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A Note on the Cost-Benefit Ratio in

*

Self-Enforcing Agreements

Magnus Hennlock'

Abstract

Since the analysis of a self-enforcing agreement by Barrett (1994) it has
been clear that the ratio between the slopes of the marginal cost and
marginal benefit functions is conclusive for stability of self-enforcing
agreements. For example Finus and Rundshagen (1998) stated: ‘it
turns out that all qualitative results depend only on this ratio’ as it de-
termines the non-orthogonal free-riding response along Nash reaction
functions. This note shows that this ‘pure’ connection between the
cost-benefit ratio and non-orthogonal free-riding response occurs due
to the ‘anonymous contributions’ property of public goods, and in such
cases the cost-benefit ratio effect holds regardless the functional form of
objectives, the formulation of congestion or the degree of impureness of
the public good. Therefore we expect to see the cost-benefit ratio still
be the conclusive component also in self-enforcing agreements based
on more general functional forms than seen hitherto in the literature.

Keywords: public goods, self-enforcing agreements, reaction func-
tion, coalition theory

JEL classification: C70, H40

1 Introduction

The growing literature on self-enforcing agreements now includes Carraro
and Siniscalco (1993), Hoel (1992), Barrett (1994), Botteon and Carraro
(1997), Finus and Rundshagen (1998), Na and Shin (1998), Finus (2001),
Barrett (2003), Ulph (2004), Rubio and Ulph (2006), Kolstad (2007), Finus
and Riibbelke (2008) amongst many others. It is well-known in this literature
that non-orthogonal free-riding along a player’s reaction function is deter-
mined by the ratio of the slope of the marginal cost function to the slope of
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the marginal benefit function, and therefore this ratio becomes a conclusive
component for stability in self-enforcing agreements. The ratio has usually
been named ‘benefit-cost ratio’ or ‘cost-benefit ratio’ in the literature.! This
has lead research to search for aspects in modeling which can expand the
range of the ratio for which a coalition can be stable. Moreover, in public
good models it is also well-known that this ratio is the sole determinant of
the ratio of second-order derivatives (with respect to all other players’ con-
tribution and own contribution) of the objective function expressed as an
unconstrained problem.? Usually these derivatives become complex unless
functions are simple with additively separable utility from the public and the
private good. In this note we show that the nature of the so-called ‘anony-
mous contributions’ to public goods (bads) will always make several terms in
these second-order derivatives identical with the result that the effect of ‘the
cost-benefit ratio’ (‘the benefit-cost ratio’ in the public bad case) on stability
of self-enforcing agreements must hold also for more general functional forms
than seen hitherto in the literature e.g. Barrett (1994), Na and Shin (1998),
Finus and Rundshagen (1998), Barrett (2003) etc. In fact, the result is valid
even in cases with highly nonlinear functions and even when utility of public
and private goods is not additively separable, provided that the public good
satisfies the ‘anonymous contributions’ property - a property which covers
most formulations in the public goods literature since Samuelson (1954) e.g.
Young (1982), Cornes and Sandler (1985), Bergstrom, Blume, and Varian
(1986), Barrett (1994) and Ray and Vohra (2001) etc. Section 2 of this note
provides a generalization of the effect that the cost-benefit ratio has on non-
orthogonal free-riding along the reaction function, which is followed by some
concluding comments in section 3.

2 Generalizing the Effect of the Cost-Benefit Ratio

Consider a general optimization problem of player ¢ in a public good game
with anonymous contributions defined as follows: There are two goods,
the public good @ and the private good y;, and N players denoted i €
{1,2,3,...,n} = N. Hereinafter, we focus only on player ¢ and its non-
cooperative behavior against the N — 1 other players. The objective func-
tion U;(Q, y;) is maximized subject to the constraint in the following general

'For a consistent symmetry throughout this note we use ‘the cost-benefit ratio’ to
denote the ratio of the slope of marginal cost function to the slope of marginal benefit
function for the public goods case and the ‘benefit-cost ratio’ to denote the ratio of the
slope of marginal benefit function to the slope of marginal cost function, which is then the
symmetrical ratio in the public bad case as explained in section 3.

’Let the objective function be U(g;, @—;) and the reaction function R(Q_;), then
dR; _ d?U; /dQUi
dq?

dQ_; = ~ dq;dQ_;



optimization problem:

max U; (Q, 4:) (1)
st yi = yi(qi wi, p) (2)
Q=Q(4:Q-i) j#i (3)
>0 YieN (4)

The objective function (1) is continuous and at least twice differentiable and
quasi-concave in @ and y; with 02U;/0y;0Q = 0%U;/0Q0y; > 0. The con-
straint (2) is continuous, at least once differentiable and depicts the frontier
of a convex set in the (g;, y;) space, reflecting the loss in consumption of the
private good y; when contributing ¢; > 0 to the public good @ where (3) is a
monotonous concave function, at least once differentiable. The parameters
w; and p are the endowment level and the relative price of ¢;, respectively,
which together determine the locus of y;(q;, w;, p) in the (g;, y;) space. Then
consider the following definition:

Definition 1 A public good Q fulfills the anonymous contributions property
iff the gradient VQ(q) of (3) satisfies

Q. H  _9Q .
% (Q-iyqi) = 94, (Q-i )

oQ
0Q—i

(Q-ivqi) >0 Vi (5)
and the Hessian D?Q(q) satisfies

>Q _0*Q,,, . _ 0%Q o o
Tqiz“?fia%) = qjg (Q-iyqi) = M(Qiu%) <0 Vi#y (6)

If (6) is satisfied with equality, the public good Q fulfills the weakly anonymous
contributions property.

Note that definition 1 e.g. covers the standard additive public good for-
mulation @ = Y, ¢; that is common in the literature on public goods e.g.
Samuelson (1954), Bergstrom, Blume, and Varian (1986), Cornes and San-
dler (1996) and Ray and Vohra (2001) amongst others.

Theorem 1 Let a public good game be defined by (1) to (6) and let the cost-
benefit ratio vi(Q—i, ¢;) be defined as the ratio of the slope of the marginal cost
function MC;(Q—;, q;) to the slope of the marginal benefit function M B;(Q—;, q;)
according to:

OMCi(Q—i,qi)

_ Jq;
%i(@-i4) = FarBio gy @)
9q;



then vi(Q—i, q;) determines the slope of player i’s reaction function R;(Q—;)
via the mechanism?>
dR; 1

aQ_;  1+%(Q_s, qa;) ®)

Proof: Assuming that player 7 is a positive contributor, ¢f > 0 and takes
@—; as given under Nash conjectures, the first-order conditions of the (un-
constrained) problem (1) - (6) with respect to g; is:

avu; 0 3U 0y;
(Q7 z) Q (Q7 1) : :Z (%7 w;) =0 (9)
MB MC

dg; Q i

The term M B is the marginal benefit of ¢;, which is positive due to the
properties of (1) - (6). The term MC is the marginal cost of ¢;, which is
negative due to the same properties. Recall that, by definition, a reaction
function, R;(Q—;), collects the union of the set of ¢; and the set of Q_; in
the (Q—i,q:) space that preserves the optimal condition in (9) for player
i under Nash conjectures. Thus any point that is off R;(Q—;) results in
a violated optimal condition (9) for player i. The derivative of R;(Q—;)
evaluated in the neighborhood of a point (Q—_;, ¢}) is then given by totally
differentiating (9) with respect to ¢; and Q)—; given the equality in (9) be
preserved. Rearranging then yields the well-known expression for the slope
of the reaction function in the (Q—;, ¢;) space:

d?U;
= 277,
dQ_; o

(3

In order to shorten coming expressions we can alternatively express (10) by
using the underbrace denotations in (9):

dQ—; MDB'(g;) + MC'(q;)

where M B'(Q_;) and M B’(g;) denote the first-order derivatives of the term
M B with respect to Q—; and ¢; respectively. The total second-order deriva-
tives in (10) or (11) can now be decomposed using the denotations in (9):*
d?U;  (0*U; 1 0Q n 0%U; Oy ) 0Q n oU; 8262
dg? — \0Q? g aQayz 0qi ) 0q; ~ 0Q g%

MB'(gi)

+ (12)

3Hence, R;(Q-;) can be expressed in terms of v (Q-i,¢) as R;(Q-:)

argmaxgq, Ui|lg_,—0 — fOQf’ mdQ i+ by integrating (8) over Q_; using ¢ =
argmax U;|g_,—o0 as boundary condition.

“The sign of the total cross derivative in (13) determines whether the actions ¢; and Q—;
are strategic complements or strategic substitutes (Bulow, Geanakoplos, and Klemperer,
1985). From concavity properties of (1) - (6) follow that (12) and (13) are negative and
g; for all i € N are strategic substitutes.



(82Ui 0Q  0%U; ayi> oy OU; %y “0

05:0Q g | 0y 0q; ) 9q; T 0y 02

MC’(g:)

d2U; _82Ui 0Q 0Q 0U; 9%Q
dg;dQ_;  9Q? 9Q_; g 9Q 9q:0Q_;
MB'(Q—4)
dy;0Q 9Q_; dg;
MC(Q-)

<0

From the ‘anonymous contributions property’ in (5) and (6) and that any pair
of symmetric partial cross derivatives are identical® it follows that M B’(g;)
n (12) and MB'(Q—;) + MC'(Q—;) in (13) must always be identical terms
for any U;(Q,v:) and vyi(g;, w;,p) that satisfy (1) - (6), thus, we have the
identity:

MB'(g;) = MB'(Q-:) + MC'(Q—) (14)

That is, a change in marginal benefit of another unit of own contribution
¢; must always be identical to a change in marginal net benefit of another
unit of other players’ contributions ()_;. Using identity (14) in (11) to re-
place MB'(Q—;) + MC'(Q—;) and multiplying numerator and denominator
by 1/M B’(q;) we have:

dR; 1
= 15)
. MC(q; (
CER
Then, define the cost-benefit ratio:%
_ MC'(q:)
Yi(Q—i, qi) = W(qz) € [~00, +o] (16)

Substituting (16) in (15) yields the effect of cost-benefit ratio (8). Q.E.D.

3 Concluding Comments

Already in Barrett (1994) it was clear that ‘the cost-benefit ratio’ is conclu-
sive for players’ non-orthogonal free-riding response along their Nash reaction

’ Applying Young’s theorem (see e.g. Chiang (1984)) in (12) and (13) stating that
any pair of symmetric cross partial derivatives are identical whenever they exist and are
continuous.

5Note that 7; can be negative, i.e. the response to a unit increase in )_; is greater than
one unit decrease in g;. This may occur e.g. with a concave total cost function without
violating second-order conditions in (12) and (13) though it may violate stability of Nash
equilibrium.



functions, and hence, conclusive for stability of self-enforcing agreements.
Theorem 1 in this note showed that this result can be generalized due to the
‘anonymous contributions’ property (5) and (6) as it makes the cost-benefit
ratio v;(Q—i, ¢f) always carry full information about a player’s free-riding
best response along his Nash reaction function regardless functional forms
of his objective and constraint in (1) - (2), and thus, even when his utility of
public and private goods is not additively separable in (1).” Hennlock (2005)
showed that theorem 1 is valid not only in highly nonlinear models but also
in congestion models, which adds a general congestion function C;(Q, g), as
well as in impure public good (bad) models, which follow the ‘characteris-
tic approach’ in Sandmo (1973) and Cornes and Sandler (1996).% Therefore
we should expect to see the cost-benefit ratio (or the benefit-cost ratio in
public bad models) still be the conclusive component for stability also in
self-enforcing agreements based on more general functional forms than seen
hitherto in the literature.

References

BARRETT, S. (1994): “Self-Enforcing International Agreements,” Ozxford
Economic Papers, 46, 878-894.

(2003): Environment and Statecraft: The Strategy of Environmental
Treaty-making. Oxford University Press.

BerGsTROM, T., L. BLUME, anp H. VARIAN (1986): “On the Private
Provision of Public Goods,” Journal of Public Economics, 29, 25-49.

BOTTEON, M., aND C. CARRARO (1997): “Burden-sharing and Coalition
Stability in Environmental Negotiations with Asymmetric Countries,” in
International Environmental Negotiations: Strategic Policy Issues, ed. by
C. Carraro, pp. 26-55. Edward Elgar, Cheltenham.

Burow, J., J. GEANAKOPLOS, AND P. KLEMPERER (1985): “Multimarket
Oligopoly: Strategic Substitutes and Complements,” Journal of Political
Economy, 93, 488-511.

"The rationale for creating the cost-benefit ratio by ‘normalizing’ by the first derivative
of the marginal benefit function in (7) is that the externality (3) enters in the public good
argument of objective function (1). Conversely in public bad models, where externality
enters in the public bad argument, the symmetrical proof of theorem 1 was shown in
Hennlock (2005) that the ratio instead is defined as a ‘benefit-cost ratio’ by ‘normalizing’
by the first derivative of the marginal cost function, as used in public bad formulations in
e.g. Finus and Rundshagen (1998).

®In the weak form of anonymous contributions when (6) holds with equality, it was
shown in Hennlock (2005) that the effect of the generalized cost-benefit ratio in theorem 1
holds also for non-anonymous contribution by multiplying 7;(Q—;, ¢; ) with a correspond-
ing agent-specific weight parameter.



CARRARO, C., AND D. SINISCALCO (1993): “Strategies for International
Protection of the Environment,” Journal of Public Economics, 52, 309—
328.

CHIANG, A. C. (1984): Fundamental Methods of Mathematical Economics.
McGraw-Hill International Editions, third edition edn.

CORNES, R., AND T. SANDLER (1985): “The Simple Analytics of Pure Public
Good Provision,” Economica, 52, 103-116.

(1996): The Theory of Externalities, Public Goods and Club Goods.
Cambridge University Press, second edn.

Finus, M. (2001): Game Theory and International Environmental Cooper-
ation. Cheltenham, UK: Edward Elgar.

Finus, M., anp D. RUBBELKE (2008): “Coalition Formation and the An-
cillary Benefits of Climate Policy,” Stirling FKconomics Discussion Paper
2008-13, Department of Economics, University of Stirling, Scotland.

Finus, M., anp B. RUNDSHAGEN (1998): “Toward a Positive Theory of

Coalition Formation and Endogenous Instrumental Choice in Global Pol-
lution Control,” Public Choice, 96, 145-186.

HENNLOCK, M. (2005): On Strategic Incentives and the Management of
Stochastic Renewable Resources, vol. 124 of 1652-6880. Acta Universitatis
Agriculturae Sueciae Doctoral Thesis.

Horr, M. (1992): “International Environmental Conventions: the Case
of Uniform Reductions of Emissions,” Environmental and Resource Eco-
nomics, 2, 141-159.

Kowrstap, C. (2007): “Population Growth and Technological Change: One
Million B:C: to 1990, Journal of Environmental Economics and Manage-
ment, 53, 68—79.

Na, S., anp H. SHIN (1998): “International Environmental Agreements
under Uncertainty,” Ozford Economic Papers, 50, 173—185.

RAy, V., anp R. VonrA (2001): “Coalitional Power and Public Goods,”
Journal of Political Economy, 109, 1355-1384.

RUBIO, S., anD A. ULPH (2006): “Self-enforcing International Environmen-
tal Agreements Revisited,” Ozford Economic Papers, 58, 233-263.

SAMUELSON, P. (1954): “The pure theory of public expenditure,” Review of
Economica and Statistics, 36, 387-389.



SANDMO, A. (1973): “Public Goods and the Technology of Consumption,”
Review of Economic Studies, 40, 517-528.

ULpH, A. (2004): “Stable International Environmental Agreements with a
Stock Pollutant, Uncertainty and Learning,” Journal of Risk and Uncer-

tainty, 29, 53-73.

Young, D. (1982): “Voluntary Purchase of Public Goods,” Public Choice,
38, 73-86.



