nv�H the

phasedifferenceacrossthepoint contact,where r � r g is thecoordinateof thepoint
contact.

ThetunnelHamiltonian

b g
canbewritten on thestandardform [4,74,75], with a

hoppingparameter� determiningthetransferpropertiesof the junction. The interac-
tion is assumedlocal,at thepoint contact,ibfg ��it�u^ E r g �nv�H iU it e E r g ��v7H�c��\�Y����� iU �#� � -- y � L,  � (2.5)

Herethehoppingparameteris assumedenergy independent,which is relevantfor the
atomicsizepointcontact.A generalizationto energy dependentscatteringis discussed
in Sec.2.2,usingscatteringtheory. Thelast termin Eq. (2.1) describestheCoulomb
interaction. As long aswe are only interestedin large time scalescomparedto the
inverseplasmafrequency of theelectrodes,theCoulombinteractioncanbedescribed
by aneffectivecapacitive interaction,dependingon thechargedifferencebetweenthe
two electrodes, ibfh � K � � I E v7H�� (2.6)

Here K is the usualcapacitancedefinedby the geometricpropertiesof the junction.
Generally, we considerthis capacitanceasanindividualbranchcoupledin parallelto
thepoint contact,accordingto Fig. 2.1.

It is convenientto performa gaugetransformation,which removesthephasefrom
theorderparametermatrix

i� ,it ^ E r �nv�H¢¡ � �£� � � l�� �"���s��¤ I it ^ E r ��v7H�� (2.7)

10



Chap. 2: Superconducting junctions

The correspondingprocedureis performedalsoon the right electrode.The transfor-
mation, Eq. (2.7), yields a Hamiltonianwith a real order parametermatrix in both
electrodes, ib ^ �¥j lnm ^'o�qsr itsu^ E r �nv�H�¦ : 6s� � c§��^¨�p� © it ^ E r �nv�H�� (2.8)

where
: 6 � y 8: I { I � E ��.�H y Z . In thisequation,thetermsproportionalto thesuperfluid

velocity, z;�ª«� 8:��. E z{ � y �A�8: z} H�� (2.9)

havebeenomitted,sinceweconsiderelectrodeswhicharelargecomparedto theLon-
donpenetrationdepth. Hence,theelectrodescanbe treatedasbulk superconductors
wherethe external magneticfield is screenedcompletelyand the currentdensityis
small.

The effect of thegaugetransformationEq. (2.7) on the tunnelHamiltonianis the
appearanceof a dependenceon the phasedifferencebetweenthe electrodesof the
hoppingparameter, bfg �¬itsu^ E r g �nv�H iU� ��V � �!���s��¤ I it e E r g �nv�H\c��\�Y��� (2.10)

Current

Thecurrentthroughthepoint contactis givenby therelation,iR E v�H � y � oo v i1®^ E v�H�� i1¯^ E v7H ��j lnm ^¨o�qsr t u E r �nv�H°� � t E r �nv�H�� (2.11)

The time derivative of the numberoperator
i1®^ is convenientlycalculatedusing the

Heisenberg relation,iR � | �8:²± i1®^ E v�H�� ibfg E v�H�³ � | �8: it u^ E r g ��v7H iU� ��V�� �!���s�´¤ I it e E r g �nv�H�� (2.12)

Hence,thecurrentoperatorcanbewrittenon theform,iR E v�H � �G�8:*µµ � ibfg E v�H�� (2.13)

Sincethe Nambu vectorson both sidesof the point contactare consideredas bulk
states,the currentthroughthe point contactdependsonly on the (fluctuating)phase
differenceandthetransparency of thejunction.

Functional integral approach

In orderto calculatetheeffectiveHamiltoniandescribingtheslow quantumdynamics
of the junction we employ a functional integral approach,similar to the technique
usedby Ambegaokar, EckernandScḧon [73,76]. We canintegrateout thedegreesof
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freedomof quasiparticleexcitationsin theelectrodesandarrive at aneffective action
describingthe slow, on the time scale

8: ��� , non-dissipative dynamicsof the phase
differenceandtheAndreev statesof thepoint contact.

Theapproachis basedon thenormalizedpartitionfunction,¶ ��·¸j ( I t ^ ( I t e ( � � ��¹ ¤Tº» � ·¥¼p½P��j ( I t ^ ( I t e ( � � �¾¹7¿ ¤°º» � (2.14)

where À � ÀpÁc9À�C is the actionfor thepoint contact, ÀpÁ , including theelectrodes,
andthecapacitive branch,À�C . TheeffectivecapacitanceK canbeadjustedby means
of a shuntcapacitor. In the functionalformulation, t ^ ¤ e E r �nv�H arecomplex Grassman
fields,andthenotation(ÂI t is shorthandnotationfor thefunctionalintegrationoverthe
complex field ( t u ( t . Thenormalizationconstant

·
is givenby thepartitionfunction

for theuncoupledelectrodes,À<6 � À E � � - H . Theactionsfor thepoint contactÀ Á and
thecapacitorÀ C arestraightforwardto derive from theHamiltonianEq.(2.1),À Á � À<^&c�À e y j o v bfg E�� H (2.15)À<^ � j o v j lnm ^ o q r t u E r �nv�HnÃ | 8: µµ vy : 6�� � y �Ä����Å t E r �nv�H�� (2.16)À C � j o v x ?Q6� � ~ I K � �� I � (2.17)

For simplicity weconsiderthesamemagnitudeof theorderparameterin thetwo elec-
trodes,� ^ � � e � � .

SQUID geometry

Themodeldescribedabove concernstwo superconductingelectrodes,connectedonly
by thepointcontact,but thesamedescriptioncanalsobeusedif thetwo electrodesare
connectedto aring, i.e.a SQUID-geometry, seeFig. 2.1.Themainnew featureis that
thephasedifferenceacrossthejunctiondependsonthephasegradientin theelectrode,j Æ´ÇÈÆÊÉ´Ë"Ì!ÍnÎ�Æ oGÏ/Ð z{ �Ñ�¥��E´Ò�Ó'Ô � � H�� (2.18)

wherethe integrationgoesaroundtheelectrode(well within the electrodecompared
to the Londonpenetrationdepth). Zero superfluidvelocity in the electrodeimplies
that

z{ � y E �G��� 8: H z}N� -
(givenby Eq. (2.9)). Accordingly, thephasedifferenceis a

functionof theexternalflux, ���]E � � ��? 6 Hn? � E´Ò�Ó'Ô � � H�� (2.19)

Thetotal flux ? � consistsof theexternalflux ?�Õ andtheflux, Ö? � R'0 , inducedby the
circulatingcurrent,where 0 is thegeometricinductance,? � � ?�Õ%c Ö?×� (2.20)
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Chap. 2: Superconducting junctions

Finally, if we considertheSQUID geometry, theenergy of the inducedflux yieldsan
additionaltermin theaction, À�Ø , which is givenbyÀ�Ø � y j o v B�^� ¦ � y � Õ�© I � (2.21)

where B�^ �]E ?Q6 ��� � H I ��0 and
� Õ � � � ?�Õ���?Q6 .

C
Junction

L
eΦ

Figure 2.1: The effective electroniccircuit of a junction in the SQUID-geometry, i.e. an rf-
SQUID. Ù is thegeometricinductanceof thesuperconductingring and Ú theeffectivecapaci-
tanceof thejunction.

Reduced Hamiltonian for the point contact

I t is possibleto simplify the action in Eq. (2.15) by integratingout the degreesof
freedomof quasiparticleexcitationsoutsidethe energy gap. This yields a crucial

simplificationof the problem,but requiresthat we only considerslow dynamicson
the time scale ÛÜ�Ý�Þ . The two Grassmanfields ß�àGá�â , for the left and the right elec-
trode,in theinteractionHamiltonian ãfä , Eq. (2.10),canbedecoupledby introducing
two new two-componentGrassmanfields å�æ´ç7è and é<æÊç�è [77], following theHubbard-
Stratonovich procedure(seeAppendixA),ê�ë�ìíî/ï<ð�ñnò\óGô�õsö�÷¥øWùdú�ûpùdúsü ê ìíî ï ðJñ$ý�þTÿ����� ì �����
	����� ô�� ó�� ñ!ö����sÿÊô����� ì ������	����� ô�� ó�� ñ!ö��pþ�ö����! "� #�$ (2.22)

After this decomposition,the functional integrationover the Nambu field andthe ü -
field canbeperformedexplicitly. We arrive at an effective action,which determines
the slow dynamicsof the phasedifference% and the Grassmanfield û [77], which
describestheAndreev levels,aswe will seelater,&(' ý %*) û # ÷ ø,+.-0/�+.- ú û�102 -0/�3�4 ë / 2 -
/ ) - ú 3 û52 - ú 34 ë / 2 -
/ ) - ú 3 ÷ 6 ë /7 2 -0/*89- ú 3*8;:< 2 -0/03 6 7 2 -0/*89- ú 3=:< ë / 2 - ú 3 $ (2.23)

Here 6 7 is theGreen’s functionfor theuncoupledelectrodes( > ÷@? ), 6 ë /7 2 -0/=8A- ú 3 ÷2CB�DEGF ñ 8 E 7�HJI 8LK H(M 3ON 2 -
/*89- ú 3�N 2QP 3 . TheFouriercomponent,6R2�S 3 , is6 7 2TS 3 ÷VUWAX0Y UDE ú S ú 8AZ úY 2�DE S\[^] Y H(I [ K H(M 3`_ 8 BCacbd2C? 3e DE úCS ú 8LK ú 2�DE S\[ K H(M 3 ) (2.24)
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where f�gihkjlGm0n mporq.sut\v
, wxgyhzf mg|{~} m , and �d�C��� is theelectrondensityof statesat

theFermilevel.
At small frequencies,jl���� } , the Green’s function in Eq. (2.24) is simplified

further, ��� ���
� t � m ��h t,� ���Q���} �C��jlk�� �0� {L}��(� �O�����0� t � m ��� (2.25)

Due to the low frequency approximationthe full Green’s function, Eq. (2.23), only
dependsonthetimedifference� � t � m , whichcorrespondsto alocaleffectiveaction.It
is convenientto includetheconstantfactorin thefront of

� � � � ), Eq.(2.25),in thefield� . Thenwearriveat theaction[77]�(��� �G�0�5� h � � � ��¡ ���
�x¢���jl �� � { jl¤£¦¥� �(§ t©¨ � � � tA¨*ª � ª
« � ���0� � (2.26)

where
£ h �¬ �� t©® ¯ � , and¨ � h } �Q°p±�² m � q { ® ¯ ²�³�´ m � q � (2.27)¨cª h tyq £ } ²�³�´ � � (2.28)

Thereflectivity of thejunctionis
¯ h@ t\µ , where

µ
is definedby theequation[36],µ h � m �C��� � m�¶ ·¸¶ m�  { � m �C��� � m ¶¹·�¶ m � m � (2.29)

It is convenientfor laterpurposesto proceedto theHamiltoniandescription.The
conjugatemomentumto � andtheconjugatequasichargeto � areº�» h ¼¾½¼ ¥� h ��jl � ¡¿!À h q �Á � ¼¾½¼ ¥� h Á �q �iÂ ¥� { q�Ã £ �(§ �
ThenwecanusetheLegendretransformationtogettheHamiltonian,Ä�h@� Á � orq � � ¿ÅÀ ¥� {º » ¥� t ½ . Thevariables� and � arequantizedby imposingtheusualcommutationre-
lations,for FermionsandBosons,respectively,Æ ��ÇQ�0� ¡ÈÅÉ h � Ç È� �*�0¿ À � h � q�Ã �
Finally, thereducedHamiltoniantakestheform [77],ÊÄ�h q Â � ¿!À tLq�Ã £ �J§ � m { ¨ � � � � � � { ¨*ª � � � � ª � (2.30)

wherethequasichargeoperatoris ¿!À h t � q�Ã ¼ À . This Hamiltoniandescribesthedy-
namicsof thelow energy levelsandthephasedifferencein thesystemof theJosephson
contact.
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Chap. 2: Superconducting junctions

Notethattheeigenvaluesof thepotentialenergy termin theHamiltonian,Eq.(2.30),
yieldstheboundAndreev level spectrum,̈

Ëm� { ¨ymª hkw mÌ , wherew Ì � � ��h }ÎÍ  t©µ ²�³�´ m � q � (2.31)

It is straightforwardto calculatethe electricalcurrentin the point contactusing
Eq. (2.13). Performingthegaugetransformation,�ÐÏ Ã Ç�Ñ�Ò�Ó�À!Ô�Õ�Ö � , which removesthe�(§ -termfrom thekineticpartof theHamiltonianin Eq.(2.30),we arriveat thecurrent
operatorfor thepoint contact,Ê× � � ��h × Ì � � � � t °p±�² � q � � { ²�³�´ � q � ª �C� (2.32)

whichhastheeigenvaluesØ × Ì � � � ,× Ì � � �`h ÃÙµ }jl ²�³�´ � q � (2.33)

If we assumethatthephasedifferenceis time independent,it is straightforwardto
integrateoutthe � -field fromEq.(2.26).Theresultingactionis

�(� � � � o jl hÛÚ � �ÝÜ ´¾��jl m � m!tw mÌ � � ��� . Theaveragecurrent,correspondingto Eq. (2.13),is thengivenby theequa-
tion, × � � ��h Ã }jl µ ²�³�´ �q w Ì � � � � (2.34)

which we recognizeas the Josephsoncurrentin a point contactat zero temperature
[27,78].

Tunnel junctions

If the transparency of the junction is low,
µ �  , thenthedynamicsof theAndreev

statesis on the time scale jl o } . Hence,if we are interestedin the slow dynamics,jl(�©� } , it is relevantto integrateoutalsothefield � , to getaneffectiveactionfor the
slow dynamicsof thephasedifferenceonly.

Considerthepoint contactbranch,thepartitionfunctionof which is,Þ � � �5� hÛßià!á � �Gâ �� � � µ m � Ã¾ãäåÙæ�çÅè »pé À�ê � (2.35)

where
�(�

and

� �
aregivenby Eq.(2.23)andEq.(2.24),respectively. A straightforward

evaluationof the � -integralyields,Ü ´ Þ hÛë¾ì Ü ´¾�� t ��� Êí ��� Êí â � �h t á�ì � � � � � � m � � ��� m t � � � Êí ��� � � � � ��� � t � m � Êí â � ��� m � {©î � µ m � (2.36)hÛ� � � � � � � m ¢�ïG��� � t � m ��°p±ð² � ��� � � t � ��� m �q {Lñ ��� � t � m ��°p±ð² � ��� � � { � ��� m �q «{òî � µ m � �
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wherewe haveusedtheapproximation
µôóÛõ � m �C��� � m.¶ ·¸¶ m , andwhere[73]ïG���0�öh t � µ jl mq � � � � � � m� q � � m Ã â Ç�Ô�÷�ø â ÷!ù�ÖúÕ � � � mû ��jl m � m� t } m �0��jl m � mm t } m � �ñ ���0�öh � µ } mq � � � � � � m� q � � m Ã â Ç�Ô�÷.ø â ÷Åù�ÖüÕû ��jl m � m� t } m ����jl m � mm t } m � �

Assumingthatthephasedifferencevariesslowly on thetime scalejl o } , we cantreat
boththetermsin Eq.(2.36)aslocal in time. Thus,°p±�² � ���0��� t � ��� m �q ó  t ý�þ ¼ �¼ �(ÿ m�� m � °�±�² � ���
��� { � ��� m �q ó °p±�² � ���0� � (2.37)

where

� h¦� � t � m and �`h@��� � { � m � orq . Wearriveatanactionwith aperiodicpotential
termproportionalto theJosephsonenergy, i.e. the”washboardpotential”,andakinetic
term,whichyieldsashift � Â of theeffectivecapacitance,Þ � h Ã Ç Ú � Õ � � ���ù�� � ù	��
ù�À ù���� ������� À � � (2.38)

where w��,h Á � ×�� oÙq � andthecritical currentfor thesinglechannelis
×�� h ÃÙµ } oÙq jl .

Theshift of theeffectivecapacitanceis [73],� Â h t ÃÅmjl¦� � ��� m ïG� � ��� (2.39)

The generalizationto multi-modetunnel junctionsis straightforward,becauseof the
separabilityof theconductancemodesin shortjunctions;thetotal critical currentcan
bepresentedasasumof independentmodeswith transmissioneigenvalues

µ�� �  .
The least action solutionsto the action

� h �(� { � �
, where

�(�
is given by

Eq. (2.38), are quite differentdependingof the ratio of w � and w�� . If the charg-
ing energy dominates,w �"! w � , thereare no localizedsolutionsbut only Bloch
states,which correspondto discretequasi charge stateson the electrodes( } ¿ hq�Ã � õ�Ã �$# Ã � ����� ). ThesmallJosephsoncouplingyieldsahybridizationof thequasicharge
statesandaBloch-bandstructure,see[79]. In theoppositelimit, w � ! w � , thelowest

bandsareexponentiallynarrow } w"% Ã â ® m � � ¤ � 

[80]. The loweststatesof a local

minimum in the periodicpotentialcanthenbe approximatedby the eigenstatesto a
harmonicoscillator.

2.2 SCATTERING THEORY

So far we have neglectedall sortsof dissipation,in the junction and in the elec-
trodes. The role of dissipationin ScS-junctionsis a recentresearchfield, and it

hasbeeninvestigatedusingbothGreen’s functiontechniques[36,81] andthescatter-
ing approach[34,35]. Whena voltagebias is appliedto the junction, a nonequilib-
rium quasiparticledistribution developsin the contactarea. In transparentjunctions,
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this effect is strongeven for small voltages. The scatteringapproachis particularly
usefulfor studyingstrongnonequilibriumandnon-stationaryeffectsin spatiallynon-
homogeneousstructures.EmployingtheLandauerphilosophy[20] to ScS-structures,
we assumethatall inelasticquasiparticleprocessesoccurin theelectrodes,which are
treatedasequilibriumquasiparticlereservoirs. Thescatteringof quasiparticlesin the
normalregion is assumedentirelydynamical.Whenstudyingthedissipative transport
we will disregardeffectsof thefluctuatingenvironmentandconsiderthephasediffer-
enceasa well definedclassicalvariable. This correspondsto the regime w � � w�� ,
whenchargingeffectson theelectrodesarenot important.

Thesimplestassumptionaboutthenormalregionof thejunctionis to considerit a
conductorof thesamematerialasthesuperconductorbut with } h � . Moreover, we
requirethat the width of thenormalregion variesslowly in spaceandthat scattering
only occursat impurities,exceptof Andreev reflectionsat theNS interfaces.Hence,
thenormalregion is consideredasanon-superconductingwaveguidefor electronsand
holes.

Consideroneof thesuperconductingelectrodes.We assumethat the electrodeis
free of externalfields and in equilibrium. Thus, it is describedby the Hamiltonian
Eq.(2.8). It is convenientto expandtheNambu operator

Ê& �(' � �0� in scatteringstates,Ê& �)' � �0�*h+*$, & , �(' � �0� Êï , � (2.40)

where & , �(' � �0� arethescatteringstatewavefunctionsand
Êï ¡, arethecreationoperators

for the scatteringstates. The quantumnumber
v

labelsthe quasiparticlestatein a
particularelectrode.Sincewe considerreservoirs in equilibriumtheincomingscatter-
ing statesfrom differentmodes,andelectrodes,arestatisticallyindependent,andthe
occupationnumberis givenby theFermidistributionfunction, -�.�h@ o � Ã �0/ ¤ g�1�2 { �� ,3 Êï ¡, Êï�465`hÛ� , 4�-7.`��w , ��� (2.41)

Thescatteringstateconsistsof alinearcombinationof transmittedandreflectedwaves,& , � n � Ã Ç g98 â Ç �:/ Õ � (2.42)

where & , � n � satisfythestationaryBdG-equation[10],� f�g �(§�{L}�� � t w �;& , � n �|h ��� (2.43)

This equationdescribesthehybridizationof electronsandholesin thevicinity of the
energy gap,andgivesthedispersionrelation

n:< h û q.s � v Ø>=.� o jl , where

= h ? ® w m t } m � ¶ w ¶�@ }�)A ® } m t w m � ¶ w ¶�B } � (2.44)

whereA\hÛ²�³DC.´ò��w � . Thewavevector
n <

is definedfor electron-like� { � andhole-like� t � quasiparticles.The namingrefersto the limit } Ï � whenhole-like quasipar-
ticles turn to holesandelectron-likequasiparticlesturn to electrons.Thesolutionsto
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Eq.(2.43)are, & < ��w ��h ® q�E ³�´G�� � û } o(¶ w ¶ � Ã <�F Ò�Ó ¤ m & � ��w � � (2.45)

where& � ��w �`h �� � A¸� , and Ã F h ¶ w ¶ { =} � (2.46)

For
¶ w ¶�@ } thesolutionsarefreequasiparticles(planewaves)in theelectrodes.
Now we have the necessarytools for calculatingthe electriccurrentin the elec-

trode.This is doneby meansof theoperatorfor thecurrentdensity,ÊG �(' � �0��h Ã jl� q.s Ê& ¡ �(' � �0�IHJ Ê& �(' � �0� {LK ��°.� � (2.47)

which maybeusedeitherin theelectrodeor in thenormalregion. This expressionis
calculatedfor electron-likeandhole-likequasiparticles,injectedfrom theelectrodes.

The NcS-interface

Apart from thebulk propertiesof theelectrodes,we arealsointerestedin thebound-
ariesbetweenthenormalandthesuperconductingregions,andin theAndreev reflec-
tion in particular. We considera single channelSN interface,with perfectcontact
betweenthesuperconductingandthenormalreservoir. Thescatteringat the interface
is convenientlycalculatedfollowing the BTK approach[21], by meansof matching
thesolutions,Eq.(2.45),in thenormalandthesuperconductingregions.An important
consequenceof the energy gap is that electronscanbe reflectedbackasholes,and
vice versa,at the interface.Theamplitudefor this Andreev reflectionis givenby the
equation, ' Ì hMA Ã â F Ô � Ö � (2.48)

Hence,the probability for Andreev reflectionis unity in the gap,whereasit decays
rapidly outsidethe energy gap,

¶ ' Ì ¶¹m % } m0o(¶ w { = ¶¹m . Conservation of charge im-
plies that two electronchargesmusthave beentransferredto thesuperconductingre-
gion during theAndreev reflection: a Cooperpair hasbeenaddedto thecondensate.
The emissionof a Cooper-pair from the superconductorcorrespondsto the reversed
process:aholeis Andreev reflectedasanelectron.

It shouldbe notedthat the expression,Eq. (2.48), is not entirely correct. Since
thewave vectorsin thesuperconductingandnormalregionsarenot equal,therewill
alwaysbe a small amountof normalreflection. However, this effect is small, of the
orderof } o!v , andmaybe neglectedif } � v

. The situationis obviously different
if the contactbetweenthe two regions is not perfect. An insulatingbarrier at the
interfacewill decreasethe probability for Andreev reflectionsand insteadincrease
theprobability for normalreflections.This reductionof Andreev reflectionis a well-
known experimentalproblem,sincetransparentNS interfacesaredifficult to create.
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Chap. 2: Superconducting junctions

Thewave functionof a scatteringstateinvolving anAndreev reflectionwithin the
energy gaphasan exponentiallydecayingtail in the superconductingelectrode.An
expansionof

n <
in theparameter} � v

yields,n < h n .ÎØN= n . o!v {©î �(= m o!v m � � (2.49)

where
n .�h ® q�s,vco jl is theFermiwavevector, and = is purelyimaginaryif

¶ w ¶OB } .
Hence,thewave functiondecayson thelengthscale= � hkjlQP . o } in thesuperconduc-
tor.

Finally, we noticethatAndreev reflectionsprovide theonly mechanismof current
transportin theenergy gap. This simpleeffect standsbehindmostof thephenomena
studiedin this thesis.

Transfer matrix formalism

It is convenientto introducea transfermatrix formulationof thescatteringin thenor-
mal region. This techniqueis convenientfor analyticalstudiesof multiple Andreev
reflections,andit is usedto largeextentin PaperIII; but it is alsousefulfor calculating
theequilibriumcurrentin SNSjunctions.

The SNSjunction is modeledby a singlechannelnormalwire in perfectcontact
with thesuperconductingelectrodesat both sides,seeFig. 2.2. The interfacesof the
two electrodesarelocatedat RAh t ½ � and R9h ½ m , where R is thecoordinatealong
thenormalwire, andthereis animpurity in thejunction,at R hÛ� . A detailedanalysis
of thisparticularSNSjunctioncanbefoundin Ref. [29].

LS
L 1

Impuriy

L 2
SR

Figure 2.2: Schematicfigureof thesimplifiedquantumSNSjunctionwith oneimpurity. The
lengthof thenormalregion is SUTVS / W S ú .

We usea vectornotationfor the scatteringamplitudesfor wavespropagatingin
bothdirectionsin thenormalregion, X 2 Z 3 ÷@2�2(Y �Y 3�/ ) 2(Y � ë Y 3�/03 , for electronsand Z 2 Z 3 ÷2�2)Y ëY 3 ú ) 2)Y ëë Y 3 ú 3 for holes.

The regionsbetweenthe impurity andthe electrodesareassumedto be ballistic,
whichcorrespondsto thetransfermatrix (from right to left),<\[] ì ÷ ê ë�^ Y$_ ] ìa` � $ (2.50)

The impurity is consideredasan elasticpoint scatterer, whosetransparency is inde-
pendentof energy on thescaleKcb d . It is describedby a unitaryscatteringmatrix,
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whichrelatesincomingandoutgoingwavesatbothsidesof theimpurity. For electrons
we canwrite, þ ï m �C� t �ï � �Q� { � ÿ h � þ ï � �Q� t �ï m �Q� { � ÿ � � h þ ' ��e� t ' e ÿ � (2.51)

WecanusetheHermitianconjugateof samescatteringmatrix for holes.Theelements
of thescatteringmatrix

�
determinethereflectivity of theimpurity,

¯ h ¶ ' ¶ m , andthe
transparency,

µ h@ t©¯ h ¶ � ¶ m . Thecorrespondingtransfermatrix
í 8 hastheform,í 8 h � þ  t 't ' e  ÿ � (2.52)

andtheequationsfor electronsandholesarethesame,ï5�Q� t ��h í 8�ï5�Q� { � � ñ �Q� t �|h í 8 ñ �Q� { �0� (2.53)

Thescatteringapproachwe considerherecanbegeneralizedfor multi-terminaljunc-
tions, by increasingthe dimensionsof the scatteringmatrix

�
. This techniquewas

introducedby Büttiker in 1984[82], andwe useit in PapersI-III to considerprobes
attachedto thenormalregionof theSNSjunction.

Dueto thegaugetransformationin Eq. (2.7)of theNambu operatorsin thesuper-
conductingelectrodeswe have to includealsothe dependenceof the transfermatrix
on thephasedifferencebetweentheelectrodes,í <f h í <g Ã < ÇüÀ ¤ m � (2.54)í <g h í <h ø í 8 í <h ù �
The situationis slightly different if the gaugetransformation,Eq. (2.7), is not per-
formed:thentheNambufield,andhencetheamplitudefor Andreev reflectionEq.(2.48),
arephasedependent.Thereflectedhole “picks up” thephaseof thesuperconductor.
Obviously, theresultsfor bothapproachesarethesame.

Thetransfermatrix in Eq.(2.54)is generallyenergy dependent,with theexception
of shortjunctions, ½ � = � , wherethis energy dependencecanbeneglected.

It is convenient to expressalso the scatteringat the NS interfacesas a transfer
matrix, which relateselectronsandholesin the normalregion. We usetheAndreev
approximationandneglecttermsproportionalto } o!v , just asin Eq.(2.48),ïG� t ½ � � h ¨ ñ � t ½ � � { � � Èji Òñ � ½ m � h ¨ ï5� ½ m � { � m Èji Ò (2.55)¨ h ²�³DC.´ò��w � Ã â F Ò Ó � (2.56)i Ò h ® q =û ¶ w ¶ Ã â F Ò�Ó ¤ m þ � � Ò� â � Ò ÿ � (2.57)
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Chap. 2: Superconducting junctions

where � h�Ø  and
G h� � q denotethe type of quasiparticleandthe electrodefrom

whichthequasiparticleis injected,respectively. Thesourcetermrefersto theelectron-
like andhole-likequasiparticles,Notethatthematrix in Eq.(2.56)obeys thestandard
transfermatrix equation,̈ �(§ ¨ ¡ h �(§ , only in theenergy gap. Outsidethegapthere
is afinite leakageto thesuperconductingelectrode.

Andree v states in SNS junctions

Thespectrumof theAndreev levelsin ashortSNSjunctionwasderivedin Sec.2.1and
given by Eq. (2.31). Now we proceedandcalculatethe spectrumfor junctionswith
finite length.

Insidetheenergy gap,
¶ w ¶0B } , we cantreattheSN interfaceasanidealAndreev

mirror, whichturnselectronsinto holesandviceversa.Theequationsfor theinterface
read,ï5� t ½ � �`h ¨ ñ � t ½ � � � ñ � ½ m ��h ¨ ïG� ½ m � � ¨ h ²�³kC�´ ��w � Ã â F Ò�Ó � ¶ w ¶�B } � (2.58)

Combiningtheseequationswith thetransfermatrix in Eq.(2.54)wecanwrite anequa-
tion for theenergy spectrumof theboundstates,ï5� t ½ � �`h ¨òÃ ÇüÀ ¤ m í âg ¨òÃ Ç À ¤ m � í �g � â � ïG� t ½ � �0� (2.59)

Thesolvability conditionfor thisequationyieldstheequationsfor thespectrum,l h q ��m tLn � ton m �°p±ð² l h ¯ °�±�²!� n � tLn m � { µ °p±�² �*� (2.60)

where
n Ç h q w ½ Ç o jl P . , and m is givenby Eq. (2.46). It follows from Eq. (2.60)that

the numberof Andreev levels dependson the total length of the junction. Fig. 2.3
shows a few examples,of which thesimplestis for theshortjunction. If thelengthof
the junction is muchsmallerthanthe superconductingcoherencelength, ½ � = � hjl P . o } , thereareonly two Andreev levels in thegapandtheequations(2.60)reduce
to thespectrumgivenby Eq.(2.31).

TheJosephsoncurrentin theSNSjunctionconsistof a contribution from thepop-
ulatedAndreev statesandacontribution from continuumstates[29],× h q�Ãjl *9p ¼ w p � � �¼ � á$q�´ K wq nsr í { × ���9tju � (2.61)

wherethesumis over all Andreev levelsundertheFermi level, w p B � , and
× ���9tju is

thecurrentcontribution from thecontinuum.Thecontinuumcontribution is straight-
forwardto calculateusingscatteringtheoryandthecurrentformula,Eq. (2.47),while
thecontribution from theboundstates[28,83] canbeobtainedby applyingEq.(2.13)
to theHamiltonianof theboundAndreev states.
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Figure 2.3: The Andreev levelsasa functionof thephasedifferencev for differentlengths;SwTyx (left), S{z}| 7 (middle) and S�~ | 7 (right). Solid lines show the spectrumfor a
symmetricjunction, S / TNS ú , anddashedlinesshowstheeffect of asymmetry.

Multiple Andree v reflections

In this subsectionwe discussthedissipative currentwhich is producedby a constant
voltagebias � appliedto anSNSjunction. This voltagebiasyieldsa time dependent
phasedifferenceaccordingto theJosephsonrelation,Eq.(2.4),% 2 -
3 ÷ % ð 7 [�� êDE � - $ (2.62)

Historically, this problemwassolvedfor ScS-junctionsusingvarioustechniquesdur-
ing theperiod1987-1995,seeRefs.[33–37].

The scatteringapproachto voltagebiasedjunctionsis complicated,yet ratherin-
tuitive. A detailedderivation is presentedin PaperIII, wherewe usethe technique
to calculatethecurrent-voltagecharacteristicsfor theSNSinterferometer. I will not
re-deriveany equationshere,but rathertry to explain thetheoryquantitatively.

Thetime dependenceof thephasedifference% appearsin thescatteringapproach
asa timedependenceof thetransfermatrix acrossthenormalregion,Eq. (2.54).This
timedependencecorrespondsto anenergy gain ê � eachtimeanelectrontravelsfrom
theleft to theright borderof thenormalregion,andcorrespondingly, thesameenergy
gainfor a holetraveling in theoppositedirection.Theresultof this inelastictransport
in thenormalregion,combinedwith themultipleAndreev reflectionsinsidetheenergy
gap,is thatan incomingquasiparticle,with energy Z , is scatteredto sidebandsat the
energies Z�� ÷ Z [N� ê � , ��÷Û? )�� U )�� � ) $�$�$ Notethatthesesidebandsexist within the
energy gapaswell asoutside.

Thescatteringstatesarestraightforwardto calculateusingthetransfermatrix tech-
niquedescribedin theprevioussubsection.The problemis rewritten asseriesof re-
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Chap. 2: Superconducting junctions

currencesfor the scatteringamplitudesof differentsidebands(seePaperIII). These
recurrencesarethensolved with zeroboundaryconditionsat plusandminusinfinity
in energy space.

The electriccurrentis calculatedby applyingEq. (2.47) to the scatteringampli-
tudesin thenormalregion. Thecurrentis generallytimedependent(theac-Josephson
effect), but we only considerthe dc-partof the current. In order to provide a more
transparentpictureof thecurrenttransportwe choseto expandtheexpressionfor the
currentin thepartial currents � p , involving - t  Andreev reflections.In thisway the
currentcanbewrittenas× h Ãl *È é p é Ò � âO�â�� � w � � p é È ��w � t � â p é È ��w � � á$q�´ K wq nsr í � (2.63)

Thecurrent � p é È ��w � is thecurrentwhich is producedby injectionof electron-likeand
hole-like quasiparticlesfrom the electrode

G
, at energy w , andscatteringto the - :th

sideband,w p h w { - Ã�� , seeFig. 2.4. Correspondingly, � â p é È is thecurrentof the
n-particlescatteringprocessfrom w to w â p hkw t - Ã	� . Notethatthe - t  Andreev
reflectionsimply that the - -particlescatteringprocesscorrespondsto the co-transfer
of - electronsacrossthejunctions.

e

h

e

h

e

∆

−∆

Figure 2.4: Diagrammaticpicture of the 5-particlescatteringprocess.This processcanbe
viewedastheco-transferof two Cooper-pairsandtheelectronthroughthejunction.

The expressionfor thecurrent,Eq. (2.63),canbefurther simplifiedusingthede-
tailedbalanceequation[84,85],

� p é È ��w �`h+� â p é g.��w p � � ? n h G � - à���à!´no�h G � - ±O�0� (2.64)

where
Go� Æ  � q É . The index

n
labelstheelectrodein which the - -particlescattering

process,� p é È ��w � , ends.Theidentity, Eq.(2.64),is notobviousandhasto beprovedfor
everykind of junctions,whichrequiressomealgebraicexcursions.However, it is valid
for SNS junctions[84] andshortSNSinterferometers(seePaperIII). An important
consequenceof the identity Eq. (2.64) is that only scatteringprocesseswhich result
in realexcitationscontributeto thecurrent.All otherprocessescancelout eachother.
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Hence,at zerotemperatureonly processesfrom theFermisea,at w Bôt } , to empty
statesabove thegap, w @ } , contributeto thecurrent.

We canwrite theexpressionfor thecurrent,neglectingthecontribution from ther-
malexcitations,on theform× h * p é È × p é È (2.65)× p é È ��w � h Ãl � â��� â p���� � wV� p é È á$qÙ´ K wq nsr í � (2.66)

where
× p é È is the - -particlecurrent, referringto theco-transferof - electroncharges.

Althoughthecurrentvoltagecharacteristicsof SNSjunctionsaregenerallycompli-
catedandnonlinear, someimportantpropertiesof the - -particlecurrent,

× p é È , shouldbe
mentioned:the - -particlecurrentis zerofor

¶��,¶OB©q } o - , andthehighordercurrents,- @ q
, aresuppressedat voltages,�(- t©q � Ã	��@@q } , dueto thedecayingprobability

of Andreev reflectionoutsidethe gap. Finally, if the - -particlescatteringprocessis
non-resonant,theamplitudeof thecorresponding- -particlecurrentis proportionaltoµ p

, where
µ

is thetransparency of thenormalregion.
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CHAPTER 3

ANDREEV LEVEL INTERFEROMETRY

3.1 THE NS-INTERFEROMETER; PAPER I

An importantaspectof Andreev reflectionis thatthephaseof theAndreev reflection
is shiftedwith the phaseof the superconductor. This mechanismstandsbehind

the Josephsoneffect in SNSjunctions[13]. Spivak andKhemel’nitskii [86] showed
thatthiseffectalsoimpliesthepossibilityof interferenceof Andreev reflectedparticles
from differentregionsof asuperconductorwith differentphase.TheNS-interferometer
wasproposedin 1991by NakanoandTakayanagi[47,48]. They consideredaY-shaped
normallyconductingwaveguideconnectedto two equipotentialsuperconductingelec-
trodes,but with differentphase,andcalculatedthephasedependentconductanceof the
device. A similar geometrywasinvestigatedin 1993by Hekking andNazarov [49].
Thefirst experimentswith NS interferometers,showing phasedependentconductance
oscillations,wherepresentedin 1995[50,51]. For a review on more recentexperi-
ments,mostof which areperformedwith diffusivejunctions,seeRef.[87].

Weconsiderthesetupshown in Fig.3.1,wherethecouplingof theNS-interferometer
to the normal injection electrodeis weak. In additionto the interferenceeffect, this
setupalsoexhibits strongeffectsdueto quasiboundAndreev states.Accordingly, the
devicemaybeusefulfor spectroscopyonAndreev levels.

We usethe scatteringapproachto calculatescatteringstatesfor injection from

Superconducting loop

Φ

V 1I

V

2 3

S N

I I

N S

Normal reservoir

L L

3-Terminal

2 3
φL φR

Figure 3.1: Schematiclayoutof the threeterminaldevice, which is a phasebiased,quantum
SNSjunctionwherethenormalregion is connectedto a voltagebiasednormalreservoir. � Fig
1. in PaperI � .
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Figure 3.2: The injectioncurrentin the threeterminaldevice asa functionof thevoltagefor
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(dashedline) with ¨"��£�¥�© , ª«��¬£�®¯ and °\�{£�¥�£�¦ . Note the vanishingsubgapcurrentat�� � . ± Fig 14. in PaperI ²
thenormalreservoir andthetwo superconductingreservoirs. Knowing thescattering
states,thecurrentcanbecalculatedby meansof theformulaEq.(2.47).Thescattering
in the normalregion is modeledwith a Y-shapedsinglemodequantumwire andthe
scatteringbetweenthethreeleadsis determinedby a unitaryscatteringmatrix [82],

³L´¶µ·¸«¹ º\»L¼�½ ¹ ½ ¹ ½¹ ½ ¾ ¿¹ ½ ¿ ¾
À(ÁÂLÃ (3.1)

where ½ , ÄÆÅ ½\Ç Ä�ÈÊÉ , is thecouplingparameterto thenormalreservoir. It is assumed
that injectedparticlessplit equally into the two armsof theNS interferometer. Note
thatthe limit ½\Ë Ä yieldsthesamejunctionaswasdiscussedin Sec.2.2;a quantum
SNSjunctionwith the length Ì ´ ÌÎÍÐÏÑÌÓÒ andoneimpurity with transparency Ô ´Õ ¿ Õ Ò . TheAndreev spectrumfor thisparticularjunctionis givenby Eq.(2.60),seealso
Fig. 2.3. For arbitrarycoupling ½ wehave theunitaritycondition ÖVÏ>Ô ´ º×»N½ . The
two superconductingelectrodescanhave a finite phasedifference,Ø , anda voltage Ù
is appliedto thenormalreservoir.

Thecurrent-voltagecharacteristicsfor theNS-interferometeris shown in Fig. 3.2.
In thesugbapvoltageregion, Ù ÇÑÚÜÛsÝ , thecurrentstructuresarestaircase-like,where
the stepsare most pronouncedfor small coupling ½oÞ º . For higher voltagesthe
current-voltagecharacteristicsarelinear andthe conductanceis givenby the normal
conductance.Thepositionsandtheamplitudesof all structuresin thesubgapvoltage
region are phasedependent,the most significanteffect being the vanishingsubgap
currentat Ø ´Mß

.
Thestructuresandthephasedependenceof thesubgapcurrentis theresultof two

mechanisms:resonantAndreev transportandinterference.Thestaircase-likestructure
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Figure 3.3: Schematicpictureof theNSinterferometerasaneffectivephasedependentèÜéëêíì:î
interface.Thecurrentis carriedby singleparticletransport(1) andAndreev transport(2). The
Andreev transportis affectedbothby quasiboundAndreev states,causingthecurrentstepsatï�ðÑñóòëô�õ ö , andinterference,whichkills thesubgapcurrentat ì ñL÷ .

in thesubgapvoltageregion is dueto resonantAndreev reflection,which yieldssteps
at voltagescorrespondingto theboundstates,seeFig. 3.3. Hence,thepositionsof the
currentstepsresemblestheAndreev spectrumof thedecoupledjunction ( øúùwû ), see
Fig. 2.3.Theoverallamplitudeof thecurrentstructuresin thesubgapregionoscillates
with phasedueto the interferenceof Andreev reflectedparticles,seeFig. 3.2. For a
symmetricjunction, üÎý\ù{üÓþ , thesubgapcurrentvanishesat ÿ ù �������	��
��� , while
thesingleparticlecurrentremainsandgivesthe linearcurrent-voltagecharacteristics
for largevoltages,��������� .
Nonequilibrium Josephson effect

Thereisanotherinterestingaspectof theNSinterferometer:modificationof theJoseph-
soncurrentthroughtheinterferometerdueto nonequilibrium,introducedin thenormal
regionby theinjectioncurrent.It is appealingto explorethis possibilityto controlthe
Josephsoncurrentin SNSjunctionsby meansof normalinjection. Thesubjectis in-
terestingbothfrom afundamentalphysicalpointof view but alsodueto thepossibility
to constructsuperconductingtransistors. It hasbeenshown experimentallythat the
Josephsoncurrentcanbesuppressedby injectionfrom anormalreservoir, bothin bal-
listic [46] anddiffusive [88,89] SNS-junctions.Furthermore,it is demonstratedin
reference[90] that the Josephsoncurrentmayeven bereversed.The first theoretical
work on nonequilibriumJosephsoneffect by normal injection waspresentedby van
Weeset al. in 1991[91], consideringboth thebroadeningof theAndreev statesdue
to thecouplingto thenormalreservoir andnonequilibriumpopulation.It hasfurther
beendemonstratedby WendinandShumeiko[56] thatthenonequilibriumpopulation
of Andreev statesmayrevealconsiderablecurrentsin bothdirections,largeenoughto
reversetheJosephsoncurrent[57,92]. Thiseffectcanbeexplainedby consideringthe
currentsthroughindividual Andreev statesin long junctions(comparewith Fig. 2.3
andEq. (2.61)),which carrycurrentin alteringdirectionsandtendto cancelout each
other. Hence,the effect of oneextra level, beingpopulatedby external injection, is
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significant,andthecurrentcarriedby this level might evenovercompensatetheequi-
librium currentandyield a negative supercurrent.Whatwasfurtherdemonstratedby
Samuelssonet al. [57] is that thecurrentin thethreeterminaldevice (seeFig. 3.1) is
not only changedby nonequilibriumpopulationof Andreev states;the injectionalso
affectstheform of thewavefunctionof theAndreev states.It wasshown thatinjection
of electronsandholesfrom thenormalreservoir changestheAndreev statesin differ-
entways.Thisasymmetryproducesanadditionalcontributionto thecurrentfrom each
level, whichhasthesamesignfor all Andreev levels. This anomalousJosephsoncur-
rentis lengthindependentandcanbeaslargeasthecritical currentin ashortjunction,
for avoltage Ù�8 Ú Û Ý , appliedto thenormalreservoir.

Fig. 3.4 shows theJosephsoncurrentin a SNSjunctionwith the length Ì ´ ¼ Ä�9 ¯
asa function of the voltage Ù appliedto the normal reservoir. The coupling to the
normal reservoir is small, ½ÜÞ º , in order to sharpenthe structuresandto suppress
the injectioncurrent.Thecurrent-voltagecharacteristicis staircase-like,with current
stepsat the resonantenergies, Ý Ù ´;: !�< = . For voltagesabove the gap Ý Ù?> Ú the
currentlevelsoutandremainsratherconstant.If thelengthof thejunctionis increased
thenumberof currentstepsin thesubgapregion increase,while theamplitudeat large
voltagesremainsratherlengthindependent.

We distinguishtwo contributionsto the nonequilibriumcurrent: the regular cur-
rent,which is thesumof thecurrentscausedby injectionof electronsandholesfrom
thenormalreservoir, @ � ´ @ � Ï-@7A , andtheanomalouscurrent,which is proportional
to the difference,@B! ´ @7� » @ A . Provided a weakcoupling to the normal reservoir,½�Þ º , whentheinjectedcurrentfrom thenormalreservoir canbeneglected,thetotal
nonequilibriumJosephsoncurrentis givenby @�C ´ @7�D��ÏE@B!�ÏE@�� , where @7��� is theequi-
librium Josephsoncurrent.Theregularcurrentjumpsin alteringdirectionevery time
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a new Andreev stateis populated,andtheIV-characteristicis henceoscillatingin the
subgapvoltageregion, seeFig. 3.4. The IV-characteristicsof the anomalouscurrent
is staircase-like;thecurrentstepswhennew Andreev statesarepopulatedhave all the
samesign. Hence,theanomalouscurrentgetsmoresignificantwhenthelengthof the
SNSjunction is increased,sincethe equilibrium currentdiesexponentiallywith the
length,dueto thecancellationof theAndreev statecurrents,whentheanomalouscur-
rentremainsratherconstant.As aconsequence,thethree-terminaldevicemayfunction
asa transistor, wheretheanomalouscurrentis turnedon by increasingthevoltageon
the injection electrodefrom zero to Ú [93]. The gain of the transistorcanbe large
if the couplingto thenormalreservoir is weak ½�Þ º . The amplitudeof the regular
currentis of theorder Ô , while theamplitudeof theanomalouscurrentis ¹ ÖúÔ , the
signof whichalsodependson thephaseof thescatterer.

Interface barrier s

Any realistic junction will have a finite probability for normal reflectionat the NS-
interfaces.Hence,it is relevant to considerthe SNS-junctionandthe three-terminal
devicewith interfacebarriers.

If we for a momentrestrictourselvesto thecase½ ´ Ä , we canusethetechnique
describedin Sec.2.2 to calculatetheboundstatespectrum.It is convenientto look at
the caseÖ ´ Ä , i.e. a SINIS junction [94], wherewe canwrite the equationfor the
Andreev levelson theform,

Ô ÒFHGJILK Ø Ï ¼ Ö F GJILKNM » GJILKJO ¼�PDQ » MSR » Ö ÒFHGJILKJO ¼�PDQ Ï MTR
»VU Ö F KXWZY Ò PDQ G7I[KNM ¯ ´ Ä Ã

where M ¯ ´ ¼ : �\< A]_^ Û Oa`bdc 6 Û Ì R , thequantity
: �e< A]_^ ´gf ¼"h O º » ß O\i »kjVlnm O ¾po RnR Û+q 6 Ì R ,i ´ Ä Ã f º Ã f ¼ Ã ÈDÈkÈ , denotesthe energiesof theBreit-Wiegnerresonancesin the junc-

tion, for electrons( Ï ) andholes( » ), and Ö F and Ô F ´ ºú» Ö F denotethereflectivity
andthetransparency, respectively, of the(symmetric)interfacebarriers.Thecasewith
nonzeroÖ doesnotalterthepicturein any crucialway.

Fig. 3.5 shows the length dependenceof the Andreev spectrumin the presence
of interfacebarriers. For transparentinterfacebarriersthere is small effect on the
Andreev spectrumandhencealsoonthecurrent.However, astheinterfacebarriersare
increasedthe boundstatesarepinnedto the Breit-Wiegnerresonances.Accordingly
thereis a fast lengthdependenceof the current,with periodicresonantpeakson the
lengthscaleof theFermiwavelength,seeFig.3.5.Theeffectontheanomalouscurrent
is similar to the regular currentwith a stronglengthdependenceon thescale r 6 . In
resonance,theamplitudeof theanomalouscurrentis of theorder, @B!V8{Ô F ¹ Ö Ô , and
outof resonance,@7!s8�Ô ÒF ¹ Ö Ô .
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Figure 3.5: Left: TheAndreev levels(solid)andthenormalelectronandholeresonances(dot-
ted) asfunctionsof the length ª of the junction. We considera junction with four Andreev
statesin (a) theweakresonancelimit t Fvu ¬ , (b) thestrongresonancelimit t Fvw ¬ . Right:
Currentpeaksdueto Breit-Wiegnerresonancesin a threeterminaldevice junctionwith inter-
facebarriers. The plot shows a shortsegmentof the lengthdependenceof the current. The
junction is long ªx1 ®¯ , with t F #�£�¥zy , °{#¤£�¥�£�¬ and %|#}')(�. . ± Fig. 12 (left) andFig. 13
(right) in PaperI ²
3.2 SNS-INTERFEROMETERS; PAPERS II AND III

In 1997Kutchinsky et al. found phasedependentcurrentstructuresin the subgap
regionof theIV-characteristicsof their SNS-interferometer[52–55]. Theeffectwas

small,anaturalconsequenceof thediffusivenatureof thenormalregion,but neverthe-
lessclearandreproducible.

Encouragedby theseexperiments,we considera simplified SNS-interferometer
wherethe normal region is an Y-shapedsinglechannelwave guide. The designis
similar to the threeterminaldevice which wasdiscussedin the previoussection,but
in this casethe injection electrodeis alsosuperconducting.Sincewe apply a volt-
ageto theinjectionelectrode

³)~
, MAR is themechanismof currenttransportthrough

the interferometer. Moreover, sincethe two electrodes,
³ Í and

³ Ò , canhave a finite
phasedifference,we expect phasedependentMAR andeffectsof quasiboundAn-
dreev states.

Weuseasimilarscatteringmatrixasfor theNS-interferometer,Eq.(3.1),assuming
that injectedparticlesscatterin bothdirectionsin theSNSjunctionwith equalproba-
bility. Notehowever thatthenumberingof theleadsnow is changedto bein line with
theformalismin PaperIII,

³L´ µ·¸ ¾ ¿ ¹ �¿ ¾ ¹ �¹ � ¹ � ¾ ¯
À ÁÂ Ã (3.2)
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Figure 3.6: Schematicpicture of the SNS interferometer, wherethe normal region is a Y-
shapedwaveguide. ± Fig. 1 in PaperIII ²
where � is thecouplingparameter, andthescatteringmatrix obeys theunitarity con-
ditions, ÖNÏ>Ô ´ º�» � , and º ´ Õ ¾ ¯ Õ Ò Ï ¼ � .

In orderto employtheMAR approach,discussedonpage22,weperformaunitary
transformationof thescatteringamplitudesin the normalregion, which allows us to
treat the interferometerasan effective two terminal junction. The scatteringin the
normalregion is thendeterminedby aneffectivetransfermatrixwith transparency ¼ � .
Thescatteringat theright NSinterfaceis usualAndreev reflectionwhile thescattering
at the left interfaceis givenby theeffectivetransfermatrix,����� O Ø R ´ KaW m Y�O : RG7I[KT� Ò � Ý"���7�7� Ï��N� O �N� Ý7�����7� »Ñº R Ú¼ 9 KaW�Y Ò Ø ¼�� Ã (3.3)

where � ´ jVlnmd� O ¾Æ»�¿ R ¾ ¯�� . Here we have omitted the sourceterm, for incoming
electron-likeandhole-likequasiparticlesfrom thereservoir, whichis howeverstraight-
forward to derive in the samemanner. The reflectionconsistsof both Andreev- and
normalreflection,dependingon the phasedifference,the probability of Andreev re-
flectionof which is givenby thematrixelement

Õ O ����� R Í�Í Õ � Ò 8 GJILK Ò � Ò , which is indeed
zeroat Ø ´wß

. Thetransfermatrix
����� O Ø R alsocontainsinformationaboutthequasi-

boundAndreev statesin theinterferometer.
Usingthescatteringapproachto MAR wecanthencalculatetheIV-characteristics

of the SNSinterferometer. Analytical solutionscanbe found in the weakcoupling
limit, � Þ º , but for generaltransparency we rely on numericalsimulations. We
restricttheanalysisto shortinterferometers,Ì � Þ 9$¯ ( P ´ º Ã ¼ Ã�� ), wherethecurrent
structuresbecomelesscomplicatedandeasierto interpret.

Fig. 3.7 shows the typical IV-characteristicsfor a shortSNSinterferometerwith
low transparency � Þ º . At zerophasedifferencewe recognizethecurrent-voltage
characteristicsof thequantumpointcontact[34,35], with subharmonicgapstructures.
Increasingthephasedifference,we find largecurrentstructuresin thesubgapregion,
with amplitudesproportionalto thefirst power of the transparency � . We recognize
two significantcurrentpeaksin the low voltageregion, which botharerelatedto the
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Andreev spectrum:at Ý Ùíì Ú Ï : ! andat Ý Ùíì : ! . Furtherwe notice that the
currentstructuresdisappearat Ø ´ ß

in a way similar to thesubgapcurrentin theNS
interferometer, Fig. 3.2.

For junctionswith finite length,e.g. Ìî>g9$¯ , the current-voltagecharacteristicis
different and generallymore complicated,with a rich subgapstructureof resonant
peaks,due to the increasednumberof resonances.Nevertheless,it is still possible
to attribute someof the currentstructuresto the quasiboundAndreev statesin the
junction. The phasedependenceof thesestructuresdue to interferenceof Andreev
reflectedparticlesremains,beingmostpronouncedif ÌÎÍ ´ ÌÓÒ .

Another problem, which is not addressedin this thesis, is the nonequilibrium
Josephsoncurrentin the SNS-interferometer. This is an interestingdirectionfor fu-
turework on theSNSinterferometer.

Resonance approximation

A perturbative analysisof the i -particlecurrentsis possibleif thecouplingto the in-
jection electrodeis weak, � Þ º . If we first considerthesingleparticlecurrent,i.e.
quasiparticletunneling,we find anexpressionin theweak-couplinglimit that resem-
blesthestandardform of tunnelcurrent,@6Í ´ UOÝ �b ï�ðð � �Dñ ¿ :óòõô O : R òõö O : Ï Ý Ù R Ã (3.4)

where
ò O : R determinesthe effective superconductingdensityof statesin the elec-

trodes. ò ô O : R ´ Õ : Õ ¹ : Ò »NÚ Ò: Ò » : Ò! O Ø R Ã ò ö ´ Õ : Õ
¹ : Ò »NÚ Ò Ã (3.5)
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The form of

ò ö O : R is well known from the BCStheory, but theeffective densityof
statesat the double-NSinterfaceis phasedependentand the usualpeaksat the gap
edgesvanishat nonzerophasedifference.Instead,Andreev statesdevelopin thegap,
seeFig. 3.9. The result is a phasedependentonsetof the singleparticlecurrentat57698':<;'=

, seeFig. 3.8a.
Thetwo-particlecurrentis dominatedby thetwo processeswith oneresonantAn-

dreev reflectionat the left SN interface,seeFig. 3.8b. The currentfrom thesereso-
nancescanbewritten ona Breit-Wiegnerform,>@?A6 U =b ï ðð � ?CB ñ DFEHG IKJLI �O EMGONPERQ R ?TSVU IKJ S I � W ? ;YXTZ (3.6)

wherethewidth of theresonanceis givenby

IK[ 6V\^] [ òõö U E_Qa` =b5 W Z ] [ 6dc8fehg : ? NPE ?Q�ikj ]mln: ?E_Q op)q ?sr 8utwv (3.7)

The effective transparency of the Y-shapednormal region lies in the interval, xzy\n] [ y \ j ]
, and it is different for electronsand holes(incoming and Andreev

reflectedparticles).Moreover, the interferencedueto thereflectionby thedouble-NS
interfaceappearsasthe factor

] J ]|{P}�~@� o ? U r ;�8 W
andkills the two-particlecurrent

at
r 6 �

. Evaluationof the integral in Eq. (3.6) yields a resonantcurrent,
>�?�6U Xw=�;	�� W IKJLI { ;�� IKJ S I { �

, which is of theorder
\

for
=b5���: S E_Q

. The overshoot
near

=b5�6k: S ERQ
appearsdueto the increaseddensityof statesnearthegapin the

right electrode,seeFig. 3.9.
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Thecurrentpeakat
=�57Ï E_Q

emergesdueto resonant4-particlecurrent,wheretwo
Andreev reflectionsat theleft electrodeoccurat theresonantenergies

EMG 6 NÐE_Q
andEÒÑ 6 E_Q

, seeFig. 3.8d. Nearthecurrentpeak,
=YÓÅ5k6Â=b5 NVE_QÐÔ :

, the4-particle
currentis dominatedby thedoubleresonanceandcanbewrittenas>ÖÕR6 =�Ø×<Ù{ Ù DFE ? I ?ÚwÛI ? {Ü E ?? N U =YÓÅ5 W ? N GÕ U I ?Ú S ÛI ? { W¸Ý S E ?? ÛI ? { Z (3.8)

where I Ú 6Þ\n] J Z ÛI { 6V\^] {uß^à U 8 ERQ W v (3.9)

Thefully developedresonanceyieldsa full-scalecurrentstructure,
}7\

, which exists
within the voltageinterval,

:<;b8Êáâ=�5ãáä:
, andthe phaseinterval, x á oCpåq ? r áæ ;çXw]

.
Finally, we will discussthe IV-characteristicsfor large voltages,

=b5éè :
. We

know from thework in Ref. [34–37] that theexcesscurrentin superconductingcon-
strictionsis of theorder

\ ?
. The situationin theSNSinterferometeris different,for

nonzerophasedifference,mainly dueto the interferenceeffect in the junction. This
interferenceeffectsuppressesthecurrentat

r 69�
andyieldsanegativeexcesscurrent

of theorder
\

.
We calculatethis negative excesscurrentin the weakcoupling limit, neglecting

termsof order
\ ?

. The singleparticlecurrentat high voltagesconsistsof an Ohmic
partanda negativephasedependentpart,> G 6 XÅ\^= ? 5� S > Gê ëíìïî Z > Gê ëíìïî 6 N =ç\M: j ]� � op)q U r ;b8 W � SPðñU \ ? W Z (3.10)

The currentfrom Andreev transport,i.e. the two particlecurrentgiven by Eq. (3.6),
dependsstronglyon thephasedifferenceandvanishesfor

r 6ò�
. Thus,althoughthe
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two particlecurrentis resonantfor nonzerophasedifferenceit cannotcompensatethe
reducedsingleparticlecurrentat

r 6ò�
. Thephasedependentcurrentoscillationsat

largevoltagesaregivenby thenon-Ohmicpartof thesingleparticlecurrent,Eq.(3.10),
plusthecontribution from theresonanttwo particlecurrent,Eq.(3.6),> ë�ì¬î 6 N =Y\M: j ]ñl� � oCp)q U r ;�8 W � ÑE ?Q U r W SPðñU \ ? W v (3.11)

This negative excesscurrentat
r 6��

is of theorderof the junction transparency
\

,
whichis unusualif wecompareto two terminalScS-junctionswheretheexcesscurrent
is small

}ó\ ?
andpositive. Theexcesscurrentin Eq. (3.11)is plottedasa functionof

thephasedifferencein Fig. 3.9.
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CHAPTER 4

SLOW DYNAMICS OF THE ANDREEV STATES

This chapteraimsto give an insight into theslow dynamicsof the Andreev statesin
a nearlytransparentquantumpoint contactin a superconductingring, andto explain
theresultsdiscussedin PaperIV. Furthermore,theresultsin PaperIV aregeneralized
to take into accountthe phasefluctuations,which are associatedwith the SQUID-
geometry, usingtheresultsof Ref. [77].

4.1 THE ANDREEV LEVEL QUBIT; PAPER IV

Considera nearly transparent,
l Ô c , quantumpoint contactin a non-hysteretic

SQUID geometry,
EÒô è õ

, where
EÒô 6 Uö Úø÷bù � W ? ÷	ú . The setupis shown

schematicallyin Fig.2.1.Thedeviceis biasedwith aconstantexternalflux
ö BAÏ ö Úø÷�ù ,

whenthe Andreev levels arecloseto theFermi level,
E Q U r B W Ï j lûõ Ô õ

. It has
beenshown experimentallythatthetransparency of a singlechannelpoint contactcan
beasgoodas

lüÏ xwvýx c [45].
The Hamiltonianfor the point contactand the superconductingring is given by

Eq.(2.30),includingthepotentialtermrelatedto thesuperconductingring,seeEq.(2.21),þÿä6 cù�� U���� N ù����
	�� W ? S� � U r W 	 � S� � U r W 	 � S E ôù U r N r B W ? Z (4.1)

where
 � and

 � aregivenby Eq.(2.27)andEq.(2.28),respectively.
Usingthegaugetransformation,��� ����������� � ��� � { � ! � � , wecanseparatetheharmonic

oscillatorHamiltonian,
ÿ#"�$ %&$

, of theeffectiveLC-circuit from theHamiltonian,
ÿ('

, of
thepoint contact,þÿâ6 þÿ(' U r W S þÿ#"�$ %&$ Z þÿ#"�$ %&$Å6 � ?�ù�� S E ôù U r N r B W ? v (4.2)

Sincewe considerthenon-hystereticregimeof thedevice
EÒô è E*) }òõ

theampli-
tudeof thezeropoint fluctuationsof theinducedflux aresmall, c è Ûr 6 r N r B

, and
we canexpandtheHamiltonianin Ûr ,þÿ(' U r W 6 þÿ Q U r B W S,+ þÿ+ r U r B W Ûr U.- W SPðñU Ûr ? W v (4.3)
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Generallythesameexpansioncanbeusedfor small time dependentvariationsof the
externalflux, suchasanappliedrf-signal. Theconstantterm,

ÿ Q
, in Eq. (4.3) is the

two-level Hamiltonianof the unperturbedAndreev levels, which we refer to as the
Andreev stateHamiltonian. The linear responseto fluctuationsof theflux Ûr is given
by thecurrentoperator, Eq. (2.32). We canwrite theAndreev stateHamiltonian,

ÿ Q
,

ona moreconvenientform, in theeigenbasisof thecurrentoperator,þÿ Q U r B W 69õ Ü ~ø� o r Bù 	/� S j l op)q r Bù 	 � Ý
(4.4)

Thecurrentoperatoris hencediagonal,þ>|6 > Q U r B W 	/� Z (4.5)

where
>�0 U r B W 6 U � ] õ ÷ �� W oCpåq U r ÷bù W

.
The influenceof the LC-circuit on the dynamicsof the two-level systemcanbe

calculatedanalyticallyif the level splitting of theharmonicoscillatoris large,
���1 '|èE_Q U r B W

, where
���1 '<6 j ù E*2LEAô

and
E32 6 U ù�� W ? ÷bù�� . In this casethe two Andreev

levelsarewell separatedfrom higherenergy levels, includingthecontinuumof states
outsidethe gap,

E_Q } j lMõ Ô õ
. Without any approximation,we canrewrite the

full Hamiltonianas þÿâ6 þÿ Q U r B W S � ?�ù�� S EAôù U Ûr S Ûr Ú 	 � W ? Z (4.6)

wherethe displacementis, Ûr Ú 6 > Q �� ÷bù�� E ô
, and a constantenergy term hasbeen

omitted.Thus,we have two identicalbut displacedharmonicoscillators,eachhaving
theenergy spectrum

E54 6Â��61 ' U87 S c ÷bù W
andthewave functionsIt is straightforward

to show that thereareno transitionsbetweendifferentstatesin a singlewell andthat
theinter-well transitionsareproportionalto

U õ j l ÷ ���1 ' W � 4:9
, where

� 4:9
is thematrix

elementbetweenlevels
7

and ; in differentoscillators.Thus,if
���1 'ñè õ j l

, and<>= \ Ô ù ERQ
, we canassumethat only the groundstatesof the two oscillatorsare

occupied. Under this assumption,it is straightforwardto averageover the plasma
oscillationsto geta Hamiltonianfor theslow fluctuationsbetweentheaveragecurrent
states,having oppositedirectionsin the ring. The resulting two-level Hamiltonian
resemblesthe Andreev stateHamiltonian,but hasrenormalizednon-diagonalterms
[77], þÿä69õ Ü ~ø� o r Bù 	/� S j l � ÚÚ op)q r Bù 	 � Ý Z (4.7)

where
� ÚCÚ 6@? D Ûr#A Ú ê { G A Ú ê G

is the wavefunctionoverlap of the groundstatesof the
harmonicoscillators, � ÚCÚ 6CBED�FHG N �� > ?QX � ? EÒô�1 'JI v (4.8)

The currentoperatoris however unaffected. Nevertheless,the averagecurrentin the
junctionis changedby theinteractionwith theLC-circuit. In equilibriumthis average
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φ∼0
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Figure 4.1: Schematicpictureof the two harmonicoscillators,for thedifferentcurrentstates
of thepoint contact.Thecouplingis proportionalto theoverlap.

Josephsoncurrentis, >@B.0a6 � õ�� ] oCpåq r Bù E(KQ U r B W Z (4.9)

wheretherenormalizedspectrumof theAndreev statesis givenby,E KQ U r W 69õML ~ø� o ? r ù N � ?ÚCÚ l op)q ?sr ù v (4.10)

The changeof the spectrumandthe averagecurrentcanbe interpretedasthe effect
of the inert ring, which slows down the dynamics. Considerthe situation

� ÚÚ Ï c ,
which correspondsto

���1 ' è UEN>O?�P W ? > ?Q ÷ E ô } õ ? ÷ E ô
. This casecorrespondsto a

smallcapacitance� , i.e. a smallparticlemassin themechanicalanalogof thecircuit.
Accordingly, it is easyfor the qubit to switch the direction of the currentand the
dynamicsof the qubit is almostunaffectedby the LC-circuit. The situation is the
oppositeif the capacitanceis large. The currentstatesbecomenon-fluctuating;the
backscatteringby thecontactis suppressed.

If we combinethe requirementswe have usedin thederivation,we canwrite the
“working conditions”for theAndreev level qubit. Theseconditionsareconveniently
concludedasa chainof inequalities:ù õ j l � ÚÚ Ô õ õEÒô áü���1 ' Ô X õ v (4.11)

Theaveragecurrentcarriedby anarbitrarysuperpositionof theAndreev states
� x�Q

and
� c Q , �SR Q 6CT � ��UWVX �ZY\[] � x�Q S_^ � { ��UWVX �ZY\[] � c Q Z (4.12)

is straightforwardto calculateby taking theaverageof thecurrentoperator̀
RØ� þaÍ�bR Q ,

usingthecurrentoperatorin Eq.(4.5). Thegenerallytimedependentcurrentis then,a 6ca�d 0 U r d W�e � ^ �gfih � T � f S ùkj B Ü T ^�l � � f UmVX �ZY\[] Ý � ÚÚ j lon&p q r dù�q v (4.13)

Notethatthis resultis differentfrom theresultspresentedin PaperIV wheretheinter-
actionwith theLC-circuit is not included.
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Thestateof theAndreev level qubitcanbereadouteitherbymeasuringtheinduced
flux or the current in the ring, using the techniquebasedon macroscopicquantum
tunnelingdevelopedby Cottetet al. [66], seebelow Sec.5.1.

Single qubit operations

TheAndreev level qubit hasessentiallytwo “knobs” for quantummanipulations,the
externalfield andthe transparency of the point contact. To setthequbit to zero(the
groundstate)is theeasypart: we just switch theexternalfield to zero

Usr �Jt ö Ú W
and

theAndreev statesareforcedout to thecontinuum.Hence,we canexpectthatquasi-
particleexcitation will relax thesystemimmediately. Thenwe turn theexternalflux
adiabaticallyto

ö Úç÷�ù , with thequbit in thelowerstate.
Thelinearinteractionwith smallvariationsin theexternalflux is givenbyþÿ � 6ua�v@Ó ö d U.- W 	/� Z (4.14)

which is givenby theexpansionin Eq. (4.3),consideringthequbit Hamiltonianin the
currentbasisEq. (4.7). Thus, the externalfield is a goodmethodfor inducingRabi
oscillationsand to perform singlequbit operations. If the frequency of the applied
rf-signal is closeto the resonantfrequency ù�w Kv ÷ ��

, we get Rabi oscillationswith the
frequency, x 6 ùk� � ÚÚ j lf] õ f�� w Kv op)q f r ù Z (4.15)

where � is theamplitudeof theappliedrf-signal. Hence,thequbit canbesetto any
desiredsuperpositionby applyingrf-pulseswith appropriatelength.

An alternativewayto manipulatethequbit is to switchtheexternalflux faston the
time scaleof thequbit,

�� ÷�ù�w Kv
. This methodhasbothadvantagesanddisadvantages.

Theadvantagesarethatthemethodis simpleandinstanton thequbit time scale.The
maindisadvantageis thattheswitchingnotonly inducestransitionsbetweenthequbit
statesbut generallyalsotransitionsto thecontinuum.Thefollowing calculationdoes
not take into accountthe interactionwith the loop and correspondsaccordinglyto� ÚCÚ 6 c .

Thewave functionsfor thepoint contactsarestraightforwardto derive by solving
Eq. (2.59). Consider, for example,electronsandholes,with energy within the gap,
traveling to theright in thenormalregion,which correspondsto exponentiallydecay-
ing electron-likeandhole-likewave functionsin theright superconductor, on theform
Eq.(2.45)andwith thewavevectorin Eq.(2.49).Theamplitudesfor thesestatesare,T [ 6 cj ùzy c i op {	q U oCp)q r d W g c hPlMõ f ÷>w fv Z (4.16)

where(
S

) and(
h

) denoteelectronsandholes,respectively, for w}| x . Note that,we
only have to calculatethewave function in oneof theelectrodessincethe junctionis
symmetric.
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Figure 4.2: Theprobabilityto find theAndreev level qubit in thegroundstate(solid line) and
the excited state(dashedline) after instantswitchingof the phasedifference.Thequbit was
initially in thegroundstateat

È ÁÊË ( ~ÊÁÊÃÅÄÇÃ�� ). Theleakageto thecontinuum,causedby the
instantswitchinggivenby Eq.(4.20),is shown with thedottedline. � Fig. 2 in PaperIV �

The matrix elementsfor instantphaseswitching, � ��� ê �&��� r � �8�d�� r � f �d��
, are then the

overlap of the wave functionsbeforeand after the phaseis switched. If the qubit
wasinitially in thegroundstatewehave,� { � ê { � � r � �8�d � r � f �d � 6 � � r � �8�d � r � f �d � � { �b��� { ����� Y fe T�� � r � �8�d�� TJ� � r � f �d�� ~@� o ����� � h � fù � r � �8�d h r � f �d� �

� T { � r �Z�8�d � T { � r � f �d � ~ø� o ��� � � h � fù h r �Z�8�d h r � f �d� � t �
(4.17)� { � ê ��� r � �8�d�� r � f �d�� 6 � � r � �8�d�� r � f �d�� � { �b��� � ����� Y fe T�� � r � �8�d�� T { � r � f �d�� op)q �8�:� � � � fù � r �Z�8�d h r � f �d� �h T { � r �Z�8�d � T � � r � f �d � op)q ��� � � � � fù h r � �8�d h r � f �d� � t �
(4.18)

where� � is givenby Eq.(2.46),and� � r �Z���d � r � f �d � 6 ù g � � r � �8�d � � � r � f �d �� � r � �8�d � � � � r � f �d � v (4.19)

Theprobabilityto endupin thecontinuumis determinedby � { � ê î %���� 6 c hP� � { � ê { � � f h� � { � ê � � f
. In contrastto thematrix elementsfor transitionsbetweentheAndreev levels,

this expressionis rathersimpleandindependentof
l

,� { � ê î %\��� � r � �8�d � r � f �d � 6 c h � � � r � �8�d � r � f �d � � f v (4.20)
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Figure 4.3: Theamplitudeof theexcitedstateafteraninstantswitchingof thephasedifference
from

È
to �bË�� È

. Thequbit wasinitially in thegroundstate( ~PÁÊÃÅÄÇÃ�� ). Thereis no leakage
to thecontinuum.

For switchingfrom theworking point,
r d 6ó�

, to someotherphasetheleakageto the
continuumis ratherlarge,seeFig. 4.2. Hence,this way of manipulatingthe qubit is
notappropriatefor coherentoperations.

A moreappealingsituationappearsif thequbit is switchedsymmetricallyaround�
,

r d � ù �Mh r d
. Thentheleakageto thecontinuumstatesis zero,andtheswitching

probability is given by the simple formula, which is straightforwardto derive from
Eq.(4.18), � { � ê � 6 c h lw fv � r d � op)q f r dù �

(4.21)

where� { � ê � 6k� � { � ê � � f 6 c h � � { � ê { � � f
. Usingthismethod,it is possibleto obtainany

superpositionof thequbit statesby a singleswitchof thephase.Themodulusof the
amplitudefor theexcitedstateaftera switchfrom

r d
to ù ��h r d

is shown in Fig. 4.3.
When the desiredsuperpositionis obtainedthe qubit can be switchedadiabatically
backto theworkingpoint at

r d 6V�
.

The secondway of manipulatingthe qubit, by controlling the transparency, is a
straightforwardway to control the 	 � -term in the Hamiltonianandhencethe fluctu-
ationsbetweenthe currentstates(if the transparency is switchedadiabatically).It is
alsopossibleto inducetransitionsby non-adiabaticvariationof thetransparency. The
correspondinginteractionHamiltonianis non-diagonal,

ÿ�� }ãÓ l 	 � (in the current
basis).

Coupling of qubits

Couplingof qubitsis important,bothfor theapplicationsin futurequantumelectron-
ics andsincecoupledqubitsopenthe way to experimentswith entangledqubits,for
exampletestof Bell-like inequalities[95].
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Figure 4.4: Thedoublequbit device,with directcouplingof thenormalregionsandthecorre-
spondingtwo-particlespectrum.Theflux throughthecontrol loop canbeusedto control the
coupling. The parametersare À � Á À f Á7ÃÅÄ Æµ´ , ¶ Á7ÃÅÄ Ã�� and

È f ÁzÃÅÄÇÆbÉbË . Thesolid line
correspondsto coupledqubits(

È6· Á�ËÍÌµ� ) andthedashedline correspondsto uncoupledqubits
(
È Ñ ÁÊÃ ). � Fig. 3 in PaperIV �

Perhaps,themostnaturalway to couplethequbitsis by mutualinductance.This
yields a weak 	/� -coupling of the qubits. The slow dynamicsof the qubits can be
calculatedusingasimilar approachasfor thesingleAndreev level qubit [96].

In PaperIV anothertype of coupling is suggested:direct couplingof two point
contactsin a four-terminaljunction. Thesetupis appealingsincetheflux throughthe
controlloop (seeFig. 4.4),whichdeterminestherelativephasedifferencebetweenthe
two qubit rings,offersanextra knob,whichcanbeusedto controlthecoupling.

The derivation of the Andreev spectrumof the four-terminal junction is rather
straightforward.Weemployasimplescatteringmatrix for thefour-terminalcontact,

¸ 6@¹ºººº» ¼ � ½�� j ¾ j ¾½�� ¼ � j ¾ j ¾j ¾ j ¾ ¼
f ½ fj ¾ j ¾ ½ f ¼ f

¿�ÀÀÀÀÁ v (4.22)

Thenwe proceedin thesamemannerasin thecaseof theSNSinterferometerandde-
fine new scatteringamplitudesat bothsides,by employingtheunitarytransformation
which wasusedto reducetheSNSinterferometerto aneffective 2-terminaljunction,
seeSec.3.2.Thisyieldsaneffectivetwo-terminalSNSjunctionwith transfermatrices
similar to Eq.(3.3)describingthescatteringatboththeeffectiveSNinterfaces,andan
effective impurity with transparency ù ¾ in between.Thenwecanfollow theapproach
of Sec.2.2 to calculatethespectrum.However, this new systemis morecomplicated
dueto thenormalscatteringat theeffective SN interfaces,which yieldsa 4 by 4 lin-
earequationsystemfor the scatteringamplitudes.To find the spectrumwe have to
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calculatethedeterminantof this 4 by 4 matrix. Theresultingspectrumis,w f 69õ f h ÛÂÂ � Â f ��Ã � Û¾ �ÅÄ � f� i g � Õ{ h Û¾ � ff � f��Æ �
(4.23)

where� f� 69õ f h w fv � r d ê � � , r d ê � is thedimensionlessexternalflux in ring � 6 Ã � ù , and� fÇ 6 � f� i � ffù � ¾ ��Ã hÊ~ø� o r · ~@� o r d ê �ù ~ø� o r d ê fù �¢�ÛÂ 6 � Â � � ¾ � � Â f � ¾ � h ¾ ~ø� o fÉÈ � �Û¾ 6 ¾Â � Â f � ¾ � ù ÛÂ
� g Ü � l � � ¾ � � Â f � ¾ � h ¾ op)q fÊÈ � Ý Ü � l f � ¾ � � Â � � ¾ � h ¾ oCpåq fÊÈ � Ý �&�

where
È ��6 � È � � È f � ÷bù and

È � 6ÌËÎÍ { Ü
¼ � h ½>� Ý . Although this spectrumlooksrather

complicated,it is straightforwardto seethatEq.(4.23)yieldstheordinaryspectrumof
two uncoupledqubits, w f 6 õ f h � f� , when ¾ � x . Thespectrumof thedoublequbit
is shown in Fig. 4.4, which alsoshows thepossibility to switchoff thehybridization
of the levels using the control flux

ö ·
, provided that the two qubits have the same

transparency,
Â � 6ÏÂ f . Moreover, if thetwoqubitsareweaklycoupledwecanexpand

Eq.(4.23)in ¾ , whichyieldsthesimplifiedspectrum,w fR6 w f� iÏÐ w Õ{ � ¾ Â õ Õ Ü � Ûr � h Ûr f � f � ù Ûr � Ûr f oCpåq f � r · ÷bù � Ý �
(4.24)

wherew fÇ 6 Ü w fv � r d ê � �:Ñ w fv � r d ê f � Ý ÷�ù and
Â � 6cÂ f . Thedeviationfrom thedegeneracy

point is givenby Ûr � 6 r d ê � h|�
, andassumedto besmall Ûr � Ô Ã . Theroleof thecontrol

flux is clearfrom Eq.(4.24);thehybridizationvanishesat
r · 6 x .

Thetheorypresentedabovedoesnot includeany interactionwith fluctuatingfluxes
in therings. This interaction,which will bethesubjectof a futurework, will remove
thesymmetryof thespectrumgivenby Eq. (4.23),which will makecontrol-NOT op-
erationspossibleto perform.
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CHAPTER 5

READOUT OF PERSISTENT CURRENT QUBITS

In this chapterI discussrecentresultson readoutof macroscopicqubitswherethe
two-level systemcouplesto thecurrentin a superconductingring, suchastheAn-

dreev level qubit. The work is donein collaborationwith V. Shumeiko,A. Zazunov,
G. JohanssonandG. Wendin.

5.1 READOUT USING MACROSCOPIC QUANTUM TUNNELING

We considera persistentcurrentqubit, i.e. a phasequbit or a chargequbit where
the statesof the two-level systemcouplesto the currentin a superconducting

ring. The modelwe useis relevant for flux qubits,like Leggett’s rf-SQUID [58,60],
theflux qubit by Mooij et al. [67], andtheAndreev level qubit, but alsofor themore
recentcharge-phasequbitby Cottetetal. [66].

We considera readoutdevice consistingof a large Josephsonjunction, which is
insertedin thesuperconductingring of thequbit. Thisreadouttechniquewassuggested
by Cottetet al. [66] andhasrecentlybeenexperimentallytestedby Vion et al. [69].
TheMeter(thelargeJosephsonjunction)is alsoconnectedto astablecurrentgenerator
andanaccuratevoltmeter, seeFig. 5.1.Werequirethatthecritical currentin theMeter
is largecomparedto thecirculatingcurrentin thering, in orderto minimize theback
action, w ) 9 è w )

, where w ) 9
is the Josephsonenergy of the Meter and w )

the
effectiveJosephsonenergy of thequbit.

Thereadoutschemeis thefollowing: themeasurementis performedby increasing
thebiascurrent

a�Ò
adiabaticallyto apeakvaluenearthecritical current

a · 9
of theMeter

for a finite time Ó , which yields a significantprobability for Macroscopicquantum
tunneling(MQT). SincetheMQT-ratedependson thetotal currentthroughtheMeter,a�Ò � a

, it will alsodependon the sign andthe amplitudeof the currentin the ring,a
. For the idealmetertheMQT-rates,correspondingto the two qubit states,arevery

different. We may thenchosethe time Ó suchthat onestateis stablewith certainty,
while theotherstatedecayswith high probability during the time Ó . A signalon the
voltmeter, dueto anMQT-event,tells usthat thequbit wasin theunstablestate.If no
signalappearedon thevoltmeter, duringthetimecurrentbiaswasturnedon,thequbit
wasin thestablestate. In both cases,coherenceis lost andwe know thestateof the
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Figure 5.1: Schematicpictureof the qubit, herean rf-SQUID, andthe Meter. The current
supplyto theMeterareconstructedto avoid inducedflux in theSQUID-ringby thebiascurrent.

qubit.
We considera generalizedmodel for the persistentcurrentqubit and the Meter,

schematicallyshown in Fig. 5.1. The device consistof a qubit branch anda Meter
branch connectedvia the inductanceú . The qubit branchconsistsof the Josephson
junction(s)or thepoint contactof thequbit. The phasedropover theMeter is � and
thephasedropover thequbit branchis Ô . The flux dependenceof thequbit phaseÔ
is given by the equation � Ô h � � 6 � ù � ÷ ö Ú � � ö d � ú a � � r �Jt ù � �

, where
ö d

is the
externalflux.

To describethecircuit weemploythetechniqueof branchfluxes,seee.g. [97]. We
canwrite theLagrangianof thedevice asú 6 ú � � Ô � h w ôù � Ô h � h Ô d � f � e ö Úù � q f � 9ùÖÕ� f � w ) 9Ï× ~ø��Ø � � a Òa · 9 �/Ù �

(5.1)

where ú � � Ô �
is theLagrangianof the junctionsin thequbit branch, � 9

is thecapac-
itanceof theMeterand w ô 6 � ö Ú@÷bù � � f ÷'ú . It is straightforwardto proceedwith the
Legendretransformationto achieve the full Hamiltonian,which is quantizedin the
usualway, usingthedynamicalvariables,Û� � - � 6 � � - � h � ÚÛÔ � - � 6 Ô h Ô d � �
where

a�ÒT6Ïa · 9 Ø�ÚZÛ � Ú definesthelocalminimumin the“tilted washboardpotential”of
theMeter, and Ô d � 6 Ô d � � Ú determinestheeffective externalflux seenby thequbit
branch.

If we separatethe termsdependingon ÛÔ , which yields thequbit Hamiltonian
þÿ 0

,
from the Û� -dependenttermsof theMeterwe get,þÿä6 þÿ�0 � ÛÔ � � þÿ � � þÿ 9 � Û� �&�

(5.2)

where þÿ 9 6 � fÜ�ù�� 9 �ÞÝ 9ù Û� f ��Ã h ù Û�æ � Ò � � w ôù Û� f
(5.3)þÿ � 6 h w ô ÛÔ Û� 6ch ö Úù � þa�ß Û� �
(5.4)
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where Ý 9 6 w ) 9 Ð Ã h�a fÒ ÷ a f· 9 , � Ò 6 ù Ð a f· 9 ÷ a fÒ h Ã , � Ü� 6Ìh � ù�� + Ü� and
��� 6àh � ù�� + Ü�

.

The operatorfor the currentin the ring is
þaáßn6 � ö Úç÷bù � � ÛÔ ÷	ú . In Eq. (5.3) we have

expandedtheHamiltonianof theMeteraround Û� 6 x , in theusualway for calculation
of MQT-rates[98]. Theexpansionin theparameterÛ� is valid if theJosephsonenergy
of theMeteris large w ) 9 è ��/1 9

, where
���1 9 6câ ù Ý 9 w 2�ã

, andif w ô è ���1 9
, which

ensurethegroundstateis localizedalthough
a Ò 6 x . Providedthat w ) 9 è w )

we can
treatthefluctuationsof theMeterasa smallperturbationto thequbit.

In Appendix B the reducedtwo-level Hamiltonianfor the rf-SQUID is derived,
Eq. (B.7), andthereducedcurrentoperator, Eq.(B.8). Thederivationof thetwo-level
Hamiltonian,Eq.(C.6),aswell asthecurrentoperator, Eq.(C.7),for thecharge-phase
qubit developedby Cottet et al. [66] is found in Appendix C. Finally, the current
operator, Eq. (4.5), and the Hamiltonian,Eq. (4.7), for the Andreev level qubit are
presentedin Chapter4. TheAndreev qubit HamiltonianincludingtheMeterbranchis
obtainedby replacingtheexternalflux Ô d

with theeffectiveexternalflux Ô d � 6 Ô d � � Ú ,
in Eq.(4.7). Notethat,for thetwo-level systemthereducedcurrentoperators

þa�ß
and

þa
,

Eq. (4.5),areidentical.Generally, we usetheconventionalspinrepresentationfor the
qubit Hamiltonian, þÿ�0R6 � � 	 � � � ��	/� �

(5.5)

which is written in theeigenbasisof thereducedcurrentoperator,
þa 6ca 0 	 � .

Slow dynamics of the qubit and the Meter

If we considertheregime,
a Ò Ô a · 9

, wheretherateof MQT is negligible, theHamil-
tonianfor thesystemof thequbit andtheMetercanbereducedto a simpletwo-level
form.

In the case
a Ò 6åä

, the two statesof the qubit Hamiltoniancorrespondto two
displacedidenticalharmonicoscillators,wherethedisplacementis givenby` � Q Ú 6 � Ú Ñ ÛÔ Ú � ÛÔ Ú 6 a�0 w )a · w ) 9 ��Ã h�a fÒ ÷ a f· ��æ �8Y f �

(5.6)

where
á |RÚ denotestheaverageoverzeropointfluctuationsand

Ñ
denotesthestateof

thequbit. Thisdisplacementis thePointerin theMeter.
If theplasmafrequency of theMeter is large, çè�1 9 è w 0Ð6 Ð è f� � è f� , thewave

functionsof theharmonicoscillatorscanbeapproximatedwith thegroundstatewave
functions,andwe canintegrateout the Û� -degreeof freedomusingthesamemethodas
in Sec.4.1 [77]. Wearriveat theeffectivetwo-level Hamiltonian,þÿä6 è ��	/� � è �:é ÚÚ�	 � �

(5.7)

whereé ÚÚ is theoverlapof thetwo groundstates,� ÚÚ 6CB�DJFMG/h a f0a f· w f)çè�1ê9 Ý 9 I�ë (5.8)
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This renormalizationof thequbit dynamicsdependson which qubit we consider. The
rf-SQUID characteristicsobey thecondistins(seeAppendixB), ì*í:î,ï ìñðòï çè�óõô

,
and ì3í÷öøì5ð . Hence,ù:ú\ú is not necessarilycloseto unity. The Andreev level qubit
is in a similar situation,since ì3í�öüû ï çè�ó î . The situationis different for the
charge-phasequbit [66] (seeAppendixC): for thisqubitwehaveboth ì3í�îýï ì3í andçè�ó î�ï ì3í , whichensuresthat ù:ú\ú is alwayscloseto unity, andtherenormalizationis
not important.

The measurement

Ouraimis to readouttheinformationaboutthestateof thequbitasfastandasaccurate
aspossible.Thisprocessincludesnecessarilytwosteps,associatedwith thetime þáÿ for
therampingof thebiascurrentandthetime þ whenthebiascurrentis keptconstantat
thepeakvalue.Preferably, therampingtime þ&ÿ shouldbeshortcomparedto theinverse
MQT-rateof theunstablestate.The lower limit is setby theadiabaticapproximation
regardingtheMeter, which requiresþ&ÿ3ï ��� ó î . Theswitching-onof theMetershifts
theeffectiveexternalflux away from theworkingpoint to apointat ����� 6 ���	��
�ú������� .
This readoutpoint canbeadjustedby changingtheexternalflux at the sametime as
thecurrentbias.

Considerthe systemwhen  ��� ä
. Up to an unimportantconstantenergy term

Eq.(5.2)canberewrittenas�� 6 � è�� � ��� è��è�� �
è�� � � æ��� �"! 6 ù$#%&')( î �+* !' 
 # �,� � ' 
- 
 � ! �  (5.9)

where . 60/ � , 
1� !Ø6+2 
3#� �54 .76�Éú8
1� , * !m6 * î9
1� ! �:
1� , andthedisplacement,6�Éú"; � ,
is givenby Eq. (5.6). Although thepotentialof the Meter is no longerharmonicwe
assumethat the harmonicapproximationis still valid for the lowest energy levels.
Thereis however a finite ratefor MQT even for the lowestlevels,which is different
for thetwo qubitstatesdueto thedisplacement.

Assumingzero temperaturethe MQT ratesfor the qubit statesare given by the
standardexpression[98], < !�6 ó !>= ?$@�A B !'$CEDFHG � B ! � DF  (5.10)

where B ! 6 � ? ��I)� * !ó !J
 #� !K � 'õì3í:îó îML 'I �� #N î �O #� � �P� � .ERQS�O��UT1V (5.11)

48



Chap. 5: Readout of persistent current qubits

To achieve agoodsignal-to-noiseratioof thereadoutwerequirethat
< � ï

<JW  < ÿ  (5.12)

where

<
ÿ is the relaxationrateof the qubit dueto interactionwith the environment.

Hence,the bias currentshouldbe rampedto a peakvaluewherethe MQT-rate for
the “unstable”stateis much larger than the relaxationrate,but not so high that the
probabilityfor the“stable” stateto tunnelgetssignificantduringthetime þ . Sincethe
dependenceof theaction B ! in Eq. (5.11)is dominatedby theexponentialfactor, we
canestimatetheratiobetweentheMQT rates,

< �<JW öYX:Z>[�\ ' 4 ì í:îDF�ó î  QR�^] V (5.13)
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00.00,Swedishtime,southof el Calafatein Argentina,Jan1 2000.Wehavehadour
third flat tire on our little Hunday-bus,andthe jack is still too small. The roadis

straight,of doubtablequality andcontinuesto thehorizonwherethePatagoniansky
meetsthedesert-likesouthernpampas.

00.30,local time, in el Calafate.Thenew millenniumwascelebratedwith cham-
pagnefrom Chile andfireworks;PJre-ignitedthegrill usinga bottleof campingfuel.
He survived. Now, we arestrolling aroundin el Calafate.El Calafateis a small yet
ratherstrangecity, locatedon the flatlandeastof theAndeson theshoreof lakeAr-
gento. Therearemoreflamingosthanpeoplein this partof theworld. Nevertheless,
an increasingnumberof touristsspendoneor two nightson someof the towns dry
campings,waiting for thebus to thefamousnationalpark los Glaciaresin theAndes
some80km to thewest.Otherpeople,like us,arerepairingtheirflat tires.Everything
is expensive,andthereis no realbank.

The first hour of the new millennium is ratherquiet. Suddenlya line of honking
carsappears.This is apparentlyCalafatesofficial millenniumparty. Thefirst car is a
pick-upwherethebasketof ahotair balloonhasbeenmountedon theboard.A drunk
andhappypilot is standingin thebasket,firing yellow burstsfrom the four burners.
Like a carnival without dancersthe line of dirty carsdrivesslowly backandforth on
themainstreet.
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APPENDIX A

THE HUBBARD-STRATONOVICH PROCEDURE

The Hubbard-Stratonovich procedureis an analyticalmethodof rewriting theeffective ac-
tion of aphysicalsystem,usingfunctionalintegrals[73,76]. A goodintroductionto func-

tional integrationcanbefoundin [99], which alsoincludesanintroductionto Grassmanfields
andtheintegrationrulesfor Grassmanfields. In fact,theanti-commutatingrulesfor Grassman
fieldsmakesfunctionalintegrationvery easy.

Oneof themostimportantpropertiesof functionalintegralsis theinvariancewith respect
to shiftsof theintegrationvariable,_a`�bdc�`ebgf Wihkj �ml j �8nOoqpsrt�mlsuwv>o�rt�8nxuky _z`�bdc{`�bgf W|h�j �ml j �8ndr}oqpsrt�mlsu ��~ pl r}�mlsu�uwv�r}oqrt�8n�u ��~ n8rt�8n�u�u��

(A.1)
Since

b # y��
for any Grassmanvariable, functionsof Grassmannumberscan be Taylor-

expandedto first order, without any approximationmade.Hence,all integrationswill besim-
ple. Theordinaryintegralover aGrassmannumberis definedas_z� b��J��bd� y _z� bH�����5�8bd� y �m�

(A.2)

where
�

and
�

are the first Taylor coefficients of the function
�J��bd�

. It is easyto show that
this definitionyields thedesiredinvarianceto shiftsof the integrationvariable. Moreover, to
handleproductsof integralsa signconventionis nessecary,

h � b # � b � b � b # y ���
, performing

theinnermostintegral first.
The functionalintegralover anactionwhich dependson a Grassmanfield is evaluatedby

replacingthe � -integralwith afinite sumoveralargenumberof intervals, �m� , afterwhicheach
termin thesumcanbeevaluatedseparately._ `eb c `�bgf W h j �ml j �8n�o p rt�ml�u�v1oqrt�8n�u3y �d��� _ � b c� � b � � f

Wi� � �O� � n o p� v � � o � y �R� � � y��¡ 8¢i£ �
(A.3)

where
£

is an operatorwith the eigenvalues
� �

. The diagonalizationof the operator
£

can
bemadesincethefunctionalintegral is invariantto unitary transformationsof thefields. The
normalizationconstant,containingtheproductof the � -intervals,is unimportantandomitted.

Thevalidity of theHubbardStratonovich procedureis a directconsequenceof theinvari-
anceEq.(A.1). Thefield transformationallowsusto introducenew fieldsanddecoupleothers,
which is very useful.Theprocedureto decoupletwo Grassmanfields

b
and ¤ is
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f h j �ml j �8n�o p r}�mlsu�v�¥^r}�8nxu y�¡ 8¢1£ _ `e¦ c� `e¦ # f
h j �ml j �8nd§ o p rt�mlsuwv�¥mrt�8n�u W r ~ pl rt�mlUu W o p r}�mlsu�v�u�vk¨ l r ~ n�r}�8nxu W v�¥mrt�8n,u�ut©y��¡ 8¢1£ _ `e¦ c� `e¦ # f
W h j �ml j �8n)§ ~ pl rt�mlsuwv ¨ l ~ nRr}�8nxu ��~ pl rt�mlUu�¥mrt�8n�u � o p rt�mlsu ~ n,rt�8nxut©s�

(A.4)
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APPENDIX B

TWO-LEVEL HAMILTONIAN OF THE HYSTERETIC RF-SQUID

In thisappendixI presentaderivationof thereducedtwo-levelHamiltonianof therf-SQUID,
nearthe degeneracy point ª � y¬«

. The parametersaredefinedin line with the analysis
in Sec.5.1 andFig. 5.1, with a singleJosephsonjunction associatedwith the qubit branch.
With appropriateparameters;5í�®¯ ð and °±�³²´°iú8µ�¶ , the effective potential takesthe
form of a doublewell, asshown in Fig. B.1.1. TheHamiltonianof the rf-SQUID is obtained

∼φ ∼φ

ωh p

0

0

Eq

φ 20 φ1

U

φ
2

φ
1

2∆
U

Figure B.1: Schematicpicturesof the potentialof the rf-SQUID for 5í$µ� ð·²¸¶ andwithª��¹² � �º� � «
(left) and the modelpotential(right). The plasmafrequency is assumedlarge

comparedto thelevel splitting ¶P»e¼ of thetwo-level system.

form Eq. (5.1), by replacingthe qubit branchwith oneJosephsonjunction and its effective
capacitance½ , ¾¿ Q yÁÀ # %Â¶m½+Ã  íEÄ8Å�Æ ��Çª ��È��k� ª ��� �k�  ð¶ Çª ��È�� # � (B.1)

where À %Â y Ã9É ¶ fqÊ %Â . Theminimaof thedoublewell potentialaregivenby ð Çª �  íEÆxËwÌ �PÇª � ª ��� � yÍ�d� (B.2)

Accordingly, wedefine
Çª y ªk�HÎ � attheleft minimumand

Çª y ª #¡Ï � attheright minimum.
In orderto makethepotentialin Eq.(B.1) easierto handlewereplaceit with amodelpotential
definedby ¼ ��Çª � y ¼�� � ¼ #¼E� y Ð�Ñ¶ Çª � Çª Ã ¶�ª�� �x¦d� Ã Çª �¼ # y Ð�Ñ¶ Çª �PÇª Ã ¶�ª # �x¦d�PÇª �8�
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where
Ð�Ñ y  ð � ñí Ä8ÅPÆ � ª���� � ª # � , requiredthat ª�� Ã «¹Ò �

. Theenergy differencebetween
thebottomsof thetwo wells is givenby»e¼ y0Ð ÑÓ � ª ## Ã ª # � � (B.3)

andthemeandepth,comparedto ¼ � � � , is¼ ú y Ð�ÑÓ � ª # � � ª ## � � (B.4)

Notethat ¼mú|®Í ð�®Íñí . Weconsiderthecase¼Wú�Ô´ÕÖØ× ô
, where ÕÖ$× ô yÍÙ ¶�HÚ Ð�Ñ , whenthe

harmonicapproximationis valid for thelowestenergy levelsin eachwell.
A well definedtwo-level systemis obtainednearthedegeneracy point, ª�� yÛ«

, required
that ÕÖ$× ô µP¶³Ô HQ , where ¶P�Q is the minigapof the two-level system. If we restrict to zero
temperatureand the groundstatein eachharmonicoscillator, we canwrite the stateof the
systemasasuperposition, ÜÞÝ¡ß y � Ü � ß �à� Ü ¶ ß � (B.5)

where
Ü É ß are the groundstatesof the harmonicoscilators, É y ��� ¶ . Then we project the

Heisenberg equationwith theHamiltonian
¿ y À # %Â µ�¶^½ � ¼ �PÇª � ontothesestates,É ÕÖâá�J� É ÕÖ á�>ã ¶ Ü � ß y �mã ¶ Ü ¼E� Ü ¶ ß �·�>ã ¶ Ü ¼ # Ü � ßÉ ÕÖ á�H� É ÕÖ á�mãx� Ü ¶ ß y �mã�� Ü ¼E� Ü ¶ ß �·�>ãx� Ü ¼ # Ü � ß

Theoverlap,neglectingtermsof theorder »e¼ , isãx� Ü ¶ ß y _ � ª ã�� Ü ª ß ã ª Ü ¶ ß y f W n�ä,åæç�èxé (B.6)

Wecanthenwrite theequationfor thetwo-levelsystemonthemoreconvenientform, to leading
orderin

ãx� Ü ¶ ß and »e¼ , É ÕÖ á� y � »e¼ �à� Ö �É ÕÖ á� y � Ö � Ã � »e¼ � (B.7)

Thisequationcanbemappedon Eq.(5.5),where
Ö � y »e¼ and

Ö � ² ãx� Ü ¶ ß ¼mú,µ�¶
Thecurrentoperator, definedby

¾ê8ë y � °iúSµP¶ « �>Çª>µ�ì , is reducedin a similar way, keeping
termsto leadingorderin

ãx� Ü ¶ ß ,ã ¶ Ü ¾ê ë ÜíÝ¡ß ² � °iú¶ « ì ã ¶ Ü Çª Ü ¶ ß y � °iú¶ « ê Qãx� Ü ¾ê ë ÜíÝ¡ß ² � °iú¶ « ì ã�� Ü Çª Ü � ß y Ã � °iú¶ « ê Q
where

ê Q y � °iúSµP¶ « ì � ª # . Hence,wecanwrite thetwo-level currentoperatoras¾ê ë y ê Q � ª ��� �xî � � (B.8)

We cansummarizethenecessaryinequalitiesas:ñí�®ï ð�Ô´ÕÖ)× ô � ÕÖP× îðÔñHQ �»òÔ´ÕÖØ× î � ÕÖP× ô �
where ÕÖd× î is the plasmafrequency of the Meter, seeSec.5.1. Note that the first inequality
implies ª�� Ã «¹Ò �

.
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APPENDIX C

THE CHARGE-PHASE QUBIT

In this appendixI presentaderivationof thereducedHamiltonianfor thequbit usedby Vion
et al. [66,69], formally referredto asthecharge-phasequbit. Thedesignis similar to therf-

SQUIDbut thedevice is operatedin theregime  ð Ôó í . Thequbit is modeledby replacing

Cg

Vg

φ
2

φ
1

φ

Island

L

Meter

Figure C.1: Schematicpictureof theachieveelementsin thecharge-phasequbit. The
� Ã � -pole

of thebattery, ô)õ , is assumedto becontactedto thepoint ª�µP¶ .
thequbit branchin Fig. 5.1 with two Josephsonjunctions,with (thesame)Josephsonenergy5í andcapacitance½ . Hence, ª y ª�� � ª # . Moreover, the small islandwhich is created
betweenthe junctionsis coupledto a voltagesource,via a weakcapacitance½gõ Ò ½ . We
assumethatthe( Ã )-poleof thevoltagebias ô)õ is attachedto thesuperconductingring in such
awaythatthechargeonthegatecapacitoris ö÷õ y ½gõ � ô)õ ��� ÕÖ µ�¶ « � áª1µP¶ � , comparedto ground.
Thecurrentin thegate,

ê õ y áö õ , is neglected.
TheLagrangianfor thequbit branchisì Â y \ ° ú¶ « ] # L ½gõ¶ � áª1ø � áª�µ�¶ Ã áª�� � # � ½ ¶ � áª # � � áª ## � T � ñí>ù Ä8Å�Æ � ª�� � ª���� �k� Ä8Å�Æ � ª # � ª���� �{úy \ °iú¶ « ] # \ ½|õ¶ � áª ø Ã áª W � # � ¶m½¶ áª # W � ½üû¶ áª # ] � ¶� íEÄ8Å�Æ � ª���� �ýÇª¶ � Ä8Å�Æ ª W � (C.1)

where
áª ø y � ¶ f µ$ÕÖ � ô õ , ª W y � ª � Ã ª # � µ�¶ and ½ û y ½üµ�¶ . If we insert this Lagrangianin

Eq.(5.1)wegetthequbit Hamiltonian,¿ Q y � ö W Ã À � #¶m½9þ � ö #¶m½ û Ã ¶�ñí Ä8Å�Æ � ª���� � Çª¶ � Ä8Å�Æ ª W �  ð¶ Çª # � (C.2)
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where½9þ y ¶m½ � ½|õ , ö W andö aretheconjugatequasichargesto ª W and ª , respectively, andÀ y Ã ½|õ:ôdõ is the(static)charge inducedby thegatecapacitor. We quantizetheHamiltonian
by imposingthecommutationrelations ùºÿ � ª W ú y É , where ö W y ¶�ÿ f , and ùÞö �1Çª ú y ¶ É f and
usetheoperatorsÿ y Ã9É Ê Â ¨ and ö y Ã ¶ É f�Ê %Â .

If  ð Ô  Ú , where  Ú y � ¶ f�� # µ�¶m½ þ , the fluctuationsin
Çª aresmall and it is relevant

to expandtheHamiltonianin
Çª . Moreover, we let Ä8Å�Æ ª W�� �#

�
� � Ü ÿ ß ã ÿ �ï� Ü � Ü ÿ ��� ß ã ÿ Ü �

which follows from thecommutationrelation ù ÿ � ª W ú y É . Using the ÿ -basiswe arrive at the
qubit Hamiltonian¾¿ Q y � � L � ö #¶m½ û �  ð¶ Çª # � Ü ÿ ß ã ÿ Ü � � ¶�ÿ f Ã À � #¶m½9þ Ü ÿ ß ã ÿ ÜÃ ù ¶�5í Ä8Å�Æ ª����¶ Ã Çª�ñí ÆxËwÌ ª����¶ ú�� Ü ÿ ß ã ÿ ��� Ü � Ü ÿ �Í� ß ã ÿ Ü � T � (C.3)

The full Hamiltonianis intractable,but we notethat the limit,  ð�Ô HÚ , yields a weak
couplingof theloop andtheisland.We canthenestimatethelevel splitting by calculatingthe
spectrumfor thefreeisland,¾¿ ��� y�� � L � ¶Pÿ f Ã À � #¶m½ þ Ü ÿ ß ã ÿ Ü Ã ¶�5í Ä8ÅPÆ � ª����,µ�¶ ��� Ü ÿ ß ã ÿ �Í� Ü � Ü ÿ ��� ß ã ÿ Ü � T � (C.4)

Theminimumlevel splitting for thetwo lowestlevels is foundat thedegeneracy point, À ² f
,

wherethe gapis of the order ¶�HQe® Ó ñí Ä8Å�Æ � ª����,µP¶ � . The distanceto the third level is of
the orderof �Ú . Thus,we require �ÚïÔ 5í Ä8Å�Æ � ª����,µ�¶ � for qubit operations.Underthese
assumptionswe canrestrictthe analysisto the2 lowestlevels. Using thebasis

Ü î ß y � Ü � ß Ãî Ü � ß � µ Ù ¶ , where
î y�� �

, wegettheHamiltonian[100],¾¿ y ö #¶m½ û �  ð¶ Çª�# � Ð¶ î � �ï� 5í Ä8Å�Æ ª����¶ Ã Çª ¶ 5í ÆxËwÌ ª����¶ �xî � � (C.5)

where
Ð y ¶ fO��f Ã À � µm½9þ y �Ú ��� Ã À µ fq� .TheHamiltonianin Eq.(C.5)describesatwo-levelsystemcoupledtoaharmonicoscillator.

Hence,we canreducethe Hamiltonianto the two-level form by averagingover
Çª , usingthe

sameargumentsasin Sec.4.1,providedthattheplasmafrequency is large, ÕÖd× ô Ôñ5í , whereÕÖ$× ô yYÙ ¶�HÚ� ð . However, it is straightforwardto show that this effect is smallandthat the
two-level dynamicsis determinedby theHamiltonian[66],¾¿ y 5í Ä8ÅPÆ ª����¶ î � � Ð¶ î � � (C.6)

Thecurrentoperatoraveragedover thefluctuationsof theharmonicoscillatorsis,¾ê8ë y ¶ fÕÖ  ð � ã$Çª ß W �� ã$Çª ß � � y ê N¶ Æ�Ë Ì ª����¶ î � (C.7)

where
ã$Çª ß ! is theaverageinducedflux of thetwo qubit states.

Theassumptionsmadefor thecharge-phasequbitcanbewrittenasachainof inequalities,ñí Ä8Å�Æ ª����¶ Ò HÚ � ÕÖ$× ô � ÕÖP× î Ò  ð � (C.8)

where
× î is theplasmafrequency of theMeter.
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Coherent processes in super conducting quantum interfer ometer s and qubits

JonnLantz
Department of Microelectronics and Nanoscience
Göteborg University and
Chalmers University of Technology

ABSTRACT

In this thesiswe presenttheoreticalinvestigationsof theeffectsof Andreev boundstateson thecurrent
transportin superconductinginterferometers.We also investigatethe slow dynamicsof the Andreev
statesin a superconductingpoint contact,andthepossibleapplicationasa quantumbit.

We considersuperconductor-normalmetal-superconductor(SNS)andnormalmetal-superconduc-
tor (NS) interferometers,wherethecontactregion is a Y-shapednormalmetalwave guide,andthetwo
connectionpointsto thesamesuperconductingelectrodecanhave differentphases.Theelectriccurrent
in the interferometeris calculatedasa functionof theappliedvoltageandthephasedifference	 . An-
dreev reflectionin SNSandNS interferometersincorporatestwo features:interferencein the armsof
theY-shapednormalregion,andinterplaywith Andreev resonances.Thelatterfeatureyieldsrich phase
dependentcurrentstructuresin thesubgapvoltageregion. Theinterferenceeffect leadsto asuppression
of thecurrentstructuresat 	�
� .

We investigatetheeffectson theJosephsoncurrentin NS interferometersdueto currentinjection
from thenormalelectrode.The two maineffectsof the nonequilibriumsituationare: nonequilibrium
populationof theAndreev levels,whichcanresultin enhancement,suppression,or evensignreversalof
theJosephsoncurrent,andananomalousinterferenceJosephsoneffect,whichgivesriseto a long range
Josephsoneffect, increasingwith thevoltage��� upto thesuperconductinggap � .

The two Andreev statesin a superconductingquantumpoint contactcanbe accessedfor manipu-
lation andmeasurementby embeddingthe point contactin a superconductingloop. We calculatean
effective Hamiltonianfor theslow dynamicsof theAndreev two-level systemin thering. Furthermore,
we discussmethodsof manipulationof theAndreev levels,andcouplingof qubits.Thestateof theAn-
dreev two-level systemcanbereadout by monitoringthemacroscopicquantumtunnelingin a current
biasedJosephsonjunction,which is embeddedin thesuperconductingring of thequbit. We discussthe
effectson thequbit, thereadoutschemeandthesignal-to-noiseratio.



Errata,Coherentprocessesin..., by J.Lantz,2002

Pageiii: PaperIII is now publishedin Phys.Rev. B 65 134523.

Pageiii, PaperIV: theyearshouldbe2002.

Page12,Eq.2.14: ��	�� shouldbe ��	 in bothequations.

Page13,Eq.2.24: ��� shouldbe � .

Page14,below Eq.2.30: ��� shouldbe ��� .

Page23,Eq.2.63: � ��!#" $&%('�) shouldbe � ��!#" $*%,+-) .
Page26,Citation[82] shouldbeto M. Büttiker, Phys.Rev. Lett. 57, 1761(1986):

Page27,Fig. 3.3: ./%0	213) shouldbe ./%0	2) .
Page37,Eq.4.3: 4 �4657 shouldbe 4/574 � .

Page40,above Eq.4.15: “Rabi frequency” refersto thefrequency of theRabioscillations.

Page43, thetext of Fig. 4.4: 	�8 shouldbe 	�9 .
Page47, line 13: thereferenceto “beginningof thischapter”shouldbe“Chapter4”.

Page50, thefirst sentence:Thetimeshouldbe23.59,Dec.311999insteadof 00.00,Dec31. :)


