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ABSTRACT

In this thesiswe presentheoreticalinvestigationsof the effectsof Andrees bound
stateson the currenttransportin superconductingnterferometersWe alsoinves-
tigatethe slow dynamicsof the Andrees statesn a superconductingoint contact,
andthepossibleapplicationasa quantumbit.

We consider superconductenormal metal-superconducto(SNS) and normal
metal-superconductaiNS) interferometerswherethecontactregionis a Y-shaped
normalmetalwave guide,andthetwo connectiorpointsto the samesuperconduct-
ing electrodecanhave differentphasesTheelectriccurrentin theinterferometers
calculatedasa function of the appliedvoltageandthe phasdifference). Andreey
reflectionin SNSandNS interferometersncorporateswo featuresinterferencen
the armsof the Y-shapedhormalregion, andinterplaywith Andrees resonances.
Thelatterfeatureyieldsrich phasedependenturrentstructuresn the subgapvolt-
ageregion. Theinterferenceeffectleadsto a suppressiomf the currentstructures
ato = .

We investigatethe effects on the Josephsorcurrentin NS interferometersiueto
currentinjection from the normalelectrode.The two main effects of the nonequi-
librium situationare: nonequilibriumpopulationof the Andreev levels, which can
resultin enhancemensuppressiongr even signreversalof the Josephsorurrent,
andan anomalousnterferencelosephsorffect, which givesrise to a long range
Josephsoeffect,increasingwith thevoltageeV upto the superconductingapA.
Thetwo Andreer statesn asuperconductinquantunpointcontactcanbeaccessed
for manipulationandmeasurementy embeddinghe point contactin a supercon-
ductingloop. We calculatean effective Hamiltonianfor the slow dynamicsof the
Andreey two-level systemin the ring. Furthermorewe discussmethodsof ma-
nipulationof the Andreer levels,andcouplingof qubits. The stateof the Andrees
two-level systemcanbereadoutby monitoringthe macroscopiguantuntunneling
in a currentbiasedJosephsofjunction, which is embeddedn the superconducting
ring of the qubit. We discussthe effectson the qubit, the readoutschemeandthe
signal-to-noiseatio.
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CHAPTER 1

INTRODUCTION

L atein Camp3, just belov 6000m,on RutaSueciafollowing the southwestridge
on Aconcagudl], 8 Jan2001. We have just had our dinner (fillet of beefwith
Swedishmushroomsauceandpasta)and meltedsnow for the next day. Thereis no
wind andit is absolutelyquiet. The campis placedat the col betweercerroPiramidal
andthe greatpillars. We have big walls on both sides. The eastsideis vertical and
partof thewell-known southwall, of whichwe from the campcite only seetheupper
half. It looks cold, with blue-white snavfields and dark sandstone.The mountain
formsa half circle, like anamphitheatrearoundthe dirty GlacierFranciaandwe are
slowly climbing higherandhigheron its westernspur Andersis sitting in the tent,
listeningto Chileanpop musicon his am-recever, while | amwalking aroundwaiting
for the sunsetn the Pacific Oceanandtrying to get somenice picturesin the fading
sunlight. The air is cold anddry. It is thin, but only in a goodsensegcleanandeasy
to breath. While the sunis fading throughstripesof distantclouds,the shadevs of
the surroundingnountainsarerising, creatingstrangevisual effectsonthe sky. In the
westarethe youngesimountainsyocky peaksof which severalareover 6000mhigh.
Whenl look furtherto the eastthesejaggedpeaksturn into smoothsandhills, like a
high altitude desert. In the far east,| canimaginethe Pampas. Behindmeis theis
the great(namelesspillar, a monolithin wind-polishedsandstonegver two hundred
metershigh and probablynever climbed. Tomorrov morningwe will packour stuff
andclimb aneasypitch to its base.Thenwe follow aledgearoundit to find the way
further up the mountain. Above the greatpillar, thereis still alpenglav on the south
summitof Aconcaguaa sharpwhite edge.

1.1 MESOSCOPIC SUPERCONDUCTING JUNCTIONS

esoscopighysicsconcernssystemswvherethe numberof atomsis large, read
macroscopicbut neverthelesshe amplitudeof thequantummechanicafluctua-
tionsof somemeasurablguantityis comparablevith its average andthe systemcan-
not betreatedclassically Hence mesoscopiphysicscanbeinterpretedasthe physics
in theintermediatezonebetweermuantummechanicandNewtonianmechanics.
This thesisconcernselectronicpropertiesof simple superconductingircuits and,

1



JonnLantz, Superconductinquantuminterferometerandqubits

in particular differenttypesof mesoscopigunctionsbetweensuperconductinglec-
trodes. Thesejunctionscanbe of sereraltypes,having considerablydifferentprop-
erties. The simplesttype is the tunneljunction, or SIS junction (Superconducter
InsulatorSuperconductor)yhereatunnelbarrier, usuallyathin oxidelayer, separates
thesuperconductinglectrodesMore comple is thefamily of SNSjunctionswhereN
standgor Normalmetal,i.e. anon-superconductingegion. Onemay distinguishtwo
maintypesof SNSjunctions:junctionswith alow concentratiorof impurities,where
thetransportis essentiallyballistic andcoherentandjunctionswherethe transports
diffusive. Metal or semiconductojunctionsare usually diffusive. However, recent
progresghe semiconductotechnologyhasmadeit possibleto createessentiallybal-
listic SNSjunctions. We focuson this latter type of SNSjunctions,andgenerallyon
junctionswherethetransports coherent.

Thetheoreticalstory of superconductingunctionsstartsin 1957, whenBardeen,
Cooperand Schiefer (BCS) presentedheir microscopictheoryof superconductity
[2]. In earlymodelsof tunneljunctionsa tunnelHamiltonianwasusedto couplethe
two superconductinglectrodes. This model was successfullyappliedby Cohenet
al. [3] to calculatethedissipatve currentin voltagebiasedunctions. The mostfamous
work was doneby Josephsoi4], who predicteda non-dissipatie currentin tunnel
junctions,the Josephsoeffect.

Whenit comedo voltagebiasedunctionsthe tunnelHamiltonianapproactworks
well to calculatethe lowest order process single electrontunneling. This yields a
current-\oltagecharacteristicsvith zerodc-currentat subgapvoltages,|V| < 2A/e,
whereA is themodulusof the superconductingrderparameterHowever, afinite dc-
currentonsetat V. = A/e wasindeedseenin experimentsby Taylor andBursteinin
1962[5]. A few yeardatercurrentstructuresatevenlowervoltages) = 2A /ne, n =
1,2,3, ..., wherefound[6, 7]. This subharmonigyap structue could not be explained
by thesimpletunnelHamiltonianapproachwyhich yieldsunphysicaresultsfor higher
orderprocesseémulti-particletunneling)[8] dueto thedivergenceof the BCS-density
of statesat theedgesf the superconductingap.

In 1963, de Gennegresentedn equationof motion for quasiparticlesn the su-
perconductingstate,today referredto asthe Bogoliubo/-de GenneqBdG) equation
[9,10]. Oneyearlater Andreey, usingargumentssimilar to the BdG-equationsug-
gesteda new effect at the boundarybetweenthe normal and the superconducting
state[11], lateronreferredto asAndreer reflection Theideais thatanelectronwhich
is senttowardsthe surfaceof a superconductgicanbe reflectedasa hole. The con-
senation of currentimplies thattwo electronchagesare transmittedinto the super
conductorduringthis processyhich canbeinterpretedasthatoneCooperpair[12] is
addedto the superconductoiThe oppositeprocesss alsopossible:An incominghole
is reflectedasan electron,whereasa Cooperpair is emittedfrom the superconductor
In 1970theJosephsoeffectin transparenSNSjunctionswaspredictedoy Kulik [13]
and explainedby coherentconsequenfAndreer reflectionsat the oppositeNS inter-
faces. Generally Andreey reflectionis animportantmechanisnof currenttransport
throughNS interfacesanda centralconcepin this thesis.
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Chap. 1: Introduction

In theearlyworksonthe Josephsoeffect[13,14] anapproactbasednexpansion
over eigenstate®f the BdG-equationwas used. During the sameperiod of years,
several authorsappliedthe Greens function techniqueto investigatethe Josephson
effectin SNSjunctions[15,16]. The Josephsoeffectin transparentonstrictionsor
ScS-junctionsyascalculatedn 1977by Kulik andOmel’'yanchul{17], andin 1979
Artmenkoetal. [18] extendedthis theoryto voltagebiasedconstrictions A review of
the Greens functiontechniguesanbefoundin Ref.[19]

Thetheoryfor constrictionds consistentvith the Landauempproact20], widely
usedin the mesoscopi¢heoryof normaljunctions. The Landauerapproachvasap-
pliedto voltage-biaseduperconductingunctionsfor thefirst timein 1982by Blonder
etal. [21], who consideredransportthrougha SIN-interfaceasa coherentscattering
problem. This new approachwasessentiallyfo matchsolutionsto the BdG-equation
attheinterface,jn orderto calculatescatteringstatesfor particlesincomingfrom both
directions. Knowing the probability currentassociateavith the scatteringstatesijt is
straightforwardto calculatethe electricalcurrent. Generally the quantummechani-
cal BdG-Landauempproachs adequatdor mesoscopigunctions,whoseproperties
are dominatedby coherentelectrondynamics. The quantizationof trans\erseelec-
tron modesin mesoscopigunctions also makesone-dimensionaiodelsappropri-
ate[22,23].

In 1982,Klapwijk etal. introducedheideaof multiple Andreev reflectiond MAR)
asthe mechanisnbehindthe ac-Josephsoaffect in voltagebiasedtransparenSNS
junctions[24]. Thefollowing yearthetheorywasgeneralizedo arbitrarytranspareng
by Octavio etal. [25]. However, in theseearly papersaboutMAR the authorsconsid-
eredonly incoherentransporin the normalregion.

In the early 90:s several groupssuccessfullycalculatedthe dc-Josephsonurrent
in differentkinds of mesoscopieveaklinks, usingthe quantummechanicabpproach,
[26-32]. It wasshowvn thatthe boundAndreer statesplay animportantrole for the
currenttransportn ary kindsof superconductingunctions.

An importantstepwastakenwhenthecurrent-oltagecharacteristicgor pointcon-
tactswith arbitrary transpareng was calculated,using the quantummechanicalap-
proachandthe Greens functionapproacH33-37]. Thedc-partof the currentin such
junctionsexhibits a staircase-likesubharmonigap structurewith conductancgeaks
in the low voltageregion (eV < 2A), atV = 2A/en, n = 1,2,3,... Thesecurrent
structureareexplainedby coherenMAR. The samesubharmonigapstructureexists
in tunneljunctions.However, in this casethe subharmonigapstructures suppressed;
at smalltranspareng D < 1 the amplitudesof the subharmonicstructureslecrease
with thetransparencas D"

New fabrication techniques

Thestudyof quantumjunctionshasattractednterestduringtherecentyearsdueto the
developmentsan fabricationtechniques.A very usefulmethodto reachthe quantum
transportregime wasdevelopedin the beginning of the 90:s; the breakjunctiontech-
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nique[38-42]. Theideais to mechanicallybreaka wire, in orderto createa narrov
constriction.Justbeforethe wire breakscompletely the two electrodesanbe linked
only by asingleatom,or evena chainof atoms[43]. Dependingonthetype of atoms
in the point contactone may achiese a very low numberof conductingmodes,down
to asinglemode- aquantunmpointcontact.lt hasbeenshowvn thatthetheoryof coher
entMAR in pointcontactsagreesvith theexperimentakurrent-wltagecharacteristics
with astonishingaccurag [44]. More recently Koopset al. [45] have measuredhe
non-sinusoidakurrent-phaseelation of a nearly transparenpoint contact,in good
agreementvith the theoreticalpredictions[26—32]. The experimentwas performed
with a rfi-SQUID-like setup,a superconductindgpop with a point contact,wherethe
inducedflux throughtheloop wasmeasure@sa function of theappliedexternalflux.

Furthermore transparennormal regions have beenfabricatedwith ballistic 2D-
electrongasin a multi-layersemiconductostructure With normalregionsmadewith
such2D-electrongas,the meanfree pathof the electronscanreachseveral microme-
ters. Thetransportcanberestrictedio a smallnumberof conductingelectronicmodes
by usingetchednormalregionsor by depositingelectrostatigateq§26,46]. Dueto the
large wavelengthof the electronan the 2D system(of the orderof 10nm) it is possi-
ble to createwave guidesfor the electronswith alow numberof conductingchannels.
Hence,a finite length of the junction can be combinedwith the quantumtransport
regime.

SN and SNS interfer ometer s

An interestingapplicationbasedn mesoscopiSNSjunctionsis Andree interferom-
etry [47-49]. Essentiallyan Andrees or NS interferometeconsistof athreeterminal
device with two equipotentiasuperconductinglectrodeshaving differentsupercon-
ducting phasesand one voltage biasednormal electrode. The threeelectrodesare
connectedhroughan Y-shapedchormalbeamsplitter (SeeFig. 3.1). The centralphe-
nomenorin theNSinterferometers the phasedependencef thecurrentin thenormal
electrodedueto interferenceeffectson the Andreey transportthroughthe doubleSN
interface.Total suppressiof Andreers reflectionoccurswhenthe phasedifferences
equalto 7. If thetwo superconductinglectrodesreconnectedo a superconducting
ring, this phasedifferencecan be controlledby meansof the external magneticflux
throughthering. Flux-sensitve NS interferometerfiasbeenstudiedexperimentally
by severalgroupsseeRefs.[50,51].

An alternatve setupis to replacethe normalinjection electrodewith athird super
conductingelectrodewhich givesan Y-shapedSNSjunctionor an SNSinterferome-
ter (seeFig. 3.6). Recently Kutchinsly etal. discoreredphasedependencef current
structuresat subgapvoltagesin diffusive SNSinterferometerg52-55]. Although at
presentday no experimentshave beenperformedwith ballistic interferometerspne
cangenerallyexpecteven more pronouncedghasedependeninterferenceandreso-
nanteffectsusingjunctionsdominatedoy ballistic transporiandpreferablyalsoin the
guantumtransportegime.
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The effectsof resonanceassociatedavith Andrees statesn quantumSN andSNS
interferometersrestudiedin Paperdl-1ll. Paperl discussedNS interferometersvhile
Paperlll, and part of Paperll, is devotedto the phasedependensubharmoniqgap
structurein voltagebiasedSNSinterferometers.

Nonequilibrium Josephson effect

It is generallyacceptedhatboundAndreer stategplay animportantrole for the elec-
tronic transportin mesoscopicSNS junctions[14]. Eachtransportmodein a SNS
junctionis associatewvith anumberof Andreer levels,which depend®ntheeffective
length L of the normalregionroughlyas N ~ £,/ L. Shortjunctions,on the scaleof
the superconductingoherencéengthé, = hvr /A, hostonly onepair of levels,while
the numberof levelsin long junctionsmay be large. The Josephsorurrentin long
junctionsdecaysexponentiallywith increasedength[13,16], whichis dueto the fact
thatthe Andreer levelscarrycurrentin alternatedirectionsandthereforetendto cancel
out eachotherscurrentcontributionspairwise[56]. This cancellationrdependn the
populationof the Andreer levels, which in equilibriumis the Fermidistribution. By
usingtheinterferometesetup,andinjectingelectronanto the normalregion from the
probe,it is possibleto createa nonequilibriumpopulationof the Andreer levels and
henceto modify the Josephsorurrent.

In Paperl we give adetaileddescriptionof thenonequilibriumJosephsoeffectin
guantun3- and4-terminaldevices,i.e. quantumSNSjunctionswith oneor two probes
attachedo the normalregion. Thefocusis put on the anomalouslosephsorcurrent
[57]. Theorigin of this effectis anasymmetrybetweerthe nonequilibriumJosephson
currentproduceddy injectedelectronsandinjectedholes. Theanomalousurrentdoes
notdependnthelengthof thenormalregionandcanbeof theorderof theequilibrium
currentin a point contact,evenif the junctionis long andthe equilibrium currentis
exponentiallysmall.

1.2 QUANTUM ELECTRONICS

In 1986 Leggett[58] suggestedhat a macroscopiquantumtwo-level systemcould
be achiered using a superconductinging with a tunneljunction, i.e. an rf-SQUID.
His ideawasthat a hystereticrf-SQUID biasedat a half flux quantum,®,/2, where
d, = h/2e, shouldfluctuatequantummechanicallybetweentwo stateswith persis-
tentcurrentsn oppositedirections requiredthatthe chaiging enegy of thejunctionis
sufficiently small, Ec = (2¢)?/2C. The device wassuggestea@sa tool for studying
macroscopiguantummechanicsandalsotherole of dissipation59]. If thetwo-level
systemis well separatedrom higherenegy levels,the systemcanbe seenasan arti-
ficial spin-1/2particlein an effective magneticfield, which dependon the electronic
propertiesof the device andthe externalflux. In orderto measurehe spin-stateof
suchadevice a guantummeasuremeris neededi.e. the metershouldhave suficient
accurag to distinguishthe two statesfrom eachother Leggetts suggestionvasto
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usea dc-SQUID, inductively coupledto the rf-SQUID, to measurehe inducedflux
by the rf-SQUID. The amplitudeof the signalfrom the rf-SQUID is of the orderof a
flux-quantum.Generallythe coherencén mesoscopitwo-level systemss extremely
sensitve to environmentalnoise. The hystereticrf-SQUID is unfortunatelystrongly
coupledto noisein the externalflux, dueto thelargeinductanceThisis probablythe
reasonwhy the early attemptsto obsene the effect have failed. However, promising
experimentshasrecentlybeenreportedoy Friedmanetal. [60].

Theideaof quantumcomputing hasbroughtback Leggett's two-level systemto
thelimelight. The basicbuilding block in aquantumcomputers the qubit, or QUan-
tum BIT, which is aquantumtwo-level system.The qubit correspondso the ordinary
bit in classicalcomputersput thereare someimportantdifferences.The stateof the
gubitcantakeary superpositiorof 1 and0, comparedo the discretevaluesof the or-
dinarybit. Moreover, thissuperpositions coherentvhichimpliesanadditionaldegree
of freedom;the phasalifferencebetweerthetwo eigenstates.

Several groupsexplore the possibility of microscopicqubits,i.e. qubitsbasedon
individual microscopicdegreesof freedom,for examplenuclearspinsin molecules
(NMR) [62,63]. However, we will focus on macroscopicsuperconductingjubits,
which openthe possibility for coherentquantumelectronics. Several promisingex-
perimentson superconductingjubitshave beenbasedon phasedegreeof freedomin
Josephsonunctions. Usually one distinguishesbetweencharge qubits working in
theregime £ > FE; [64-66], and flux qubits working in the regime F£; > FE¢
[58,60,67], wherel; = ®41./27 is the Josephsoenepgy. For areview seeRef.[68].

Quantumcoherencén a qubitbasedn the Josephsoeffectwasdemonstratedor
thefirsttimein 1999by Nakamuraetal. [65]. They shavedthatcoherenbscillations
betweentwo chagestatesof aCoopermpairbox [64], i.e. asmallislandconnectedia a
Josephsojunctionto asuperconductingeserwir, couldbeinducedby voltagepulses.
MorerecentlyVion etal. [69] reportedneasurementsf Rabi-oscillationson asimilar
chage qubit with a significantlylongerdecoherencéme, 7y ~ 0.5us, comparedo
the experimentof Nakamureet. al, 7, ~ 2ns. Thehysteretiaf-SQUID by Leggettis
an exampleof a phasequbit. A similar designhasbeenstudiedby Mooij etal. [67],
who constructeda flux qubitin the non-hystereticegime £; < Er, = (®q/27)*/L,
wherel is thegeometridnductanceto avoid the sensitvity to externalflux noise.All
thesequbitsarechildrenin therecentbabyboomof superconductingubits,andnew
ideasarestill coming.

All qubitsbasedon the Josephsomffect uselarge classicalJosephsofunctions,
wherethe phasedifferenceis the only dynamicalvariable. An alternatve approach
is to usethe inherentdynamicsof the bound Andrees statesin a quantumjunction,
which is not directly relatedto the dynamicsof the phasedifference. In a quantum
point contactwith a singleconductingchannelthereis only a single pair of Andreev
levels, which is a good candidatdor the qubit application. The stateof the Andreey

*This thesisdoesnot concernary quantumcomputing,althoughthis is aninterestingsubject. We
areonly consideringthe basicbuilding block; the qubit, which is interestingenoughon its own. The
theoryandalgorithmsof quantumcomputingcanbe foundfor examplein [61].
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Chap. 1: Introduction

two-level systendetermineshedirectionof thepersistenturrentin the contact.If the
two electrode®f the point contactareconnectedforming a superconductingng the
situationbecomesimilar to Leggett’s bistablerf-SQUID, with the differencethatthe
inductanceof thering canbelow, E;, > F;. (TheJosephsornegy of atransparent
guantumpoint contactis of the order of the enegy gap £; ~ A.) Although the
Andreer level qubitis aphaseayubit, it is notthe phasedifferencewhichis therelevant
degreeof freedom,but the stateof the Andrees two-level systemof the point contact.
Thus, this device canbe seenasa microscopicqubit, which is coherentlycoupledto
themacroscopicing.

PaperlV discusses qubit basedonthe Andreer two-level system.The dynamics
of thequbitis discussedn Sec.2.1 andChapter4.

Measurement of persistent current qubits

The spin-stateof a qubit basedon the Josephsoreffect can be measuredy means
of the chage on a junction or the supercurrentwhich is a function of the phasedif-
ference. Sincethe classicalmeteris a sourceof noise,a weakcouplingbetweenthe
meterandthe qubit is required,which obviously makesthe measuremerprocessn-
creasinglydifficult dueto the small signalfrom the qubit. Hence,greateffort is put
on the designof accuratemethodsto measurechage [70, 71] andflux, see[60,67].
A new meterto measurepersistenturrentshasrecentlybeendevelopedby Cottetet
al. [66], with promisingexperimentalresults[69]. The techniques applicableto the
phaseor chagequbitswherethetwo-level systemcoupledo the persistenturrentin a
superconductingng. Hence thesesystemsanalsobemeasuredisingthedc-SQUID
technique.The new meterby Cottetet al. is a Josephsofjunction with large critical
currentcomparedo thetypical currentstateswhichis embeddedh the superconduct-
ing ring. The big Josephsojunctionis alsoconnectedo a stablecurrentsourceand
avoltmeter The measuremens performedby increasingthe currentbiasfrom zero
to apeakvaluewheretheratefor macroscopiguantumunneling(MQT) in themeter
is significant. The MQT-eventyields a voltagepulse,which canbe measuredy the
voltmeter Theratefor MQT dependstronglyonthecurrentthroughthe junction,and
henceon the directionandamplitudeof the currentin the ring, which canbe usedto
determineghe currentstateof the qubit.

Themainadwantageof this MQT-metercomparedo thedc-SQUIDis thatit mea-
suresthe currentstateratherthanthe inducedflux, which is a weakeffectif the qubit
is operatedn thenon-hystereticegime £, > ;.

In Sec.5.1we discussa qubit with persistenturrentstatesconnectedo a MQT-
meter The generalpropertiesof the qubit-metersystemare discussedswell asthe
signal-to-noiseatio of measurementst zerotemperature.
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1.3 OUTLINE OF THIS THESIS

This thesisis to large extent a study of differentaspectf nonequilibriumAndrees
states.

The structureof theremainingpartof this thesisis asfollows.

In Chapter2, | introducethe formalismon which the work is based.We
useaguantummechanicascatteringapproacho calculatecurrent-wltage
characteristicandthe (non)equilibriumJosephsoeffectin quantumsSNS
junctions. Thedynamicsof the Andrees statesn a point contactis inves-
tigatedusinga functionalintegral approach.

In Chaptei3, | presentheresultsof Paperd-Illl. Inthesepapersvediscuss
NS and SNSinterferometer@&ndthe effectsof the Andrees boundstates
onthecurrent-\ltagecharacteristicsWe alsodiscusghe nonequilibrium
Josephsoeffect causedy normalinjectionin an SNSjunction.

In Chapter4, | presentthe resultsof PaperlV anddiscussthe Andrees
level qubit. The paperis devotedto the slow dynamicsof the Andrees
statesn a quantumpoint contactandthe possiblequbit application.Ma-
nipulation of the qubit stateand coupling of qubits are other subjectsin
thediscussion.

Finally, in Chapter5, | discussthe readoutschemeof superconducting
gubits,usingthe methoddevelopedby Cottetetal. [66]. The methodmay
in particularbe usefulfor experimentswith Andreer level qubits.



CHAPTER 2

SUPERCONDUCTING JUNCTIONS

I n this chapterl will introducethe formalismswhich areusedin the appendedrti-
cles. Althoughthreeof the four appendegapersarebasedonly on the scattering
theoryl find it illustrative to begin with the functionalintegral approacho the point
contact,the resultsof which areusedto describethe Andrees level qubit. The func-
tional integral approachgivesan overall picture of the junctionin the electriccircuit,
including the effective capacitancef the junction andthe influenceof inductive and
capacitve elementsin the circuit. The scatteringapproachwhich is introducedin
Sec.2.2,concernodnly the transporfpropertiesof the junction,andimpliesthe phase
differencebeingawell definedclassicalariable.

2.1 FUNCTIONAL INTEGRAL APPROACH TO THE QUANTUM POINT
CONTACT

n this sectionwe use the functional integral techniqueto calculatean effective

Hamiltonianfor the quantumpoint contact,describingthe dynamicsof the enepgy
levels closeto the Fermi surface. Our aim is to describethe dynamicsof the An-
dreev two-level systemin a fluctuatingervironment. We alsoderive the Hamiltonian
describingthe slow phasedynamicsof the tunneljunction.

Hamiltonian of the super conducting quantum point contact

It hasbeenshawvn by Levy Yeyati etal. [72] andCuevasetal. [36] thatthe Josephson
effect in superconductingjuantumconstrictionswith arbitrary transpareng can be
describedisingatunnelHamiltoniandescriptiorof the couplingof theelectrodesWe
canwrite the Hamiltonianfor a single-modequantumpoint contactconnectingtwo
bulk electrodess

H = Hy, + Hg + Hr + Ho, (2.1)

which consistof thefollowing terms.Thebulk electrodesredescribedy the Hamil-
tonianfor the BCS-superconductingtate[2], consideredn the meanfield approxima-

9
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tion (seee.g. [73] for adetailedderivation);for theleft electrode,

—

R % o .
Hy, = / dPr &l (r 1) K—(v - #)02 + AL] en(r,t), (2.2)
rel

2m

wherec(r,t) = (;Z)T(r,t),;bl(r,t)) is the two componentNamtu representatiorfor
electronsandholesin the superconductow; denotethe Pauli matrices,andthe order
parametematrixis givenby the equation,

Ap = Apexerozg (2.3)

whereAy, is realandpositive. The bulk Hamiltonianfor theright electrodes similar.
Using the meanfield approximationwe neglect fluctuationsof the magnitudeof the
orderparameter\ ;, andalsodeviationsfrom the Josephsorelation,

V(1) = Shi), (2.4)

whereV/(¢) isthevoltageacrosshepointcontactandé(t) = xr(rr,t) — xr.(rr,t) the
phasedifferenceacrosghe point contact,wherer = r¢ is the coordinateof the point
contact.

ThetunnelHamiltonian H; canbe written onthe standardorm [4, 74,75], with a
hoppingparameter determiningthe transferpropertiesof thejunction. The interac-
tion is assumedocal, at the point contact,

A

HT = éTL(TT,t)TéR(TT,t) + h.C.7 T = ( lg _(L* ) . (25)

Herethe hoppingparameters assumecetnepgy independentwhich is relevantfor the
atomicsizepointcontact.A generalizatiorio enegy dependenscatterings discussed
in Sec.2.2,usingscatteringheory Thelasttermin Eq. (2.1) describegshe Coulomb
interaction. As long aswe are only interestedn large time scalescomparedo the
inverseplasmafrequeny of the electrodesthe Coulombinteractioncanbe described
by an effective capacitve interaction,dependingon the chage differencebetweerthe

two electrodes,
A C

Here C is the usualcapacitancelefinedby the geometricpropertiesof the junction.
Generally we considetthis capacitancasan individual branchcoupledin parallelto
thepoint contact,accordingo Fig. 2.1.

It is corvenientto performa gaugetransformationyhich removesthe phaserom
theorderparametematrix A,

er(ryt) — eiXL(’”’t)”Z/QéL(r,t). (2.7)

10
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The correspondingprocedurds performedalsoon the right electrode. The transfor
mation, Eq. (2.7), yields a Hamiltonianwith a real order parametematrix in both
electrodes,

iy = [t oo, + Ao enlr.), 28
rel

wherehy = —h*V?/(2m)—pu. In thisequationthetermsproportionako thesuperfluid

velocity, " )

— = € -

7= 5 -(Vx = 7 A), (2.9)
have beenomitted,sincewe considerelectrodesvhich arelarge comparedo theLon-
don penetratiordepth. Hence,the electrodexanbe treatedasbulk superconductors
wherethe external magneticfield is screeneccompletelyand the currentdensityis
small.

The effect of the gaugetransformatiorEq. (2.7) on the tunnelHamiltonianis the

appearancef a dependencen the phasedifferencebetweenthe electrodesof the

hoppingparameter

Hy = & (rp, )T 225 (rp, 1) 4 h.c. (2.10)

Current
The currentthroughthe point contactis givenby therelation,
R d - .
[(t) = —e=Nu(t), Np(t) = / &P e, oe(r,t), (2.11)
di relL
The time derivative of the numberoperatorNV;, is corveniently calculatedusingthe
Heisenbey relation,

% {NL(t)a [:[T(t)} = %éTL(rTat)Tei(b(t)aZ/QéR(rTvt)' (212)

Hence the currentoperatorcanbe written on theform,

i=

I(t) = Qh—ea%m(t). (2.13)

Sincethe Namhu vectorson both sidesof the point contactare consideredas bulk
statesthe currentthroughthe point contactdependonly on the (fluctuating) phase
differenceandthetransparengof thejunction.

Functional integral approach

In orderto calculatethe effective Hamiltoniandescribingthe slow quantumdynamics
of the junction we employ a functional integral approach similar to the technique
usedby Ambegaokar EckernandSchon [73,76]. We canintegrateout the degreesof

11
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freedomof quasiparticlexcitationsin the electrodesandarrive at an effective action
describingthe slow, on the time scale’/A, non-dissipatie dynamicsof the phase
differenceandthe Andreer statesof the point contact.

Theapproachs basedon the normalizedpartitionfunction,

7= N/D%LD%RDWS/E, N = /D%LD%RaneiSo/h, (2.14)

whereS = S, + S¢ is the actionfor the point contact,S,, including the electrodes,
andthe capacitve branch,S.. The effective capacitancé&’ canbe adjustedby means
of ashuntcapacitor In the functionalformulation, ¢z, z(r, t) arecomplec Grassman
fields,andthenotationD?c is shorthandnotationfor thefunctionalintegrationoverthe
comple field Dcf De. ThenormalizationconstantV' is givenby thepartitionfunction
for theuncouplecelectrodesS, = S(x = 0). Theactionsfor the point contactS, and
thecapacitorS arestraightforwardo derive from the HamiltonianEq. (2.1),

S, = Sp+Sg— /dt He () (2.15)
0
_ 3, 4 20 _
S, = /dt TELd re (r,t){zhat hoo, — Ao, te(r,t). (2.16)
So = /dt (5) S8 (2.17)

For simplicity we considetthe samemagnitudeof the orderparametem thetwo elec-
trodes,A;, = Ar = A.
SQUID geometry

Themodeldescribedabore concerngwo superconductinglectrodesgonnecteanly
by thepoint contact but thesamedescriptioncanalsobeusedf thetwo electrodesre
connectedo aring, i.e.a SQUID-geometryseeFig. 2.1. Themainnew featureis that
thephasdlifferenceacrosghejunctiondepend®nthephasegradientin theelectrode,

/ dl - Vx = ¢ (mod 21), (2.18)
electrode

wherethe integrationgoesaroundthe electrode(well within the electrodecompared
to the London penetrationdepth). Zero superfluidvelocity in the electrodeimplies
thatVy — (2¢/h)A = 0 (givenby Eq. (2.9)). Accordingly, the phasedifferenceis a
functionof the externalflux,

¢ = (21/®o)®; (mod 27). (2.19)

Thetotal flux ®, consistof the externalflux ®. andtheflux, ® = 7L, inducedby the
circulatingcurrent,wherel is thegeometrianductance,

b, =, + 0. (2.20)

12
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Finally, if we considerthe SQUID geometrythe enepgy of theinducedflux yieldsan
additionaltermin theaction, S, whichis givenby

e (221)

whereEr, = (®,/27)?/L and¢, = 27d, /P,

C & L

Junction cDe

Figure 2.1: The effective electroniccircuit of a junctionin the SQUID-geometryi.e. anrf-
SQUID. L is thegeometridnductanceof the superconductingng andC' theeffective capaci-
tanceof thejunction.

Reduced Hamiltonian for the point contact

t is possibleto simplify the actionin Eq. (2.15) by integrating out the degreesof

freedomof quasiparticleexcitationsoutsidethe enegy gap. This yields a crucial
simplification of the problem, but requiresthat we only considerslow dynamicson
the time scale/A. Thetwo Grassmarfields cr/r, for the left andthe right elec-
trode,in theinteractionHamiltonian 7, Eq. (2.10),canbe decoupledy introducing
two new two-componentGrassmariields §(¢) andn(t) [77], following the Hubbard-
Straton@ich procedurgseeAppendixA),

o~k fdtHr(9) _ /D2nD29 ei Jat (1T 0 en () inl (Ter97=Pen(rr i) +0)the] (2 9)

After this decompositionthe functionalintegration over the Namhu field andthe 6-
field canbe performedexplicitly. We arrive at an effective action, which determines
the slow dynamicsof the phasedifference¢ andthe Grassmarfield » [77], which
describeshe Andreer levels,aswe will seelater,

Sploonl = [dtrdian'(0)G (1, t2)n(a)
Gt ty) = g5 (b — ty) — T(t1)go(ts — 1)~ (1y). (2.23)

Here g, is the Greens functionfor the uncouplecelectrodegx = 0), gy ' (11 — t) =
(thO; — hoo, — Ao,)d(ty — t2)d(r). TheFouriercomponenty(w), is

1 1 _ —iwN(0)

R e — st Aoy~ )
D L Y Ty

13
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wheree, = h*k?/2m — u, By = 2 + A?, and N(0) is the electrondensityof statesat
theFermilevel.
At smallfrequenciesfiw <« A, the Greens functionin Eq. (2.24)is simplified

further,

N(0), . d
i A( )(md—tl + Acy)5(t — t). (2.25)
Due to the low frequeng approximationthe full Greens function, Eq. (2.23), only
depend®nthetimedifferencel, — ¢5, which correspond$o alocal effective action. It
is convenientto includethe constanfactorin thefront of go(w), EQ.(2.25),in thefield

n. Thenwe arrive attheaction[77]

go(th —t3) = —

L d :
Sy, @] = /dt nt (1) [zh% + hA¢o, — Uso, — Uyo, | n(t), (2.26)

whereA = (1 — /R), and

U, = A(cos® g + VRsin? g) (2.27)

U, = —2AAsing. (2.28)

Thereflectvity of thejunctionis R = 1 — D, whereD is definedby theequation36],
__ N*0)7*|k|®

[1+ N2(0)m2|k[?]?

It is corvenientfor later purposedo proceedo the Hamiltoniandescription.The
conjugatemomentunto » andthe conjugatequasichageto ¢ are

aL

(2.29)

Py = a—ﬁ:ihUT
27T8L q)o y
= ——=—C 2eAo,.
W T Goag " an ot eAe

ThenwecanusethelLegendrearansformatiorio gettheHamiltonian,H = (<I>0/27r)q¢g'é+
p,n — L. Thevariablesp) andn arequantizedoy imposingthe usualcommutatiorre-
lations,for FermionsandBosons respectiely,

{ninl} = 6
[b,q0] = i2e.

Finally, thereducedHamiltoniantakestheform [77],

A 1
H= %(qé —2eAc.)? + Uy(d)o, + Uy(d)oy, (2.30)
wherethe quasichage operatoris ¢, = —:2ed,. This Hamiltoniandescribeshe dy-

namicsof thelow enegy levelsandthe phasalifferencan thesystenof theJosephson
contact.

14
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Notethattheeigervaluesof the potentialenegy termin theHamiltonian,Eq.(2.30),
yieldstheboundAndreer level spectrum//? + U} = EZ, where

E.(¢) = Ay/1 — Dsin? g (2.31)

It is straightforwardto calculatethe electricalcurrentin the point contactusing
Eq. (2.13). Performingthe gaugetransformationy — ¢“47=¢()p, which removesthe
o.-termfrom thekinetic partof the Hamiltonianin Eq. (2.30),we arrive atthe current
operatorfor the point contact,

[(¢) = 1,(¢)[~ cos 92—9% + sin %ay], (2.32)
which hastheeigervalues+/,(¢),
L(4) = GZA sin g (2.33)

If we assumeéhatthe phasedifferences time independenti is straightforwardo
integrateoutther-field from Eq.(2.26). Theresultingactionis S, (¢) /h = fdw In(h*w?—
E2(¢)). Theaveragecurrent,correspondindo Eqg. (2.13),is thengivenby the equa-
tion,

eA Dsin ¢
_ 7 2.34
1) = 3 35.0) (2.34)

which we recognizeas the Josephsorurrentin a point contactat zerotemperature
[27,78].
Tunnel junctions

If the transparengof thejunctionis low, D <« 1, thenthe dynamicsof the Andrees
statesis on the time scale/A. Hence,if we areinterestedn the slow dynamics,
hw < A, it isrelevantto integrateoutalsothefield ), to getaneffective actionfor the
slow dynamicsof the phasedifferenceonly.

Considerthe point contactbranch the partitionfunction of whichis,

7,18] = Detlg;"] [ Dy er5iln], (2.35)

wheresS, andg, aregivenby Eq.(2.23)andEq. (2.24),respectiely. A straightforward
evaluationof then-integralyields,

InZ =Tr In(1 — goTQOT_l)
= —tr / dtydty go(ty — 1) T (1) go(ty — t2)T71(12) + O(D?) (2.36)
t

P(t1) — ¢(12) B(th) + o(12)

5 + b(t1 — t2) cos 5

= l/dtldtg la(tl — tg) COS
+O(D?),
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wherewe have usedthe approximationD ~ 4N?(0)r?|«|*, andwhere[73]

0 iDh? [ dw; dw, e Hwr—w2)t ) o,

a = — s
2 (21 (R — AT (Rl — A?)

b1) = iD2A2 /dwldwg e Hwi—wa)t

(27)2 (R0t — A?)(hwd — A?)
Assumingthatthe phasedifferencevariesslowly onthetime scalei/A, we cantreat
boththetermsin Eqg. (2.36)aslocalin time. Thus,

, , N\ 2 ,

o(t) = o(t2) ~ 1 ! (8_¢) 7%, cos —¢(t1) + 9(l2) A cos ¢(t), (2.37)

COS —————— =~ - = 8t 9

2 8
wherer = 1, —t, andt = (¢, + t2)/2. We arrive atanactionwith a periodicpotential
termproportionako theJosephsoeneny, i.e. the"washboargotential”,andakinetic
term,whichyieldsashift §C of theeffective capacitance,

7, = e J#l(3) 45 cond] (2.38)

whereF; = ®41./27 andthe critical currentfor the singlechannelis /. = eDA/2h.
Theshift of the effective capacitancés [73],

' = —E/dT m2a(T). (2.39)

The generalizatiorto multi-modetunneljunctionsis straightforward pecauseof the
separabilityof the conductancenodesin shortjunctions;thetotal critical currentcan
be presenteédsa sumof independeninodeswith transmissioreigervaluesD; <« 1.

The leastaction solutionsto the action S = S, + S¢, where S, is given by
Eq. (2.38), are quite differentdependingof the ratio of £~ and E£;. If the chag-
ing enegy dominates,F > F;, thereareno localizedsolutionsbut only Bloch
states,which correspondto discretequasi chage stateson the electrodes(Aq =
2e, 4e, be, ...). ThesmallJosephsonouplingyieldsahybridizationof thequasichage
statesandaBloch-bandstructuresee[79]. In theoppositdimit, £; > F, thelowest
bandsare exponentiallynarrav AE ~ e~V ?s/Fc [80]. The loweststatesof a local
minimum in the periodic potentialcanthenbe approximatedy the eigenstateso a
harmonicoscillator

2.2 SCATTERING THEORY

far we have neglectedall sortsof dissipation,in the junction andin the elec-
rodes. Therole of dissipationin ScS-junctiongs a recentresearclfield, andit
hasbeeninvestigatedusingboth Greens functiontechniqueg$36,81] andthe scatter
ing approach34,35]. Whena voltagebiasis appliedto the junction, a nonequilib-
rium quasiparticledistribution developsin the contactarea. In transparenjunctions,
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this effect is strongeven for small voltages. The scatteringapproachs particularly
usefulfor studyingstrongnonequilibriumandnon-stationareffectsin spatiallynon-
homogeneoustructures Employingthe Landauephilosophy[20] to ScS-structures,
we assumehatall inelasticquasiparticlgorocessesccurin the electrodesyhich are
treatedas equilibrium quasiparticlaeseroirs. The scatteringof quasiparticlesn the
normalregionis assumeantirelydynamical.Whenstudyingthedissipatve transport
we will disregardeffectsof thefluctuatingenvironmentandconsidetthe phasediffer-
enceasa well definedclassicalvariable. This correspondso theregime £ < Ej,
whenchaging effectson the electrodesarenotimportant.

The simplestassumptioraboutthe normalregion of thejunctionis to consideiit a
conductorof the samematerialasthe superconductobut with A = 0. Moreover, we
requirethatthe width of the normalregion variesslowly in spaceandthat scattering
only occursat impurities,exceptof Andreer reflectionsat the NS interfaces.Hence,
thenormalregionis considerecsanon-superconductinggaveguidefor electronsand
holes.

Considerone of the superconductinglectrodes We assumehatthe electrodes
free of externalfields andin equilibrium. Thus,it is describedoy the Hamiltonian
Eq.(2.8). It is corvenientto expandthe Namhu operatoré(r, ¢) in scatteringstates,

e(r, ) =" cur,t)a,, (2.40)

I

wherec,(r, ) arethe scatteringstatewavefunctionsanda! arethe creationoperators
for the scatteringstates. The quantumnumber labelsthe quasiparticlestatein a
particularelectrode Sincewe considereserwirs in equilibriumtheincomingscatter
ing statedrom differentmodes,andelectrodesare statisticallyindependentandthe
occupatiomumberis givenby the Fermidistributionfunction,np = 1/(ef#/*¥57 4 1),

(@la,) = dunr(By). (2.41)
Thescatteringstateconsistof alinearcombinatiorof transmittecandreflectedvaves,
c,(k)ekr=Ent, (2.42)

wherec, (k) satisfythe stationaryBdG-equatiorj10],
lexo. + Ao, — Fle,(k) = 0. (2.43)

This equationdescribeghe hybridizationof electronsandholesin the vicinity of the
enegy gap,andgivesthedispersiorrelationk* = | /2m(u + £)/h, where

‘o VEI= A, |E|>A (2.44)
"\ iaVAT—E?, |E| <A '

wherea = sign (F). Thewave vectork? is definedfor electron-like(+) andhole-like
(—) quasiparticles.The namingrefersto thelimit A — 0 whenhole-like quasipar
ticlesturnto holesandelectron-likequasiparticlesurn to electrons.The solutionsto
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Eq.(2.43)are,

H(E) = %min(l, A B e o E), (2.45)
wherecy(E) = (1, a), and
L |E|+¢
=—1 (2.46)

For || > A thesolutionsarefree quasiparticlegplanewaves)in theelectrodes.
Now we have the necessaryools for calculatingthe electric currentin the elec-
trode. Thisis doneby meansof the operatorfor the currentdensity

n h -

j(r 1) = i;—méT(r, HVeé(r, 1) + hec., (2.47)
which may be usedeitherin the electrodeor in the normalregion. This expressions
calculatedor electron-likeandhole-like quasiparticlesinjectedfrom the electrodes.

The NcS-interface

Apart from the bulk propertiesof the electrodeswe arealsointerestedn the bound-
ariesbetweerthe normalandthe superconductingegions,andin the Andreer reflec-
tion in particular We considera single channelSN interface,with perfectcontact
betweenhe superconductingndthe normalreserwir. The scatteringattheinterface
is corveniently calculatedfollowing the BTK approach21], by meansof matching
thesolutions Eq.(2.45),in thenormalandthe superconductingegions.An important
consequencef the enegy gapis that electronscan be reflectedback as holes,and
vice versa,at the interface. The amplitudefor this Andreer reflectionis givenby the
equation,

re = ae 1F), (2.48)

Hence,the probability for Andreev reflectionis unity in the gap, whereast decays
rapidly outsidethe enegy gap, |r.|* ~ A?/|E + £|*. Conseration of chage im-
pliesthattwo electronchagesmusthave beentransferredo the superconductinge-
gion during the Andreer reflection: a Cooperpair hasbeenaddedto the condensate.
The emissionof a Cooperpair from the superconductocorrespondso the reversed
processaholeis Andreer reflectedasanelectron.

It shouldbe notedthat the expression,Eq. (2.48), is not entirely correct. Since
the wave vectorsin the superconductingndnormalregionsare not equal,therewill
alwaysbe a small amountof normalreflection. However, this effect is small, of the
orderof A/u, andmay be neglectedif A <« . Thesituationis obviously different
if the contactbetweenthe two regionsis not perfect. An insulatingbarrier at the
interfacewill decreasehe probability for Andrees reflectionsand insteadincrease
the probability for normalreflections.This reductionof Andreer reflectionis a well-
known experimentalproblem,sincetransparenNS interfacesaredifficult to create.

18



Chap. 2: Superconducting junctions

Thewave functionof a scatteringstateinvolving an Andreer reflectionwithin the
enepgy gap hasan exponentiallydecayingtail in the superconductinglectrode. An
expansionof £* in theparameter\ < p yields,

k* = kp £ Ekp/p + O(E /1), (2.49)

wherekr = /2mu/h isthe Fermiwave vector and¢ is purelyimaginaryif |F| < A.
Hence thewave functiondecayson thelengthscalef, = hvr/A in thesuperconduc-
tor.

Finally, we noticethat Andreer reflectionsprovide the only mechanisnof current
transportin the enegy gap. This simpleeffect standsbehindmostof the phenomena
studiedin thisthesis.

Transfer matrix formalism

It is convenientto introducea transfermatrix formulationof the scatteringn the nor-
mal region. This techniquels corvenientfor analyticalstudiesof multiple Andreev
reflectionsandit is usedto largeextentin Paperlll; butit is alsousefulfor calculating
theequilibriumcurrentin SNSjunctions.

The SNSjunctionis modeledby a single channelnormalwire in perfectcontact
with the superconductinglectrodesat both sides,seeFig. 2.2. The interfacesof the
two electrodesarelocatedatx = — [, andx = L,, wherex is the coordinatealong
thenormalwire, andthereis animpurity in thejunction,atz = 0. A detailedanalysis
of this particularSNSjunctioncanbefoundin Ref.[29].

Dt (
SN

Figure 2.2: Schematidigure of the simplified quantumSNSjunctionwith oneimpurity. The
lengthof thenormalregionis . = Ly + Ls.

We usea vector notationfor the scatteringamplitudesfor waves propagatingn
bothdirectionsin thenormalregion,a(F) = ((¢f )1, (¢}.)1), for electronsandb( F) =
((¢f )2, (¢Z1)2) for holes.

The regions betweenthe impurity andthe electrodesare assumedo be ballistic,
which corresponds$o thetransfermatrix (from right to left),

Tf = ikt hios, (2.50)

The impurity is consideredas an elasticpoint scattererwhosetransparengis inde-
pendenf enegy onthescaleA <« u. It is describedoy a unitary scatteringmatrix,
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whichrelatesncomingandoutgoingwavesatbothsidesof theimpurity. For electrons

we canwrite,
( Zigg;g ) =9 ( 2283 ) » 9= ( i _dr ) : (2.51)

We canusethe Hermitianconjugateof samescatteringnatrix for holes.The elements
of the scatteringmatrix S determinethereflectiity of theimpurity, R = |r|*, andthe
transpareng D = 1 — R = |d|*. Thecorrespondingransfermatrix 7, hastheform,

1 1 —r

andthe equationdor electronsandholesarethe same,
G(O—) = TTCL(O—I—), b(o_> = Trb(o‘l') (253)

The scatteringapproachwe considerherecanbe generalizedor multi-terminaljunc-
tions, by increasingthe dimensionsof the scatteringmatrix S. This techniquewas
introducedby Bittiker in 1984[82], andwe useit in Papersl-Ill to considerprobes
attachedo thenormalregion of the SNSjunction.

Dueto thegaugetransformatiorin Eq. (2.7) of the Namhu operatorsn the super
conductingelectrodesve have to include alsothe dependencef the transfermatrix
onthe phasdifferencebetweertheelectrodes,

T = TFet?/?, (2.54)
T = TETTE.

The situationis slightly differentif the gaugetransformationEq. (2.7), is not per
formed:thentheNamhufield, andhenceheamplitudefor Andreer reflectionEq.(2.48),
arephasedependent.Thereflectedhole “picks up” the phaseof the superconductor
Obviously, theresultsfor bothapproachearethesame.

Thetransfermatrixin Eq. (2.54)is generallyenegy dependentwith the exception
of shortjunctions, . <« &,, wherethis enegy dependenceanbe ngglected.

It is corvenientto expressalsothe scatteringat the NS interfacesas a transfer
matrix, which relateselectronsand holesin the normalregion. We usethe Andreey
approximatiorandneglecttermsproportionalto A/, justasin Eq. (2.48),

CL(—Ll) = Ub(—Ll) —|—51]Yg

b(LQ) = UCL(LQ) + (ngYa (255)

U = sign(F)e 777, (2.56)

Y, = @6_'7‘72/2 010 : (2.57)
|| Ot
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wheres = +1 and; = 1,2 denotethe type of quasiparticleandthe electrodefrom
whichthequasiparticlas injected,respectrely. Thesourceermrefersto theelectron-
like andhole-like quasiparticlesiNote thatthe matrixin Eq. (2.56) obeys the standard
transfermatrix equationUc. Ut = &, only in the enegy gap. Outsidethe gapthere
is afinite leakageto the superconductinglectrode.

Andree v states in SNS junctions

Thespectrunof the Andreer levelsin ashortSNSjunctionwasderivedin Sec.2.1and
given by Eq. (2.31). Now we proceedand calculatethe spectrumfor junctionswith
finite length.

Insidetheenegy gap,|F| < A, we cantreatthe SN interfaceasanideal Andreey
mirror, whichturnselectrongnto holesandvice versa.Theequationdor theinterface
read,

a(—Ly) =Ub(—1L1), b(Ls) =Ua(Ly), U=sign(K)e "=, |E|<A. (2.58)

Combiningtheseequationswith thetransfematrixin Eq. (2.54)we canwrite anequa-
tion for theenegy spectrunof theboundstates,

a(—=Ly) = UePT- U (TH a(—1y). (2.59)
Thesolvability conditionfor this equationyieldsthe equationgor thespectrum,

0 = 2iy— B — P,
cos = Rcos(B1 — (2) + D cos ¢, (2.60)

wheregs; = 2F L;/hvr, andy is givenby Eq. (2.46). It follows from Eqg. (2.60) that
the numberof Andreery levels dependson the total length of the junction. Fig. 2.3
shavs afew examplesof whichthe simplestis for the shortjunction. If thelengthof
the junctionis much smallerthanthe superconductingoherencdength, L. <« & =
hvp /A, thereareonly two Andreer levelsin the gapandthe equationg2.60) reduce
to the spectrungivenby Eq. (2.31).

The Josephsogurrentin the SNSjunction consistof a contribution from the pop-
ulatedAndreey statesanda contribution from continuumstateg29],

2¢  0F,(9) K
= Teont 2.61
1 hZ 90 tanthBT—l— ¢ (2.61)

n

wherethe sumis over all Andreer levelsunderthe Fermilevel, £, < 0, and ., IS
the currentcontribution from the continuum. The continuumcontribution is straight-
forwardto calculateusingscatteringheoryandthe currentformula, Eq. (2.47),while
the contribution from the boundstateq28,83] canbe obtainedby applyingEq. (2.13)
to the Hamiltonianof theboundAndreer states.
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E/A

Figure 2.3: The Andreer levels asa function of the phasedifference¢ for differentlengths;
L = 0 (left), L ~ & (middle)and . > &, (right). Solid lines showv the spectrumfor a
symmetricjunction, .y = L., anddashedines shonsthe effect of asymmetry

Multiple Andree v reflections

In this subsectiorwe discussthe dissipatve currentwhich is producedby a constant
voltagebiasV appliedto an SNSjunction. This voltagebiasyields a time dependent
phasdlifferenceaccordingto the Josephsorelation,Eq. (2.4),

d(t) = dao + %Vt. (2.62)

Historically, this problemwassolvedfor ScS-junctionsisingvarioustechniqueslur-
ing theperiod1987-1995seeRefs.[33-37].

The scatteringapproacho voltagebiasedjunctionsis complicated yet ratherin-
tuitive. A detailedderivationis presentedn Paperlll, wherewe usethe technique
to calculatethe current-wltagecharacteristicfor the SNSinterferometer | will not
re-derve ary equationdhere,but rathertry to explain thetheoryquantitatvely.

Thetime dependencef the phasedifferences appearsn the scatteringapproach
asatime dependencef thetransfermatrix acrosshe normalregion, Eq. (2.54). This
time dependenceorresponds$o anenepgy gaineV’ eachtime anelectrontravelsfrom
theleft to theright borderof the normalregion, andcorrespondinglythe sameenepy
gainfor aholetraveling in the oppositedirection. Theresultof this inelastictransport
in thenormalregion,combinedwith themultiple Andreey reflectiongnsidetheenegy
gap,is thatanincomingquasiparticlewith enegy F, is scatteredo sidebandat the
enegiesk, = £ +neV,n = 0,£1, £2, ... Notethatthesesidebandsxist within the
enepgy gapaswell asoutside.

Thescatteringstatesarestraightforwardo calculateusingthetransfematrixtech-
niquedescribedn the previous subsection.The problemis rewritten asseriesof re-
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currencedor the scatteringamplitudesof differentside bands(seePaperlll). These
recurrencesrethensolved with zeroboundaryconditionsat plus and minusinfinity
in enegy space.

The electriccurrentis calculatedby applying Eq. (2.47) to the scatteringampli-
tudesin the normalregion. The currentis generallytime dependenfthe ac-Josephson
effect), but we only considerthe dc-partof the current. In orderto provide a more
transparenpicture of the currenttransportwe choseto expandthe expressiorfor the
currentin the partial currents./,,, involving n — 1 Andreer reflections.In thisway the
currentcanbewrittenas

I= % 3 /:dE[JW(E) — J_n;(E)]tanh

J7n70.

. 2.
2kgT (2.63)

Thecurrent.J, ;( E) is thecurrentwhichis producedoy injection of electron-likeand
hole-like quasiparticlesrom the electrode;, at enegy £, andscatteringto the n:th

sidebandF,, = F + neV, seeFig. 2.4. Correspondingly./_,, ; is the currentof the

n-particlescatteringprocessrom £ to £_,, = F — neV. Notethatthen — 1 Andreev

reflectionsimply thatthe n-particle scatteringprocesscorrespondso the co-transfer
of n electronsacrosghejunctions.

Figure 2.4: Diagrammaticpicture of the 5-particlescatteringprocess. This processcanbe
viewed asthe co-transfeiof two Cooperpairsandthe electronthroughthejunction.

The expressionfor the current,Eq. (2.63),canbe further simplified usingthe de-
tailedbalanceequation84,85],

k=37, n even

Jﬂ,j(E):J—n,k(En)v {k%], n odd (264)

where; € {1,2}. Theindex k£ labelsthe electrodein which the n-particlescattering
process,/, ;( E), ends.Theidentity, Eq.(2.64),is notobviousandhasto be provedfor
every kind of junctions,whichrequiressomealgebraicexcursions. However, it is valid
for SNSjunctions[84] and short SNSinterferometergseePaperlil). An important
consequencef theidentity Eq. (2.64)is that only scatteringprocessesvhich result
in real excitationscontributeto the current. All otherprocessesancelout eachothet
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Hence,at zerotemperaturenly processefrom theFermisea,at £ < —A, to empty
statesabove thegap, £ > A, contributeto thecurrent.

We canwrite the expressiorfor the current,neglectingthe contribution from ther
mal excitations,ontheform

I =31, (2.65)
n,J
L(E) = <  dR T, tanh 2 (2.66)
" N h JAa—nev neg VAt 2kBT7 )

wherel,, ; is then-particle current, referringto the co-transfeiof » electronchages.

Althoughthecurrentvoltagecharacteristicef SNSjunctionsaregenerallycompli-
catedandnonlinear someimportantpropertieof then-particlecurrent,/,, ;, shouldbe
mentionedther-particlecurrentis zerofor |V| < 2A/n, andthehigh ordercurrents,
n > 2, aresuppressedtvoltages,(n — 2)eV > 2A, dueto the decayingprobability
of Andreer reflectionoutsidethe gap. Finally, if the n-particle scatteringprocesss
non-resonanthe amplitudeof the corresponding:-particlecurrentis proportionalto
D™, whereD is thetransparengof thenormalregion.
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CHAPTER 3

ANDREEV LEVEL INTERFEROMETRY

3.1 THE NS-INTERFEROMETER; PAPER I

A nimportantaspecbf Andreer reflectionis thatthephaseof the Andreev reflection
is shiftedwith the phaseof the superconductorThis mechanisnstandsbehind
the Josephsomrffect in SNSjunctions[13]. Spivak and Khemel’nitskii [86] shaved
thatthis effectalsoimpliesthepossibilityof interferenceof Andreer reflectedparticles
from differentregionsof asuperconductawith differentphase TheNS-interferometer
wasproposedn 1991by NakanoandTakayanagj47,48]. They considered Y-shaped
normally conductingwaveguideconnectedo two equipotentiasuperconductinglec-
trodes but with differentphaseandcalculatedhephasedependentonductancef the
device. A similar geometrywasinvestigatedn 1993 by Hekking and Nazarw [49].
Thefirst experimentsvith NS interferometersshaving phasedependentonductance
oscillations,wherepresentedn 1995[50,51]. For a review on more recentexperi-
ments,mostof which areperformedwith diffusive junctions,seeRef.[87].

We considethesetupshavnin Fig. 3.1,wherethecouplingof theNS-interferometer
to the normalinjection electrodeis weak. In additionto the interferenceeffect, this
setupalsoexhibits strongeffectsdueto quasiboundAndreer states.Accordingly, the
device may beusefulfor spectroscoppn Andreer levels.

We usethe scatteringapproachto calculatescatteringstatesfor injection from

Superconducting o 3-Terminal

I I3
— s —
(MSN L, Ls N@
T'l
Y,

Normal reservoir

Figure 3.1: Schematidayoutof the threeterminaldevice, which is a phasebiased,quantum
SNSjunctionwherethe normalregion is connectedo a voltagebiasednormalreserwir. [Fig
1.in Paperl].
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Figure 3.2: Theinjectioncurrentin the threeterminaldevice asa function of the voltagefor
(@) ¢ =4 7/4,(b) ¢ = 37/4 and(c) ¢ = w. Zerotemperaturdgsolid lines)and7 = 0.05A
(dashedine) with D = 0.8, . = 10&, ande = 0.05. Note the vanishingsubgapcurrentat
¢ = . [Fig 14.in Paperl]

the normalreserwir andthe two superconductingeserwirs. Knowing the scattering
statesthecurrentcanbecalculatedby meanof theformulaEqg. (2.47). The scattering
in the normalregion is modeledwith a Y-shapedsingle modequantumwire andthe
scatteringpetweerthethreeleadsis determinedy a unitary scatteringmatrix [82],

V1I—2e \Je Je
S = ve orod |, (3.1)
Ve d r

wheree, 0 < ¢ < 0.5, is thecouplingparameteto the normalreserwir. It is assumed
thatinjectedpatrticlessplit equallyinto the two armsof the NS interferometer Note
thatthelimit ¢ — 0 yieldsthe samegunctionaswasdiscussedn Sec.2.2;aquantum
SNSjunctionwith thelength . = L, + L, andoneimpurity with transparenc D =
|d|*. The Andreer spectrunfor this particularjunctionis givenby Eq. (2.60),seealso
Fig. 2.3. For arbitrarycouplinge we have the unitarity conditionR + D =1 — ¢. The
two superconductinglectrodesanhave afinite phaseadifference, andavoltageV
is appliedto thenormalreserwir.

The current-wltagecharacteristicor the NS-interferometers shovn in Fig. 3.2.
In thesugbapvoltageregion, V' < A/e, thecurrentstructuresrestaircase-likewhere
the stepsare most pronouncedor small couplinge <« 1. For highervoltagesthe
current-wltagecharacteristicare linear andthe conductances given by the normal
conductanceThe positionsandthe amplitudesof all structuresn the subgapvoltage
region are phasedependentthe most significanteffect being the vanishingsubgap
currentato = .

The structuresandthe phasedependencef the subgapcurrentis theresultof two
mechanismstesonanAndrees transporiandinterferenceThestaircase-likestructure
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A
Andreev resonances<

TR

A S@,)N "N-reservoi
Figure3.3: Schematiictureof theNSinterferometernsaneffective phasedependentv S (¢)
interface.The currentis carriedby singleparticletransport(1) andAndreev transport(2). The

Andreer transportis affectedboth by quasiboundAndreer statescausingthe currentstepsat
eV = F, ,, andinterferencewhichkills thesubgapcurrentat ¢ = «.

in the subgapvoltageregionis dueto resonanAndreer reflection,which yields steps
atvoltagescorrespondingo the boundstatesseeFig. 3.3. Hence the positionsof the
currentstepsresembleshe Andrees spectrumof the decoupledunction (¢ = 0), see
Fig. 2.3. Theoverallamplitudeof the currentstructuresn thesubgapegionoscillates
with phasedueto the interferenceof Andreer reflectedparticles,seeFig. 3.2. For a
symmetricjunction, ., = L,, thesubgapcurrentvanishesat ¢ = 7 (mod 2 ), while
the singleparticle currentremainsandgivesthe linear current-\oltagecharacteristics
for largevoltagesV > A/e.

Nonequilibrium Josephson effect

Thereis anothelinterestingaspecbf theNSinterferometermodificationof theJoseph-
soncurrentthroughtheinterferometedueto nonequilibrium ntroducedn thenormal
region by theinjectioncurrent.lt is appealingo explorethis possibilityto controlthe
Josephsorurrentin SNSjunctionsby meansof normalinjection. The subjectis in-
terestingbothfrom afundamentaphysicalpoint of view but alsodueto the possibility
to constructsuperconductingransistors. It hasbeenshavn experimentallythat the
Josephsoourrentcanbe suppressedy injectionfrom anormalreserwir, bothin bal-
listic [46] anddiffusive [88,89] SNS-junctions. Furthermore|t is demonstratedn
referencg90] thatthe Josephsorurrentmay even be reversed. The first theoretical
work on nonequilibriumJosephsomffect by normalinjection was presentedy van
Weesetal. in 1991[91], consideringooth the broadeningof the Andrees statesdue
to the couplingto the normalreseroir andnonequilibriumpopulation. It hasfurther
beendemonstratetdy Wendinand Shumeik56] thatthe nonequilibriumpopulation
of Andreey statesmayrevealconsiderableurrentsn bothdirections large enoughto
reversethe Josephsorurrent[57,92]. This effect canbe explainedby consideringhe
currentsthroughindividual Andrees statesin long junctions(comparewith Fig. 2.3
andEg. (2.61)),which carry currentin alteringdirectionsandtendto cancelout each
other Hence,the effect of one extra level, being populatedby externalinjection, is
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o 05 10

Figure3.4: Thetotalcurrent/.,+ 1,41, (solidline), I, + I., (dash-dottedandtheanomalous
current/, (dashed)asa function of the voltageat zerotemperature.D = 0.8, ¢ = 37 /4,

e = 0.01 and L = 20&,. Thetotal currentfor temperature¢T” > hvr/L is shavn with a

dottedline. [Fig. 9 in Paperl]

significant,andthe currentcarriedby this level might even overcompensatthe equi-
librium currentandyield a negative supercurrentWhatwasfurther demonstratedby
Samuelssoet al. [57] is thatthe currentin thethreeterminaldevice (seeFig. 3.1) is

not only changedoy nonequilibriumpopulationof Andreey states;the injectionalso
affectstheform of thewavefunctionof the Andreer stateslt wasshavn thatinjection
of electronsandholesfrom the normalreserwir changeshe Andreer statesn differ-

entways. Thisasymmetryproducesnadditionalcontributionto thecurrentfrom each
level, which hasthe samesignfor all Andreer levels. This anomalouslosephsorur-

rentis lengthindependenandcanbeaslarge asthecritical currentin ashortjunction,
for avoltageV ~ A /e, appliedto thenormalreserwir.

Fig. 3.4 shavs the Josephsorurrentin a SNSjunctionwith thelength I = 20¢,
as a function of the voltage V' appliedto the normalreserwir. The couplingto the
normalreserwir is small, ¢ « 1, in orderto sharperthe structuresandto suppress
the injection current. The current-wltagecharacteristias staircase-likewith current
stepsat the resonanenepies, eV = F,,. For voltagesabove thegapel” > A the
currentlevelsoutandremaingatherconstantlf thelengthof thejunctionis increased
thenumberof currentstepsin the subgapegionincreasewhile theamplitudeatlarge
voltagesremaingratherlengthindependent.

We distinguishtwo contributionsto the nonequilibriumcurrent: the regular cur-
rent,which is the sumof the currentscausedy injection of electronsandholesfrom
thenormalreserwir, I, = I. + I, andtheanomalousurrent,which is proportional
to the difference,l, = I. — I,. Provided a weakcouplingto the normalreserwoir,
¢ < 1, whentheinjectedcurrentfrom thenormalresenoir canbe neglected thetotal
nonequilibriumJosephsorurrentis givenby I+ = I.,+ I, + I, wherel,, istheequi-
librium Josephsowurrent. Theregular currentjumpsin alteringdirectionevery time
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anew Andreey stateis populated andthe IV-characteristiés henceoscillatingin the
subgapvoltageregion, seeFig. 3.4. The IV-characteristic®f the anomalousurrent
is staircase-likethe currentstepswhennewv Andreey statesarepopulatechave all the
samesign. Hence the anomalougurrentgetsmoresignificantwhenthelengthof the
SNSjunction is increasedsincethe equilibrium currentdies exponentiallywith the
length,dueto the cancellatiorof the Andrees statecurrentswhentheanomalousur-

rentremaingatherconstantAs aconsequencehethree-terminatievice mayfunction
asatransistoy wherethe anomalousurrentis turnedon by increasinghe voltageon
the injection electrodefrom zeroto A [93]. The gain of the transistorcan be large
if the couplingto the normalreserwir is weake < 1. The amplitudeof the regular
currentis of the order D, while the amplitudeof the anomalousurrentis R D, the
signof which alsodepend®nthe phaseof thescatterer

Interface barrier s

Any realisticjunction will have a finite probability for normalreflectionat the NS-
interfaces.Hence,it is relevantto considerthe SNS-junctionandthe three-terminal
device with interfacebatrriers.

If we for amomentrestrictoursehesto the casec = 0, we canusethetechnique
describedn Sec.2.2to calculatethe boundstatespectrum.t is corvenientto look at
the caseR = 0, i.e. a SINIS junction[94], wherewe canwrite the equationfor the
Andreey levelsontheform,

Dy cos ¢ + 2Ry cos B — cos(2iy — 3) — R} cos(2iy + 3)
—4Rysin iy cos By = 0,

where, = 2E5y,/(hvr/ L), the quantity By, = £2u(1 — 7(n — Arg(ra))/krlL),
n = 0,%1,+2, ..., denoteghe enegiesof the Breit-Wiegnerresonances the junc-
tion, for electrong+) andholes(—), and R, and D, = 1 — R, denotethereflectvity
andthetranspareng respecitrely, of the (symmetric)interfacebarriers.The casewith
nonzeroR doesnotalterthe picturein any crucialway.

Fig. 3.5 shaws the length dependencef the Andrees spectrumin the presence
of interfacebarriers. For transpareninterfacebarriersthereis small effect on the
Andreer spectrumandhencealsoonthe current. However, astheinterfacebarriersare
increasedhe boundstatesare pinnedto the Breit-WiegnerresonancesAccordingly
thereis a fastlengthdependencef the current,with periodicresonanpeakson the
lengthscaleof the Fermiwavelength seeFig. 3.5. Theeffectontheanomalougsurrent
is similar to the regular currentwith a stronglengthdependencen the scaleAr. In
resonancethe amplitudeof theanomalousurrentis of theorder I, ~ Dyv/RD, and
outof resonancel, ~ D3V RD.
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Figure3.5: Left: TheAndreer levels(solid) andthe normalelectronandholeresonancegiot-
ted) asfunctionsof the length L. of the junction. We considera junction with four Andreev
statesn (a) theweakresonancdimit R, < 1, (b) thestrongresonancéimit R, ~ 1. Right:
Currentpeaksdueto Breit-Wiegnerresonancem athreeterminaldevice junctionwith inter-
facebarriers. The plot shavs a shortsegmentof the lengthdependencef the current. The
junctionis long L > &, with R, = 0.9, ¢ = 0.01 and¢ = = /2. [Fig. 12 (left) andFig. 13
(right) in Paperl]

3.2 SNS-INTERFEROMETERS; PAPERS Il AND llI

I n 1997 Kutchinsky et al. found phasedependenturrentstructuresin the subgap
region of thelV-characteristicef their SNS-interferometd52-55]. Theeffectwas
small,anaturalconsequencef thediffusive natureof thenormalregion, but neverthe-
lessclearandreproducible.

Encouragedy theseexperiments,we considera simplified SNS-interferometer
wherethe normalregion is an Y-shapedsingle channelwave guide. The designis
similar to the threeterminal device which wasdiscussedn the previous section,but
in this casethe injection electrodeis also superconducting.Sincewe apply a volt-
ageto theinjectionelectrodeSs, MAR is the mechanisnof currenttransporthrough
the interferometer Moreover, sincethe two electrodes,S; andS,, canhave afinite
phasedifference,we expect phasedependenMAR and effects of quasiboundAn-
dreey states.

We useasimilarscatteringnatrixasfor theNS-interferometeteq. (3.1),assuming
thatinjectedparticlesscatterin bothdirectionsin the SNSjunctionwith equalproba-
bility. Note however thatthe numberingof theleadsnow is changedo bein line with
theformalismin Paperlll,

r d T
S=| d r T |, (3.2)
\/T \/T To
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Figure 3.6: Schematigicture of the SNSinterferometerwherethe normalregion is a Y-
shapedvaveguide.[Fig. 1 in Paperlll]

whereT' is the couplingparameterandthe scatteringmatrix obeys the unitarity con-
ditions, R+ D =1 — T, andl = |r|* + 2T.

In orderto employthe MAR approachgiscusse@n page22, we performaunitary
transformatiorof the scatteringamplitudesin the normalregion, which allows usto
treatthe interferometeras an effective two terminal junction. The scatteringin the
normalregionis thendeterminedy aneffective transfematrix with transparengc27'.
Thescatteringattheright NSinterfaceis usualAndreer reflectionwhile the scattering
attheleft interfaceis givenby the effective transfermatrix,

sign » A
Uet(¢) = fT(QE) (e_wz + 0. (0,e"77 — 1)E sin’ g) : (3.3)

2
wheref = Arg[(r — d)ro]. Herewe have omitted the sourceterm, for incoming
electron-likeandhole-likequasiparticlesrom thereserwir, whichis however straight-
forwardto derive in the samemanner The reflectionconsistsof both Andrees- and
normalreflection,dependingon the phasedifference the probability of Andreer re-
flectionof whichis givenby thematrix element (Ues) 1|2 ~ cos? £, whichis indeed
zeroat¢ = . Thetransfermatrix U.s () alsocontainsinformationaboutthe quasi-
boundAndreer statesn theinterferometer

Usingthescatteringapproactio MAR we canthencalculatethelV-characteristics
of the SNSinterferometer Analytical solutionscan be found in the weak coupling
limit, 7' < 1, but for generaltranspareng we rely on numericalsimulations. We
restrictthe analysisto shortinterferometers/; < & (¢ = 1,2, 3), wherethe current
structuredbecomdesscomplicatecandeasierto interpret.

Fig. 3.7 shaws the typical IV-characteristicgor a short SNS interferometemwith
low transpareng T’ < 1. At zerophasedifferencewe recognizethe current-wltage
characteristicsf the quantunmpoint contact34,35], with subharmonigapstructures.
Increasinghe phasedifference we find large currentstructuresn the subgapregion,
with amplitudesproportionalto the first power of the transpareng7'. We recognize
two significantcurrentpeaksin the low voltageregion, which both arerelatedto the
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Figure 3.7: Left: Currentvoltagecharacteristic®f the SNS-interferometewith 27" = 0.08,
R =0.1and¢ = 0,27 /5,37/5,0.97,0.997. Right: the Andreev spectrumfor D = 0.9, The
currentpeakateV ~ A + F, followsthe positionof the Andreer level. [Fig. 7 (left) andFig.
9 (right) in Paperlll]

Andrees spectrum:ateV ~ A + E, andateV ~ FE,. Furtherwe noticethatthe
currentstructuresdisappeast ¢ = = in away similar to the subgapcurrentin the NS
interferometerFig. 3.2.

For junctionswith finite length,e.g. L > &, the current-wltagecharacteristigs
differentand generallymore complicated,with a rich subgapstructureof resonant
peaks,due to the increasechumberof resonancesNeverthelessit is still possible
to attribute someof the currentstructuresto the quasiboundAndrees statesin the
junction. The phasedependencef thesestructuresdueto interferenceof Andrees
reflectedparticlesremainspeingmostpronouncedf 7, = L.

Another problem, which is not addressedn this thesis, is the nonequilibrium
Josephsomurrentin the SNS-interferometerThis is aninterestingdirectionfor fu-
turework onthe SNSinterferometer

Resonance approximation

A perturbatve analysisof the n-particlecurrentsis possibleif the couplingto thein-
jection electrodas weak, 7' < 1. If we first considerthe single particlecurrent,i.e.
guasiparticleunneling,we find an expressionin the weak-couplingimit thatresem-
blesthe standardorm of tunnelcurrent,

4eT (A
I =— dE Ni(E)Ng(E + eV), (3.4)

h Ja-ev

where N(E) determineghe effective superconductinglensity of statesin the elec-

trodes.
ElVE?2 — A2 E
Ni(E) = —| |2 5 , Ngp= 7| | , (3.5)
E? — E2(9) VE?— A’
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Figure 3.8: Left: Theindividual n-particlecurrentsof the sameinterferometemsin Fig. 3.7,
with ¢ = 37/5 and(inset)¢ = 0. Thetotal currentis dotted. The singleparticlecurrent(a),
the pair currentfrom theright (b), the pair currentfrom theleft is non-resonanandsmall (b’),

the 3-articlecurrent(c) andthe 4-particlecurrent(d). Right: Importantdiagramsof scattering
processesyith theresonanceshown ascircles.[Fig. 5 (left) andFig. 6 (right) in Paperlll ]

Theform of Ni(F) is well known from the BCS theory but the effective densityof
statesat the double-NSinterfaceis phasedependenand the usualpeaksat the gap
edgesvanishat nonzerophasedifference.lnstead Andreev statesdevelopin the gap,
seeFig. 3.9. Theresultis a phasedependenbnsetof the single particle currentat
V =2A/e, seeFig. 3.8a.

Thetwo-particlecurrentis dominatedoy thetwo processewith oneresonanAn-
dreev reflectionat the left SN interface,seeFig. 3.8h The currentfrom thesereso-
nancesanbewritten on a Breit-Wiegnerform,

. de A dEl F+F_

I, = —
2T h Jacaev (B — E)? 4 (Dy +12)2/4

(3.6)

wherethe width of theresonanceés givenby

1 VDRA? ’
F:I: = TD:ENR(EQ + GV), D:t = 5 I:\/AQ — Ea2 + Ta Sil’l2 g . (37)

The effective transpareng of the Y-shapednormalregion lies in the interval, 0 <

TD, < T+vD, andit is differentfor electronsand holes (incoming and Andreer

reflectedparticles).Moreover, theinterferencedueto thereflectionby thedouble-NS
interfaceappearsasthe factor D, D_ ~ cos?(¢/2) andkills the two-particlecurrent
at ¢ = =. Evaluationof theintegral in Eq. (3.6) yields a resonantcurrent, I, =

(4de/R)L T /|T'y + T'_|, whichis of theorderT for eV > A + FE,. Theovershoot
neareV = A + F, appearglueto the increasedlensityof statesnearthe gapin the
right electrodeseeFig. 3.9.
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Figure 3.9: Theeffective densityof statesn theleft andtheright electrodefor D = 0.9 and
¢ = 37 /5. Theshadedareagepresenfilled statesat zerotemperature.

ThecurrentpeakateV &~ E, emegesdueto resonané-particlecurrentwheretwo
Andreer reflectionsat theleft electrodeoccurattheresonanenepgies £, = — F, and
Es = E,, seeFig. 3.8d. Nearthecurrentpeak,edV = eV — E, < A, the4-particle
currentis dominatedoy the doubleresonancandcanbe written as

r2r2
. — 3.8
" h / — (e8V)2 — (T2 +T2)] + B3I (3.8)

where .
I'o=TD;, T_=TD_Ng(2E,). (3.9)

Thefully developedresonancegieldsafull-scalecurrentstructure,~ 7', which exists
within the voltageinterval, A/2 < ¢V < A, andthe phaseinterval, 0 < sin?¢ <
3/4D.

Finally, we will discussthe IV-characteristicdor large voltages,cV > A. We
know from the work in Ref.[34-37] thatthe excesscurrentin superconductingon-
strictionsis of the order72. The situationin the SNSinterferometeiis different,for
nonzerophasedifference mainly dueto the interferenceeffect in the junction. This
interferenceeffect suppressethecurrentat ¢ = = andyieldsanegative excesscurrent
of theorderT'.

We calculatethis negative excesscurrentin the weak coupling limit, neglecting
termsof order7?. The single particle currentat high voltagesconsistsof an Ohmic
partanda negative phasedependenpart,

AT e?V eTAVf_

[1 = h —|— [l,exm [l,exc = — |SIH(§D/2)| —|— O( ) (310)

The currentfrom Andrees transport,i.e. the two particle currentgiven by Eq. (3.6),
dependstronglyon the phasedifferenceandvanishedor ¢ = =. Thus,althoughthe
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two particlecurrentis resonanfor nonzerophaselifferenceit cannotcompensatéhe
reducedsingleparticlecurrentat ¢ = 7. The phasedependenturrentoscillationsat
largevoltagesaregivenby thenon-Ohmigartof thesingleparticlecurrent,Eq.(3.10),
plusthe contribution from the resonantwo particlecurrent,Eq. (3.6),

eT'AVDR |sin(¢/2)? 9
[exc - - - O(T#). 3.11
o B O -
This nggative excesscurrentat ¢ = = is of the orderof the junctiontranspareng 7',
whichis unusualif we comparedo two terminalScS-junctionsvheretheexcesscurrent
is small~ T2 andpositive. Theexcesscurrentin Eq. (3.11)is plottedasa function of
the phasdlifferencen Fig. 3.9.
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CHAPTER 4

SLOW DYNAMICS OF THE ANDREEV STATES

This chapteraimsto give aninsightinto the slov dynamicsof the Andreey statesin
a nearlytransparentjuantumpoint contactin a superconductinging, andto explain
theresultsdiscussedn PaperlV. Furthermoretheresultsin PaperlV aregeneralized
to take into accountthe phasefluctuations,which are associatedvith the SQUID-
geometryusingtheresultsof Ref. [77].

4.1 THE ANDREEV LEVEL QUBIT; PAPER IV

onsidera nearlytransparent < 1, quantumpoint contactin a non-hysteretic
SQUID geometry E, > A, where E, = (®0/27)*/L. The setupis shovn
schematicallyn Fig. 2.1. Thedeviceis biasedwith aconstanexternalflux . ~ &,/2,
whenthe Andreer levels arecloseto the Fermilevel, F,(¢.) ~ VRA < A. It has
beenshovn experimentallythatthetransparengof a singlechannepoint contactcan
beasgoodasR ~ 0.01 [45].
The Hamiltonianfor the point contactand the superconductinging is given by
Eq.(2.30),includingthepotentialtermrelatedo thesuperconductingng, seeEq.(2.21),
= oot — 2040, + Un(8)on + Uy($)oy + 26— 6% (&)
wherel/, andU, aregivenby Eq.(2.27)andEq. (2.28),respectiely.
Usingthegaugetransformationy — ¢47=(¢()-%<)p, we canseparat¢heharmonic
oscillatorHamiltonian, H,, ..., of the effective LC-circuit from the Hamiltonian,H,,, of
the point contact,
2
H=H,($)+ Hyo, Hio = g—g + %(qﬁ — $.)2. (4.2)
Sincewe considerthe non-hystereticegime of thedevice E;, > E; ~ A theampli-
tudeof thezeropoint fluctuationsof theinducedflux aresmall,1 > ¢ = ¢ — ¢,, and
we canexpandthe Hamiltonianin ¢,

) ) OH

H,(¢) = Ha(¢e) + a—gé(@e)sg(t) +0(&%). (4.3)
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Generallythe sameexpansioncanbe usedfor smalltime dependenvariationsof the
externalflux, suchasan appliedrf-signal. The constanterm, H,, in Eq. (4.3)is the
two-level Hamiltonianof the unperturbedAndrees levels, which we refer to asthe
Andrees stateHamiltonian. The linear responseo fluctuationsof the flux ¢ is given
by the currentoperatoy Eg. (2.32). We canwrite the Andrees stateHamiltonian, H,,,
onamorecornvenientform, in the eigenbasisof the currentoperatoy

Fla(qbe) = Alcos %02 +VRsin %ax] (4.4)
Thecurrentoperatoris hencediagonal,

i = [a(qbe)a-za (45)

wherel,(¢.) = (eDA/R) sin(¢/2).

The influenceof the LC-circuit on the dynamicsof the two-level systemcan be
calculatedanalyticallyif the level splitting of the harmonicoscillatoris large, 2w, >
E.(¢.), wherehiw, = \/2EcEr, and Ec = (2¢)?/2C. In this casethe two Andreey
levelsarewell separatedrom higherenegy levels, including the continuumof states
outsidethegap, E, ~ vVRA <« A. Without ary approximationwe canrewrite the
full Hamiltonianas

2
A= B0 + 22 4 PG4 ooy, 4.6)
2C 2

wherethe displacements, ¢, = 1,i/2¢FE;, anda constantenegy term hasbeen
omitted. Thus,we have two identicalbut displacecharmonicoscillators,eachhaving

theenegy spectrumt,, = hw,(n 4+ 1/2) andthewave functionsit is straightforward
to shav thatthereare no transitionsbetweendifferentstatesin a singlewell andthat
theinter-well transitionsareproportionafto (Av/R/hw, )Gum, Whereq,,, is the matrix

elementbetweenlevels» andm in differentoscillators. Thus,if Aw, > AVR, and
kT <« 2F,, we canassumehat only the groundstatesof the two oscillatorsare
occupied. Under this assumptionjt is straightforwardto averageover the plasma
oscillationsto geta Hamiltonianfor the slow fluctuationsbetweerthe averagecurrent
states,having oppositedirectionsin the ring. The resultingtwo-level Hamiltonian
resembleghe Andreev stateHamiltonian, but hasrenormalizednon-diagonakerms
[77],

H = Alcos %UZ + \/quo sin %O‘I], 4.7)
whereqgyy = [do vo,—1%0,1 IS the wavefunctionoverlap of the groundstatesof the

harmonicoscillators,
_ hI? (4.8)
Qoo = €xXp 1 B, | .

The currentoperatoris however unafected. Neverthelessthe averagecurrentin the
junctionis changedy theinteractionwith the LC-circuit. In equilibriumthis average
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-1h2eE 0 Iahi2eE "

Figure 4.1: Schematigictureof the two harmonicoscillators,for the differentcurrentstates
of the pointcontact.The couplingis proportionalto the overlap.

Josephsoourrentis,

eA Dsin ¢,
I, = 72&;(%), (4.9)

wheretherenormalizedspectrunof the Andreer statess givenby,

E'(¢) = A\/cos2 g — g2, R sin® g (4.10)

The changeof the spectrumand the averagecurrentcan be interpretedasthe effect
of the inert ring, which slows down the dynamics. Considerthe situationggy ~ 1,
which corresponddo hw, > (22)212/E;, ~ A?/Er. This casecorrespondso a
smallcapacitancé€’, i.e. asmall particlemassin the mechanicahnalogof the circuit.
Accordingly, it is easyfor the qubit to switch the direction of the currentand the
dynamicsof the qubit is almostunafectedby the LC-circuit. The situationis the
oppositeif the capacitances large. The currentstatesbecomenon-fluctuating;the
backscatterindpy the contactis suppressed.

If we combinethe requirementsve have usedin the derivation, we canwrite the
“working conditions”for the Andreer level qubit. Theseconditionsarecornveniently

concludedasa chainof inequalities:
A
2AV RQOO < AE— < hwp < 4A. (411)
L

Theaveragecurrentcarriedby anarbitrarysuperpositiorof the Andreey stateg0)
and|1), ’ ’
W) = aePet|0) 4 bemFatlh|1), (4.12)

is straightforwardo calculateby taking the averageof the currentoperator<\11|f |U),
usingthecurrentoperatorin Eq. (4.5). Thegenerallytime dependenturrentis then,

I=1,(b) <|b|2 — |a|? + 2Re[ab*e™Fa" gooV/R tan %) (4.13)

Notethatthisresultis differentfrom theresultspresentedn PaperlV wheretheinter-
actionwith the LC-circuit is notincluded.
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Thestateof theAndreer level qubitcanbereadouteitherby measuringheinduced
flux or the currentin the ring, usingthe techniquebasedon macroscopiauantum
tunnelingdevelopedby Cottetetal. [66], seebelov Sec.5.1.

Single qubit operations

The Andreer level qubit hasessentiallytwo “knobs” for quantummanipulationsthe
externalfield andthe transpareng of the point contact. To setthe qubit to zero(the
groundstate)is the easypart: we just switch the externalfield to zero(mod ®,) and
the Andreey statesareforcedoutto the continuum.Hence,we canexpectthat quasi-
particle excitation will relaxthe systemimmediately Thenwe turn the externalflux
adiabaticallyto @, /2, with thequbitin thelower state.

Thelinearinteractionwith smallvariationsin the externalflux is givenby

H; = 1,60.()0., (4.14)

whichis given by the expansionin Eq. (4.3), consideringhe qubit Hamiltonianin the
currentbasiskq. (4.7). Thus,the externalfield is a good methodfor inducing Rabi
oscillationsandto perform single qubit operations. If the frequenyg of the applied
rf-signalis closeto the resonanfrequeny 2F£’ /i, we get Rabi oscillationswith the
frequengy,

A? ¢
hE sin 5
where A is the amplitudeof the appliedrf-signal. Hence,the qubit canbe setto ary
desiredsuperpositiorby applyingrf-pulseswith appropriatdength.

An alternatve way to manipulatehequbitis to switchthe externalflux fastonthe
time scaleof the qubit, /2! . This methodhasboth advantagesanddisadwantages.
Theadwantagesrethatthe methodis simpleandinstanton the qubit time scale.The
maindisadwantagas thatthe switchingnotonly inducedransitionsbetweerthe qubit
statesbut generallyalsotransitionsto the continuum.The following calculationdoes
not take into accountthe interactionwith the loop and correspondsaccordinglyto
qoo = 1.

Thewave functionsfor the point contactsare straightforwardo derive by solving
Eq. (2.59). Considey for example,electronsand holes,with enegy within the gap,
traveling to theright in the normalregion, which correspond$o exponentiallydecay-
ing electron-likeandhole-like wave functionsin theright superconducteon theform
Eq. (2.45)andwith thewave vectorin Eq. (2.49). Theamplitudedor thesestatesare,

ay = %\/1 + sign (sin ¢.) \/1 — RA%/E2, (4.16)

where(+) and(—) denoteelectronsandholes,respectiely, for £ > 0. Notethat,we
only have to calculatethe wave functionin oneof the electrodesincethejunctionis
symmetric.

Q = 2Ago0VRD (4.15)
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Figure 4.2: The probabilityto find the Andreers level qubitin the groundstate(solid line) and
the excited state(dashedine) after instantswitching of the phasedifference.The qubit was
initially in thegroundstateat¢ = = (R = 0.01). Theleakageo the continuum,causedy the
instantswitchinggivenby Eq. (4.20),is shavn with thedottedline. [Fig. 2 in PaperlV]

The matrix elementsfor instantphaseswitching, z,, ., (¢{"), (), are thenthe

e

overlap of the wave functions before and after the phaseis switched. If the qubit
wasinitially in the groundstatewe have,

2_1’_1(¢£l)7¢22)) = X(Qbél)a?ég))e—(%—w)h
A — H(2)

[+ (6)as (6) cos(i 22 4 &

2 4 )

_ (1) _ 4(2)
+ a(@)a (@) cos(i T P . ¢! )]’ 4.17)
zaa(@M,6) = x(¢l, ) Cntn)f2
' T IR M
[a+(¢£1))a_(¢g))sm(z ! 5 24 y )

, @y Ty o) — gl
— a(@l)ay (@) sin(i 152 - F

)] . (4.18)
where~; is givenby Eq. (2.46),and

e oM (6
Y60, = 2 S(ffb 6 )5(?(2)). (4.19)
§(de”) + &(o7)

Theprobabilityto endupin thecontinuumis determinedy p_1 cont = 1 — |7-1,-1]* —
|z_1.1|%. In contrastto the matrix elementdor transitionsbetweerthe Andreer levels,
this expressioris rathersimpleandindependentf R,

Potcont(), 8) = 1 — |x (o), 41V, (4.20)
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Figure4.3: Theamplitudeof theexcited stateafteraninstantswitchingof the phasedifference
from ¢ to 27 — ¢. Thequbitwasinitially in thegroundstate(R? = 0.01). Thereis noleakage
to the continuum.

For switchingfrom theworking point, ¢. = =, to someotherphasehe leakageto the
continuumis ratherlarge, seeFig. 4.2. Hence,this way of manipulatingthe qubit is
notappropriatdor coherenbperations.

A moreappealingsituationappearsf the qubitis switchedsymmetricallyaround
7, ¢. — 271 — ¢.. Thentheleakageo the continuumstatess zero,andthe switching
probability is given by the simple formula, which is straightforwardto derive from
Eq.(4.18),

R ., ¢
p_11=1— m sin? %, (4.21)
wherep_;; = |z_11|*> = 1 — |z_1,—1|*. Usingthis method,it is possibleto obtainary
superpositiorof the qubit statesby a single switch of the phase.The modulusof the
amplitudefor the excited stateafter a switchfrom ¢. to 2= — ¢, is shavnin Fig. 4.3.
When the desiredsuperpositions obtainedthe qubit can be switchedadiabatically
backto theworking pointat¢, = .

The secondway of manipulatingthe qubit, by controlling the transpareng is a
straightforwardway to control the o,.-termin the Hamiltonianand hencethe fluctu-
ationsbetweerthe currentstates(if the transparengis switchedadiabatically).It is
alsopossibleto inducetransitionsby non-adiabaticvariationof thetranspareng The
correspondingnteractionHamiltonianis non-diagonal,//; ~ § Ro,. (in the current
basis).

Coupling of qubits

Couplingof qubitsis important,bothfor the applicationsan future quantumelectron-
ics andsincecoupledqubits openthe way to experimentswith entangledjubits, for
exampletestof Bell-like inequalitieg95].
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Figure 4.4: Thedoublequbitdevice,with directcouplingof thenormalregionsandthecorre-
spondingtwo-particlespectrum.The flux throughthe controlloop canbe usedto controlthe
coupling. The parametersire D, = Dy = 0.97, T = 0.01 and¢, = 0.937. Thesolid line
correspondso coupledqubits(¢. = 7/2) andthedashedine correspond$o uncoupledjubits
(¢3 = 0). [Fig. 3in PaperlV]

Perhapsthe mostnaturalway to couplethe qubitsis by mutualinductance.This
yields a weak «,-coupling of the qubits. The slow dynamicsof the qubits can be
calculatedusinga similar approachasfor thesingle Andreer level qubit[96].

In PaperlV anothertype of couplingis suggesteddirect coupling of two point
contactan a four-terminaljunction. The setupis appealingsincethe flux throughthe
controlloop (seeFig. 4.4),which determinesgherelative phasdlifferencebetweerthe
two qubitrings, offersanextra knob, which canbe usedto controlthe coupling.

The derwvation of the Andreev spectrumof the four-terminal junction is rather
straightforward We employa simplescatteringmatrix for the four-terminalcontact,

LB d; \/T \/T
dy " \/T \/T
\/T \/T ) d;
ﬁ \/T dy L)

S = (4.22)

Thenwe proceedn the samemannerasin the caseof the SNSinterferometeandde-
fine new scatteringamplitudesat both sides,by employingthe unitary transformation
which wasusedto reducethe SNSinterferometeito an effective 2-terminaljunction,
seeSec.3.2. Thisyieldsaneffective two-terminalSNSjunctionwith transfemmatrices
similarto Eg. (3.3) describinghe scatteringat boththe effective SNinterfacesandan
effective impurity with transpareng27' in between.Thenwe canfollow theapproach
of Sec.2.2to calculatethe spectrum.However, this new systemis morecomplicated
dueto the normalscatteringat the effective SN interfaceswhich yieldsa 4 by 4 lin-
earequationsystemfor the scatteringamplitudes. To find the spectrumwe have to
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calculatethe determinanbf this 4 by 4 matrix. Theresultingspectrums,

E? = A? #[53 + /¢t - T8, (4.23)

C DiDy(1+T)

wheret? = A? — E?(é..), ¢.. isthedimensionlessxternalflux inring: = 1,2, and

2:|: 2 . ‘e
& = & 262 +T(1—cos¢ccos%cos 992’2),
D = (Dy+T)(Dy+T)—Tcos?b,,
~ T ~
T = T+2D

DA

+ V(R + T)(Dy 4+ T) = Tsin?0,][(Ry + T)(Dy + T) — T'sin26,]),

wheref, = (0, + 05)/2 andd, = Arg[r; — d;]. Althoughthis spectrumooksrather
complicatedit is straightforwardo seethatEq. (4.23)yieldsthe ordinaryspectrunof

two uncoupledqubits, £? = A? — £, whenT — 0. The spectrunof the doublequbit

is shovn in Fig. 4.4, which alsoshaws the possibility to switch off the hybridization
of the levels using the control flux ®., provided that the two qubits have the same
transpareng D, = D,. Moreover, if thetwo qubitsareweaklycoupledwe canexpand
Eq.(4.23)in T, whichyieldsthe simplified spectrum,

B? = B2 £ L + TDAY(y — ¢n)? + 2016 sin®(6/2)],  (4.24)

whereE? = [E2(¢e1)+ FE2(¢e2)]/2 @andD; = D,. Thedeviationfromthedegenerag
pointis givenby ¢; = ¢.; —=, andassumedo besmall$; < 1. Theroleof thecontrol
flux is clearfrom Eq. (4.24);the hybridizationvanishesat ¢. = 0.

Thetheorypresente@bove doesnotincludeary interactionwith fluctuatingfluxes
in therings. This interaction,which will be the subjectof a future work, will remove
the symmetryof the spectrungivenby Eq. (4.23),which will makecontrol-NOT op-
erationgpossibleto perform.
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CHAPTER 5

READOUT OF PERSISTENT CURRENT QUBITS

n this chapterl discussrecentresultson readoutof macroscopiaubitswherethe

two-level systemcouplesto the currentin a superconductinging, suchasthe An-
dreev level qubit. The work is donein collaborationwith V. ShumeikoA. Zazunw,
G. JohanssoandG. Wendin.

5.1 READOUT USING MACROSCOPIC QUANTUM TUNNELING

We considera persistentcurrentqubit, i.e. a phasequbit or a chage qubitwhere
the statesof the two-level systemcouplesto the currentin a superconducting
ring. The modelwe useis relevantfor flux qubits,like Leggett’s rf-SQUID [58,60],
theflux qubitby Mooij etal. [67], andthe Andrees level qubit, but alsofor the more
recentchage-phaseubitby Cottetetal. [66].

We considera readoutdevice consistingof a large Josephsofunction, which is
insertedn thesuperconductingng of thequbit. Thisreadoutechniquevassuggested
by Cottetet al. [66] and hasrecentlybeenexperimentallytestedby Vion et al. [69].
TheMeter(thelargeJosephsojunction)is alsoconnectedo a stablecurrentgenerator
andanaccuratesoltmeter seeFig. 5.1. We requirethatthecritical currentin the Meter
is large comparedo the circulatingcurrentin thering, in orderto minimize the back
action, £;,, > FE;, where E;,, is the Josephsorenegy of the Meter and £; the
effective Josephsoenepy of thequbit.

Thereadoutschemas thefollowing: the measuremens performedby increasing
thebiascurrent/, adiabaticallyto apeakvaluenearthecritical current/.,, of theMeter
for afinite time 7, which yields a significantprobability for Macroscopicquantum
tunneling(MQT). Sincethe MQT-ratedepend®n the total currentthroughthe Meter,
I, + I, it will alsodependon the sign andthe amplitudeof the currentin the ring,
I. For theideal meterthe MQT-rates,correspondindo the two qubit statesarevery
different. We may thenchosethe time = suchthat one stateis stablewith certainty
while the otherstatedecayswith high probability duringthe time ~. A signalon the
voltmeter dueto an MQT-event, tells usthatthe qubit wasin the unstablestate.If no
signalappearean thevoltmeter duringthetime currentbiaswasturnedon, the qubit
wasin the stablestate. In both casescoherencas lost andwe know the stateof the
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Qubit
branc

Figure 5.1: Schematicpicture of the qubit, herean rf-SQUID, andthe Meter The current
supplyto theMeterareconstructedo avoid inducedflux in the SQUID-ringby thebiascurrent.

qubit.

We considera generalizednodelfor the persistentcurrentqubit and the Meter,
schematicallyshovn in Fig. 5.1. The device consistof a qubit branch anda Meter
branch connectedria the inductancel. The qubit branchconsistsof the Josephson
junction(s)or the point contactof the qubit. The phasedrop over the Meteris v and
the phasedrop over the qubit branchis ¢. The flux dependencef the qubit phases
is given by the equation(¢ — v) = (2n/®¢)(®. + LI) (mod 27), whered, is the
externalflux.

To describethe circuit we employthetechniqueof branchfluxes,seee.g. [97]. We
canwrite the Lagrangiarof thedevice as

N , Do\ Cy . I
L:L¢(¢)—7L(qb—’y—qbe)2+<—o> —’YQ-I-EJm I:COS’)/—l—[b

5.1
) = mﬂ,( )

whereL,(¢) is the Lagrangianof the junctionsin the qubit branch,C,, is the capac-
itanceof the Meterand £, = (®,/27)?/L. It is straightforwardo proceedwith the
Legendretransformatiornto achieve the full Hamiltonian,which is quantizedin the
usualway, usingthe dynamicalvariables,

(1) = (1) =0
qb(t) = qb - qbelv
wherel, = I.,, sin v, defineghelocalminimumin the“tilted washboarghotential” of
the Meter, and¢.; = ¢. + o determineshe effective externalflux seenby the qubit
branch.
If we separatehe termsdependingon ¢, which yields the qubit Hamiltonian 4,
from the 4-dependentermsof the Meterwe get,

= H,(3)+ H; + (%), (5.2)
where
2 ~
~ q; €m . 25 Er .
H, = — 4 7R2() - 21y Z2a2 5.3
20m+27< 3%)+27 (5.3)
N ~ by .
H, = —Endy=-—I7, (5.4)
2w
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wheree,, = /1 — F/12,, % = 2\/1%, /1] — 1, ¢5 = —i2e05 andqy = —i2ed;.

The operatorfor the currentin thering is /, = (<I>0/27r)g3/L. In Eq. (5.3) we have
expandedhe Hamiltonianof the Meteraroundy = 0, in theusualway for calculation
of MQT-rates[98]. The expansionin the paramete#f is valid if the Josephsoenegy
of theMeterislarge £, > hw,,, whereliw,, = \/2¢,, F¢,,, andif Er, > hw,,, which
ensureghegroundstateis localizedalthough/, = 0. Providedthat £;,, > FE; we can
treatthefluctuationsof the Meterasa small perturbatiorto the qubit.

In Appendix B the reducedtwo-level Hamiltonianfor the rf-SQUID is derived,
Eq. (B.7), andthereduceccurrentoperatoy Eq. (B.8). The derivationof the two-level
Hamiltonian,Eq. (C.6),aswell asthecurrentoperatoyEq. (C.7),for thechage-phase
gubit developedby Cottetet al. [66] is found in AppendixC. Finally, the current
operatoy Eqg. (4.5), andthe Hamiltonian, Eq. (4.7), for the Andreev level qubit are
presentedn Chapterd. The Andreev qubit Hamiltonianincludingthe Meterbranchis
obtainedoy replacingtheexternalflux ¢, with theeffective externalflux ¢.; = ¢.+o,
in Eq. (4.7). Notethat, for thetwo-level systenthereducecturrentoperators/; and/,
Eq. (4.5),areidentical. Generally we usethe corventionalspinrepresentatiofor the
gubit Hamiltonian,

A

H, =hyo,+ h.o., (5.5)

whichis written in the eigenbasi®f thereducecturrentoperatoy / = l,0,.

Slow dynamics of the qubit and the Meter

If we considertheregime, I, < I.,,, wheretherateof MQT is nggligible, the Hamil-
tonianfor the systemof the qubit andthe Meter canbereducedo a simpletwo-level
form.

In the casel, = 0, the two statesof the qubit Hamiltoniancorrespondo two
displaceddenticalharmonicoscillators,wherethe displacemenis given by

I,E;
[cEJm

<7>0 =% j: &07 QBO = (1 - [b2/[c2)_1/27 (56)

where< >, denoteshe averageover zeropointfluctuationsand+ denoteghe stateof
thequbit. This displacemenis the Pointerin the Meter.

If the plasmafrequeng of the Meteris large, iw,, > E, = /h% + hZ, thewave
functionsof the harmonicoscillatorscanbe approximatedvith the groundstatewave
functions,andwe canintegrateoutthe 4-degreeof freedomusingthe samemethodas
in Sec.4.1[77]. We arrive atthe effective two-level Hamiltonian,

H= h.o. 4+ heGoo0 s, (5.7)

wheregq, is the overlapof thetwo groundstates,

2 R2
qoo = exp (——q b ) (5.8)

12 hw, e,
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This renormalizatiorof the qubit dynamicsdependon which qubitwe consider The
rf-SQUID characteristice®bey the condistins(seeAppendixB), E;,, > Er > hw,,
andFE; ~ Er. Hence,qq is not necessarilycloseto unity. The Andreer level qubit
is in a similar situation,since £; ~ A > hw,,. The situationis differentfor the
chage-phasgubit[66] (seeAppendixC): for thisqubitwe haveboth £;,, > F; and
hw,, > E;, which ensureghatq, is alwayscloseto unity, andthe renormalizations
notimportant.

The measurement

Ouraimisto readouttheinformationaboutthestateof thequbitasfastandasaccurate
aspossible.Thisprocessncludesnecessarilywo stepsassociatewvith thetime 7, for
therampingof the biascurrentandthetime » whenthebiascurrentis keptconstanat
thepeakvalue.Preferablytherampingtime 7. shouldbeshortcomparedo theinverse
MQT-rate of the unstablestate. The lower limit is setby the adiabaticapproximation
regardingthe Meter, whichrequiresr, > 1/w,,. Theswitching-onof the Meter shifts
theeffective externalflux away from theworking pointto apointat ¢.; = ¢. + vo(1).
This readoutpoint canbe adjustedby changingthe externalflux atthe sametime as
thecurrentbias.

Considerthe systemwhen 7, > 0. Up to an unimportantconstantenegy term
Eq.(5.2) canberewrittenas

]:] — (hz+H+ hr )7

hy —h, + H
2
q; €o 2y
H, = J 241 — 59

wheres = +1, v, = \/7¢ — 40%075, €6 = €mVbo Vs andthedisplacementqgo < 1,
is givenby Eg. (5.6). Although the potentialof the Meter is no longerharmonicwe
assumethat the harmonicapproximationis still valid for the lowest enepgy levels.
Thereis however afinite ratefor MQT evenfor the lowestlevels, which is different
for thetwo qubit statesdueto the displacement.

Assumingzerotemperaturghe MQT ratesfor the qubit statesare given by the

standardexpression98],
I, :wg\/@\/ie_&’/h, (5.10)
2wh
where
€o
SU = (6/5);7??0
~ 19l %([fm/lf —1)— alq/lb]. (5.11)
Wm
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Chap. 5: Readout of persistent current qubits

To achieve agoodsignal-to-noiseatio of the readoutwe requirethat
'y >1r_,T,, (5.12)

wherel’, is the relaxationrate of the qubit dueto interactionwith the environment.
Hence,the bias currentshouldbe rampedto a peakvalue wherethe MQT-rate for
the “unstable” stateis much larger thanthe relaxationrate, but not so high that the
probabilityfor the “stable” stateto tunnelgetssignificantduringthetime 7. Sincethe
dependencef theaction S, in Eq. (5.11)is dominatedoy the exponentialfactor, we
canestimatetheratio betweerthe MQT rates,

r, B |,
— ~ 24——. .
I_ P < hw,y, [b) (5.13)
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0.00,Swedishtime, southof el Calafatein ArgentinaJanl 2000.We have hadour

third flat tire on our little Hunday-lus, andthe jack is still too small. The roadis
straight,of doubtablequality and continuesto the horizonwherethe Patagoniarsky
meetsthe desert-likesoutherrpampas.

00.30,localtime, in el Calafate.The new millenniumwascelebratedvith cham-
pagnefrom Chile andfireworks; PJre-ignitedthe grill usinga bottle of campingfuel.
He survived. Now, we arestrolling aroundin el Calafate. El Calafateis a small yet
ratherstrangecity, locatedon the flatlandeastof the Andeson the shoreof lake Ar-
gento. Therearemore flamingosthanpeoplein this partof the world. Nevertheless,
an increasingnumberof touristsspendone or two nightson someof the towns dry
campingswaiting for the bus to the famousnationalparklos Glaciaresin the Andes
some80 km to thewest.Otherpeople like us,arerepairingtheirflat tires. Everything
is expensve, andthereis norealbank.

Thefirst hour of the new millennium is ratherquiet. Suddenlya line of honking
carsappears.This is apparentlyCalafatefficial millennium party. Thefirst caris a
pick-upwherethe baskebf a hotair balloonhasbeenmountedon theboard.A drunk
andhappypilot is standingin the basket firing yellow burstsfrom the four burners.
Like a carnval without dancerghe line of dirty carsdrivesslowvly backandforth on
themainstreet.
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APPENDIX A

THE HUBBARD-STRATONOVICH PROCEDURE

he Hubbard-Stratongch procedures an analyticalmethodof rewriting the effective ac-

tion of aphysicalsystemusingfunctionalintegrals[73,76]. A goodintroductionto func-
tional integrationcanbefoundin [99], which alsoincludesanintroductionto Grassmatiields
andtheintegrationrulesfor Grassmariields. In fact, theanti-commutatingulesfor Grassman
fieldsmakedunctionalintegrationvery easy

Oneof the mostimportantpropertiesof functionalintegralsis the invariancewith respect
to shiftsof theintegrationvariable,

/ Dt Dy e Janidoa n! ) An(a) — / Dyt Dy e~ Jaz1de: (01 (21)+6] (21)) A(n(22)+62 (2)) |

(A1)
Sincen? = 0 for ary Grassmarvariable, functionsof Grassmamumberscan be Taylor
expandedo first order without ary approximatiormade.Hence all integrationswill be sim-
ple. The ordinaryintegral over a Grassmamumberis definedas

Jdnsm = [dnta+bn =0, (A2)

wherea andb arethe first Taylor coeficients of the function f(n). It is easyto show that
this definitionyields the desiredinvarianceto shifts of the integrationvariable. Moreover, to
handleproductsof integralsa sign conventionis nessecaryf dn.dn; n1m, = +1, performing
theinnermostintegralfirst.

The functionalintegral over an actionwhich dependn a Grassmatiield is evaluatedoy
replacingthe z-integral with afinite sumover alarge numberof intervals,éz, afterwhicheach
termin thesumcanbeevaluatedseparately

t
/DnTDne Jderdez ol (@) An(ez) (H /danm> 2 8t ni Ay _ H a; = Det A,

(A.3)
where A is an operatorwith the eigervaluesa;. The diagonalizationof the operatorA can
be madesincethe functionalintegral is invariantto unitary transformation®f thefields. The
normalizationconstantcontainingthe productof the z-intervals,is unimportantandomitted.

The validity of the HubbardStratoneich procedurds a directconsequencef the invari-
anceEq. (A.1). Thefield transformatiorallows usto introducenew fieldsanddecoupleothers,
whichis very useful. The procedurdo decouplewo Grassmarfieldsn andy: is
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efdl’-ldl’-z nT(zl)Au(zg) —

Det A /DQIDQZ o Jdzides [t (@1) Ap(w2)— (6] (1) —n' (21) A) A7 (6 (2) — An(=2))]

_ DetA/DOIDOQ e fdmdzz [HI(Il)A—lﬁz(z2)+6’I(a:l)ﬁt(z2)+7ﬂ(r1)€2(z2)]‘ (A4)
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APPENDIX B

TWO-LEVEL HAMILTONIAN OF THE HYSTERETIC RF-SQUID

I nthisappendid presentderivationof thereducedwo-level Hamiltonianof therf-SQUID,
nearthe degenerag point ¢. = 7. The parametersre definedin line with the analysis
in Sec.5.1 andFig. 5.1, with a single Josephsorunction associatedvith the qubit branch.
With appropriateparametersF; ~ FE; and®. ~ ®,/2, the effective potentialtakesthe
form of adoublewell, asshavn in Fig. B.1.1. The Hamiltonianof the rf--SQUID is obtained

h Yo 20U
wpi {Eq

@, o e @ 0 o fte, o

Figure B.1: Schematigicturesof the potentialof the rf-SQUID for £;/F;, ~ 2 andwith
¢. ~ 1.017 (left) andthe modelpotential(right). The plasmafrequeng is assumedarge
comparedo thelevel splitting 2AU of thetwo-level system.

form Eq. (5.1), by replacingthe qubit branchwith one Josephsofjunction andits effective
capacitance’,

2
N qx - Er -
Hy= =% — Ejcos(d(t) + der) + —=6(t)?, (B.1)
2C 2
Whereq(g = —7:26(9&. Theminimaof thedoublewell potentialaregivenby
Eré+ Eysin(¢+ ¢e1) = 0. (B.2)

Accordingly, wedefine¢ = ¢; < 0 attheleft minimumand¢ = ¢, > 0 attheright minimum.
In orderto makethe potentialin Eq. (B.1) easierto handlewe replaceit with amodelpotential
definedby

U¢) = Uit
Ui = 36(6-201)0(-9)
Vs = 506 26)0(9),
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wheree, = Fr1,+ Fjcos(¢.1 + ¢2), requiredthaty. — 7 < 1. Theenepy differencebetween
the bottomsof thetwo wellsis givenby

€u
AU = (65— 6]) (B.3)
andthemeandepth,comparedo U (0), is
€y
= Z(qﬁ +63). (B.4)

NotethatU, ~ Er, ~ E;. We considetthecasel/y > hw,, wherehw, = v/2E¢c¢,, whenthe
harmonicapproximatioris valid for thelowestenegy levelsin eachwell.

A well definedtwo-level systemis obtainednearthe degenerag point, ¢. = =, required
that 7w, /2 > F,, where2F, is the minigapof the two-level system. If we restrictto zero
temperatureand the ground statein eachharmonicoscillator, we canwrite the stateof the
systemasa superposition,

|¥) = all) + b|2), (B.5)
where|i) are the groundstatesof the harmonicoscilators,; = 1,2. Thenwe projectthe
Heisenbey equatiorwith the HamiltonianH = qE/QC + U(¢) ontothesestates,

ihb + iha(2]1) = b(2|U1|2) + a(2|U,[1)
iha + ihb(1|2) = b(1|U1|2) + a(1]U,[1)
Theoverlap,negglectingtermsof theorder AU, is

2Ug

(112) = [do(116)(l2) = 7= (B.6)
We canthenwrite theequatiorfor thetwo-level systenonthemorecorvenientform, to leading
orderin (1|2) andAU,
ihh = bAU + ah,
tha = bh, —aAU. (B.7)
This equationcanbemappeddn Eq. (5.5),whereh., = AU andh,. ~ (1|2)Uy/2

The currentoperatoy definedby I; = (®o/27)¢/ L, is reducedn a similar way, keeping
termsto leadingorderin (1|2),

. <I>
@IY) ~ by (219[2) = b—l
. <I>0 @0
1) =~ 1|o|1 a—1I1,
UAW) ~ ag (181 = —a 1,
wherel, = (®o/27L)¢,. Hence we canwrite thetwo-level currentoperatoras
I = 1,(¢e1)0-. (B.8)

We cansummarizehenecessarinequalitiesas:

EFry~FEr> hwp,hwm > Eq,
A > hwy,, hw,,

wherehw,, is the plasmafrequeng of the Meter, seeSec.5.1. Notethat the first inequality
impliesgp, — 7 < 1.
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APPENDIX C

THE CHARGE-PHASE QUBIT

I n this appendix presentderivationof thereducedHamiltonianfor the qubit usedby Vion
etal. [66,69], formally referredto asthe chage-phaseubit. Thedesignis similar to therf-
SQUID but thedevice is operatedn theregime ', > E;. Thequbitis modeledby replacing

FigureC.1: Schematipictureof theachieve elementsn thechage-phaseubit. The(—)-pole
of thebattery V,, is assumedo be contactedo the point ¢ /2.

the qubit branchin Fig. 5.1 with two Josephsofunctions,with (the same)Josephsoenegy
FE; andcapacitanc&’’. Hence,¢p = ¢1 + ¢2. Moreover, the smallislandwhich is created
betweenthe junctionsis coupledto a voltagesource,via a weak capacitance”, < C'. We
assumehatthe (—)-pole of thevoltagebiasV; is attachedo the superconductingng in such
away thatthechageonthegatecapacitoiis Q,, = C, (V, + (h/27)/2), comparedo ground.
Thecurrentin thegate,l, = (,, is neglected.

ThelLagrangiarfor the qubit branchis

2 . .
Lo=(32) [0+ /2 607+ S8+ 8] + Esleos(or + gur) + coslén + 601

¢61+¢
2

= (2 (G- o+ 22+ St w2y con

) cos ¢, (C.1)

whered, = (2¢/h)V,, ¢_ = (¢1 — ¢2)/2 andC’ = C/2. If we insertthis Lagrangianin
Eq. (5.1) we getthe qubit Hamiltonian,

Y 2 -
H, = % + QQ—C’ - 2EJCOS(¢612+ (b) cosp_ + %@52- (C.2)
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where(; = 2C'+ (), Q- and@ aretheconjugatequasichagesto ¢_ ande¢, respectrely, and
q = —C,V, is the(static)chage inducedby the gatecapacitor We quantizethe Hamiltonian
by imposingthe commutatiorrelations[n, ¢_] = i, whereQ_ = 2ne, and[Q, ¢] = 2ie and
usetheoperatorsy = —id;_ andQ) = —2ied;.

If £, > F¢, whereEq = (2¢)?/2C,, thefluctuatlonsm 6 aresmallandit is relevant
to expandthe Hamiltonianin . Moreover, weletcos ¢— — 2 37 (|n){(n + 1| + |n + 1)(n|)
which follows from the commutatiorrelation[n, ¢_] = 7. Usingthe n-basiswe arrive at the
gubit Hamiltonian

=T[5 + Fdm i+ E
— [2Ejcos ¢261 — ¢Ejsin ¢261](|n><n +1]+|n+ 1><n|)] (C.3)

The full Hamiltonianis intractable but we notethatthe limit, £';, > F, yieldsaweak
couplingof theloop andtheisland. We canthenestimatethe level splitting by calculatingthe
spectrunfor thefreeisland,

= Z[%mw 2B cos(énr /2) (In)n + 1] + |n + 1><n|)]. (C.4)

The minimumlevel splitting for thetwo lowestlevelsis foundat thedegenerag point, ¢ ~ e,
wherethe gapis of the order2£, ~ 4F;cos(¢.1/2). The distanceto the third level is of
the orderof F. Thus,we require ¢ > Ejcos(¢.1/2) for qubit operations.Underthese
assumptionsve canrestrictthe analysisto the 2 lowestlevels. Using the basis|o) = (|0) —
o|1))/v/2, wheres = 41, we getthe Hamiltonian[100],

2
QQCI q62 o+ (Fjcos qb; %EJ sin
wheree = 2e(e — ¢) /Cy = Ec(l — q/e)

TheHamiltonianin Eq.(C.5)describesitwo-level systencoupledio aharmonicoscillator.
Hence,we canreducethe Hamiltonianto the two-level form by averagingover ¢, usingthe
sameargumentsasin Sec.4.1, providedthatthe plasmafrequeng is large, hw, > E;, where
hw, = /2Ec Er,. However, it is straightforwardo show thatthis effectis smallandthatthe
two-level dynamicss determinedy the Hamiltonian[66],

qbel

H= 5 )0 (C.5)

H=Ejco Pe1 + EUI. (C.6)
2 2
Thecurrentoperatoraveragedover the fluctuationsof the harmonicoscillatorsis,
~ 2e <q~§>_ 0 Ic . Qbel
I =—F ~ = —sin —o, Cc.7
! hL( 0 <¢>+) g S 577 (C.7)

where(é), is theaverageinducedflux of thetwo qubit states.
Theassumptionsnadefor the chage-phasejubitcanbewritten asa chainof inequalities,

Ejcos % < Eg, hwy, hw, < ETp,, (C.8)

wherew,, is theplasmafrequeny of the Meter.
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Coherent processes in superconducting quantum interfer ometers and qubits

JonnLantz

Department of Microelectronics and Nanoscience
Goteborg University and
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ABSTRACT

In this thesiswe presentheoreticainvestigation®f the effectsof Andreer boundstateson the current
transportin superconductingnterferometers.We also investigatethe slow dynamicsof the Andreev
statesn a superconductingoint contactandthe possibleapplicationasa quantunbit.

We considersuperconductenormalmetal-superconduct¢gSNS)andnormalmetal-superconduc-
tor (NS) interferometersywherethe contactregion is a Y-shapechormalmetalwave guide,andthe two
connectiormpointsto the samesuperconductinglectrodecanhave differentphasesThe electriccurrent
in theinterferometeiis calculatedasa function of the appliedvoltageandthe phasedifferences. An-
dreer reflectionin SNSandNS interferometersncorporateswo features:interferencen the armsof
the Y-shapediormalregion, andinterplaywith Andrees resonancesT helatterfeatureyieldsrich phase
dependenturrentstructuresn the subgapvoltageregion. Theinterferenceeffectleadsto a suppression
of thecurrentstructuresat ¢ = .

We investigatethe effectson the Josephsorurrentin NS interferometerslueto currentinjection
from the normalelectrode.The two main effects of the nonequilibriumsituationare: nonequilibrium
populationof theAndreer levels,which canresultin enhancemensuppressiomr evensignreversalof
the Josephsonurrent,andananomalousnterferencelosephsoeffect, which givesriseto along range
Josephsoeffect, increasingwith thevoltagee V' upto the superconductingapA.

Thetwo Andreer statesin a superconductingiuantumpoint contactcanbe accessedbr manipu-
lation and measuremernty embeddinghe point contactin a superconductindgpop. We calculatean
effective Hamiltonianfor the slow dynamicsof the Andrees two-level systemin thering. Furthermore,
we discusamethod=of manipulationof the Andreer levels,andcouplingof qubits. Thestateof the An-
drees two-level systemcanbe readout by monitoringthe macroscopiguantumtunnelingin a current
biasedJosephsojunction,whichis embeddedn the superconductingng of the qubit. We discusghe
effectson the qubit, thereadoutschemeandthe signal-to-noiseatio.



Errata,Coherenprocessem..., by J. Lantz,2002

Pageiii: Paperlll is now publishedn Phys.Rev. B 65 134523.

Pageiii, PaperlV: theyearshouldbe2002.

Pagel2,Eq.2.14: D¢, shouldbe D¢ in bothequations.

Pagel3, Eq.2.24:Vy, shouldbe V.

Pagel4, below Eq.2.30: ps shouldbeq,.

Page23,Eq.2.63: J_, (W) shouldbe J_, ;(E).

Page26, Citation[82] shouldbeto M. Buttiker, Phys.Rev. Lett. 57, 1761(1986):
Page27,Fig. 3.3: S(¢4) shouldbe S(4).

Page37,Eq.4.3: 2£ shouldbe %.

Page40, abore Eq. 4.15: “Rabi frequeng” refersto thefrequeng of the Rabioscillations.
Page43, thetext of Fig. 4.4: ¢35 shouldbe ¢..

Page47,line 13: thereferenceo “beginning of this chapter’shouldbe “Chapter4”.
Page50, thefirst sentenceThetime shouldbe 23.59,Dec.31 1999insteadof 00.00,Dec31.:)



