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Abstract

This paper proposes a new unit root test in the context of a random autoregressive
coefficient panel data model, in which the null of a unit root corresponds to the joint re-
striction that the autoregressive coefficient has unit mean and zero variance. The asymp-
totic distribution of the test statistic is derived and simulation results are provided to

suggest that it performs very well in small samples.
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1 Introduction

Consider the panel data variable y;;, observable for t = 1, ..., T time seriesand i = 1,..., N
cross-sectional units. The analysis of such variables has been a growing field of econometric
research in recent years, with a majority of the work focusing on the issue of unit root test-
ing, see Breitung and Pesaran (2008) for a recent review. The main reason for this being the

well-known power problem of univariate tests in cases when T is small, and the potential
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gain that can be made by pooling across a cross-section of similar units. The most com-
mon approach, pioneered by Levin et al. (2002), is to assume that y;; admits to a first-order

autoregressive representation with a common slope coefficient,

Yit = PYit—1 + Uit,

where u;; is a stationary disturbance term with zero mean. A pooled least squares t-statistic
is then computed, and the null hypothesis that p = 1 is tested against the alternative that
lpl <1

The major limitation of this approach is that p is restricted to be the same for all units.
The null makes sense, but the alternative is too strong to be held in any interesting empir-
ical cases. For example, when testing for price convergence, one can formulate the null as
implying that none of the regions under study converges. But it does not make any sense to
assume that all the regions will converge at the same rate if they do converge.

Im et al. (2003) relax the assumption of a common autoregressive coefficient under the
alternative. The idea is very simple. Take the above model and substitute p; for p, which in
the usual formulation where p; is fixed results in N separate autoregressive models, one for
each unit. Thus, instead of looking at a single pooled t-statistic, we now look at N individual
t-statistics, which can be combined for example by taking the average. The resulting average
statistic tests the null that p; = p = 1 for all i against the alternative that |p;| < 1 for a
positive fraction of N.

But this is basically the same as saying that the null should be rejected if at least one of
the individual tests end up in a rejection at the appropriate significance level, which brings
us back to the original problem, namely that T has to be large. But if T is large enough for
valid inference at the individual level, then there is hardly no point in pooling. This leaves us
with an intricate dilemma. On the one hand, we would like to exploit the additional power
that becomes available when we pool, and when we do this we would like to allow for some
heterogeneity in p;. On the other hand, this allowance requires T to be large, in which case
we can just as well go back to doing unit-by-unit inference.

The appropriate response here depends on the relative size of N and T. But if only N
is large enough, then it should be possible to devise powerful tests that are informative in

an average sense, even if T is small. This leads naturally to the consideration of a random



specification for p;. In particular, suppose that

oi = 1+Ci/

2
c

where ¢; is an independently distributed random variable with mean p. and variance w
Then the null of a unit root corresponds to the joint restriction that . = w? = 0, while the
alternative is that y. # 0 or w? > 0, or both.

This random specification of ¢; has many advantages is comparison to the traditional
fixed specification. Firstly, working with incompletely specified models inevitably leads to
a loss of efficiency. The random specification reduces the number of parameters that need
to be estimated, and is therefore expected to lead to more powerful tests. Secondly, the ran-
dom specification is more general, because fixed coefficients are special random variables.
Whether something is random or not should be decided by considering what would happen
if we were to replicate the experiment. Is it realistic to assume that c; stays the same under
replication? If not, then the random specification is more appropriate. Thirdly, by consider-
ing not only the mean of ¢; but also the variance, random coefficient tests account for more
information, and are therefore expected to be more powerful. Fourthly, the alternative hy-
pothesis does not rule out the possibility that some of the units may be explosive.

Taking this random coefficient model as our starting point, the goal of this paper is to
design a procedure to test the null hypothesis that yi. = w? = 0, which has not received
much attention in the previous literature. In fact, the only attempt that we are aware of is
that of Ng (2008), who uses a random coefficient model as a basis for proposing an estimator
of the fraction of units with a unit root. However, this procedure does not exploit the fact
that under the null hypothesis the variance of c; is zero, which makes it suboptimal from a
power point of view. It is also rather restrictive in nature, and cannot be easily generalized
to accommodate for example high-order serial correlation.

Our testing methodology is rooted in the Lagrange multiplier principle, and can be seen
as a generalization of the recent time series work of Distaso (2008) and Ling (2004), who
consider the problem of testing for a unit root when the autoregressive coefficient is time-
varying. It is also very similar to the seminal approach of Schmidt and Phillips (1992), from
which it inherits many of its distinctive features. The test is for example based on a very
convenient detrending procedure that imposes the null hypothesis, and if a linear trend is

included the test statistic is asymptotically invariant with respect to the presence of a level



break. It is also very straightforward and easy to implement.

The asymptotic analysis reveals that the Lagrange multiplier test statistic has a limiting
chi-squared distribution that is free of nuisance parameters under the null hypothesis. We
also study the limiting behavior of the statistic under local alternative hypotheses. We show
that in the case of either a constant that may by heterogeneous across units, or a constant
and trend that are homogenous the test has power against alternatives that shrink towards

the unit root at rate —~. However, we also show that in the presence of a heterogeneous

trend the test does n;/tN }fave any power in such neighborhoods, which is a reflection of the
so-called incidental trends problem.

A small simulation study is also undertaken to evaluate the small-sample properties of
the test, and the results show that the asymptotic properties are borne out well, even in very
small samples.

The rest of the paper is organized as follows. Section 2 introduces the model, while
Section 3 derives the Lagrange multiplier test statistic and its asymptotic properties, which
are evaluated using both simulated and real data in Sections 4 and 5, respectively. Section 6
concludes. Proofs and derivations of important results are provided in the appendix.

A word on notation. The symbols —, and —, will be used to signify weak convergence
and convergence in probability, respectively. As usual, y7 = O,(T") will be used to sig-
nify that yr is at most order T" in probability, while y7 = 0,(T") will be used in case yr
is of smaller order in probability than T".1 In the case of a double indexed sequence YNT,
T, N — co will be used to signify that the limit has been taken while passing both indices to
infinity jointly. Restrictions, if any, on the relative expansion rate of T and N will be specified

separately.

2 Model and assumptions

The data generating process of y;; is given by
Vie = dit + zit, (1)

where dj; is the deterministic part of y;;, while z;; is the stochastic part. The typical elements
of dj; include a constant and a linear time trend, and this is also the specification considered

here. Specifically, using p to denote the lag length, then d;; = «; + B;(t — p), which nests two

If y7 is deterministic, then O, (T") and 0,(T") are replaced by O(T") and o(T"), respectively.
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models. In model 1, there is no trend, while in model 2, there is both an intercept and trend.
The parameters «; and B; can be either known or unknown to be estimated along with the
other parameters of the model.

The stochastic part is assumed to evolve according to a first-order autoregressive process,
Zit = PiZit—1 + Uit, (2)
or equivalently,
Azip = CiZit—1 + Ui
with the error u;; following a stationary and invertible autoregressive process of order p,
¢i(L)uir = €, ©)

where ¢;(L) =1 — Z]P:l ¢jiL/ is a polynomial in the lag operator L and €;; is an error term

that satisfies the following assumptions.

Assumption 1.
(a) et is independent across both i and t with mean zero, variance 0> < oo and E(e3,) = 0,
(b) % Zi]\il K; — K < 0o, where k; = E(ei)/of,
(¢c) i, Biand ¢;(L) are non-random with the roots of ¢;(L) falling outside the unit circle,

(d) zig, ..., zip are Op(1).
Assumption 2. €;; is normally distributed.

The assumed independence across i is restrictive but is made here in order to make the
analysis of p; more manageable. Some possibilities for how to relax this condition are dis-
cussed in Section 3. Normality is also not necessary. More precisely, while needed for de-
riving the true Lagrange multiplier test statistic, normality is not needed when deriving its

asymptotic distribution. The following assumptions are more important in that regard.

Assumption 3.

(a) c;is independent across i with mean y. and variance w?,



(b) c; and € are mutually independent.

Assumption 4. % — 0as N, T — oo.

The requirement that the mean and variance of ¢; are equal across i is made for conve-
nience, and can be relaxed as long as the cross-sectional averages of these moments have
limits such as p and w?, respectively. However, the assumption that ¢; and ¢;; are indepen-
dent is crucial. Assumption 4 is standard when testing for unit roots in panels. The reason is
the assumed heterogeneity in a;, B;, ¢;(L) and ¢?, whose elimination induces an estimation
error in T, which is then aggravated when pooling across N. The condition that ¥ — 0
prevents the estimation from having a dominating effect, see Section 3 for a more detailed
discussion and for some results when it fails.

Having laid out the assumptions we now continue to discuss the hypothesis of interest.
In the conventional setup when c; is fixed the null hypothesis of a unit root is formulated
as that p; = 0 for all i, while the alternative hypothesis is usually formulated as in Im et al.
(2003). That s, it is assumed that ¢; < 0 for a significant fraction of N, implying that although
some of the units may be non-stationary most of them are stationary.

When c¢; is random, this formulation changes. The null of a unit root now becomes
Hp : pi = 0 almost surely,
which can be written in an equivalent fashion as
Hp:pe = wZ = 0.

A violation of this null occurs if y, # 0 or w? > 0, or both, implying that while some units
may be non-stationary, the probability of this happening is very small. It also implies that
there are not just stationary and non-stationary units, but also explosive units, which seems
like a relevant scenario in most applications, especially in financial economics, where data

tend to exhibit explosive behavior.?

Explosive behavior is also more likely if N is large,
which obviously increases the probability of extreme events regardless of the application
considered. There is also the question to what extent researchers can work with regular unit

root tests without prior knowledge of the location of the roots.

%In Section 5 we consider as an example the housing market of the United States, which has recently experi-
enced a spectacular rise in prices. Periods of hyperinflation and stock markets with rational bubbles are other
examples of applications with possibly explosive data, see for example Nielsen (2008) and Phillips et al. (2009).



In any case, with such a formulation of the alternative hypothesis, we only learn whether
the test is consistent and if so at what rate. Therefore, to be able to evaluate the power
analytically, in this paper we consider an alternative in which p; is local-to-unity as N, T —

0. In particular, the following formulation is adopted:

Ci
VNT’

where ¢; again satisfies Assumption 3. This corresponds to an autoregressive coefficient that

lepi =1+

approaches one with increasing values of N and T. If ¢; < 0, then p; approaches one from
below and so y;; is locally stationary, whereas if c; > 0, then p; approaches one from above
and so yj is locally explosive. In the limit as N, T — oo we see that p; — 0, and hence the
distribution of p; collapses with the mean going to one and the variance going to zero.

The rate of shrinking is given by ﬁ Coincidentally, this is also the rate of consistency
of the pooled least squares estimator of p; under the null, which is going to turn out to form
the basis of our test statistic. Being an estimate of the slope of the mean function, it is logical
to expect that the main effect of the local-to-unity specification of p; is to induce via y. a

non-centrality of the asymptotic distribution of the test statistic.

3 The test procedure

In this section, we first consider the true Lagrange multiplier test statistic, which is based
on the assumption that the parameters of the model are all known. We then show how this
analysis extends to the more realistic case when the parameters are unknown. Finally, we

discuss some generalizations.

3.1 The true Lagrange multiplier test statistic
Define w;; = ¢;(L)(yir — dit), which in the model with a trend can be written as
wir = ¢i(L) (yir — a; — Bi(t — p)) = yir — iy, — wi — Bipi(L)(t — p), 4)
whose first difference is given by
Awip = $i(L)(Ayi — Bi) = Ayi — PjAy; — Aj, )

where p; = ¢;(1)a; + ¢i(L)zip, A; = ¢i(1)B;i and yir = (Yit—1, -, Yit—p ) is the vector of lags

with ®; = (¢y;, ..., ¢pi )’ being the associated vector of slope coefficients. If there is no trend,
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Bi = 0 and so w;; = y;; — Ply;, — pi- In any case, by using (1) to (3),
Awy = cjwip1 + €t (6)
or, in terms of the observed variable,
Vit = Yit — Dwir + ciwip—1 + € = Yir—1 + PiAy; + Ai + ciwie—1 + €i.

Thus, letting F;_1 denote the information set available at time t — 1,

E(yit|Fi—1) = Yir—1 + DAYy, + Ai + pewip—1
and

var(yi| Fi1) = wlwh | +07,

which can be used to obtain the log-likelihood function L of y;, 1, ..., yir. In particular, sup-

pose that €;; is normal, then, apart from constants,

1N
L= 3L

& (%’t—E(yz‘t’ft*l))z
var(y;t| Fi—1)

;i i ((ci—yc)wit71+eif)2_ )

2.2 2
wiws,_q +0;

T
2 1

and that the Gradient and Hessian with respect to s, and w? are given by

N T y
81 Aétéir1
g g e . N
[ &2 ] i—th—;Ll 3((A8)? = 1)&_, ]
and
H — Hn Hp | _ _% i -, A&, ’
Hy, Hx 550 A& 1(2(A)? —1)¢h

respectively, where é;; = w;;/7;. We also show that when properly normalized by N and T
the Hessian is asymptotically diagonal. Thus, if all the parameters but o7 are known, then

the Lagrange multiplier test statistic can be written as
LM = g/(—H) 'g = ALM +0,(1),
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L2 3 o 2
ALM — 81 & _ (E Xy yo Alidie-1) (E Ty a((88)* =)&)
Hu  Hx» BARD DAY 2N Y0 (2(A8)2 = 1) (1)t

which can be interpreted as an asymptotic Lagrange multiplier test statistic.

4

The formula for ALM is very simple and intuitive. In fact, a careful inspection reveals
that the first part is nothing but the Lagrange multiplier test statistic for testing the null that
1. = 0 given w? = 0. That is, the first part is the Lagrange multiplier unit root statistic based
on the assumption of an homogenous p;. The second part is the Lagrange multiplier statistic
for testing the null that w? = 0 given p, = 0.

The formula also reveals some interesting similarities with results obtained previously in
the literature. In particular, note how the first part is the squared equivalent of the panel unit
root test considered by Levin et al. (2002).2 The second has no direct resemblance of anything
that has been proposed earlier in the panel unit root literature. However, it can be seen as
a panel version of the test statistic of Leybourne et al. (1996), who consider the problem of
testing the null of a fixed unit root against the randomized alternative in the context of a
single time series. The test statistic as a whole can be regarded as a panel extension of the
time series statistics discussed in Distaso (2008) and Ling (2004).

Even when €;; is normal the exact distribution of ALM is untractable. In this paper we
therefore use asymptotic theory to obtain the limiting distribution of ALM as N, T — co.
Although this means that N and T must be large for the test to be accurate, it also means that
there is no need for any distributional assumptions like normality.

The asymptotic null distribution of ALM is given in the following theorem.

Theorem 1. Under Hy and Assumptions 1, 3 and 4,

ALM —; X?+ 25—4(;<— 1)Y?,

where X? and Y? are independent chi-squared random variables with one degree of freedom each.
Remarks.

(a) The theorem shows that ALM has the same limiting distribution in both models con-
sidered, and that this distribution is free of nuisance parameters, except for the depen-

dence on «, the average fourth normalized moment of €;. If €;; is normal or if x = 3,

3The first part of ALM can also be regarded as a panel version of the Lagrange multiplier unit root tests
proposed in the time series literature by for example Ahn (1993) and Schmidt and Phillips (1992).



then (x — 1) = 2 and hence the asymptotic distribution of ALM reduces to X> + = Y2,
Thus, normality, or more generally, x = 3 implies a test distribution that is completely

free of nuisance parameters.

(b) It is interesting to compare the asymptotic distribution of ALM with that obtained
by Ling (2004) when testing for a unit root in a first-order autoregressive model with
conditional heteroskedasticity, which can be reformulated as a random coefficient au-
toregressive model. The distribution of this test for cross-sectional unit i without any

deterministic components is in our notation given by

(fOl Wi(r)dwi(r))2+(Ki )(fO de )) ,

fol Wi (r)2dr 2 fo r)4dr

where W;(r) and V;(r) are two independent standard Brownian motions on r € [0, 1].

The asymptotic distribution of our statistic can be regarded as

2 2
(\fZleO dW( )) +(K 1) I (\ﬁlefo de( ))
— m .
N—oo N ZNl f() Zdr N—oo F Z{\Il fO 4d7’

Thus, by just comparing these two distributions, we see that the main effect of sum-

ming over the cross-sectional dimension is to smooth out the Brownian motion depen-

dency for each unit.

(c) The requirement that % — 0as N, T — oo is needed because while ®;, y; and A; are

assumed to be known, 0’1-2 is not and therefore has to be estimated.

Next we summarize the results obtained under H.
Theorem 2. Under Hy and Assumptions 1, 3 and 4,

ALM —y &+yc\/§X+X2+ >

24(K—1)Y

where X and Y are as in Theorem 1.
Remarks.

(a) The first thing to note is that w? does not enter the asymptotic distribution of the test.
The reason for this originates with the rate of shrinking of the local alternative, which is

determined by the normalization of the test statistic. With a composite test statistic like
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ours, unless the normalization of the different parts is the same, the rate of shrinking
of the local alternative is given by the lowest of the normalizing orders. In our case, the
appropriate normalization for the first part of the test statistic is given by ﬁ, while

the normalization of the second part is The rate of shrinking is therefore just

1
VNT3/2"
enough to manifest y/. as a nuisance parameter in the asymptotic distribution of the
first part of the statistic. The normalizing order of the second part, which represents

the test of w? = 0, is higher and w? is therefore kicked out.

(b) The specification of Hy has two effects. The first is to shift the mean of the limiting
distribution of the test. In particular, since ;u% > 0, this means that the mean shifts to
the left as we move away from Hj, suggesting that the test is unbiased and that its
asymptotic local power therefore is greater than the size. The second effect, which is
captured by /2 X ~ N(0,2u2), s to increase the variance of the limiting distribution.

This effect is especially noteworthy as usually there is only the mean effect.

3.2 The feasible Lagrange multiplier test statistic

All results reported so far are based on the assumption that ®;, y; and A; are all known,

which is of course not very realistic. Let us therefore consider using
Dyt = yir — Diyy — pi — Ailt = p) (8)

as an estimator of w;;, where fl; = yp11 — qADQyip — A; with A; and ®; being the least squares

estimators of A; and ®;, respectively, in the first-differenced regression
A]/it = /\j + q):Aylt + €it, (9)

which is (5) with Hy imposed.4 If there is no trend, then we remove the intercept, and
compute @ = Vi — égyit — fli, where fI; = yip 11 — égyip.S The feasible Lagrange multiplier

statistic in this model is given by

N T 5.5 )2 N T 5.2 52 )2
(Ll Timpeo D 1) 12( L Ty ((AG)* = 1))
N T 52 - N T 5 \2454
Yit1 Yi=pi2€iiq 5(R — 1) Kty Limpra(Déit)?6;
4 As shown in Lemma A.1 of Appendix A, under the null hypothesis #;, A; and &; are the feasible maximum

likelihood estimators of yi;, A; and ®;, respectively.
5If in addition there is no serial correlation, then w;; = Yir — fi; with fl; = yi1.

FLM; =

4
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N N AA 1 T A A 1 N T ~ A
where ey — wit/Ui, 0-12 = T—ip—l Zt:p+2(Awl‘t)2 and & = m i=1 Zt:erz(Awl‘t)A}/U';L.

The reason for the subscript 1 is to indicate that the statistic has been computed for a par-

ticular choice of model, and that the limiting distribution depends on it. The asymptotic

distribution of FLM; under Hj is given in the following corollary.

Corollary 1. Under the conditions of Theorem 1,

FLM; —; X*+ Y2

Corollary 2 provides the corresponding result under Hj.

Corollary 2. Under the conditions of Theorem 2,

2
FLM; —y % FucV2X + X2+ Y

Remarks.

(a)

(b)

The first term in the formula for FLM] is just the feasible version of the corresponding
term in the formula for ALM and does not require any explanation. The second term,

however, is not as obvious. In Appendix B we show thatas N, T — co with £ — 0

1 N T R R 1 N T A
NP L L (a)T=1)@1)t = ) L (M) E g top(1) —p 1,
i=1t=p+2 i=1t=p+2

while W N, ZtT:erz((Aéﬁ)z —1)é2 | —4 1/ (k—1)Y, which is the same limit
as for the numerator of the second term in the formula for ALM. The second term
in the formula for FLM); is therefore asymptotically equivalent to % (x — 1) times the

corresponding term in ALM.

As we point out in remark (a) above, FLM; is scale equivalent to ALM. This is very
interesting because typically demeaning leads to an asymptotic bias that has to be re-
moved in order to prevent the statistic from diverging, see for example Levin et al.
(2002) and Im et al. (2003). We also see that the demeaning has no effect on the local
power. This result is in agreement with the work of Moon et al. (2007), who develop a
point optimal test statistic for the null that . = 0. According to their results estimation

of intercepts does not affect maximal achievable power.®

®Unfortunately, the optimality property of the single parameter case does not translate directly to the present
multiparameter case. The problem lies in that optimality for the single parameter case follows from maximizing

power in the only direction available under the alternative hypothesis. In our case we have a power surface
defined over all possible values of y. and w?, and hence there is no obvious direction that should be used to
maximize power.

12



(c) Itis interesting to compare the local power of the new test with the local power of the
Zipar test of Im et al. (2003) and the t} test of Levin et al. (2002), two of its most natural
competitors. As Moon and Perron (2008) show, under H; the latter statistic converges
in distribution to %\/g e +N(0,1). The corresponding result for the former statistic is
given in Harris ef al. (2008) and is shown to be 0.282 ji. + N (0, 1), where %\/g > 0.282,
suggesting that ¢ is most powerful. This can be seen in Figure 1, which plots the power
of all three tests as a function of yc.7 Intuitively, when one-directional alternatives are
considered one-sided tests designed for that purpose should have the highest power.
But when the alternative hypothesis moves in the direction of both p, # 0 and w? > 0,
tests for the joint null hypothesis should have higher power. However, as the figure
shows, except for the case when —1.8 < u. < 0, FLM; is most powerful. The fact
that the new test is most powerful even when the power is taken in the direction of
only y. # 01is due to the rate of shrinking of the local alternative, which dominates the

dependence upon w?, thereby effectively making the test one-directional.

Figure 1: Asymptotic local power as a function of p.
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Although unbiased in the case with a heterogeneous constant, the presence of a trend that
needs to be estimated makes FLM; divergent. The source of this divergence is the numerator
of the first term in the formula for FLM;, which is no longer mean zero. In fact, as shown
in Appendix C, +~ YIRS Wil pi2 Déitbir—1 —p —1as N, T — oo with ¥ — 0, suggesting that
m Zfil Zt:p 1o Aéié;_1 diverges to negative infinity at rate v/N. But there is not only the
mean effect, there is also a variance effect that works through the second term in the formula.
Specifically, the estimation of the trend slope leads to an increase in variance, from 5 (x — 1)
in model 1 to 1 (x — 1) in model 2.

In view of these concerns, a natural candidate for a feasible statistic in model 2 is to use
2

A A 2 A
(Zf\il ZtT:erZ Aéjpéip 1+ %) i (ZZZ\] 1 ZtT p+2 ((Aelt) - 1) Cit— 1)
Y ZtT:p+z &, (S Ep Y pi2(B8i)2E,

However, this statistic has at least two drawbacks. Firstly, quite unexpectedly the usual

FLM, =

practice of removing the nonzero mean of the statistic does not work in the sense that the
asymptotic distribution of the mean-adjusted numerator of the first term of FLM), is degen-

erate. That s,

\/N
Z Z Aéjtéiy 1+ —— (1)
\/_T i=1t=p+2
In other words, the asymptotic null distribution of FLM; comes only from the second term in
the formula. Secondly, and even more importantly, the test has no asymptotic power against

Hj. Summarizing this, we have the following theorem.

Theorem 3. Under Hy or Hy and Assumptions 1, 3 and 4,
FLM, —,; X2
Remarks.

(a) Since the asymptotic distribution under H; is the same as the one that applies under
Hy, the local asymptotic power of FLM, is equal to the size. This stands in sharp
contrast to the results obtained for ALM and FLM;, which have nontrivial asymptotic
power against H;. This difference is a manifestation of the difficulty in detecting unit
roots in the presence of heterogeneous trends, commonly referred to as the incidental
trend problem, see Moon and Phillips (1999). The absence of local power is therefore
not due to the degeneracy of the first term in the formula for FLM;, which might

otherwise seem like a very reasonable explanation.

14



(b) The fact that ALM has nontrivial local power even in the presence of heterogeneous
trends suggests that the problem here is not the presence of trends per se but rather the
estimation thereof. Moon and Perron (2004, 2008), and Harris et al. (2008) consider the
effects of incidental trends when using least squares detrending. Theorem 3 extends

their results to the case of maximum likelihood demeaning.8

(c) Despite the absence of local power, FLM); is consistent against a non-local alternative
in the sense that the probability of a rejection goes to one as N, T — oo for a set of
autoregressive parameters that does not depend on N or T. The rate of the divergence

is v/NT, which is the same as for the Levin et al. (2002) and Im et al. (2003) tests.’

(d) Although ﬁ Zfil ZtT:p 1o A8jlis 1 + g is degenerate, ﬁ Zf\il ZtT:p 19 Ayl 1 +
—VgN is not. However, multiplication by /T introduces nuisance parameters that are
otherwise eliminated as T — oo. It also makes the test dependent upon the distribution

of €;.

3.3 Generalizations

3.3.1 Cross-section dependence

One drawback with the above analysis is that it supposes that the cross-sectional units are
independent, an assumption that is perhaps too strong to be held in many applications.
Accordingly, more recent panel unit root tests such as those of Bai and Ng (2004), Moon and
Perron (2004), Phillips and Sul (2003), and Pesaran (2007) relax this assumption by assuming
that the dependence can be represented by a common factor model. This approach fits very
well with the parametric flavor of our Lagrange multiplier framework, and it will therefore
be used also in this paper.

Suppose that €;; in (3) has the factor structure
eir = Oif; + vy, (10)

where we assume for simplicity that f; = ( fi4, ..., fi+ ) is an known r-dimensional vector of

common factors with ©; = ( 6y;, ..., 8,; )’ being the associated vector of factor loadings, which

8Consistent with the results of Moon and Perron (2008), and Moon et al. (2006) our preliminary calcula-

tions suggest that, although absent under Hj, the new test has nontrivial power under alternatives that shrinks
towards the null hypothesis at the slower rate of ﬁ
9A formal proof of this result can be obtained from the corresponding author.
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are assumed to be non-random.! The error v;; is completely idiosyncratic. Both variables are
assumed to satisfy Assumption 1 with f; being independent of Ay;;. Under these conditions,

(6) becomes
Awiy = ciwiy_1 + Oif; + vy,

which indicates that the feasible maximum likelihood estimator of ®; in model 2 can be

obtained by running the following least squares regression:

A]/,‘t = A+ (I);Ayit + @;ft + Ujt. (11)
The factor-adjusted Lagrange multiplier test statistic is defined in exactly the same way as
before but with @;; given by

t
Wy = yir — Py —pi—Ailt—p) —0; Y £, (12)
s=p+2

where fi; = yip11 — igyip —Ai— @;fr;+1 with &;, A; and ®; coming from the least squares fit
of (11). The asymptotic distribution of this statistic is the same as the one given in Section
3.2 for the case with cross-section independence.

If f; is also unknown, then we proceed as in Bai and Ng (2004), using the method of
principal components to obtain consistent estimates. The trick is to note that under Hy,
Awy = O)f; + vj;, which is a nothing but a static common factor model in Aw;. In other
words, had only Aw;; been known, we could have estimated f; directly by the method of
principal components. However, Aw;; is not known, and we must therefore apply the prin-
cipal components method to Aw;; instead, where @;; is now as in (8). The testing can then be
carried out as before but with f; replaced by its principal components estimate.!!

Once this estimation process has been completed, there is of course no claim of validity of
the resulting test, and we do not prove here that this approach is asymptotically valid. How-
ever, intuition suggests that it should perform well in practice, and unreported simulation

evidence confirms this.

100f course, assuming that the common component enters via the serially uncorrelated error is by no means
the only way in which the factor model can be specified. But it is convenient, see Pesaran (2007) for a detailed
discussion of some alternative specifications.

HThere are two ways to eliminate the effects of the common component, depending on the estimation ®;. The
first is the one described in the text, which amounts to replacing f; by its principal components estimate, and
then to estimate ©; by applying least squares to the resulting first-difference regression. The second approach
is to replace both f; and ®; by their principal components estimates. Unreported simulation evidence suggests
that the first approach performs best.
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3.3.2 Structural breaks

Analogous with the time series statistic studied by Amsler and Lee (1995), the asymptotic
null distribution of FLM, computed under the assumption of a linear trend but no structural
break is unaffected by the presence of a break in the level of y;.

Let D; = 1(¢t > 7), where 1(x) is the indicator function and 7 indicates the timing of the
break, which may be unit specific. The intuition behind the above result follows from the

fact that %Dt = 0,(1), suggesting that the break has no effect on -=@;. Moreover, since

AD; = 0 for all t except when t = T, the effect on Aw;; is eliminatef when subtracting the
mean. The asymptotic null distribution of the FLM, is therefore unaffected.

The problem is that exclusion of the break makes the test biased towards accepting Hp.
Thus, although the break does not affect the asymptotic null distribution of the test statistic,
it does reduce its power. To avoid this D; can be included in the analysis as an additional
deterministic regressor, forming d;; = a; + B;(t — p) + 6;D;, where §; measures the magnitude
of the break. The analysis can now be conducted exactly as before, augmenting (9) with D;
as an additional regressor.

The development of procedures that accommodate breaks that are unknown is of interest

but beyond the scope of the present contribution.

3.3.3 No restrictions on the relative expansion rate of N and T

In applications when N > T Assumption 4 no longer provides a reasonable approximation.
In such cases we need to restrict the degree of heterogeneity that can be allowed. One way
would be to assume that the heterogeneity can be regarded as random noise around an
otherwise fixed mean value. But this induces a dependence on the distribution of the noise,
which then has to be correctly specified. In this section we therefore go all the way and
assume that a;, B;, ¢;(L) and 07 are completely homogeneous across i.

The resulting test statistic is computed as before but with @;; given by
Y / A p ~ .
Dy =y — Py~ P (t—p) = Flt—p—1)]. (13)
j=1

where I = ¥, ; — cb/yp — A with Yy = = P Yip+1 and an analogous definition of y,,.
Here A and & = (431, e cﬁp ) are the pooled least squares intercept and slope estimators

in a regression of Ay;; onto a constant and Ay;,. The homogenous trend slope  cannot be
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estimated directly, but it can be inferred from A and ®. Specifically, by using A = ¢(1)B and
a first-order Taylor expansion, it is not difficult to see that § = A should be consistent

for B.

A ~
(1725‘7:1 ¢])

Replacing 67 with 6% = m YN, ZtT:p +1(AW;;)?, the feasible homogenous Lagrange
multiplier test statistic in models 1 and 2 has the same form as FLM;j, and the asymptotic
distributions under Hy and H; are the same as the ones given in Corollaries 1 and 2, respec-
tively. Thus, imposing homogeneity of the trend coefficient not only relaxes Assumption
4 but also removes the incidental trends problem and the absence of local power in ﬁ

neighborhoods.

4 Simulations

In this section, we investigate the small-sample properties of the new test through a small
simulation study using (1)—(3) to generate the data. For simplicity, we assume that ¢;(L) =
1—¢L a;=pi=1ande; ~ N(0,1).

A total of seven configurations of the autoregressive parameter p; and the drift parameter
¢c; are considered, where the latter is assumed to be generated as ¢; ~ U(a,b). The first
configuration is for analyzing the size of the test, while the remaining six are for analyzing
the power. Three of these are local to the null hypothesis and three are non-local. Specifically,

the following cases are considered:

1. p; = 1forallj;

2. pi=1+ \/CN’ with ¢; = —10 for all ;;

3. pi=1+ \/CN] with ¢; ~ U<_201 0)/

5. pi =1+ ¢; with ¢; = —0.05 for all ;;
6. pi =1+ c; with¢; ~ U(—O.l,O);
7. pi =1+ c;with¢; ~ LI(—O.15, 005)

Note that with this specification of ¢;, yic = 3(a+b) and w? = 5 (a — b)2. Hence, j is

the same in cases 2—4, and also in cases 5-7. The only thing that separates for example case
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1 from cases 2 and 3 is therefore the variance, which goes from zero in case 1 to 33.33 in case
2 to 300 in case 3. This direction away from the null is interesting to consider since in our
random coefficient setting there is not just the mean of c; that matters but also the variance.
The data in all six cases are generated for 5,000 panels with T + 100 time series observations,
where the first 100 are disregarded to reduce the effect of the initial value, which is set to
zero.

For the sake of comparison, the Levin et al. (2002) t§ statistic and Im et al. (2003) Z,,
statistic are also simulated. As explained earlier, both are constructed as t-ratios of the null
that p; = 1 for all i. The difference is that while t§ is based on the t-ratio of the pooled
least squares estimator of p, Zy,, is based on the average of the individual t-ratios of the
least squares estimator of p;. As with the new test, Z;,, is fully parametric with respect to
the serial correlation properties of the data, and hence only requires lag augmentation. By
contrast, t5 not only requires lag augmentation but also semiparametric estimation of the
so-called long-run variance of u;;.

In the simulations the lag length is selected using the Schwarz Bayesian information crite-
rion, which facilitates a data dependent choice. Consistent with the results of Ng and Perron
(1995), the maximum number of lags is allowed to increase with T at the rate 4(T/100)%/°.
To also allow for the possibility of heterogeneous lag lengths, the criterion is evaluated once
for each unit. As for the semiparametric estimation needed for computing t5, we follow
the recommendation of Levin et al. (2002) and use the Bartlett kernel with the bandwidth
parameter set equal to 3.21T1/3,

The t§ and Zy,, statistics can be constructed in two ways depending on the choice of
mean and variance adjustment, which can be either asymptotic or sample-specific. Our test
is asymptotic, suggesting that the most appropriate comparison here is obtained by using the
former adjustments. However, since Im et al. (2003) do not provide any asymptotic results
for their test, tj and Z; are simulated based on the small-sample moments.!2 For brevity,
we only report the size and power at the 5% significance level. Also, since size accuracy is
not perfect, all powers are adjusted so that each test has the same level of 5% when the null

hypothesis is true. All computational work has been performed in GAUSS.!3

12The use of sample-specific adjustment terms is expected to lead to better performance in the simulations,
which is also what we find. The comparison with the Lagrange multiplier test is therefore biased in favor of its
competitors.

13Tn addition to the results reported here, we have experimented with a large number of different parame-
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Consider first the size results for model 1, which are reported in Table 1. It is seen that
among the three tests considered the best size accuracy is generally obtained by using Zy,,,
with FLM; performing only marginally worse. In fact, our results suggest that these tests are
remarkably robust even to quite high degrees of serial correlation, a valuable property that
is not very common. Of course, the accuracy is not perfect, and some distortions remain.
In particular, we see that there is a slight tendency for the test to become oversized as N
increases, although the distortions vanish quickly as T increases. The t} test performs worst
with massive size distortions, even when ¢ = 0 and there is no serial correlation.

The results from the local power of the tests in cases 2—4 are even more encouraging.
Indeed, as Table 1 shows, the new test is almost uniformly more powerful than the other
tests, and this holds even when the power is taken in the direction of only y. < 0, which
is consistent with our asymptotic results on this point, as summarized by Figure 1. We
also see that increasing the variance does not lead to any increase in power, as should be
expected from remark (c) following Corollary 2. Moreover, although there is a small increase
among the smaller values of N and T, the power is quite flat in the sample size, which is in
accordance with our expectations, since asymptotically there is no dependence on N and T.

The poor performance of the ¢} test is due to overfitting, which apparently can cause
drastic reductions in power. This is in agreement with the results of Westerlund (2009), who
shows that the power of tj depends heavily on the choice of lag length, and to an even greater
extent on the choice of bandwidth. The fact that the new test seems much more robust in this
regard is of some importance from an applied standpoint because these are difficult choices.

Focusing now on the non-local power, we see that while FLM; keeps its relative advan-
tage in cases 5 and 7, in case 6 Zy,, is ranked first, although not by much. We also see that
while the level of the power is higher than in cases 2—4, in relative terms the t} test is still
dominated by the others. As indicated in remark (c) of Theorem 3, under the non-local alter-
natives considered here, all three tests diverge at rate v/NT. In agreement with this we see
that increasing values of N and T lead to roughly the same increase in power, and that the
magnitude of the increase is roughly of the expected rate.

Consider next the results reported in Table 2 for model 2. The first thing to notice is the

terizations of the data generating process, including negative autoregressive errors, moving average errors, and
heterogeneous deterministic intercept and trend terms. Except possibly for the usual distortions in the case
with negative moving average errors, the conclusions were not altered. These results are available from the
corresponding author upon request. Some results based on alternative lag selection rules are also available.
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power in cases 2—4, which is almost absent. The theoretical result that the distribution of
the new statistic is the same under the null and local alternative hypotheses implies that the
power should be roughly equal to size, or 5%. Our results are quite suggestive of this. The
results for the non-local alternatives of cases 5-7 are more promising, but the power is still

very low, especially among the smaller values of N and T.

5 An empirical illustration

In a well-functioning market, an increase in demand brought about by for example higher
income should be accompanied by a one-for-one increase in supply, with prices being left
unchanged. By contrast, in a poorly functioning market, demand and supply do not move
one-for-one and therefore prices rise. This is presently the situation in many housing markets
around the world. In the United States, prices have grown so fast that it has raised fears of
speculative bubbles with real prices moving away from real income.!*

This development is illustrated in Figure 2, which plots the cross-sectional mean, range
and normal 95% confidence bands for the log of the price-to-income ratio for 49 states be-
tween 1975 and 2003.1> As can be seen, the ratio first increased but then in the early 1980’s,
a period largely consistent with the NBER business cycle peak of January 1980, it started
to decline, levelling off in the early 1990’s. The sharp increase in the end of the sample is
consistent with the NBER peak of March 2001.

Figure 2 suggests that if the absence of speculative bubbles is to be interpreted as a mean-
reversion of the price-to-income ratio, then there is little evidence to support it. It is obser-
vations like this that have recently led many researchers to question the health of the United
States housing market. One such study is that of Holly et al. (2009), in which the authors
deduce evidence of a stable long-run one-to-one relationship between prices and income,
suggesting that the market is actually in good health. However, their unit root test is based
on the assumption that the data are integrated of at most order one, which naturally raises

the question of how the conclusions hold up in case of a violation.!

14These concerns culminated with the eruption of the sub-prime mortgage crisis in mid-2006, which have lead
to plunging property prices and a slowdown in the United States economy.

15The data are taken from Holly et al. (2009), and include for each state the real house price and income, which
are both transformed by taking logs.

16Preliminary evidence at the state level indicates that the fully stationary alternative is inappropriate. Take
for example prices, for which the estimated first-order autoregressive coefficient can be as high as 1.17 for some
states, suggesting the presence of explosive behavior.
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Figure 2: The cross-sectional mean of the price-to-income ratio.
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In this section, we try to shed some light on this issue by reevaluating the results of Holly
et al. (2009) based on the new test. The appropriate number of lags to use is determined as
in Section 4, using Schwarz Bayesian information criterion. Because the of the strong co-
movement in the data the test is implemented while allowing for up to four common factors
with the exact number determined using the IC, criterion of Bai and Ng (2002).1” Most of
the price and income series also seem to be trending, implying that model 1 with only an
intercept might not provide an accurate description of the data. The approach taken here is
very simple and is based on using the Ayat and Burridge (2000) approach to determine the
significance of the individual trend slopes. Only if the zero slope hypothesis is accepted for
all states do we conclude that model 1 is appropriate. The results suggest that for a majority
of the states the zero slope hypothesis must be rejected. We therefore focus on model 2, but
include the results for model 1 for comparison.

The results are presented in Table 3. In agreement with the findings of Holly et al. (2009),

we see that the factor-adjusted test is unable to reject the unit root null at the 5% level for

17In addition to using the principal components approach of Bai and Ng (2004) to estimate the factors we tried
the cross-sectional average approach of Pesaran (2007) with very little differences in the results.
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prices and income in their levels, but not in their first differences. The fact that the unad-
justed test always rejects is not totally unexpected given the well-known size distortions of
so-called first-generation panel unit root tests in the presence of unattended cross-section de-
pendence. The results for the price-to-income ratio, which also agree with Holly et al. (2009),
show that the variable is trend-stationary, suggesting the presence of a stable long-run one-

to-one relationship between prices and income.

6 Conclusion

This paper has developed a new procedure for testing the null hypothesis of a unit root
in panels where the heterogeneity of the autoregressive coefficient can be assumed to be
random across the cross-section. This is quite important since in most, if not all, related
work, whenever heterogeneity is allowed, it is assumed to be non-random. This means that
each individual coefficient has to be estimated separately, leading to excess variation in the
test. The purpose of the current paper was to device a test that exploits the information that
under the null hypothesis of a unit root, when a random approach is used, the autoregressive
coefficients have unit mean and zero variance. This led us naturally to the consideration of
the Lagrange multiplier, or score, principle.

We have shown that with individual constants, the proposed Lagrange multiplier test
has power in a local neighborhood that shrinks towards the null hypothesis at rate ﬁ The
limiting distribution of the new test statistic is chi-squared and therefore no special table is
required to compute p-values. We have also shown that in the presence of heterogeneous
trends that have to be estimated, although still consistent against non-local alternatives, the
local power of the test is equal to the size.

Finally, we have provided simulation evidence that supports our theoretical results. In
particular, we have shown that when no estimation of deterministic trends is necessary the
new test has good size accuracy and excellent power in comparison to other tests. When

such estimation is necessary, the test typically has no power beyond size.
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Appendix A: Derivation of the true Lagrange multiplier statistic

In this appendix we derive the true Lagrange multiplier statistic. For brevity, the results are

only provided for the case with a trend, which is the most general deterministic specification

considered.

Lemma A.1. Under Hy and Assumptions 1-3 in the model with a trend the maximum likelihood

estimators of 02, p;, A; and ®; are given by

1T2

T -1 7
d) & = ( Y. (Ayi — AY,) (Ayi — AYi),> Y. (Ayi — AY,) (Ayi — AF;),

t=p+2

where Ay; = T%;J—l Zthp 1o Ay with an analogous definition of Ay;.

Proof of Lemma A.1.

Consider (a). With the trend specification of d;,

¢i(L)yip+1 = ¢i(1) (i + Bi) + pigpi(L)zip + €ip11

fort=p+1,andfort=p+2,..,T,

¢i(L)yir = (1—p))¢i(L) (i + Bi(t = p)) + pichi(L) (Yir—1 + Bi) + €ir-

Under Hj these two equations reduce to

¢i(L)yip+1 = ¢i(L)(ai+ i +zip) +€ipr1 = Wi +Ai + €ipi1,

¢i(L)yie = ¢i(L)(Yie—1+ Bi) +e€ir =

$i(L)yi—1 + Ai + €ip.

Moreover, under Hy the log-likelihood function in (7) reduces to

T—p & 181 &
i=1 i=1Yi t=p+1
Clearly,
AL Ty, 1
907 207 20} t=p+1 "

(A1)
(A2)

(A3)



which can be put equal to zero, and then solved for 07, proving (a).

Consider (b). By imposing Hy and then concentrating with respect to 07,

T—ph, o T—p ( 1 L 2)
L= ——")Y In(07) = ———) In| —— € |, (A4)
2 ; : 2 ; T_pt:p+l t

where, making use of (A1) and (A2),

T T T
2 2
Yoo =€t Y e = (piLyipr1—pi—Ai) + Y (¢i(L)Ayi — )"
t=p+1 t=p+2 t=p+2
It follows that
oL 1
a = g(‘l’i(L)]/ipH —pi —Ai),
i i
implying ji; = ¢i(L)Yips1 — Ai = Yipr1 — Piyip — Ai.
Moreover, since €;,,1, and therefore also eizp 41/ is zero when evaluated at y; = fi; and
0'1-2 = (Tiz,
oL 1 <
—_ = = (qb-(L)Ayf _)\.)/
o\ (7i2 t;ﬂ i i i

giving A; = T%P*l ZtT:p 12 ¢i(L)Ayir = Ay; — PAyY,, which establishes (c).
Similarly, by using Ajin place of A;,

T T T
Y& = Y (@Daya—A)" = Y ((Aya—AF) — @j(Ays — A7),
t=p+1 t=p+2 t=p+2
and so
oL 1 < , ,
== = =5 ) ((Ayi — Ayi) — Di(Dyir — Ayi)) (Ayis — Ayi)',
0P, i t=p+2

from which we deduce that

T 1o
D; = ( Y (Ayi — Ay;)(Ayi — AYJ') Y. (Byir — AY)(Ayie — A).
t=p+2 t=p+2
This establishes (d) and hence the proof of the lemma is complete. n

Lemma A.2. Under the conditions of Lemma A.1,
oL N

T
(a) = Z Z A&itCit—1,

O i=1 t=p+1
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(c) ai}Lg = ;lit_él ((A&y)* =1)& .,

@) (BEZ;)Z N _;z_ilt—él (2820 = e
© sunez = L, X Ml

Proof of Lemma A.2.

We prove (a). The proofs of (b) to (e) follow by similar arguments.
From (7),

oL i i ((ci = pre)wis—1 + €ir) wis—1
e Hi5h wiw,_y + 07

By dividing both the numerator and the denominator by ¢?, and then imposing Hy, we

obtain

T
Z Aejrejr 1,
t=p+1

™=

N T i it ) Ci SIS
Z Z Vc)elt 1+€”)elt*1 = Z Z €itlir—1 =

2,2
aVC i=1t=p+1 wgey_q +1 i=1t=p+1

Il
—_

where e; = w;;/0; and ¢;; = €1/0;. The required result is obtained by concentrating the

above expression with respect to 7. n
The Lagrange multiplier statistic is defined as
LM = g/(-H) 'g, (A5)

where by Lemma A.2,

oL 2L 9L
< T e H — Hy1 Hyp | On)?  pcdw?
g = = oL | = Hv H = 9L 9L :
&2 32 12 22 dw?  (dw?)?

We now show that when properly normalized H is asymptotically diagonal, which yields

the desired result after substituting for g and H in (A5). Let us therefore consider

IM = — (G 'g)'(G'HG™) (G g),
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where

G — VNT 0
- 0 \/NTS/Z
is the normalizing matrix. The off-diagonal element of G"'HG ! is given by
I IR M R 3 SR
Hyp = — Aevité't_l = — Wi €S 1
NT>/2 NT>2 5 t=p+1 l NT>2 o t=p+1 Y
_ 1 o R
= Nt
Where HO - ZN ZT E; S3 R = # ZN ZT (wz — 1)8 53 w: = 2/6—2 and
12 i=1 Lut=p+1 EitSjt 1 NT5/2 &mi=1 fut=p+1\%j 1#2it—17 ir7i

t
Sit = Zk:p+1 Eik-

Consider Hy,. Since ¢; is independent of s;;_1 as well as across both i and ¢,

1 . 1 N T
Nrsz b)) = e Z;tX;lE(Eit)E(S?H) = 0.
i=1t=p

Also, by a functional central limit theorem, %sit,l = Op(1), which in turn suggests that a

central limit theorem should apply to ﬁ P ZtT:p 1¢S5, Hence,

1 1
NT5/2 Hy; = Oy < /_NT)
and by the Cauchy-Schwarz inequality;,

1 i i 2 3
R = —=75 (wi —1)eis;_q
NT/2 = S Z

) 1/2
1N

Rl R A T 1
2 2 3 _
< [N ) (wf—1) ] Nl; <T5/2 )3 8itsitl) = 0p <T> ’

i=1 t=p+1
where we have made used of the fact that w; — 1 = O,(1/ V'T), as follows from a first-order
Taylor expansion of the inverse of 72, which is such that
T

1 1

w2 2 2

o = -/ € =0°+0 <> (A6)
' 1 p t=p+1 ! Z 8 \/T

2, meaning that ¢ is not only consistent

In fact, we even have E(072) = ﬁ ZtT:pH E(e2) = o

but also unbiased.

It follows that

1 1 1
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proving that the Hessian is indeed asymptotically diagonal. Lemma A.3 further shows that
minus the Hessian for (71-2, ui, A and ®; tends to a positive definite matrix, verifying that (“712,

i, A; and &; maximizes the log-likelihood function.

Lemma A.3. Under the conditions of Lemma A.1, as T — oo

_(G*)—lH*(G*)—l — HO > 0,

where
[ 9’L 9°L 9’L 9°L 7
@22 7o a0tk a0k (ad;) VT 0 0 0
9*L 9’L 9*L 9’L 0 1 0 0
H* _ a]/lzaﬂ'z (ay,)z Byla)x, a]/l,(aq)l), G* —
- ?L ?L °L L ’ - 0 0 VT 0 ’
oA002  OAOu;  (9A)Z 0A;(0D;)
2L 2L 2L 2L 0 0 0 VT
B ad)iaaz 8<I>,E)y, 6<I>,8/\l 8®l(ad>z)’ i
M1
7 00 0
010 0
H° =
0 01 0
| 0 00 0'1-2COV(Aylt)

Proof of Lemma A.3.

From the proof of Lemma A.1 we have that when evaluated at (Vfl-z, T, A; and ®; minus the

Hessian becomes
3(T=p) 0 0 0
T | 0 1 1 o7yl
o} 0 1 T—p-1 (T — p — 1)Ay;
0 7y 0HT—p—1)Ay, 2L p+2(Byie — BY;) (Byir — Ay;)'
1
= —G'DG,
o}
where
-4 o 0 0
1 1 /
D = O } @4’1 ) f +Z
0 VT 1= "5 i (1 o 7)AY1
0 Loy, F2(1-EAy, & Ayis — AY,) (Ayi — Ay,
vl Yip o7 ( Ay L p+2(Byie — Ay;) (Ayir — Ay;)

Note that G* > 0. Thus, by using the results of Abadir and Magnus (2005), if we can show
that D > 0, then —H* > 0. Towards this end, note that D — H® as T — oo, where cov(Ay;;)
is a diagional matrix, which implies det(cov(Ay;;)) > 0. Hence, because all the leading

principal minors of H® are positive definite, H° > 0. n
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Appendix B: Asymptotic properties of the true Lagrange multiplier
statistic

Proof of Theorem 1.
Write
. 2 . 2
(T o1 Al 1) N (T T pn (A8 = 1), )
A ZtT—p+1 & 25, ZtT:PH (288 = 1)&,_,
2 _ 2
(2 -1 Zt p+1 Wi€itSit— 1) (Zzz\il ZtT:pH wz‘z(ezz't —w; 1)512t—1)

- n — 1411
N N T ) ’
Y1 Zt:p+] wlslztfl 2Y it Yi—pi wzg (2512.t —w; )S;Ltfl

ALM =

where w; and s;; are as in Appendix A.

Consider I, which we write as

2
1 N T o a.
(\/NT 21:1 Zt:p+1 wlsltslt—l> B ]12

1 N T <2 o /
NTZ Zi:l Zt:p+1 wlsl‘t,1 Iz

where [} = I + Ry with I] = \FT Z 1Zt p+1 EitSit—1 and

N T
Ry, = — Sip_
1 \/— Zizg EitSit—1

N 1/2 27172
o] Tt T o

which goes to zero if ¥ — 0as N, T — co. It follows that I; is asymptotically equivalent to

IN

I7, whose expectation is given by

E(F) = e

NT! i E(Sit)E(Sit—O — 0.

t=p+1

M=

I
—_

The computation of the variance is simplified by noting that as T — oo

1
= Z EitSit-1 —w /0 Wi (r)dWi(r),

t p+1

where W;(r) is a standard Brownian motion on r € [0, 1]. Thus, by the continuous mapping
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theorem,

var(l{) — E

N 1 1 1
_ NZ/O E(Wi(r2)E(dW,(r)?) = /Ordr: >

where the second equality follows from the fact that E(dW;(r)dW;(u)) = 0 for all i # j and
r # u, while the third uses E(W;(r)?) = r and dW;(r)? = dr.

Define X; = % ZtT:p 11 €itsit—1, which is independent across i with mean zero and vari-
ance var(X;) = O(1/N). Therefore, according to Theorem 2 of Phillips and Moon (1999), if

we can show that for all 6 > 0,
a 2
N}le_)oo;:l E(XZ- 1(]X;] > (5)) =0,

where 1(x) is the indicator function, then Y~ ; X; —; X ~ N(0,1) as N, T — oo.

To verify this condition we make use of the Cauchy-Schwarz inequality, which yields

E(X?1(|Xi] > 6)) < \/E(XHEQ(IX)| > 6))

E(R1(X] > ) <

=
| =
M=
™
<
=
<
IA
(SR
PR
™=z
™
2
N
N——
.
N
PR
™=z
™
>
>
N——
=
N

I
—_
Il
—

|
o
A~

m>

Therefore, since the above condition holds, as N, T — o
1 Y 1

L = — Xi —5 —

V2 ; VG

which, via the continuous mapping theorem, gives (I7)* —,; 3 X2.

: o_ 1 ¢N T 2
Consider I; = 7 Y21 Li—p415i;_1- As T — 00

X, (A7)

1
T2 Z Szt 1 —"w /0 Wi(7)2drr

t=p+1

32



and therefore
1 g 1

E(I7) — = = .

() = 2/ fy i =3
Thus, by Corollary 1 of Phillips and Moon (1999), if - Zt p+1 s2_, is uniformly integrable
in T, then I5 —, § as N, T — oco. But = 7 Zt:pﬂ $% 1 —w fo :(r)?dr, and therefore uniform
integrability is a direct consequence of

1 & ! 2
E ﬁZSiH T2 ZE it-1) —’E</ Wz‘(”)d”>/
t=p+1 t=p+1 0

see Appendix C of Phillips and Moon (1999).

Hence, because I, = I; + Ro, where

1 N T )
Ry = 2 i_zlt_;l(wi —1)si
1/2
< [1 %(wi - 1)2] b L ﬁ ( . i Szt—1>2 = Op <1> ’
N5 N = therll VT
by Taylor expansion and then passing N, T — co with % — 0, we obtain
I = g = (111;)2 +op<‘/\/§> —4 X2 (A8)

Next, consider 11, which can be written as

2

1 N T 2(:2 —1\.2
i (st/z Yit1 Limp1 Wi (€5 — W >Sit—1> I
= 2 N T 3(n2 1\ 4 - .
N3 Lim1 Lt=p 41 W; (2¢5, —w; sy 4 211

By the same steps used for evaluating I;,
N T

= ek E oo () <m0 (),

i=1t=p+1

implying that II; is asymptotically equivalent to II7 as N, T — co with % — oo. In order
to compute the mean of this quantity note that by the unbiasedness of 07, E(e — ¢7) = 0,

which in turn implies that

N T
E(I) = 722 Y E(ef, — w; )E(sf_1) = 0.
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The computation of the variance is simplified by rewriting 117 in the following way:

1 & v o2 (2 1 - o
Iy = \/NT3/2Z Y (e —w ) Sit1 T T Y Sk

i=1t=p+1

1 X 1 & VN
= N (e —1) (51'215—1 -7 L S%k—l) +0p <)
NT>= (3= k=p+1 VT

which uses deviations from means. Note that

1 & oo 1 ¢ ! 2 2 1 ¢ 2 2
ar ) (e.k—1)> = = Y Y E((eh—-1(e5—-1) = = Y E((ex—1)7%)
<ﬁk—p+1 : Tk:p+1t:p+l l ! Tk:p+1 :
1 & 4
= 7 (E(e) —1) = xi—1,
k=p+1
suggesting that

1 t
T k_;ﬂ(szzk =1) —w Vri—1Vi(r)

as T — oo, where V;(r) is a standard Brownian motion that is independent of W;(r), see

Lemma A1l of McCabe and Tremayne (1995). It follows that

X (M Ly s%“) o VR [ (W2 = [ i) avic)

t=p+1 k=p+1

from which we deduce

var(Il]) — E

/OlE[<Wi(r)2—/olwi(u)2du>2] dr = / dr—E[</1Wi(r)2dr)2]
_ / dr—// (u)?)drdu.

By using the moments of Brownian motion,
1 1
/ E(W;(r)Hdr = 3/ rPdr = 1,
0 0
1,1 1,1 1 fr
/ / E(Wi(r)2Wi()2)drdu = / / (ru+ 2min{u?,*})drdu = 2 / / (ru + 2u2)drdu
0 Jo 0o Jo o Jo
7 (1, 7
= 5/0 rodr = Y
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and therefore
N

. 5 1 5
var(ll]) — ﬁleflgloﬁz( Ki—1) = 5(c—-1)

as N, T — oo. The results for the mean and variance of I}, together with Theorem 2 of
Phillips and Moon (1999), yield II; —, 15—2(1( —1)Y as N, T — oo with % — 00, where
Y ~ N(0,1), implying (II7)* —; 3 (x — 1) Y2

As for I, note that

1 & L _
L, = WZ Y wi(2ef —w;i sk,
i=1t=p+1
Ly y Y
= w; (&5 —w; )sh 1 + w}eGsh
NT? i=1t=p+1 Y Z l NT31 1t=p+1 F
= 1Niw38254 +O<1> ZZSS <1>
= 73 j €itSit—1 v\ =] — $Sit—1 + =
N =, S VNT NT31 Tt VT
1
= II5+0 ),

where the last equality follows from the fact that Il = O, (1). But
T3 2 E4Si_1 —w / W;(r)*dW;(r)* = / Wi (r)4dr

as T — oo, suggesting that by Corollary 1 of Phillips and Moon (1999), as N, T — oo

1 1
115 —, /O E(Wi(r)*)dr = 3 A r’dr = 1.

Consequently,

Ir? (I15)?
II=_-t=>-40
21 2115 * ’7(

S5

5
-1)Y? A
) =i gle-1 (A9
as N, T—>oowith¥ — 0.
It remains to show that X2 and Y? are independent. Define

LN, fy Wir)dwi(r) VBTG TN fo Wilr)2dvi(r)
Xy = Yy =

7

VEIN, Jo Wilr)2ar EEN Wiy

such that X5y —; X and Yy —,4 Y as N — oo. Hence,

5
- 2 _ 2
ALM —y, Z\lllrrloXI\,—i— 24(1( 1) hm YN

N—o0
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as N, T — oo with % — 0. By Corollary 5.3 or Park and Phillips (1988), X? and Y? are
independent such that their sum is chi-squared distributed with two degrees of freedom.
But W;(r) and V;(r) are independent for all i and j, and therefore X3, and Y3 are also inde-

pendent. The proof is completed by noting that the independence is preserved as N — co.

Proof of Theorem 2.

By combining (2) and (3) we get

Wit = p147z le+ Z P elkl
k=p+1

which, via Taylor expansion and insertion of p; = 1 + \/7T, can be rewritten as

1 1 1 ci
—wy = —= €ix + —=¢i(L)zip + — L)z, + +0,(1)
\/T it \/T k:;rl i \/T¢Z ip /—NT ip . ;1 p

1 ¢ 1 1
= — €x+0,| —= | +0 ()—i—o 1). A10
VT (77) vor(Gx) o0 (A0
Hence, just as under H), if we assume that N, T — oo, then ﬁelt —u» Wi(r). But we also

have Ae;; = (p;i — 1)ejs—1 + €1, from which it follows that

(Aeit)z = <(pl - 1)eit—l + Sit)z = (Pz - 1) € q + 2(p 1)6#_18# + S%t
2

= NT2 lt 1 +2\/NTEZt 1€t +s,t
Hence,
=L (Gakn = Y (6 3 i
— Aeik -1 = 6 ik—1 +2— €ik—1€ik
VT k=p+1 k=p+ NT5/2 Kt ! \/_T3/2

t

1
= \/— ; Z % 1)+ OP (\/ﬁ) —w VK& —1Vj(r) (A11)

HHS‘

as T — oo, and by a similar calculation,

1 r 62 loft
) 2
g = — (Awy)® = wt 1+27 Wi—1€it + = €5
l T_pt*pwtl l NT3t;—2 l VNT? t;—Z t;—Z
1 1
= = €5+ 0, < > = 0?40 <) (A12)
t;z it \/NT 1 p \/T

Equations (A10) to (A12) imply that the asymptotic results obtained for (I})?, I, (II])? and
113 under Hy apply also under Hj.
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Let us therefore decompose ALM into [ = and Il = H , where Il, L, I 12 and I, are

the relevant numerator and denominator terms. We begin by considering I, where

1 N T
Il = Z Z Aetet 1 = 72 Z W‘AE'te‘t,]
\/_Tl 11= p+2 o VNT 354 o
- ﬁ Y Aeiteit—1+op<m>
\/—Tl 1t=p+2 \/T
1 Y2 VN VN
= — —1)ed_y +eir_1€it) +O () = R+ +0 ()
onT &, B, (o Vet tensea) 2 0n () = a1 0 (7
where [7 is as in the proof of Theorem 1, while
E(R;) ! Ni E(c;e? = u EZE _)Vc
1) = g7m2 1) c 1) DX
NT? i=1t=p+2 l NTZ: 1t=p+2 ‘i 2

which, via Corollary 1 of Phillips and Moon (1999), gives Ry —p % as N, T — oo. Also, from
the proof of Theorem 1, I7 —, % X, giving

o] N (o] (e} N
= (R1+11)2+op<\/_vT) :R§+2R111+(11)2+o,,<¢_”T>
2
He | He 1o
4+\/§X+2X'

But we also have that I, —, % as N, T — oo with % — 0, and so

2
I -, % FueV2X + X2 (A13)
Next, consider I, where
1 N T 5 )
I = —— Aé;)s —1)eés_
1 \/NTG/Z ;t:;Lz(( lf) ) it—1
1 N 2.2 2 1NY,,.2,2
= WZ Y. ((or = 1)%efiy +2(pi — De—reir — (e§ — w; ') wieg_
i=1t=p+2

= Ry+Ry+1II].

From the proof of Theorem 1 we know that II{ —4 /5 (k—1)Yas N, T — co with ¥ — 0.
Also,

Ry = c2w284t 1= ()
2
R, = cwetlst—O <>
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Part I, can be written as

1 1
I = —= A&;)?E,_1 + Oy <>
NT? gt §+z e VNT
1y 2V, 3 4 1
~ NT3 ; o ((Pi —1)%¢; 1 +2(p; — 1)ej—1eit + e )wieh_q + Oy (ﬁ)

where II; —, 1, while

1
N2T5 ;tgﬁ Wit NT

2 1
Ry = WZ . cutel e = 0, ()

1t=p+2
Thus, by Taylor expansion,
I1? (I19)? 1 5
n=-1t=240,(— —(k—1) Y~ Al4
1L ;O (\/_NT> —d (k=) (Al4)
which, together with (A13), establishes the required result. |

Appendix C: Asymptotic properties of the feasible Lagrange multi-
plier statistic

Lemma C.1. Under the conditions of Corollary 1 and in the model with a trend,
t

(a) @y = ), (i —&)+0p(1),

k=p+1

N 1
(b) Awl't - 6it+Op (ﬁ),

- _ 1 T _
where €; = T=p=1 Zt:p+2 €it.
Proof of Lemma C.1.

We begin with (a). From (8) and Lemma A.1,

A,

Wi = yir — Dy, — i — Ai(t—p)
t
= ) e — (&= @)y, — (i — ) — (Ai = Bighi(L)) (¢ = p)



where the last equality uses the Beveridge-Nelson decomposition of ¢;(L) as ¢;(L) = ¢;(1) +

¢; (L)(1—L).
Consider A;. From (A2) we have that ¢;(L)Ay;; = A; + €y, or

Ay = DAY + Aj + €t (A15)

Hence, (Ay; — Ay;) = ®i(Ayi — AY;) + €ir — €;, which is a stationary regression with asymp-

totically exogenous regressors. It follows that as T — oo

T -1 7
D, = <I>i+< ) (AYit_AYi)(AYit_AYi),> Y (Ayi — Ay;) (eir — &)
t=p+2 t=p+2

1
®,+0 ()
1 p \/T
Hence, since €; = Op(l/ﬁ),
Ai = Ay, — DAY, = A — (& — @) Ay, +& = Ai+op<

).

. . A ) A 1
fi = Yipr1 — Qiyip —Ai = pi — (D = @) yi — (Ai = Ai) = pi+0,p (T) :

35l-

A similar calculation reveals that

By putting everything together,
t

Wi = Y (e —€)+0p(1),
k=p+1

where we have made use of the fact that Z,t{:pﬂ € — (A —A)(t—p) = Z,t(:pﬂ(eik —€)+

0,(1). This establishes (a), and by similar arguments,
N 2/ 3 2 ! 3 1
Ay = Ayip — DAy, — Ai = €ir — (Pi — @) Ay, — (Ai = Ai) = en + 0y () ,
which establishes (b). |

Note that if there is no trend in the model, then (A; — A;)(t — p) drops out in the equation
for W;;, and therefore so does €;. Hence, Z,t(:p +1(€ix — €) reduces to Z,t(:p 41 €ik-

Note also that since the feasible maximum likelihood estimators converge to their un-
feasible counterparts, and since €;,,1 is zero when evaluated at the unfeasible estimators,
observation t = p + 1 can be disregarded when forming the feasible Lagrange multiplier

test statistic.
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Proof of Corollary 1.

This proof follows by a simple adaptation of the proof of Theorem 2. We begin by writing

the test statistic as

2 2
(\FTZ 121‘ p+2Aeltezt 1) 24(NT3/2Z 121‘ p+2 ((Aé )2_1)éz'zt 1)

+
NTZZ 1Zt p+2312t 1 5(k — )NT3Z 1Zt p+2(Aelf) 2é} -1

5 24 1B 24
= 14— =14 I
L 5k - 1) I MY

FLM;

with an obvious definition of Iy, I, Il and 1.

Consider I;. By Lemma C.1,

\ 1 & . 1 1

which we can use to obtain

1 &L VN VN
L = Néjiéyy_1 = StS'tfl—FO () =140 <)
WTZZL;Z o WTZEU%Z” PAVT POUVT

where the second equality uses the same trick as in the proof of Theorem 2, and where I} is
the same as in that proof.
Similarly,
—Lﬁi _lyya +o<1>—1°+o<1>
= jt—-1 = it—1 =] = L v\ =)
NT? i=1t=p+ ‘i NTZ: 1t=p+2 l \/T \/T

where I3 is the same as before. It follows that

(IIOO)2 10, <¢g>

as N, T — oo with ¥ — 0. But the same steps can be applied to show that I —4 5 (x

I =

—)d X2

1) X2. The proof is completed by noting that & = x + 0, (1). |

Proof of Corollary 2.

We omit this proof in the paper. The required result is obtained by adapting the proof of
Theorem 2 in the same way as the proof of Theorem 1 was adapted to establish Corollary 1.

Proof of Theorem 3.
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Consider first the case when Hj holds. Write

(e oI prattitin +3F) | (ghon B (0407 )
VNT —i=1 tt=p+2 SCitCit—1 2 " VNT3/2 &i=1 Lut=p+1 it it—1

FLM, =
N
W Zi:l Zt:p-‘,—Z 6%_1 (K - 1) NT3 Zle Zt p+1 A Cit zt 1
2 1 I _ 1
L #—1I1L f—1

Let gjs = Z,t(:p +1(&ix — &). By using Lemma C.1 and the technique of Theorem 2,

1 N T VN \?
Yoitq Ytpi2 Eit8it-1 T Y5 N )2 NG
,_ (Gt ) +0p< N> SCY +OP< N>f

L

VT VT

where ¢% = (gir—1+ Agit)*> = g% _1 + (Agit)* + 281108 with it = Sip+1 = 0, giving

T N T 2
NTZ i1 Lb=p+2 8it—1

L 1 2 2 1 L 2 1 g 2
Y Si1Bgi = (8 —8h) =5 L (M) = —5 Y (Agu)”
t=p+2 t=p+2 t=p+2

But Agiy = €;; + Op(l/\/T) and hence

1 a g N 1T VN (VN
I = it8it-1t+ —F— = —F—= Agit&it—1+ ——+0 <>
x/‘zzwzﬂ 2 f¥_§ 2 PA\VT
1

NT
_ 1 1 N T B £
= avnr g, L (Gs oz
1 1 N T

- amr kLG UEo (ﬁ) :OP(@'

: 1 v T 2
which uses the fact that 7}, €5 —p las T — oo.

Moreover, note that ﬁgit_l —w Wi(r) — rW;(1) with £ — ras T — oo, and so

th;f gi-1) = /OlE(Wi(r)z_z”Wi(r)Wi(l)+1’2Wi(1)2)dr _1

where we have used that E(W;(r)?) = E(W;(r)W;(1)) = r, and E(W;(1)?) = 1. Hence, by
Corollary 1 of Phillips and Moon (1999),as N, T — o

N

1 T 1
Ni _; ztl_’p 6

from which we deduce that

I = o0,(1) (A17)
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asN,T—>oowith¥—>0.

Next, consider 11, which we write as

2
N T ~1
(\/ﬁlTa/z’ Yt Yi—p+1 (e —w; )81%71) VN (117)? VN
I = T N T 2 4 +Op = e +Op :
N3 Lim1 Lt=p+1 €irSit—1 VT 2 VT
Since (VTI?- is unbiased,
LT Y e
Iy = )E(g5-1) = 0.
T3/21 1t=p+1 l

The variance of II] can be computed in the same way as in the proof of Theorem 1. We

begin by rewriting II; in terms of mean deviations, which gives

. 1 N T
Iy = \/NT3/2Z ). (€5 — (gzt 17 Z S 1)

i=1t=p+1 k p+1

s \/_2’/ /< r) — rWi(1))2 /Ol(Wi(u)—uWi(l))zdu>dVi(r)

as T — oo, and therefore
N

2
var(l) — Y05 -1) [ E [((wim (1) - [ (W) —uwi<1>>2du) ] dr,

i=1

where

[ (00— = [ o) ar = [ 0w0) )
- </01(W,-(r) - rWi(l))zdr)2.

The expected value of the first term on the right-hand side is given by
1 1
/ E((Wi(r) — rWi (1)) dr = / E(Wi(r)* — 4rW; (13 Wi(r) + 6r2 Wi (1)2W; (r)?
0 0

— PW()Wi(r) + AW ()Y dr = %
where we have used that E(W;(1)3W;(r)) = 312, E(W;(1)W;(r)3) = 3r, E(W;(1)>W;(r)?) =
r+ 2r% and E(W;(1)*) = 3. The second term can be expanded as

2

( /Ol(Wi(r)—rWi(l))zdr> — / / u)2drdu
~ 4w //rW 2drdu+3W(1) /Olwi(r)zdr
+ //ruW drdu—§W(1) /Olrwi(r)dr
+ §Wi(1)/
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where we know from before that the first term on the right-hand side has expectation

Moreover, since

E(W;(r)W;(u)®) + E((Wi(1) — W;(r))Wi(r)Wi(u)?)

+ E((Wi(1) — Wi(u))Wi(r)Wi(u)?)

= E(W;(u)*) +E((Wi(r) — Wi(u))*Wi(u)?) = ru+2u®

E(W;(1)W;(r)Wi(u)?)

ifu <rand
E(Wi(1)W;(r)W;i(u)?) = E(W;(r)*) +3E((Wi(u) — Wi(r))*Wi(r)*) = 3ru

if r < u, we obtain

/1 rE(W;(1)Wi(r)W; (u)?)dr = /01 r </r(ru + 2u?)du +3/r1 rudu> dr = %,

0 0
and by a similar calculation, f01 fol ruE(W;(1)*W;(r)W;(u))drdu = 35. But we also have

[ @R = [ (W)~ W) P i)

1 1 1
/rE(Wi(l)SWi(r))dr = /rE(W,'(l)zWi(r)z)dr = /r(r+2r2)dr =1,
0 0 0
from which we obtain
1 ) 1 y 2 ;
LB [ () = i) = [ o) i) ) | dr = 5= 50 = 56
It follows thatas N, T — oo

var(II?) — zlo(K _ 1,

which, together with Theorem 2 in Phillips and Moon (1999), yields

1
—1)Y?
I —4 20(K )
asN,T—>oowith¥—>oo.
Also,
T 1 T s
T3 Z 8ztgzt 1 = ? 2 glt 1) = T3 Z E(gii-1)
t=p+2 t=p+ t=p+2
1
- / E((Wi(r) —rWi(1))dr = .
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Thus, since the conditions of Corollary 1 in Phillips and Moon (1999) are satisfied, II; —, 4
asN, T — oowith% — 0, and so
1
I —, E(K -1)Y?, (A18)

which establishes the required result under Hy.

In order to isolate the effect of the trend under Hj note that from Lemma C.1,
. . R A 1
Awit = Ayit — @;Ayit — )\1’ = Ayz’t — @;Ayit — )Li + Op (ﬁ)
_ _ 1 _ 1
= Ay A7, — Ay, — 87, +0, (ﬁ) — p(ya - 87) +0, (7= ).

Let Gy = Z,t(:pﬂ sik — (t—p —1)5;, where §; = —— p -y »11Sik- By using (1) and then (2),

f )

k p+2

¢:i(L)(Ayir — Ay;) = ¢i(L) (Azit C— !

1 T-1
= (pi —1)¢i(L) (Zitl - T—ip—l k:;rl Zik) + (eir — €1),

= 0i((pi = 1)(sit-1 — i) + Agit) + Op <\/1NT>

1
= 0i((pi —1)AGi-1+ Agit) + Op (\/NT> ’

where the third equality uses that ¢;(L)z;; = Z,t(:p 11 €ik +Op(1). It follows that

N 1
Ay = O—i((Pi — 1)AGit_1 + Agit) + Op (\/T) . (A19)
Similarly,
. P p -1 T-1
W1 = (pi— Z Zik = 7 1 Z Zik | + Z €ix — €) +0p(1)
k=p+1 P—= 1= p+1 k=p+1
= (Ti((pi — 1)Git72 +gif71) + Op(l). (A20)

These results, together with the consistency of 67, imply

1 NI VN
L = Yo Y Ayt +
1 \/—T €it€it—1 + 2

i=1t=p+2
1 NI VN (x/ﬁ)
= — i — 1)AGj—1 + Ag; i— )G o+ git1) + — + 0, —=
\/NTgt;rz((p )AGit-1 git) ((p )Git—2 + git—1) 5 P\ /T
1 N T
= WZ Y ((0i — 1)*AGit-1Git—» + (pi — 1) (AgitGit—2 + AGit_18it—1)
i=1t=p+2

VN (VN (N
+ Agitgitfl) + N + Op (\/T) = Ri+R+ L4+ Op (\/T)l
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where I} = 0,(1) as under Hy and Ry = O,(1/V/N).
Consider R. Note first that by Corollary 1 of Phillips and Moon (1999),as N, T — oo

1 N T
R = — i — 1) (AQi1Gjt—2 + AGjp_19ir—
2 mT;t;z(Pz )(AgitGit—> it—1it—1)
1 N T
= NT2 Z Z Ci(AgitGit—z + AGit—lgit—l)
i=1t=p+2
1 T
—p pe lim — Z E(AgitGit—p + AGit—18it—1)- (A21)
T—oo T t:P+2

Consider E(Ag;;Gj;—»), which can be expanded as

E(AgitGit2) = E [(8#_81')( f Sik — (t—P—1)5i>] = E <€it f 5ik>

k=p+1 k=p+1
t—2
— (t—p—1)E(eissi) — E <€z‘ Z 5ik> + (t—p—1)E(Es)),
k=p+1

where the first term on the right-hand side is zero, while as for the second,

1 =1 T—t
E(sﬁ') = ——E | ¢ Sik = —.
itoi T—p—1 (,;tl T-p-1

Similarly,

t—2 T-1 t—2 oy oy
E<€i Z 5ik> = T—;—lE( Z it Z Sik) = (t g(Tz_);t_g 3),

k=p+1 t=p+2 k=p+2

T-1 T-1 o

t=p+2 k=p+2

which yields
1
E(giGia) =~y gy (=P =D —p=3)+2AT—1)(t=p-1)
- (T—p=2)(t—p-1)). (a22)
Next, consider E(AGj;_1gi;—1). It holds that
E(AGjt—1git—1) = E((sit—1 —5i)(si-1 — (t—p —1)g))
= E(sj_1) — (t— p—1)E(si—18) — E(si—15;) + (t — p — 1)E(&5;),

where E(s%_,) =t — p — 1, implying

_ 1 -1 1 F_p—1
Blsung) = 7—,—3F (SM L Eik) = 7o) = 72
k=p+1
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Also,

1 -1 T-1
E@si-181) = m——7E [si-1 Y s+ ) sk
k=t

T—p

k=p+1
_ t—p-1 o _
= s opt-r-2 A1),
1 T-1 T—1 T—p—2
E(¢s;) = —=E g S; = o v
&) = Ty (,E n k) AT—p—1)
from which we deduce that
N (e et I C D)
E(AGztgztfl) - Z(T—p—l) . (A23)

Equations (A21) to (A23) imply

L t—p-2 1
th%zT p—1 T

Hence, ) = op(l) as N, T — oo with % — 0, and we already know from before that I, — %.

Therefore, I = 0,(1). But it also holds that I = 1(x — 1) Y2, and so the proof is complete.H
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Table 1: Size and size-adjusted power at the 5% level for model 1.

¢ =0 ¢ =05 ¢=—05

T N FLM; £ Zgy  FLMy £ Zgey  FLMy £ Zyg

Case 1: p; = 1forall i

50 10 8.1 147 7.5 75 219 8.0 83 7.3 7.3

20 10.0 21.2 8.8 89 333 8.9 10.3 9.0 8.6

100 10 6.5 10.3 6.2 6.0 152 6.4 6.7 6.1 6.0

20 6.9 13.3 6.0 6.8 21.7 6.4 74 6.3 5.9

200 10 59 53 4.8 6.0 83 5.1 6.1 3.5 4.5

20 6.2 6.7 54 59 115 5.5 64 3.6 5.4
Case2: p; =1+ \/%T with ¢; = —10 for all i

50 10 382 92 337 28.1 8.4 303 427 69 352

20 439 96 353 32.5 79 33.6 482 72 36.1

100 10 503 6.1 370 435 54 348 527 47 382

20 577 56 394 50.1 55 363 59.7 43 405

200 10 563 4.0 418 526 41 386 579 32 418

20 67.7 29 388 66.0 34 385 68.0 22 398
Case3: p; =1+ \/%T with ¢; ~ U(—20,0)

50 10 30.8 102 34.1 235 88 293 335 82 357

20 349 101 353 27.1 8.7 325 382 81 365

100 10 404 71 372 35.0 71 344 412 58 379

20 46.9 6.5 40.1 417 6.1 365 489 54 415

200 10 46.2 52 421 434 51 392 471 43 420

20 56.2 39 399 547 41 389 55.7 3.0 412
Case4: p; =1+ \/%T with ¢; ~ U(—40,20)

50 10 366 0.8 2.9 493 05 24 21.7 09 3.0

20 17.5 0.0 0.3 329 0.0 0.3 74 0.0 0.2

100 10 43.0 0.7 3.2 355 06 3.1 434 0.6 3.3

20 36.5 0.1 0.5 245 0.1 0.6 574 0.1 0.5

200 10 61.9 0.3 42 39.8 0.3 4.0 648 03 44

20 72.3 0.0 0.9 373 0.0 1.0 77.5 0.0 1.0

Continued overleaf
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Table 1: Continued.

$p=0 $ =05 ¢ =-05
T N FLM; ts  Zipar FLM, t5  Zipar FLM; ts  Zipar
Case 5: p; = 1+ ¢; with ¢; = —0.05 for all i

50 10 26.3 7.2 23.5 19.8 7.2 22.3 28.9 5.5 24.6
20 52.7 11.0 41.6 39.1 8.7 39.2 57.6 8.2 43.0

100 10 839 134 727 757 114 67.7 86.6 9.9 75.1
20 995 26.1 96.7 98.0 216 935 96 196 975

200 10 999 50.2 100.0 99.8 433 999 999 41.2 100.0
20 100.0 84.7 100.0 100.0 784 100.0 100.0 76.0 100.0

Case 6: p; = 1+ ¢; with ¢; ~ U(—0.1,0)

50 10 227 79 237 171 7.1 21.6 24.3 6.2 24.6
20 412 116 415 315 95 375 448 92 430

100 10 62.8 148 684 56.6 124 62.2 644 11.7 70.6
20 88.0 258 934 842 194 893 889 21.0 946

200 10 909 40.8 989 89.2 345 982 914 359 990
20 98.7 64.6 100.0 98.6 55.8 100.0 98.7 57.7 100.0

Case 7: p; = 1+ ¢; with ¢; ~ U(—0.15,0.05)

50 10 19.7 2.0 6.2 19.4 1.5 5.3 25.8 1.7 6.8
20 172 04 2.2 245 03 2.1 23.3 0.4 2.1

100 10 48.0 3.2 11.6 415 22 11.0 594 28 11.9
20 434 05 4.8 483 04 6.0 58.2 0.5 3.7

200 10 772 53 11.8 620 47 154 76.8 52 11.5
20 716 0.7 5.9 63.2 0.6 9.6 78.0 0.7 2.7

Notes: The parameter ¢ refers to the autoregressive coefficient, while tj and Zy,, refer to the
tests of Levin et al. (2002) and Im et al. (2003), respectively.
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Table 2: Size and size-adjusted power at the 5% level for model 2.

¢=0 ¢ =05 ¢=-05

T N FLM; t; Zgy  FLMy  t Zgy  FLMy £ Zy,

Case1: p; =1foralli

50 10 69 200 112 78 314 117 55 54 106

20 82 317 139 9.8 504 15.0 65 62 134

100 10 60 149 82 65 234 85 52 53 78

20 75 204 96 81 357 102 73 56 89

200 10 60 27 64 60 57 66 56 09 63

20 65 26 68 65 62 74 63 04 6.6
Case?2: p; =1+ \/%T with ¢; = —10 for all i

50 10 62 93 118 62 78 111 65 81 127

20 69 82 109 63 69 97 70 75 115

100 10 64 81 138 61 74 123 6.7 74 146

20 64 60 111 60 57 98 63 60 114

200 10 56 59 137 57 58 128 55 56 14.0

20 59 53 111 62 53 103 6.0 51 11.6
Case3:p; =1+ ﬁT with ¢; ~ U(—20,0)

50 10 63 101 132 58 83 117 62 86 142

20 74 87 122 6.7 67 103 73 81 133

100 10 64 96 149 58 83 133 64 85 157

20 59 70 125 58 65 108 59 71 129

200 10 53 68 152 54 63 141 54 64 156

20 58 60 124 59 58 114 56 57 129
Case4: p; =1+ fﬁ with ¢; ~ U(—40,20)

50 10 164 12 17 23 07 13 88 10 21

20 22 00 01 51 00 00 12 00 01

100 10 61 12 24 50 09 19 55 12 25

20 40 01 03 36 01 03 75 01 03

200 10 66 10 29 48 08 26 86 09 3.0

20 76 02 07 34 02 06 140 02 08

Continued overleaf
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Table 2: Continued.

¢=0 ¢ =05 ¢ =—05

T N FLMy; t; Zpy  FLMy  t; Zpy  FLMy £ Zpe

Case 5: p; =1+ ¢; with ¢; = —0.05 for all ¢

50 10 5.7 7.6 9.1 6.2 6.7 8.8 5.8 6.7 9.2
20 7.1 9.1 125 6.8 73 10.8 74 81 139

100 10 84 153 295 73 122 245 82 133 315
20 9.6 206 47.1 8.6 159 39.1 95 195 49.7

200 10 11.6 459 93.1 99 365 88.1 10.7 416 943
20 171 745 99.7 163 642 992 16.8 685 99.8

Case 6: p; = 1+ ¢; with ¢; ~ U(—0.1,0)

50 10 5.9 7.8 9.8 57 71 9.1 5.8 7.0 10.2
20 77 98 145 6.9 73 117 75 91 155

100 10 76 177 33.1 6.8 146 270 75 159 357
20 8.7 238 515 81 179 416 84 228 54.8

200 10 8.8 446 874 83 354 824 8.8 425 892
20 12.0 67.6 985 122 574 972 119 639 989

Case 7: p; = 1+ ¢; with ¢; ~ U(—0.15,0.05)

50 10 4.8 3.2 3.7 5.0 2.5 3.2 6.1 2.8 4.1
20 40 09 1.5 52 05 1.0 4.8 0.9 1.8

100 10 70 5.1 8.7 6.0 37 74 83 46 9.7
20 5.8 1.2 3.5 5.1 0.8 2.7 7.2 1.2 3.6

200 10 10.3 7.0 121 85 59 116 9.0 7.0 122
20 10.0 1.2 3.3 9.0 1.0 5.0 9.3 1.2 2.4

Notes: See Table 1.
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