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Abstract

The experimental results for simple atomic systems have become more
and more accurate and in order to keep up with the experimental achieve-
ments the theoretical procedures have to be refined. Recent accurate ex-
perimental results obtained for helium-like ions in the low- and moderate-
Z regions proclaim the importance of theoretical calculations that com-
bines relativistic, QED and electron correlation effects. On the basis
of these premises the relativistically covariant many-body perturbation
procedure is developed and it is this development that is introduced in
this thesis. The new theoretical procedure treats relativistic, QED and
electron correlation effects on the same footing.

The numerical implementation leads to a systematic procedure sim-
ilar to the atomic coupled-cluster approach, where the energy contri-
bution of QED effects are evaluated with correlated relativistic wave
functions. The effects of QED are also included in the resulting numer-
ical wave functions of the procedure, which can be reintroduced with an
approach of iteration for calculations of new higher-order effects.

The first numerical implementation of the procedure to the ground-
state for a number of helium-like ions in the range Z = 6 — 50 of the
nuclear charge, indicates the importance of combined effects of QED
and correlation in the low- and moderate-Z regions. The results show
also that the effect of electron correlation on first-order QED-effects for
He-like ions in the low and moderate-Z regions dominates over second-
order QED-effects.

Keywords: many-body perturbation theory, bound state QED, helium-
like ions, Green’s operator, covariant evolution operator, combined ef-
fects of QED and correlation, atomic structure calculations
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CHAPTER |

Infroduction

About 60 years have past since Schwinger, Tomonaga, Feynman and
Dyson [1-8] presented their progresses on what today is the fundamen-
tal theory of the interaction between light and matter. This theory is
known as quantum electrodynamics, or more commonly QED, and it
has to be considered as one of the greatest successes within the modern
theoretical physics. Throughout the years QED has given the scientific
world incredible results which have verified both predictions and exper-
imental results with extremely high accuracy. An impressive example is
the determination of the electrons anomalous magnetic moment, which
has been determined to an incredible accuracy with both experimental
measurements [9,10] and theoretical calculations [11]. Out of these re-
sults the most accurate value of the fine-structure constant o has been
obtained [12,13], which is the accepted value of o determined by the
CODATA work group [14]. The results of the anomalous magnetic mo-
ment of the electron is achieved by studying the interactions between a
single "free” electron and a magnetic field.

Fundamental studies of simple atomic systems are also of interest,
where an atom can be seen as a small laboratory where the theory of
QED can be tested in the electric field of the nucleus. The strength of
this field depends heavily on the nuclear charge Z, where the average
field strength experienced by an electron occupying the groundstate in a
hydrogen-like ion differs approximately with a factor of 10° between the
nuclear charges Z = 1 and Z = 92. This means that the theory of QED
can be investigated over a broad range in the strength of the electric
field and one can get a view of how different components of the theory
depends on the electric field strength. These tests can in the end, with



high precision measurement and calculations, lead to improved values
of fundamental constants. An example is the value of the electron mass
[15] that has been determined by comparing experimental and theoreti-
cal results of the g; factor for a bound electron in a hydrogen-like system
[16]. The hydrogen-like system, which has been mentioned above, is the
simplest atomic system and it consists of a nucleus with the charge Z
and a single orbiting electron.

In the last 15 years there have been progresses in the experimental
determination of the energy levels in helium-like ions, the atomic sys-
tem with an additional electron compared to a hydrogen-like system.
Large efforts have here been focused on the 1s2p fine-structure split-
ting in neutral helium [17-22], since a comparison between accurate
measurements and calculations of these intervals can lead to an inde-
pendent determination of the fine-structure constant «. The theoretical
calculations have, over the years, not been able to match the experi-
mental progress, see [17]. This situation changed very recently when
Pashucki et al.[23,24] reported recalculated values of the 1s2p fine-
structure splitting which agree with the experimental results. Still, the
experimental results are far more accurate than the theoretical ones,
but the progress is in the right direction.

There do also exist experimental and theoretical interests for other
helium-like ions, for example the He-like ions in the moderate-~Z region,
7 = 7 — 14. In this region there exist accurate experimental data [25—
28], but again the theoretical calculations have difficulties to achieve
the same accuracy that is presented in the experimental reports. To-
gether with new accurate experimental result for helium-like silicon
[28], the authors call out for the need of a new theoretical method in
order to close the gap between experimental and theoretical results in
the moderate-Z region. The requirement of such a method is that it can
treat the combined effect of correlation and QED. This requirement has
also been stated by Fritzsche et al.[29] as one of the great challenges
within the field of accurate theoretical calculations in the regions with
higher values of the nuclear charge. Heavy progress can be expected,
both experimentally and theoretically, in the higher Z regions in the
future due to the construction of the new FAIR-facilities at GSI. Inter-
esting results were delivered already last year from GSI when a col-
laboration achieved new experimental results for helium-like uranium
[30].

The electron correlation enters an atomic system with the introduc-
tion of a second electron and is the effect of the interactions taking
place between the existing electrons. In a perturbation formulation,
where the solution is written as an expansion with increasing num-
ber of interactions between the electrons, the electron correlation be-
comes a measurement of the number of interactions taking place. The
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electron correlation is a part of the theory of QED which also includes
other effects, retarded interactions, virtual anti-particles, electron self-
interactions and vacuum interactions. These effects one usually refer to
as the QED-effects or the effects that lies beyond the relativistic effects,
which includes relativistic motion of the included particles and the first
relativistic correction to the interaction between the charged particles.

What approaches do then exist within the field of calculations and
how do these manage to combine correlation with QED? First of all, it
is possible to separate them into two categories. The first is based upon
a power expansion in «,Z« of the Bethe-Salpeter equation, where non-
relativistic wave functions of Hylleraas type [31] with build-in electron
correlation are used to calculate the contributions from relativistic and
QED effects. This method, that follows the Brillouin-Wigner pertur-
bations formalism [32,33], has been successfully used by Pachucki et
al.[23,24,34] and by Drake et al.[35-38]. This method is best suited for
calculations of the energy-levels in light helium-like ions, Z = 1 — 6,
where the correlation between the electrons is more important com-
pared to the relativistic motion of the electrons. The result achieved
with this method has an impressive numerical accuracy and today there
exist no possibilities to achieve the same numerical accuracy with the
approaches in the second category.

In the second category, the calculations are based upon a numerical
basis set of relativistic single-electron wave functions. This set is gener-
ated by solving the bound Dirac equation [39—42] in a discretised space.
In this way the motion of the electrons is handled relativistically, which
is important when the value of Z increases. This is a benefit compared
to the a,Za-method where non-relativistic wave functions are used. On
the other hand, the single-electron functions can, in general, only in-
clude parts of the correlation between the electrons. The contribution of
the full correlation and the QED-effects must instead to be calculated
by using the numerical basis set.

The relativistic many-body perturbation theory, RMBPT, is one of
the approaches within the second category and is the relativistic ex-
tension of the standard many-body perturbation theory, MBPT. In this
time-independent theory the electron correlation can be treated to ar-
bitrary order with exchanges of instantaneous interaction between the
electrons. The time-independent formulation of RMBPT results in an
approach that is not relativistically covariant, no equal treatment of
space and time, which is required in order to perform calculations of
QED-effects.

The appropriate approach for calculations of the QED-effects can ei-
ther be the S-matrix formalism [43] or one of the two newly developed
techniques, the two-times Green’s function by Shabaev et al.[44] or the
covariant evolution-operator method, CEO, developed by the Gothen-



burg group [45]. The latter two methods have the advantage, contrary
to the S-matrix formalism, to be applicable to quasi-degenerate systems,
such as the 1s2p fine structure separations in light helium-like ions.
The approaches are relativistically covariant and the calculations usu-
ally performed in the so-called Feynman gauge, where the interactions
are mediated by retarded virtual photons. The front line of the nu-
merical QED calculations is presently located at the two-photon effects,
which has been solved with the two-times Green’s function approach,
Artemyev et al.[46], and partly solved with the covariant evolution-
operator method, Asén et al.[47,48]. This means that the electron corre-
lation is only treated to second order, two interactions between the elec-
trons, and the combination of the correlation and QED-effects is only
handled to first order. To go towards three photons which would be the
next step in the progress, can at present time not be considered due to
practical reasons.

There do also exist a third alternative, the multi-configuration Dirac-
Fock or shortly MCDF, where the correlation between the electrons are
partly included in the single-electron states of the numerical basis set.
The states can then be used to calculate the first-order QED-effects. In
this way the QED-effects are combined with an approximative treat-
ment of the electron correlation.

In this thesis a brand new approach, the relativistically covariant
many-body perturbation theory, is going to be presented, which will
have the potential to manage the combination of QED and correlation.
This new approach is based upon the covariant evolution-operator method
[45] and in this way it naturally includes both the relativistic motion of
the electrons and the possibility to handle QED-effects. An advantage
with the CEO compared to the other QED techniques is that the CEO
has a structure that is similar to the one of the RMBPT. This similarity
opens up for the possibility to merge the effects of QED into the system-
atic procedures of handling the correlation that exist in the RMBPT.
An important feature in the development is that the Coulomb gauge is
chosen ahead of the more commonly used Feynman gauge. In this way
the electron correlation can be treated completely by using the instan-
taneous Coulomb interactions and the result becomes correlated wave
functions, which are used in the calculations of the QED-effects. A simi-
lar approach was actually proposed already in the late 1980’s by Rosen-
berg [49], but his ideas were never put into action.
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1.1 Thesis overview

Chapter 2 begins with a brief introduction to the general formalism for
treating an atomic system within the framework of time-independent
perturbation theory. The main part of the chapter will after that be
dedicated to introduce the readers to the formalism of many-body per-
turbation theory and relativistic many-body perturbation theory. The
concepts within this formalism will then be used throughout the thesis.

The main focus in Chapter 3 is the presentation of the Green’s opera-
tor and the theoretical development of the new relativistically covariant
many-body perturbation theory. This new merged theory of RMBPT and
QED renders the possibility to calculate the combined effect of QED and
correlation. The QED-effects are, as said above, referred to be the effects
that lie beyond the time-independent treatment and how these are gen-
erated by using a time-dependent perturbation formalism is considered
before the introduction of the Green’s operator in Chapter 3.

In the Chapters 4 and 5 the result of the theoretical development of
the new approach is applied to two types of effects. In the first of the
two chapters the combined effect of retardation and correlation is con-
sidered, with the limitation that all included electron states have pos-
itive energies. In Chapter 5 the procedure is expanded to also include
electron states with negative energies.

The numerical implementation of the equations presented in the
Chapters 4 and 5 is presented in Chapter 6, which is followed by a chap-
ter that includes the results of the numerical implementation. Chapter
7 ends with a discussion about the future calculation with of the new
theory.

Finally, in Chapter 8 the thesis is summarised.

1.2 Units and notations

In relativistic quantum field theory, expressions and calculations are
simplified, if a relativistic , or a natural”, unit system is implemented.
In this unit system the action (energy xtime) is measured in the Plank’s
constant, i, and the velocity of light, ¢, is the unit of velocity. It is
also convenient to put ¢; (the permittivity of vacuum) to be equal to
unity and the consequently also po (the permeability of vacuum) will
have same value, according to the relation eguy = 1/c*>. The transfor-
mation from the SI units into these new ones is performed by putting
h =c¢c= pu = ¢ = 1. An investigation of the dimensionless fine-
structure constant « in SI units

e2

“= 4megch (1.1)



indicates that also the electric charge will be dimensionless in the nat-
ural units

e2

(1.2)

In this thesis m. will be used as the notation for the electron mass.
Another convenient unit system is the atomic units and in this thesis
the atomic units will be applied in the presentation of the numerical
results in Chapter 7. Within this unit system the following constants
are set to unity, e = m. = h = 4wreg = 1. Energies are then measured in
the Hartree unit, which is equal to ~ 27.2¢V.
For the relativistic notation we will use the metric tensor

1 0 0 0
, 0 -1 0 0

gw=9"=10 0 -1 o (1.3)
0 0 0 -1

as the bridge between the covariant four-vector z, = (zo, —x) = (¢, —x)
and the contravariant z* = (¢, x)

3

T, = Zg“,,x” = g’ (1.4)
0

Here, the convention of repeated indices is introduced for the summa-
tion. In this thesis Greek indices (u = 0,1,2,3) are used to label the
components of the four-vectors and Latin indices (i=1,2,3) will be used
to label the three-vectors. The scalar product between four-vectors can
be becomes

ab =a"t’ —a-b (1.5)
where a - b is the three-dimensional scalar product
a-b=ayb, +ayb, +ab,. (1.6)

The covariant and contravariant gradient operators are further defined
by

B P
o = 5 = (a,—v) 1.7)

and from these definitions we introduce the four-divergence

0
B, A" = % +V-A (1.8)
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and finally the d’Alembertian operator

2
0= 0"g, = % - V2 (1.9)

The standard 4 x 4 Dirac matrices o' and 3

o = (% a) = (1,a), a:<2 ‘S) ﬁ:(é _01> (1.10)

will appear frequently in this thesis, for example in the Dirac equation
and in the interaction part of the QED-Lagrangian. The components of
the o’s in the array of « are the Pauli spin matrices

01:<(1)(1)>, 02:<?Bi>, agz<é _01> (1.11)

The Dirac bra-ket notations are used throughout this thesis and they
are coupled to the second quantisation. The vacuum state is with these
notations represented by |0) and a single particle state |j) is defined as

5) = alj0), (1.12)

where a;'. is the electron creation operator. In the coordinate representa-
tion this state corresponds to a single-electron wave function

¢j(x) = (|j) (1.13)

satisfying the single-electron Schrodinger or Dirac equation. An opera-
tion with the electron annihilation operator a; upon the vacuum state
is by definition equal to zero,

a;|0) = 0. (1.14)

With a complete basis set represented by the states |j), the identity
operator I is defined as the summation over all the single-particle states
in this set

I= Z )G = 15)Gl, (1.15)

where the convention of repeated indices is introduced for the summa-
tion.






CHAPTER 2

Time-independent perturbation theory

This chapter starts with a brief introduction to the general theory for
an atomic system before moving into the main focus of the chapter,
the formalism of the many-body perturbation theory (MBPT). This for-
malism is used throughout this thesis and the concepts of model space,
wave operator and effective operator that are introduced in this chapter
will return later when the formalism of MBPT is merged with the time-
dependent theory of bound state QED in Chapter 3. In the end of this
chapter the pair equation and it’s solution, the pair function, are intro-
duced and these are important concepts for the numerical calculations
presented in this thesis. The introduction to MBPT in this chapter is
brief and for a more detailed description the textbook of Lindgren and
Morrison [50] is recommended.

2.1 General theory for an atomic system

For a general atomic system the Hamiltonian H is written as the sum
of Hy and V,

H=Hy+V, (2.1)

where Hj includes the motion of the electrons in a central field, and
V' contains the parts of the interactions lying beyond the central field
description. For an atom with N electrons Hj consists of a sum of N
single-electron Hamiltonians Ay,

N
Hy|®o) =Y ho(i)|Do) = Eo|®o). (2.2)
i=1
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The eigenstates |®) are expressed in terms of Slater determinants, an-
tisymmetric combinations of eigenstates of the single-electron Hamilto-
nian

H
<
no
S
<
[}
>
N
<
[NV}

Po(d, ) = | , (2.3)

¢n(191) ¢n(192) ¢n(19n)
here represented within a space and spin coordinate ¥ representation.

The eigenstates |¢;) of ho and their corresponding eigenvalues ¢; are
generated by solving the eigenvalue equation

hol¢i) = €il¢i), (2.4)

and from the resulting spectrum of single-electron solutions, the Slater
determinants and their corresponding eigenvalues can be constructed

N
=1

For a helium-like system, a nucleus with an arbitrary positive charge
and two orbiting electrons, the eigenstates of H; is given by the an-
tisymmetric combination of two direct products of two single-electron
states

1
[®o) = 7 |9i9j) — |¢jbi) (2.6)
where the direct product |¢;¢;) is defined as
|9igs) = ¢i)|d;) = |)5) = lig)- 2.7

The energy of the antisymmetric state in Eq. (2.6) is the summation
over the corresponding single-electron energies,

Ey=¢; +¢j. (2.8)

An eigenstate | V) of the full Hamiltonian and its corresponding eigen-
value E are, in general, determined by using perturbation theory, where
both |¥) and E are expressed as the sum of a zero-order part and a shift

) = W) + [AY) = [Wo) + [B0) + ¥ 40 (29)
E=FEy+AE=FEy+EVD +E® 4 ... (2.10)
Here, the shifts, |[AV) and AFE, are expanded into series of terms with

increasing number of perturbations V. The zero-order state |¥) is, in
general, a linear combination of a number of eigenstates of H.
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The motion of the individual electrons around the nucleus is de-
scribed by the single-electron Hamiltonians and in the non-relativistic
case it is represented by the following hydrogen-like Hamiltonian

1 oy Ze?

) = — £ ) 211
o) 2mevz 47r; ( )

The electron-electron interaction, the perturbation, can be approximated
by the instantaneous Coulomb repulsion

N N 62
V= 2.12
Z Z Arrij ( )
i=1 j>1i
where r;; is the interelectronic distance r;; = |x; — x;|. A relativistic

treatment can also be formulated and we will consider that later in this
chapter.

2.2 Many-body perturbation theory

In general, we are interested in a set of target states, eigenstates of the
full Hamiltonian, H,

H|W®) = (Hy + V)[U) = E*|0%), (a=1,2,...,d), (2.13)

where for each target state there exists a corresponding model state
|U§). The model states are, in general, linear combinations of a set of
eigenstates of the unperturbed Hamiltonian H, and this set is consid-
ered to span the so-called model space, a subspace of the full functional
space.

If the model space consist of degenerate states it is important that
all states of Hy with this energy are entirely inside or entirely outside
the model space, otherwise there will appear singularities in the pertur-
bation expansions. The model space can be extended to include eigen-
states of Hy that are close in energy, so-called quasi-degenerate [50,51].
The occurrence of quasi-degenerate states located both inside and out-
side the model space can cause problems in the numerical calculations
with the convergence of the perturbation expansions.

An example of a quasi-degenerate case is the 1s2p fine-structure in-
terval in helium-like ions. In a relativistic treatment the model space
is spanned by eigenstates formed by the configurations of 1s2p,,, and
1s2p3/;. These configurations are very close in energy, especially for
light helium-like ions, and in the jj-coupling scheme they are coupled
into the four states, 1s2p; /5(J=0), 1s2p; /5(J=1), 1s2p35(J=1) and 1s2p3,
(J=2). In the non-relativistic LS-scheme we instead have the configu-
rations 1s2p 'Py, 1s2p 3Py, 1s2p *P;, 1s2p *P,. Between the LS- and
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the jj-coupling there exist direct correspondences for the J=0 and J=2
states, while the 'P; and ®P; states are composed of a mixing of the
1s2p, /2(J=1) and the 1s2p3/5(J=1).

2.2.1 The wave operator

The formalism of the MBPT below is based upon the intermediate nor-
malisation, implying that the model state is the projection of the target
state onto the model space

PIU®) = [Ug){¥g|ue) = |¥5). (2.14)

Here, P is the projection operator for the model space. There do also
exist a projection operator () for the remaining part of the functional
space, the complementary space. For these two operators we have the
following relations

and

For the transformation of the model states back to their correspond-
ing target states a wave operator 2 is introduced

%) = QT9). (2.17)

In order to perform numerical calculations a relation for generating this
operator is needed. The starting point of the derivation of such a rela-
tion is the time-independent Schrodinger equation

H|U%) = B[99, (2.18)
where the full Hamiltonian is separated into Hy and V,
(E% — Hy)| %) = V]¥). (2.19)
Both sides of the equation are projected upon the model space
(E® — Hy)|¥§) = PV|T?). (2.20)

where the commutation relation between P and Hj in (2.16) is used on
the left-hand side. The equation is projected back by operating with the
wave operator from the left

(E°Q — QH)|T§) = QPVQ|TE). (2.21)
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where the definition of the wave operator (2.17) is used in order to have
model states at the rightmost position at both sides of the equal sign.
The Schrodinger equation is then used to eliminate the unknown energy
EO{

((Hy+V)Q —QHp)|¥g) = QPVQ¥E). (2.22)
and the final expression
[Q, Hy|P = VQP — QPVQP, (2.23)

is achieved by letting all terms with perturbations be on the right side
and by identifying the commutator on the left. This is one of the most
basic equations in this thesis and is known as the generalised Bloch
equation [51].

The effective Hamiltonian

As we mentioned above the model states |¥'f) are, in general, linear
combinations of the states spanning the model space. In the case of the
1s2p fine-structure interval in helium-like ions the model states of the
two J = 1 states are given by the following two combinations

|Wo) = a|ls2py2(J = 1)) + b[152p3/5(J = 1)) (2.24)
W) = a'[152py jo(J = 1)) + V'[152p3o(J = 1)), (2.25)

which are mixed under the influence of the perturbation into their cor-
responding target states

(2.26)
(2.27)

))
))

The coefficients a, b, a’ and b’ are, in general, only known in certain
limits, for example in the non-relativistic limit. A new operator, the ef-
fective Hamiltonian H.g, is introduced in order to obtain both the exact
energies and the corresponding model states

|¥) = [1s2p 1P1> = a\1s2p1/2(J =1))+ 51152133/2(&]

1 = 1)) +-
|0y = |1s2p 3P)) = a'[ls2p1/2(J =1)) + b'[ls2p3/2(J =1)+-

Heg|VG) = EY|9g), (2.28)
where
Hey = PHQP = P(Hy+ V)QP = PHyP + PVQP. (2.29)

This operator is operating entirely within the model space and the ex-
pression for H.g is derived by using the definition of the wave operator
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on the left-hand side of the Schrodinger equation (2.18) and projecting
both sides upon the model space

PHQ|UE) = E*[W). (2.30)

The energies and model states of the J = 1 case for the above considered
1s2p fine-structure interval is achieved by diagonalising the following

matrix
<A|Heff|A> <A|Heff|B>

: 2.31
(BlHeslA) (B B) R

where the basis states |A) and |B) are
|A) = [1s2py)o(J = 1)) and |B) = [1s2p3/5(J = 1)). (2.32)

Another operator that is frequently used in this thesis is the effective
perturbation which is defined as the rightmost term in the expression
of H.g in Eq. (2.29)

Veg = PVQP. (2.33)
This term can also be recovered in the generalised Bloch equation, (2.23),

[Q, H)|P = VQP — QPVQP = VQP — QPV.g P. (2.34)

2.2.2 The perturbation expansion of 2

In general, the model space is spanned by several eigenstates of Hy and
the generalised Bloch equation is then a system of equations

QP =To(€) (VQ - QPVOg>P, (2.35)

where each equation evolves from one of the states that are spanning
the model space P. These equations are coupled by the second term on
the right hand side of (2.35). In this term the wave operator operates
upon the intermediate model space and not upon the rightmost P in
the expression. The reduced resolvent I'g is the regular part of the full
resolvent I,

_ 1 i)l
g—H() 5—€i—€j
_1-P  Q  rs){rs]
_g—HO_S—HO_S—€T—€S7

L(€) (2.36)

L&) (2.37)
where the energy variable £ depends on the energy of the initial state
of each equation. For the case with a degenerate model space all ini-
tial states in the equations have the same energy, Fj, and the energy
variable £ will, for this case, be equal to the degenerate energy, £ = Ej.
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Core Valence Virtual &
state state Valence state

Figure 2.1: The graphical visualisation of the three different orbitals, or
single-particle states, that appear in an open-shell system. Note
that a line with a single arrow pointing upwards represents both
virtual and valence states, while a line with a double arrow di-
rected upwards do only correspond to valence states.

Above we have introduced a convention for the designation of the
two-electron states within the Dirac bra-ket notation, which will be used
throughout this thesis. For the states located in the complimentary
space, the model space and the full space, respectively, the following
three notations are used

Q = |rs)(rs| = [tu)(tul (2.38)
P = |ab)(ab| = |cd){cd| (2.39)
1 = |ij)(ij]- (2.40)

The rightmost notations for both @ and P is used for intermediate states
and the first notations are representing final and initial states for (Q and
P, respectively.

An efficient tool in order visualise the perturbation expansion in the
MBPT is to use Goldstone diagrams. The difference between the Gold-
stone diagrams and the more commonly known Feynman diagrams is
that the former are time-ordered while the latter ones are not. In these
diagrams solid lines are representing electron orbitals. In Fig. 2.1 the
three different kinds of orbitals, or single-particle states, in an open-
shell system are visualised. These are the core, valence and virtual
orbitals. The core orbitals are the occupied orbitals in a closed shell,
a shell where all orbitals are filled. The occupied orbitals in an open
shell are defined as the valence states and the unoccupied orbitals in
the system are the virtual states.

In this thesis a helium-like system will always be treated as an open-
shell system. The two-electron states in the set that spans the model
space P are then constructed by direct products of two valence orbitals.
The complementary space () consists then of all other combinations of
valence and virtual states. This implies that there exist no core states in
our treatment, since there are no filled shells below the valence shell. It
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O

o

Figure 2.2: Diagram representation of the first- and second-order wave oper-
ator for a helium-like system, (2.41) and (2.42). Solid lines rep-
resent electron orbitals and dashed lines correspond to Coulomb
interactions. Electron lines with double arrows represent valence
electrons and those with a single arrow correspond to both vir-
tual and valence states, see Fig. 2.1. The rightmost diagram on
the second row is called the folded diagram and it represents the
finite contribution of having intermediate model space states.

should also be stated that the groundstate in a helium-like system can
be treated as a closet-shell system and the model space states would
then consist of two core orbitals.

The first two orders of the perturbation expansion of the Bloch equa-
tion

QWP =ToVP (2.41)
QPP =To(ve® - oW pvi)p (2.42)

are obtained by inserting the expansion
Q=140 1+ 0@ 4... (2.43)

into the Bloch equation in Eq. (2.35) and identifying terms of the same
order in V. In Eq. (2.42) Vo(ﬁl) = PV P is the first-order effective in-
teraction. For a helium-like system these two orders are visualised
graphically in Fig. 2.2, where a dashed horizontal line corresponds to
the exchange of an instantaneous Coulomb interaction between the two
electrons. The second term on the right-hand side of (2.42) is called
the folded term, because its diagram traditionally is drawn in a folded
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way, see the rightmost diagram on the second row in Fig. 2.2. This
folded term corresponds to the finite contribution of having intermedi-
ate model space states.

The linked-diagram theorem

The introduction of Goldstone diagrams is enclosed with the implemen-
tation of second quantisation into the perturbation expansions, where
the operators and the states are expressed in terms of electron creation
and annihilation operators. For the readers interested in the develop-
ment of this method within MBPT the author recommends the chapters
11-13 in the book of Lindgren and Morrison [50].

When second quantisation is applied to the perturbation expansion
there will literally be an explosion in possibilities how to connect all the
creation and annihilation operators. Several of these give an infinite
contribution to the expansion and do not have any physical interpreta-
tion. These terms are known as unlinked terms and are represented by
so-called unlinked diagrams.

According to the definitions stated in [51], section 3.3.1, the unlinked
diagrams are defined as disconnected diagrams with closed parts, where
a part of a diagram that is not connected to the rest of the diagram by
any orbital or interaction lines is said to be disconnected. If a discon-
nected part has no other free lines than valence lines, or no free lines
at all, it is said to be closed, and the entire diagram is then defined as
unlinked. All other diagrams are linked. Note that linked diagrams
may consist of disconnected parts as long as no part is closed. A con-
nected diagram can be be closed and will then correspond to an energy
contribution to the perturbation expansion, see Fig. 2.3.

In our implementation where helium-like systems are treated as
open-shell systems, these unlinked diagrams do not exist and it is first
when systems with core orbitals are treated that these infinite contri-
butions will arise. Nevertheless it is important to have a procedure in
which these unwanted terms are cancelled.

In MBPT it was first shown by Brueckner [52] and Goldstone [53]
that the unlinked terms are cancelled in the Rayleigh-Schrédinger ex-
pansion of the wave operator for non-degenerate closed-shell systems.
This is known as the linked-diagram theorem, where the contribution
from the remaining diagrams, the linked diagrams, are finite. This the-
orem was later extended to open-shell systems and quasi-degenerate
model spaces by Brandow [54] and Lindgren [51].

The Bloch-equation follows the Rayleigh-Schrédinger expansion and
it can be shown that all unwanted terms are cancelled in the subtraction
between the two terms on righthand side of the Bloch equation. It is
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therefore common to add the subscript linked to the Bloch equation,

[, Ho]P = (VQP — QPVg P) (2.44)

linked "

The coupled cluster equations

The perturbation expansion within MBPT can be further developed by
expressing the wave operator in a normal ordered exponential form,
[565,56],

Q:{es}:1—|—S+%{52}+%{S3}+... (2.45)

where S is the cluster operator. The generalised Bloch equation (2.23)
can from here be transformed into a set of coupled equations,

[Sn, HolP = (VQP — QVegP), . . (2.46)
by expanding the S into one-, two-,...,-body parts
S=S+Sy+-+S8,+- - (2.47)

The significance of the subscript "conn” in (2.46) is that the graphical
representation of the equation only consists of open and connected dia-
grams, which is a stronger condition than the linked diagrams.

The most important term in the expansion of the coupled cluster op-
erator (2.47) is the two-body part, Ss, followed by the one-body part, S;.
In the "coupled-cluster-singles and doubles approximation”, CCSD, the
expansion (2.47) is truncated after the Ss-term and according to Lind-
gren et al.[45] 95-98% of the electron correlation is, for most systems,
treated within this approximation. Within CCSD the coupled cluster
equation is reduced into

[S1, Ho)P = (VQP — QVer P)1.conn (2.48)
[S2, Ho|P = (VQP — QVeg P)2 conn.- (2.49)
For a helium-like system, treated as a open-shell system and where

the perturbation V' is a two-body potential, the wave operator becomes
the sum of the zero- and two-body part of the coupled cluster operator,

Q=1+ Sg (2.50)

and the number of coupled cluster equations is reduced into a single
one, the equation in (2.49). In the numerical implementation of solving
this equation, the concept of pair functions |p,;) is introduced

Q)ab) = |ab) + Sa|ab) = |ab) + |pap)- (2.51)
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This function is the solution of the pair equation, the coupled cluster
equation for the helium-like system,

(€ — Ho)lpas) = |rs)(rs|V]ab) + [rs)(rs|V|pas) — |pea) cd|Vegr|ab), (2.52)

that is solved with a procedure of iterations and for each iteration a
higher order of perturbation is added to the solution. The pair equation
and its solution are essential concepts in this thesis, since the solution
of solving the pair equation to self-consistency can be considered to be
a correlated state vector, or in coordinate representation a correlated
two-electron wavefunction. We will in chapter 4 and 5 show how these

functions can be used to calculate combined effects of correlation and
QED.

2.3 Relativistic MBPT

The first step of introducing relativistic effects in MBPT is to treat the
electrons relativistically. A relativistic electron is described with the
Dirac equation and the unperturbed Hamiltonian Hj is the sum over
single-electron Dirac Hamiltonians

N N Z€2
H(])):ZhD(i):Z(—ia-V—i—ﬁme——)‘ (2.53)
i=1 )

4rr
i=1

where a and 3 are the 4 x 4 Dirac matrices. The spectra generated by
solving the single-electron equation

2
(—ia- V+ pme — Z—e)w(a:) = ep(x), (2.54)
47r
contains both positive and negative energy states.

The second step is to add relativistic corrections to the interaction,
which to this point only has been mediated by instantaneous Coulomb
interactions. The lowest-order relativistic correction is therefore added
to the perturbation

€ 1 (i - 7ij) (0 - 7i5)
Vo Vep=>_ Y, L - So oy — (2.55)

3y 2
e 4mr;; 27“Z-j

where the last two terms on the righthand side correspond to this cor-
rection, which is known as the instantaneous Breit interaction.

From this point a relativistic many-body perturbation theory, RMBPT,
can be formulated with the formalism presented in this chapter under
the condition that only the positive energy part of the single-electron
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Figure 2.3: The diagram representation of the energy contributions from
some of the low-order QED effects in a helium-like system, non-
radiative on the upper line and radiative on the lower. The in-
termediate electron lines, the closed lines between two vertexes,
represent both particle and anti-particle states. The wavy lines
represent the exchange of a retarded interaction, a so-called vir-
tual photon.

spectra is used. In a relativistic treatment the summation over the in-
termediate states in the resolvent

[tu) (tu|

— 2.
E—¢e— ey (2.56)

IG5 =
is performed over all possible combinations, where the single-electron
states |t) and |u) can both have positive and negative energies. Singu-
larities appear in this summation when ¢; and ¢, have opposite sign
and their sum is equal to £. This is known as the "Brown-Ravenhall
disease” [567] or "continuum dissolution” [58]. For two continuous spec-
tra, one with positive energies and the other with negative, there are
infinite number of combinations leading to vanishing denominators. To
circumvent this problem Sucher [58] introduced projection operators for
the positive part of the single-electron spectra A, . This is known as the
no-virtual-pair approximation, NVPA, and within this approximation
the total Dirac-Coulomb-Breit Hamiltonian Hpcg is rewritten as

Hpcep = H(I]) + Ve — HgggA = A+HDCBA+ (2.57)

The introduction of the projection operators ruins the relativistically
covariance condition of handling particles and anti-particles on equal
footing. Further the time-independent RMBPT can only handle instan-
taneous interactions. These shortcomings result in a theory only correct
to order (aZ)? in atomic units, where « is the fine-structure constant.
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The effects of virtual pairs, retardation and radiative effects, like the
electron self-energy and the vacuum polarisation, are all lying beyond
the standard RMBPT presented here. These effects are considered to be
QED-effects, graphically represented by the diagrams in Fig. 2.3.






CHAPTER 3

Energy-dependent MBPT

In this chapter the formalism presented in previous chapter is merged
with the formalism used in the time-dependent theory of bound state
QED. The time-dependence within bound state QED lies in the retar-
dation of the interactions, which leads to effects that is only present
in quantum field theory, e.g. the electron self-energy. The title of the
chapter, energy-dependent MBPT, is based on the fact that the retarda-
tion results in energy-dependent potentials for the effects that appear
in bound state QED.

It is here important to elucidate that in this chapter we will only
consider particle states, electron states with positive energy. In order
to have a merged procedure that includes relativistically covariant cal-
culations, where the particle and the hole states, the negative energy
states, are treated on equal footing, an alternative procedure must be
used. This alternative is presented in chapter 5.

This chapter starts with a brief introduction to the standard evo-
lution operator before introducing the perturbation used in bound state
QED. For those readers who are not familiar with the formalism of QED
an introduction is presented in Appendix A. In the presentation of the
new merged procedure the exchange of a single virtual photon, or more
correctly a sequence of single-photon exchange ladders, see Fig. 3.2,
will be considered. A short presentation of this sequence is therefore
performed before the new merged procedure is presented.

23
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3.1 The standard time-evolution operator
Within the standard time-dependent perturbation theory
H(t) = Ho+ H'(t) (3.1)

the time-evolution operator U(t',t() is responsible for the transforma-
tion of states in time under the influence of a time-dependent perturba-
tion H'(t),

IX(t")) = U(t',to)Ix(to))- (3.2)

Here, both states and operators are transforming in time according to
the relations within the interaction picture, see Eq. (A.58) and (A.59).
Using the development presented in section A.3.1 we have the following
expression for the evolution operator

N G
=1+ Zl -

t
[t
to

t
/ Aty T{H'(by) - - H' (1) }e— 1l ++10D (3.3)

to

where T is the time-ordering operator

T ') ={ G o 3.9

The adiabatic damping factor ~ is a small positive number introduced
in the perturbation

H'(t) — H'(t,~) = H'(t)e (3.5)

with the benefit that in the limit ¢ — +o00 the perturbation is not present
and the states |x(¢)) is tending to unperturbed states, the eigenstates of
Hy. After all calculations this approximation is "switched off” by apply-
ing the limit v — 0.

3.1.1 The perturbation within QED

Within QED the perturbation corresponds to an interaction between the
electron field and the electromagnetic field

H'(t) = / B i () ear A, (x)(x), (3.6)
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Figure 3.1: The Feynman diagram for the one-photon exchange, which is
equal to the sum of two time-ordered diagrams.

where (z) and Au(ac) are the field operators for the electron field and
electromagnetic field, respectively. These field operators are managing
the excitation of their respective field through their annihilation and
creation operators, where the field excitations correspond to positive-
and negative-energy electrons and photons.

When the QED perturbation is inserted into the expansion of the
evolution operator, Wick’s theorem (see section A.2.3) can be applied to
achieve all combinations of interactions between the two fields. For a
helium-like system these combinations, or effects, do include for exam-
ple the exchange of virtual photons between the electrons, the screened
electron self-interaction, the inter-electronic vacuum polarisation and
the vertex correction. These examples are visualised in Fig. 2.3 with
the exchange of virtual photons on the top row and the other, radiative
effects, on the bottom row. The radiative effects contain divergent inte-
grals and in order to get finite values a proper renormalisation scheme
has to be applied. The propagation of the electrons between two interac-
tions is mediated by electron propagators and these include summations
over both positive and negative energy states.

The effects can also be separated to be reducible or irreducible, where
the second diagram on the top row in Fig. 2.3 is an example of a re-
ducible effect. This exchange of two virtual photons can namely be writ-
ten as a product of two single-photon exchanges, see [45] section 3.4.3,
but only if the intermediate electrons have positive energies. The reason
is that the single photon exchange extracted from the standard evolu-
tion operator in Eq. (3.3) can only have electron states with positive en-
ergies coming in and going out from the interaction when ¢ > ¢;, where
to is the initial time and ¢ is the final time. Instead the irreducible part
of the two-photon exchange will include the above neglected virtual-
pair effects and also the effects where the two photons are overlapping
in time, the third and fourth diagrams on the top row in Fig. 2.3. This
separation into reducible and irreducible effects can of course be applied
to effects with higher number of virtual photons.
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+ + +

Figure 3.2: The graphical representation of the sequence of single-photon ex-
change ladders in (3.7). In our approach we consider these dia-
grams to be constructed by products of single-photon exchanges.
They will then not include all possible time-orders, for example
there exist no photons that overlap in time in the considered se-
quence, which they can do in the general case. All electron lines
do only represent bound single-electron states with positive ener-
gies. This is also a deviation from the general case where the in-
termediate electron lines represent states with both positive and
negative energies.

Ladder sequence of single-photon exchanges

The simplest interaction taking place in a helium-like system is the ex-
change of a single virtual photon, graphically represented by the Feyn-
man diagram in Fig. 3.1. This is the irreducible interaction of lowest
order for the exchange of photons between the electrons and by follow-
ing the recent discussion above, it is possible to construct a sequence
of single-photon exchange ladders by expressing the higher-order re-
ducible effects as products of single-photon exchanges,

(rs]Uipl(t, —00)|ab) = (rs]Uiph + U%eﬁl + - |ab)
= (rs|UJP" + UJPMUSPY + UPRULPRULPY + - - - |ab).
3.7

The constraint in this construction is that all single-electron states have
positive energies and the photons do not overlap in time. This sequence
is presented here since it will be considered in the derivation of the
merged procedure. With a result for this sequence, it will be possible
to extend the new procedure to be valid for any sequence of irreducible
effects. The sequence of single-photon exchange ladders is visualised in
Fig. 3.2.

First the single-photon exchange is going to be presented. This effect
is generated by the evolution operator of second order by contracting
the two electromagnetic field operators and leaving the operators of the
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electron field unchanged,

\2 t
UMPh (¢, 1) = (_21) / A2y dhas P (21)d! (22) %
to

1 (9, 21 )1h(1 )b (wg)eT B IFIED, (3.8)

The contraction of the electromagnetic field in the two space-time coor-
dinates is represented by a virtual photon. In Eq. (3.8) the propagation
of the photon, D, (x2,21), is included in the interaction term

dz

2

I(xzg,21) = e2a”a”DW(ac2,w1) = / e_iz(t2_t1)l(z,w2,w1). (3.9)

In the Feynman gauge the Fourier transform of the interaction term is
expressed as

o 2k fr(k,r12)

I(2, @2, 21) :/0 ah (3.10)

where 71, is the interelectronic distance, r12 = |2 — x1], k is the radial
component of the linear momentum of the interaction, 7 is an infinites-
imal positive number and the function fr(k,r12) in the numerator is

e?

kyr12) = ——~—(1 - ay -
fr(k,riz) = =51 —a1-az) .

The matrix element to calculate is here, in the limit v — 0,

t
(rs|Uipn(t, —o0)|ab) = — 1// dty dtg/;i—z (rs|I(z,x2,x1)|ab)x
77

—0o0

e it1(ca—er—2) g —ita(ep—cs+2) (3.12)

where the electron field operators have vanished in the operations with
the state vectors, leaving a residue in form of a time dependence of the
state. After performing the integration over the time variables the re-
sult can compactly be written as

e—it(aa—i-ab—ar-—as)

(rs|Uspn (t, —o0)[ab) = (rs|Vipn(€)[ab)

€q tEp—Epr —Es
_ e—it(é‘—ar—as)<TS‘I‘(5)‘/’1ph(E)’ab> (3.13)

where £ is the initial energy of the sequence, £ = ¢, + ¢, and I'(€) is
the resolvent presented in Eq. (2.36). The matrix element of the gauge
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dependent potential Vi, is given by the general expression

L [dz [0 (rs|2k fr (K, ri2)|tu)
(rslVign(€)e) =1 [ 7 [ ai I

1 n 1
E—¢e—€y—2 E—cg—¢e+z2
:/ dk (rs|fr(k,r2)[tu)x
0

1 1
.14
[E—Er—su—k+5—55—st—k} (3.14)

where the z-integration is performed in detail in section C in the Ap-
pendix. The result in Eq. (3.13) is inserted into the expression in (3.7)
and the sequence of single-photon exchange ladders can be written as

(rs|Uspi(t, —o0)|ab) = e_it(€“+€b_€T_€S)(rs]F(E)leh(E)—i-
L(E)Viph(E)T(E)Viph(E) + - - - |ab). (3.15)

3.2 The Green’s operator *

When Wick’s theorem is applied to the perturbation expansion of the
time-evolution operator, the situation becomes similar to the one when
the second quantisation is applied to the perturbation expansion within
the MBPT, see section 2.2.2. In the explosion of combinations where the
two fields are interacting with each other, there exist combinations that
are similar to the unlinked terms in the MBPT and these give raise to
infinite contributions. Other singularities appear when the intermedi-
ate states in the resolvents I'(£) in Eq. (3.15) have the same energy &
as the initial state of the sequence. Along with these singularities there
may also exist quasi-singularities, which appear when the intermediate
states are quasi-degenerate with the initial state.

We will now introduce the formalism presented in the previous chap-
ter and direct all troublemaking states into an extended model space P.
Again, we will consider a set of solutions to the eigenvalue equation at
the time ¢t =0

H(0)|T) = BT, (3.16)

where in the Schrodinger picture the adiabatic damping, e/, is the
only time-dependent part in the total Hamiltonian, H(¢). Above, |V%)

*The initial states will from now on be located in the model space P, if nothing else
is stated. All initial times are therefore set to to = —oc and only the final time will be
expressed for evolution operators. The notation of the adiabatic damping term ~ is also
excluded.
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are the target states and to each target state there exists a correspond-
ing model state |¥).

In order to eliminate these singularities in the perturbation expan-
sion the reduced evolution operator U (t) [45,59] can be used

U#)P =P+ U(t)P-PU(0)P, (3.17)
or the newly introduced Green’s operator G(t)
U(t)P =G(t)P - PU(0)P. (3.18)

where the Green’s operator has got its name due to the similarity with
the Green’s function. In the included articles the reduced evolution op-
erator is acting as the connection between the MBPT and time-dependent
theory and in order to complement this we will here only consider the
Green’s operator.

The dot product in (3.17) and (3.18) is an important concept in order
for the reduced evolution operator and the Green’s operator to be reg-
ular. The definition of this product is that the perturbation sequences
separated by the dot evolve independently of each other and generally
from different states in the model space. These states may be quasi-
degenerate and the independent sequences do not need to have the same
energy dependence. The definition of the dot product can be visualised
by the two cases where the two operators A and B, both depending on
the energies of the model states, are separated by an ordinary product
and a dot product

{ APgBPg = A(E)Pg1 B(E) P (3.19)

APg/ - PeBP: = A(E')PerB(E) Pe

Here, the notations Pr and Pg are introduced in order to give a better
illustration that the states in the model space do not have to be degen-
erate and these notation will be used again when we want to show that
the Green’s operator is regular.

3.2.1 The bridge between MBPT and field theory

The Greens operator can be referred to as the regular part of the time
evolution operator and the bridge between time-dependent and time-
independent perturbation theories. First, the connection between the
two theories is demonstrated and in the next section it will be shown
that the introduced Green’s operator is regular.

From the relations in (3.2) and (3.18) the time transformation of an
unperturbed state can, in the limit v — 0, be written as

IX*(1)) = NOU(1)|®®) = N°G(t)P - PU(0)|®%). (3.20)
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Here, |®%) are the so-called parent states, eigenstates of H, defined as

|®%) o< lim  lim |x*(¢)) (3.21)
y—0t——00

and N is a normalisation factor

1
N = ———— (3.22)
(WG |U0)|@x)

that preserves the intermediate normalisation at ¢ = 0. According to

the generalised Gell-Mann and Low theorem [45]

07) = [ (0)) = lim )

— (3.23)
=0 (WG|U(0)| @)

the Green’s operator does, at ¢t = 0, transform the model states into their
corresponding target states
|UY) = G(0)P - P|U%) = G(0)|¥g). (3.24)

This is equal to the definition of the wave operator within MBPT and
the energy dependent wave operator, or the extended wave operator,
can now be defined as

QP =G(0)P =(P+Q)G(0)P =1+ QG(0)]P (3.25)
where in the last step the following relation has been used

PU(0)P = PG(0)P - PU(0)P = PG(0)P = P. (3.26)

Effective perturbation

The time-evolution operator U(t) contains infinite parts for all times
t and the result of a propagation with this operator does not have to
represent a physical state. In the Green’s operator these infinities are
eliminated and the result of

IX* (1)) = G()|¥5) (3.27)

will have a physical interpretation. According to (A.60) the time vari-
ation of a state represented in a general time ¢ is expressed within the
interaction picture as

i%lxa(t» = H'(t)[x*((%))- (3.28)

With the relations in Eq. (3.27) and Eq. (3.23) time variation will at
t = 0 become

(i) =i(5o0) ) =mow) =viE. @29
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The righthand side can here be further developed

V|v®) = VQug) (3.30)
and the result
R = i(gg(t)> P=VQP (3.31)
ot =0

is defined to be the reaction operator. The part of the reaction operator
that lies within in the model space is defined to be the effective pertur-
bation

Vg = PVQP = PRP = P<i%g(t)> P, (3.32)
t=0

in analogy with the corresponding operator (2.33) within standard MBPT.

3.2.2 Reduction of singularities

In order to show that the Green’s operator is the regular part of the
time-evolution operator we need to consider the definition of the Green’s
operator in Eq. (3.18). For a helium-like system with no emissions or
absorptions of external photons the evolution operator can be expanded
into a series with increasing number of virtual photons

Ut) =UO) + UD(t) + UD(t) + --- (3.33)

With this expansion inserted into the definition in Eq. (3.18) one can
identify the relations between U(t) and G(¢) order by order

vOmp=prP = G¢OWP=P (3.34)
uDp =ghe)p-ruO 0P +¢Owpr- PUV(0)P (3.35)
U@ nyp=g@)p. PuO )P +¢M)pP. PUD(0)P

+6OwP. PUD(0)P (3.36)
uBp =g®wp-ru@ )P +¢?)P- PUD(0)P

+¢W@yP- PUPD )P +GO @) P. PUB (0)P (3.37)

sOwp =M@ p - puM ()P (3.38)
P —gM @) p. PN (0)P — PUP (0)P (3.39)

— PUB0)P (3.40)
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which can be collected in a general expression
gMwp=vpr->Y " gm(p- PU™(0)P, (3.41)
m=1

In this thesis we will restrict the development to the time ¢t = 0 and
the process to show that the Green’s operator is regular will only be
applied to this time. It is also possible to similarly show that G(¢) is
regular for all times. For ¢ = 0 the explicit expressions of the Green’s
operator become

¢V )P =QuM ()P (3.42)

G2y =Qu?wpr —-gWopr. P (0P (3.43)

¢ yP =Qu ) —g?oypr. P )P —gW )P PUP(0)P.
(3.44)

The terms with the dot products are referred to as the counterterms and
we will now show that the singularities located in the evolution operator
and in the counterterms are cancelling each other and a finite residual
called the model space contribution will remain.

There are two origins for the above mentioned (quasi)-singularities,
unlinked terms/diagrams and intermediate model states, where the un-
linked diagrams were defined as disconnected diagrams with closed
parts, see Sec. 2.2.2 for more details. It follows directly from the defi-
nition of the dot product that the unlinked terms/diagrams are located
in both terms on the right-hand side and they are thereby cancelling
each other. Therefore, we will, in detail, only consider the connected
(ladder) diagrams and the cancellation of (quasi)-singularities caused
by intermediate model states.

We will now consider the sequence of single-photon exchange lad-
ders presented above in section 3.1.1. This is the simplest sequence of
irreducible effects and with the result for this sequence, it is possible
move on and implement the procedure to sequences containing other
irreducible effects. From Eq. (3.7) and Eq. (3.15) we have that the
sequence of single-photon exchange ladders is, for t = 0, expressed as

QUap(E)Pe = Q|Uipn () + UipnUspn + Uit UspnUpi + -+ | Pe

= [Lo(€)Vipm(E) + To(E)Vipn(EX(EWipn(€) +--- ] Pe
(3.45)

where

QUL Pe = QUi (E) Pe = Tq(€)Vipn (&) Ps = QGL) P = QWP (3.46)

spl
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1 o | Lo |
N2 p. = {Pe+Ql — .
Pe L Po ¢
B S FTT [~ l=
= 1 Q 1t + Pe
Pe Pe

Figure 3.3: The graphical representation of the extended wave operator of sec-
ond order in Eq. (3.52). In comparison with the figure of standard
wave operator in Fig. 2.2 the diagrams are equal with exception
that the interactions are mediated by fully covariant virtual pho-
tons in the extended wave operator.

according to the equations in (3.13), (3.25) and (3.43). In the resolvent
I'g(€) the summation does only run over the states located in the com-
plementary space (). The (quasi)-singularities do first appear in the
second term in this sequence when the intermediate state is a model
state,

Uiph (E) PerU1pn(€) Pe = Urpn(€) 7—+

= Uppn (€)== Vipn (€) Pe. (3.47)

According to Eq.(3.36) the corresponding Green’s operator gs(fjf is given
by

goP =Q(ull(e) - al)P - PUL(E)) P
= Q(Vipn(€)QUIm(E)+
Uson(€) 5o Vipn &) ~ Uipn(€) o Vipn (€)) Pe - (3.48)
P E-¢& P P E-¢& P
where the definition of the dot product in Eq. (3.19) is applied upon the
counterterm. The singularities in Eq. (3.48) are located in the last two
terms and when the subtraction is performed between these two terms,
the singularities are cancelled and left is a finite remainder in form of a
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energy-difference of Uy, (&)

Uph (€) = Uipn(€')
E-E&

Uiph(€)
o€

PerViph(€)Pe = PerViph(€)Pe. (3.49)
For a completely degenerate model space, £ = £’, the difference ratio is
turning into a derivative,

UL (E)  IUL(E) 350
o0& & )

The final result of ¢ (12)% is

S

5U1ph (5)

GalP = Q(Uipn(€) QUi () + —22

Pg,vlph(e)) Pe (3.51)

and the extended wave operator of second order can be identified by
using relations in (3.25) and (3.46)

s (&)
0

Q®(€)Pe = (PQ(E)leh(E)Q(”(g) + Per vjﬁ) Fe

5V1ph
o€

=T(€) (leh(g)fz“)(g) - QU)(s’)Pg,V(f}) +

€

Pg/VO(é)> Pe
(3.52)

which graphically is illustrated in Fig. 3.3. Above, we have used

50 (&) P 5U1ph(5)P ~ 6(To(E)Vipn(8))

s ¢ e TE T 5E Fe
SVipn (€
=Tq(€)( ~ TolE)Vapn(€) + %())pg,
SVipn(€)
— _oM)er OViph\c) ,
rQ(5)< Q") + —L )Pg. (3.53)
together with
0
PV P = P [iag(l)(t)] Pe = Pe/Vipn(€)Pe (3.54)
t=0

in order to achieve the result in (3.52). The definition of the special kind
of difference ratio used above is presented in Appendix B in appended
Paper II, [60], together with examples when the differentiation is ap-
plied to a product of energy-dependent operators.

If we compare the result in Eq. (3.52) with the expression of the
second-order wave operator within MBPT, Eq. (2.42), one notices that
the two equations are equal with the exception for the term including
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the energy-difference of the potential V;,,. We do now extend the con-
cept of folded terms to also include the terms with energy-differences
and the sum of all folded terms is called the model space contribution,
M. The Green’s operator of second order can with the new concept of M
be expressed as the sum of two terms

G2 Pe =G Pe + M@ P, (3.55)
where the term QéQ) do not include any folded terms, since they are all
located in the second-order model space contribution M (). Here, we
want to clarify that the subscript of QéQ) indicates that there exists no
folds while the superscript indicates the number of exchanged virtual
photons. The expression of g(?) is given by the first term on the right-
hand side of Eq. (3.51) and the model space contribution to this order,
M® | are then given by the other term in the same expression.

In the terms of G, that include three or more virtual photons the
(quasi)-singularities are eliminated with the same procedure as we in-
troduce above for gs(fjf. These, higher-order terms, can in this way also be
separated into no fold parts and model space contributions. The Green’s
operator for the full sequence of ladder diagrams can be written

gSPlpg [ spl + gspl ]Pg
[((] _|_g0 —I—'-'—|—M(2)—|—M(3)—|—"-}Pg
= Up(E )Pg + MPs, (3.56)

where Uy(€) = Gy = gé” + g(?) + g(()?)) + --- is the the evolution operator
with no folds.

Now we want to find an explicit expression for the model space con-
tribution and in this progress it is more convenient to consider the num-
ber of folds in a term rather than the number of exchanged virtual pho-
tons. In this way the model space contribution, the sum of all folded
terms, is expressed as

MPg = (G1+Go+Gs+--)Pe (3.57)

where the supscripts of the Green’s operators still indicate the number
of folds in respective term. Each of these Green’s operators, G,,, con-
sist of a sequence of ladder diagrams, where the smallest number of
exchanged virtual photons in the sequences is n + 1.

In G; the eliminated singularity can only arise from the product of
two Uy (&) with a model space in between

Uo(E)PerUg(E) Pe (3.58)
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and we can therefore express G, as

G1Pe = Uy(E)PerUy(E) Pe — Uy(E)Per + PeiUy(E) P
_SU(€) 6Go(€)

- TPg/%Pg - Tpg/‘/opg. (359)

Here, V) is the effective interaction without any folds

PeVoPe W

Pelole="c—er =g &

(3.60)

In the last step the projection operators for the model space is left out,
since the effective perturbation is defined to only operate within the
model space.

This procedure can be repeated and by replacing Gy above with G;
we can express the Green’s operator with two folds as

6G1(€)

GoPe = 5E

Per Vo Ps. (3.61)

The general expression becomes

5gn— 1 (5)

gnPE = 5E

Pe/VoPe (3.62)

and the Green’s operator can compactly be formulated as

Gsp1 Pe = (go+gl+gz+gg“')P€

B 0Go | 0G1 | 0Gy
= GoPe+ (Sg+ 50+ 58+ ) Pl
0Gs
— GoPe + ggpl Pe/VyPe. (3.63)

This can directly be transform to an equation for the wave operator

50
QupiPe = QoPe + —2=PerVoPe. (3.64)

3.2.3 The extended Bloch equation

In the continued discussion the sequence of single-photon exchange lad-
ders will be regarded, if nothing else is stated, and the subscript spl will
be neglected. The goal in this section is to formulate an equation simi-
lar to the generalised Bloch equation within standard MBPT, Eq. (2.23).
To achieve this Bloch equation for the extended wave operator one has
to further develop the energy-difference of the Green’s operator in Eq.
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(3.63). First the focus is on G

66 0G0
G:Ps = " PV e = (%0 Pty ) PeVo e
52Go 2 0Go , Vo
= — 1" e "= P / P
se2 LerVile + g Pen g PerVole
_ 8%Go 0G0
= 52 Pg//‘/o Pe + 5E ——Pen V1 Pe (3.65)

where we define the effective interaction with » folds as

PenVy Pe = Pen 5‘2"5‘1 Pe/VoPe. (3.66)
In Eq. (3.65) the following compact notation is introduced
Pen Vi Pe = PenVo(E') PerVo(€) Pe (3.67)
and according to this will the energy-difference of V;? become

2 oWo(& )%
Pg//é(;; Pg = PS”‘/O((S‘/)PS’ 0( )PE = Pg//‘/opg/ 5;

The last relation is useful when concerning the next term, Gs, in the
expansion in number folds of the Green’s operator

Pe. (3.68)

0Gs 53Go 52Go 6V 52Go 0Go 0V1
GsPe = 5g V0 = g3 P 5E2 5E FAC Sez ot e e Vo
5 go (5 gO 5g0
oy, 3.69
=5 Vo T s ViVt e Ve (3.69)

In same way an expression of G, can be determined, but already here
a pattern can be discerned and a new expression of the full Green’s
operator can be identified

8Go

G=Go+G1+Ga+--- —go+%(Vo+V1+V2 )

62Go G

+552(V0+2V0V1 )+ 553(1/0 )

B = "Qo r

go+z sen (V) (3.70)

where
Vg =Vo+WVi+Vo+--- (3.71)

is the full effective interaction for the considered ladder sequence

Veg = PVipy QP. (3.72)
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Again the relation for the Green’s operator can be transformed into an
equation for the extended wave operator

Q=0+ Z o (Ve (3.73)
55n eff .
which now only has the wave operator with no folds on the righthand
side. This simplifies the derivation of an extended Bloch equation, since
it is easy now to write down the perturbation expansion of €y, a sum-
mation over terms with increasing number of the product I'g(£)Vipn (€)

QP = [To(E)Vipn()] Pe

n=0
=1 +ToE)Viph(E) + ToViphT'oViph + -+ ) P (3.74)
This can also be expressed as an iterative equation
QoPe = [14+Tq(E)Vipn(€)S]Pe = [1 + Tq(€)Ro(E)] Pe (3.75)
where
Ro(€) = Vipn(€)Q0 (3.76)

is the part of the reaction operator with no folds.
The final result is achieved by inserting the expression of the wave
operator in (3.75) into equation (3.73)

"(ToRo(
QP = P+ FQRO P + Z ?gno ‘/eff)n

"Ro(€)
oE™

= P4+ TQRo(E)P — TV + T Z (Vegr)", (3.77)

then operate with (), the complementary space, from the left and insert
the definition of R

o ‘/iph
o0&

[, Ho|P = Q(lehQ OV +Z Q(Vog)n> P. (3.78)

Above in (3.77) and (3.78) the following relations are used

"(TQRo(€)) I"Ro(€) S=D(ToRo(E))
fr F _ 1—‘ )
sEn @ 5gn QT gD (3.79)
) 5("_1)(FQR0(5)) .
PQ Z_: 55(n 1) (Veff) = PQQVOH. (380)
S lehQO — [ 0" Viph "
= €+ g 81
nzz:l dE™ Verr)" ;::1 < SEN + Viph—=- SEn (Verr) (3.81)
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+.--+ <‘ M M

Figure 3.4: The Feynman diagrams of the terms in the potential V(£) pre-
sented in Eq. (3.83). Each term is represented by at least one
irreducible diagram. The exchange potentials Vi, and VI“{I are
represented on the upper row while the screened self-energy, the
vertex correction and the inter-electronic vacuum-polarisation are
located on the bottom row.

together with the relation in Eq. (3.73). The relations in Eq. (3.79)-
(3.81) are presented or can be derived from relations presented in the
appended Paper II. The © in (3.78) is now the self-consistent wave op-
erator for the full ladder sequence with single photon exchanges in Fig.
3.2. From Eq. (3.78) one can obtain the equations that are solved in the
numerical implementation and this procedure we will consider in the
next two chapters.

The contribution of having two photons overlapping in time or the
effect of having intermediate virtual pairs in between two photons is
obtained by replacing Vi, with the irreducible potential with two vir-
tual photons, VQI;{I. The wave operator with no folds is then expressed
as

o0

oFhp =y [ o@VET (&) P (3.82)
n=0

and from here it easy to achieve a Bloch equation for QI” by using
the same procedure as above. In general, the procedure presented in
this chapter can be applied to any irreducible effect and by defining a
potential that consists of a summation over all irreducible interactions

V(E) = Viph(E) + Vaph (&) + Vese(€) + Vae () + Vap(€) + -+ (3.83)
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a Bloch equation for the total wave operator can be achieved

"V(E)
oEm

[Q1ot, HolP = Q (V(S)QTot — QrotVerr + Y QTot(Veff)n>P-
n=1

(3.84)

In Eq. (3.83) Vi, Vie and V;,, are the potentials of the screened elec-
tron self-energy, the vertex correction and the vacuum polarisation, re-
spectively, and in order to get a finite contribution from these proper
renormalisation scheme has to be applied. All the potentials in (3.83)
are graphically illustrated in Fig. 3.4.

Parts of the irreducible potentials with more than one exchanged
photon can under specific conditions be manipulated in a way that it is
possible to express them as products of potentials of lower order. This
will be implemented in the next two chapters, where we start with the
condition that all intermediate states are particle states. After that we
are going to handle the existence of intermediate virtual pairs, or hole
states.
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Pair functions with a virtual photon

The final result of the previous chapter, the extended Bloch equation in
Eq. (3.84), is an operator equation and can not be numerically imple-
mented. Instead this equation is the basis for further development and
the result becomes a set of equations which can implemented into nu-
merical calculations. In this chapter pair equations and their solutions,
the pair functions, are going to be presented and it is these equations
that in the numerical implementation are expressed in computer code.
It is also important to state that in this chapter all intermediate states
are particle states.

The virtual photons have until now only been considered to be re-
tarded, where the Feynman gauge, the most common gauge for QED
calculations, has been considered. For calculations of the energy lev-
els in helium-like systems, particularly for systems with low nuclear
charge, the Feynman gauge is not the best option. For these systems
the correlation between the electrons must be treated to high order and
this is not feasible to do with the computationally time-demanding re-
tarded interactions. The gauge invariance of the electromagnetic field
makes it possible to choose a gauge that suits the system of interest and
for a helium-like system the Coulomb gauge is a better option.

4.1 The interaction within the Coulomb Gauge

In the Coulomb gauge the photon propagator is divided into a scalar
and a transverse component, see Appendix A.2.2 for details,

D’é”(xg,wl) = D’S“’(xg,xl) + Diff’(wg,xl). “4.1)

41
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The scalar component of the propagator has the form

dz ixta-t)  (49)

2

d3k eik~(w2—w1)
DL = nknY
s (z2,71) =n'n /(271)3 PR /

in the frame where £} (k) = n* = (1,0) and the transverse part is written
as

d .
D (z9,21) :/ﬁ e EH ) DIV () 1y 2) (4.3)

where the Fourier transform includes the summation over the trans-
verse components of the polarisation vector ¢/ (k)

Bk eik(@z—x1) 2
1% v
TP e k). @4

r=1

Dﬁﬁy(-’ﬂz,fbhz) :/

The expression of the interaction term in the Coulomb gauge
Ic(xe, 1) = e2a“0z”DW7c(a£2,$1) 4.5)

will consist of two parts, where scalar part becomes the instantaneous
Coulomb interaction

2

e
Is(zg,21) = e2a“a”DW7s(ac2,:E1) =1 0(te —t1), (4.6)

Tri12
where 115 = |xy — x| is the interelectronic distance. The transverse

part of the interaction, the Breit interaction, will correspond to the ex-
change of a retarded transverse photon

In(ze, 1) = e2oz“oz”DW,T(:U2, x1)

dz . _ Qka(k 7"12)
_ iz(ta—t1) )
/ o ¢ /dk 22 — k2 +in’ 4.7

where the function [ is given by the following expression
2

e
fe(k,ri2) = 2 [al S0 —

(a . V)l(a . V)2i| sin(k‘rlg)

= .48

12

The two components are known as the Gaunt interaction and the scalar
retardation, respectively, and they correspond to the magnetic interac-
tion and the retarded correction of the instantaneous Coulomb interac-
tion. It is also important to point out that the two V-operators in (4.8)
are only operating within this function.
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4.1.1 Single-photon potentials

The expression of the exchange of a single photon is achieved by using
the same method presented in section 3.1.1. The general expression is
again given by relation (3.13)

e—it(é‘—ar—as)

E—¢e, — &4

with the matrix element of the potential for the single-photon exchange
within Feynman gauge in (3.14) replaced by

(rs|Unpn (t, —00)|tu) = <rs\V1%h]tu> 4.9)

(rs|V1(;h|tu> = (rs|Veltu) + (rs|Valtu), (4.10)

where V¢ is the instantaneous Coulomb interaction

62

Vo = (4.11)
47‘('7”12
and Vp is the Breit interaction
(rs|Vg(€)|tu) = /dk (rs|fe(k,rig)|tu)x
1 1
) 4.12
[g—er—su—k—i_g—z—:s—st—k ( )

4.2 Energy-dependent MBPT in the Coulomb gauge

The potential of the single-photon exchange in the Coulomb gauge is
implemented into the extended Bloch equation, Eq. (3.78),

C
spl 1 h splyn
[Qspl7 HO]P Q (lehQspl Qspl‘/efF + Z SEN > Qg)l(‘/efg ) )P

s o VB S
Q (VCQspl + VBQspl spl‘/eflfjl + Z SEN spl ‘/;flfjl) )P’
(4.13)

where QCI is the wave operator for the sequence of single-photon ex-
change ladders in the Coulomb gauge and it contains all combinations
of instantaneous and transverse interactions that are not crossing each
other. The wave operator and the corresponding effective interaction
Vesf{?l are both expanded into series of increasing number of transverse
interactions

Q§p1 = O + Qipn + Qopn + Qapp + - - (4.14)
Vspl V + leh + V2ph + V3ph o (4.15)
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Figure 4.1: The graphical representation of Qgpl, the wave operator for the se-

quence of single-photon exchange ladders in the Coulomb gauge.
The wavy horizontal lines correspond to retarded Breit interac-
tions and the thick horizontal lines correspond to the sequence of
Coulomb exchange ladders that is introduced in Fig. 4.2.

Here, Q; includes terms that consist only of instantaneous Coulomb
interactions and also the zeroth-order term, two non-interacting elec-
trons. All combinations of instantaneous interactions together with a
single transverse photon are instead deployed in €;,,, and in this way it
continues up through the orders. Graphically, this expansion of Qgpl is
represented by the series of diagrams in Fig. 4.1.

4.2.1 Correlated wavefunctions

The two expansions in Eq. (4.14) and Eq. (4.15) are inserted into the
result of (4.13) and equations for each order of Qscpl can be identified. The
lowest-order equation will be equal to the generalised Bloch equation,
first introduced in section 2.2.1,

[, HolP = Q (VCQIP - QIVCIH) P. (4.16)

As mentioned in section 2.2.2, the wave operator ) can for a helium-like
system be expressed as

Qr =1+ 5%, (4.17)

where S} is the two-body part of the couple cluster operator with only
Coulomb interactions, S'. This expansion is inserted into the Bloch
equation and the result becomes the couple cluster equation for the
two-electron system, which we will refer to as the pair equation with
instantaneous interactions

|pab) = TQ(E)Valab) + Tq(E)Velpas) — TQ(E)|pea)(cd|Veglab) — (4.18)
where the pair function is defined as

|pab) = S3|ab). (4.19)
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Figure 4.2: The graphical representation of the pair equation with instanta-
neous Coulomb interactions in Eq. (4.18). The graphical represen-
tation of the result from solving this equation, the pair function
|pab), 1s the leftmost diagram on the upper row.

Graphically, equation (4.18) is represented by the diagrams in Fig. 4.2.
The pair equation is solved with an iterative procedure where for each
iteration a term of higher order is added to the pair function. This iter-
ative procedure can computationally be treated to arbitrary order and
since the Coulomb interaction contains the major part of the interaction
between the electrons the resulting pair function is considered to be a
correlated two electron state vector.

4.2.2 Pair functions with a transverse photon

With the correlated wavefunctions, or pair functions, we can proceed to
the next order in the expansion of ngl. As the third diagram in Fig. 4.1
indicates do this order consist of a Breit interaction sandwiched between
two pair functions. The procedure to generate the pair equation of this
order is to first identify the corresponding Bloch equation

[Qipn, Hol P = Q(VBQI + Veph — Qipn Vi

— "V}
— VD (V)" ) P. (4.20)
n=1

For a helium-like system the wave operator with a single transverse
photon Q" do only consist of the 2-body part of the corresponding clus-
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ter operator S, Lph

Qypnlab) = S3P"|ab) = [p2P™) (4.21)

and by combining this definition with the relations in (4.17) and (4.19)
one can identify a new pair equation

o) = Tq(E)Vslab) + To(E)Vilpaw) + To(€)Veloii™)
—rdamm%wm@mw—rm&mmwMKEWM

+TQ(€) iﬁﬂwxr< )"
n=1
+Tg(E Z 55n B | pea) (cd| (V) |ab). (4.22)

This pair equation is separated into two parts for practical reason. One
that takes care of the exchange of the transverse photon and the another
that generates Coulomb interactions after the exchange of the trans-
verse photon. The equation for the exchange of the transverse photon
becomes

o) = FQ(f)VB|ab> +T(E)VBlpab)

+ To(&) 32 28 e (Vi
n=1
#Ta(®)} §2?|pw>@du ) ab). (4.23)

When solving this equation the expression of the matrix element
of the Breit interaction is modified by expanding the interaction into
spherical waves, where the rightmost ratio in the expression of f(k,12)
in Eq. (4.8) is expanded according to the following relation

SlIl ]{77‘12 B k’z 2l—|— ]l k‘ﬁ jl(k’T‘z)Cl(l)'Cl(Q)- (4.24)
=0

Here, j;(kr;) is the spherical Bessel function and C'(i) is the angular
tensor proportional to the spherical harmonic tensor. The result of this
expansion becomes the following matrix element of V3

(rs|Vg(€)|tu) = /dk (rs|fo(k,ri2)|tu)x

1 1
|:g_‘€7’_€u_k+g—gs_€t_k7 (425)
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where the matrix element of fg(k,r12) is given by

[e.e]

(rs|fo(k, ri2)tu) =) [(-SIV(I;(’W)IW<T|Vcl;(k7“1)lt>

=0
— (s (ko)) (VR () [B)]. (4.26)

Here, V{,(kr) and Vi, (kr) are the single-electron potentials for Gaunt
interaction and scalar retardation, respectively,

Vi (kr) = %\/k(% 1) ajy(kr)C (4.27)
VI+ D+ 3)jis (kr) {aC+1 Y

Van(kr) = \/ 21 11

(20— 1) jl_l(kr){aCl_l}l] . (4.28)

A detailed description of the development of these potentials can be
found in section A.4.1 in the Appendix.

After the exchange of the transverse photon further correlation can
be applied by having more Coulomb interactions exchanged between the
two electrons. The equation corresponding to this action is consisting of
the remaining parts of the full equation for |p1ph> in Eq. (4.22)

") = 105) + Ta(E)Volol") = To(€)loh™) (cd|Veiglab)
— TQ(E)|pea)(cd| V" |ab). (4.29)

Pair functions with instantaneous Breit intferactions

The Breit interaction can be approximated into an instantaneous in-
teraction, see section A.4.2 in appendix, where the result is the lowest
order relativistic correction to the interaction between the two electrons

e? <a1 con (g oTi2) (o 7“12)>'

il (4.30)
4w\ 2rq9 27"%2

Vg =—

The replacement of the "full” Breit interaction with the instantaneous
one becomes the set of equations used within the RMBPT, Sec. 2.3,

ooty = To(E)Vis|ab) + PQ(E)VBI”Pab> (4.31)
iy = B + T (E)Valpie™) — To(€)|pth™) (cd| Vi |ab)
— TQ(E)|pea) cd| V" |ab). (4.32)

These equations are also of interest to the work presented in this thesis.
The difference between the results obtained by numerically solving the
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Figure 4.3: The graphical representation of the pair equation with an instan-
taneous Breit interactions in Eq. (4.32). The graphical represen-

tation of the result from solving this equation, the pair function
|pLPh) 'is the leftmost diagram. Here, the horizontal dotted line is

introduced and it represents an instantaneous Breit interaction.

two set of equations, one with the full Breit interaction and the other
instantaneous interaction, becomes the combined effect of correlation
and retardation. An effect that until now has laid beyond what has
been possible to calculate by using an approach based on a numerical
basis set. The graphical representation of Eq. (4.32) is presented in
Fig. 4.3, where the horizontal dotted line represents the exchange of an
instantaneous Breit interaction.

4.3 Open virtual photons

In the expansion of the Breit interaction into spherical waves the two
spatial coordinates of the interaction are separated, which also can be
interpreted as the emission and the absorption of the virtual photon are
being decoupled. The virtual photon can in this way be considered to
be in state where it is open. The potential of the exchange of a virtual
photon is now expressed as a product of two potentials of lower order
and is therefore not considered to be an irreducible potential anymore.
Instead we can, in the no-virtual-pair approximation, consider the po-
tentials responsible for the emission and the absorption of the virtual
photon to be the irreducible potential of lowest order.
The following transformation can now be applied to Vl(;h

VEL(E) = Ve + VB(E) = VS = Vo + Vi (4.33)



Pair functions with a virtual photon - 49

where V{ is the new irreducible potential of lowest order in the Coulomb
gauge, which includes the potential of an open virtual photon. The new
potential V' is a collective formulation of the single-electron potentials
of Breit interaction and will be presented below. With this transforma-
tion we also move from the complementary space (), were the number
of photon is conserved, into a general Fock space Q expressed as an
expansion in the number of free transverse photons

Q=Q+Qr+ Qri + -

where the photons are here represented by their linear momentum £, ', . ..
This leads to a change of the expression for the resolvent I'g ()

To(€) = Ta() = — @ —To(E)+Tw(E) +---  (4.35)
E—H,
where the resolvent with one photon I';(£) is
re(e) = =0k - _lakiG.H (4.36)

_5—H0_5—Ei—5j—k‘

The unperturbed Hamiltonian is extended, Hy, — H, to include both
the Hamiltonian of the bound electron and the Hamiltonian of the free
electromagnetic field. Notice that when there exist an open photon the
summation over the two-electron combinations in the nominator of T';,
runs over all combinations, not only over the states in the complemen-
tary space.

Before the new irreducible potential will be inserted into the energy-
dependent Bloch equation (3.78) a new formulation of Vi(€) is intro-
duced, which is based on the collective notation V' of the single-electron
potentials,

V) =Y / dk VL. TN EWVL, (4.37)
1=0 70
where the single-electrons functions are gathered in
Vé(k)"f’l)
Vi (kro)
Vi=| ¢ 4.38
VSZR(]‘”’l) ( )
VSIR(kT2)
with T (€) being the following the matrix
0 TWE) 0 0
Aoy | Tw(E) 0 0 0
0 0 —I'x(€) 0
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A matrix element of V(€) can be interpreted as the transition from
the state |tu) to (rs|, where rightmost V'} generates all possible combi-
nations of photon emission from the two electrons represented by the
state vector |tu). The corresponding energy denominator PQ is applied
to each combination and in the scalar product with the leftmost collec-
tion of potentials the photon is considered to be absorbed by electrons
represented by the final state (rs|.

4.3.1 Pair functions with an open virtual photon

With the new irreducible potential with an open photon inserted into
the Bloch equation in (3.78) the solution is not longer a wave operator
representing a ladder sequence with non-crossing interactions. Instead
the solution is, in the NVP-approximation, the full wave operator for
the correlation between the electrons. The general solution does, in the
Coulomb gauge, include open transverse photons which also can be in-
terpreted as external electrons that are either absorbed or emitted by
the atomic system.

The new wave operator that includes open photons €, is expressed
as an expansion in the number of both opened and closed transverse
photons

Qop = Q1 + QL + Qo + QU + Qopn + -+, (4.40)

where (! and Q%;C, are the wave operators with one and two open pho-
tons, respectively. In this expansion ), is represented by diagrams
with both crossing and non-crossing photons. The implementation in
this thesis is restricted to helium-like systems with no external pho-
tons. For that reason the model space do not include any free photons
and the effective operators will therefore only include closed photons

Heg = Hlg + HP" + H2M 4 ... (4.41)
Ver = Vig + VP + VP 4+ (4.42)

The wave operators with open photons do not either have any physi-
cal representation for a helium-like system, instead they are used as
stepstones in the process of generating all combinations with contracted
photons.

In a similar way as above Bloch equations can be constructed for
each of the wave operators in the expansion in (4.40). The Bloch equa-
tion of lowest order regarding the number of transverse photons be-
comes again the generalised Bloch equation from standard MBPT. In
the next order of the expansion there is an open virtual photon involved
and the Bloch equation is identified as

0L, HolP = Q (VCQL +vio + vl p - Q@P{/elﬂ) P (4.43)
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Figure 4.4: The graphical representation of the pair equation with an open
photon in Eq. (4.48). The solution of this equation, the pair func-
tion with an open photon |, (k)), is represented graphically by
the leftmost diagram on the upper row.

where the second and third term on the righthand side correspond to
the emission and the absorption of a photon, respectively. Here, the
absorption takes place when one goes from having two open photons
down to a single open photon. At present time it is not feasible to do
computations where two or more overlapping transverse photons are
combined with correlation and for that reason we will neglect all terms
with two or more open virtual photons. The theory is there, but not the
computation possibilities.

A pair equation with an open virtual photon is obtained by using the
same method as above. First, the wave operator QL is first expanded
into terms of the cluster operator and since the potentials in Vﬁt are
single-electron potentials there will exist an additional 1-body part in
the expansion,

Q= S, + Sh . (4.44)

This expansion and the expansion of Q; in Eq. (4.17) are inserted into
the Bloch equation in (4.43) and two coupled equations can be identified

[S1 4, HolP = VP (4.45)
[Sé,inO]P = V.SyP + VC(Si,k + Sé,k)P - (Si,k + Sé,k)Pchff' (4.46)

Here, the term with the reduction of two photons down to one photon
has been omitted. The state representations of these equations in form
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of a single-particle equation and a pair equation
[Cap(k)) =T (£)Vab) (4.47)
106 (K)) = TR (E)V il pav) + TR (E)VelCop (k) + T (E)Velply (k)
— TR (E)ICa(k)) (cd|Vegp ab) — T (E)|pba(K)) {ed| Viglab)  (4.48)

are formulated by using the definition in (4.19) together with the follow-
ing new definitions

ICLy(K)) = St 1 lab) (4.49)
ol (K)) = S5 . |ab). (4.50)

The solution of the single-electron equation in (4.47) is achieved by a
single-step calculation, while the pair equation in (4.48) is solved with
an iterative procedure. This procedure is similar to the one used for
generating correlated state vectors. The difference is that here a contri-
bution with an additional Coulomb interaction crossing the transverse
photon is added to the solution for each iteration. In comparison with
the pair equation with a full transverse photon, Eq. (4.23), it can be
noticed that the model state contribution becomes a part of the itera-
tive process instead of a separated summation over energy-differences.
With this iterative procedure the pair function with an open photon can
be solved to self-consistency. The graphical representation of the new
pair equation with an open photon, Eq. (4.48), is presented in Fig. 4.4.

4.3.2 Pair functions with a contracted photon

When the wave operator, or more correctly the pair function, with an
open virtual photon is generated one can solve the Bloch equation for
the wave operator with a closed transverse photon Qy,,

[Qu1pn, HoP = Q(VLQLP + Ve P — Q PV — lehPVeIH) P. (451)

The absorption of the open virtual photon is taking place in the first
term on the righthand side of this equation. The corresponding pair
equation is achieved by using the above introduced definitions of €,
Qipn and QL

(& — Ho)|pi™) = [rs)(rs|VL[CL, (k) + |rs)(rs| Vi |phy (k) + [rs) (rs| Vo] obr)
— oMY (ed|Viglab) — [ pea) (cd| V12" ab). (4.52)

Here, we introduce the convention that repeated notations of linear and
angular momentum automatically include the integration and summa-
tion over k and [,

sV (k) = 3 /O dk (rs| Vo (k). (4.53)
(=0
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Figure 4.5: The graphical representation of the pair equation in Eq. (4.52),
where the open photon is absorbed and further Coulomb interac-
tions are added after the contracted photon. The pair function,
| p}zgh>, is represented graphically by the leftmost diagram on the

upper row.

The pair equation in (4.52) is graphically represented in Fig. 4.5.






CHAPTER O

Relativistically covariant MBPT

In this chapter we will consider the implementation of virtual pairs,
VP, into the formalism presented in Chapter 3, where the virtual pairs
are the intermediate combinations of particles and anti-particles that
exist in the perturbation expansion of relativistic quantum field theo-
ries. In section 3.1.1 the existence of the virtual pairs is mentioned and
that they, in general, are included in the irreducible potentials of higher
order. In this chapter the covariant evolution operator developed by
Lindgren et al.[45] is going to be introduced and we will show that, with
the help of this covariant evolution operator, it is possible to express
some of these irreducible potentials with virtual pairs as the product of
two potentials of lower order. In this way it is possible to derive a set
of pair equations with a similar structure as the set of equations that is
presented in Chapter 4 for the no-virtual-pairs, NVP, approximation.

5.1 Covariant evolution operator

The number of possible combinations of particles and holes in the in-
coming and the outgoing states are for the standard evolution operator
(3.3) subpressed by its non-relativistically covariant treatment of time.
The covariance condition of treating time and spatial variables on equal
footing is violated in the standard evolution operator, when the time of
the interaction points are bound within the interval ¢,, € [to,t], while
the integration over the spatial variables is performed over the whole
position space. The result is that the incoming and the outgoing states
can either be all particle states, ¢y < ¢, or all hole states, ¢, > ¢, see Fig.
5.1.

55
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Figure 5.1: The graphical visualisation of the two possibilities one has with
the standard time evolution operator. The incoming and outgoing
states are all particle states, ¢t > tg, or all hole states, ¢y > t.

In a relativistically covariant formulation the time interactions are
performed over all time, ¢, € [—o0,o0]. The most common technique
taking this into action is the S-matrix formalism, where states are prop-
agated through time under the influence of the perturbation from ¢y =
—ocotot =00

(cd|S]ab) = (cd|U (o0, —00)|ab). (5.1)

To implement the S-matrix into the energy-dependent MBPT is not an
option. First of all, the QED-effects are with the S-matrix formalism
gathered in energy contributions to the total energy. This does not cor-
respond to the procedure we presented in the previous chapter where
the effects instead were included in the state vectors, which makes it
possible to further apply interactions to these state vectors to generate
higher-order effects with a scheme of iterations. Secondly, the existence
of an extended model space within the energy-dependent MBPT proce-
dure implies that there exists matrix elements of the effective operators
where the initial and the final states do not have the same energy. Since
the S-matrix requires energy conservation between the initial and final
states, this becomes a second argument that another procedure has to
be considered in order to have a relativistically covariant MBPT proce-
dure.

The alternative to the S-matrix is to consider the time transforma-
tion of charge distributions p(z), instead of states, under the influence
of the perturbation. The charge distribution is defined as [61]

p(x) = Pl () (x) (5.2)

and the time transformation of a single charge distribution represented
in the space-time coordinate x( to another distribution in z is defined to
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Figure 5.2: The graphical visualisation of two of the possible combinations
included in the covariant evolution operator of first order for a
hydrogen-like system in Eq. (5.4).

be the covariant evolution operator for a hydrogen-like system

US (t;t9) = /d?’x p(x)/d?’xo U (00, —0) p(xp). (5.3)

This definition includes the constraint that one of the electron field op-
erators in each distribution is contracted with a field operator in the
perturbation. This is illustrated for the covariant evolution operator of
first order in equation (5.4).

In the covariant evolution operator it is possible to have all combi-
nations of incoming and outgoing states, since the charge distributions
include summations over both positive and negative energy states. Two
possible combinations are illustrated in Fig. 5.2 and by using Feyn-
man’s statement, that the negative energy states can be considered to
move backwards in time, the two examples can be interpreted in the
following way. In the leftmost diagram a negative energy state at ¢, is
propagating down towards ¢ = —oo where it interacts with the electro-
magnetic field and becomes a positive energy state which propagates to
the final time. The other example starts with a positive energy state
propagating beyond the final time, where it absorbs or emits a photon
which results in a negative energy state that travels backwards to the
final time ¢. Both these examples are generated by the first-order of the
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covariant evolution operator in relation (5.3)
Cov,(1) /,. o 3 3 (1) .
Uy (t;to) = /d x p(m)/d xo UV (00, —00) p(z0)

= //dgl’ d3CL'0 X
[ I 51

~

D (w0)1) (x0)

A~

W(J«")z@(w)[—i/dﬂ‘xl W(wl)ea“x‘lu(wl)&(wl)]

= //dgx 3z x

TZJT(I') [ — i/d4$1 iSF(ac,xl)ea“A“(xl)iSF(xl,xo)] 12)(1’0),
(5.4)

where the electron propagators Sg(2’,x) are the results of the contrac-
tions.

5.1.1 Physical interpretation

It is here important to comment that the outgoing state of the transfor-
mation

Ix(£)) = U (t,t0)|x(to)) (5.5)

does not have to represent a physical state. The reason for this is that
the charge is not necessary conserved in the transformation with U,
This problem is indicated in both the examples illustrated in Fig. 5.2
where the initial charge is not equal to the final charge. How should this
be interpreted and is it still feasible to use this evolution operator for
doing calculations? The solution lies in the way negative energy states,
in general, are interpreted and also treated. It is commonly known that
a negative energy state can be interpreted as a positron with positive
energy propagating in time in the positive direction and this positron
will instead vanish in the interaction where we consider the negative
electron state to be created. The positron is produced together with an
electron in a charge conserving virtual pair creation, where the electron-
positron pair is created by a virtual photon. This implies that the neg-
ative energy state is representing a virtual particle, a particle which
will only exist between two interactions and do not have any physical
representation. Usually, the effects with virtual pairs are treated as
irreducible effects with two or more virtual photons but with the covari-
ant evolution operator we will show that it is possible to reduce some of
these irreducible effects into products of lower-order effects. This can be
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compared to the open virtual photons presented in the previous chap-
ter. Here, an outgoing negative electron state is considered as an open
virtual hole. In order to have any physical representation of the final re-
sult the open virtual electron state has to be perturbed into a final state
for which the charge conservation between the initial and final state is
not violated.

5.2 Helium-like systems

To proceed into a helium-like system two additional charge distributions
are included, one incoming and one outgoing,

Ui (t,15 to, 1) = / / Az 32 p(z)p(z) x
// d*wo d*a(y U (00, —00)p(wo) p(p) (5.6)

where all four time variables are handled separately, in order to pre-
serve the relativistically covariance of the operator.

The idea is to use the covariant evolution operator to formulate a
relativistically covariant MBPT procedure and this can be performed
by replacing the standard time evolution operator with the covariant
one. The procedure of deriving an energy-dependent Bloch equation for
relativistically covariant interactions is analogous to the one presented
in the end of chapter 3 with the final result, relation (3.84), unchanged

0" Voov (€)

[QCOV7 HO]P = Q(VCOV(S)QCOV - QCovVeff + Z SEN
n=1

QCOV(VYeff)n> P.
(5.7

Instead modifications appear in the expressions of the irreducible po-
tentials in Voo, (€)

Voo (€) = VIgR (€) + Vi () + ViEV(E) + V& () +--- (5.8)

In order to implement the Bloch equation in (5.7) into real calculations
and introduce solvable pair equations, the expressions of the irreducible
potentials have to be derived.

In this thesis the computations are limited to the exchange of a sin-
gle transverse photon together with correlation and the existence of vir-
tual pairs. For that reason only the expression of Vl(;‘flv(g ) will be con-
sidered. The incoming and outgoing correlated wave functions are not
going to include any intermediate negative energy states. These will
only appear directly before and after the transverse photon.
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5.2.1 One photon exchange

The covariant evolution operator for the exchange of a single photon is
obtained by inserting the standard evolution operator of the considered
effect, Eq. (3.8), into the definition of the covariant evolution operator
for a helium-like system, Eq. (5.6)

USR (@it 1) = [ [ P da’ pap(a’)
// d*zg d*zfy Urph (00, —00) p(x0)p(p)
/ A3z &3’ f ()Pl (2 / d®z d®z)x
[5 // d*zq d*zs iSp(z,71) iSp(2’, 12) x

(—i)IC(I'l, acg)iSF(xl, x()) iSF (1‘2, x{)) e_ﬂy(|t1|+t2)] X

()i (o), (5.9)

where the electron propagators

S x) = / o -0 g, (1, 2/, )

27
s
_ /d_w ot (@19) ) (5.10)
2m w—&j +1m;

are again the result of electron field operators in the charge distribu-
tions contracting with field operators in the perturbations. The nota-
tion 7); in the expression of the electron propagator is defined as n; =
n sign(e;), where 7 is an infinitesimal positive number introduced to
displace the pole in the denominator away from the real axis. The ex-
pression of the interaction term within the Coulomb gauge I (2, x), in-
troduced in section 4.1, can be expressed as

Ic(2,x) —/;Ze_lz(t Doz, 2!, x), (5.11)
7r

where the Fourier transform Ic(z, ', x)is

/ dk 2ka (k,r12) (5.12)

Io(z,2,x) P

7TT‘12

The general expression of (rs]Vlci’lV]tw is derived by calculating the

corresponding matrix element of Ulc%v’ where [tu) and |rs) are free to
represent all combinations of partlcle and hole states. For simplicity all
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calculations will be performed in the equal time approximation where
we will have a single final time ¢ and a single initial time ¢,

Ui (.15 t0,t0) — UL (5 to). (5.13)

This approximation will not affect the result of (rs|Vip,|tu) which is
time-independent.

The state |tu) is considered to be a perturbed state, a state in the
middle of a ladder of perturbations, and it has the time-dependence

e—ito(g—at_gu)e_ﬂto" (5.14)

where £ is the energy of the initial state of the ladder. The initial time
of the transformation with UCOV(t to) can be any time in the interval
ty € [—00, 0] and to cover all poss1b111t1es of the transformation an inte-
gration over ¢ is introduced. The matrix element to calculate is then

dwy dwy dws dw dz
{7 Cov S Bwp el Ywd f Be
(rslUnpiy (#5t0)ltu) = /// 2 2w 27w 27w 27TX
St(w3) Sk (wa) (rsllo(z)[tu) Sk(wr)Si(ws)x

e—it(w4+w3—er—ss) /dto e—ito(g—wl—w2)e—“f|to|><

// dtl dtg e—itl(wl—z—wg) e—'y|t1\ e—itg(w2+z—w4) e—'y|t2|’
(5.15)

where the electron field operators have vanished in the interactions
with the electron states in the initial and final states. The superscripts
of the electron propagators indicate that the energies in the denomina-
tor of propagators are coupled to the single electron states in the initial
and final states.

The first step in the calculations is to perform the integrations over
the times t1, t; and ¢ty with the result

2rA (w1 — 2 —ws3) 21A (w2 + 2 — wy) 21AL (€ — w1 — w2), (5.16)

where the A -function is defined as

2 A ( / dt et = 2 (5.17)
w? + 2

In the limit v — 0 the gamma-function is equal to the Dirac delta func-
tion, 0(k),

lim A, (k) = (k), (5.18)
v—0
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which implies that the results of the time-integrations are constraints
of energy conservation between incoming and outgoing energy parame-

ters,
dwy dwe dws dwy [ dz
t: t o o o_ o o9
(rs|Uighy (: to)ltu) /// % 2r 27 21 ) 2m

Sp(ws3)Sp(wa) (rs|Ic(2)|tu) Sp(wi)Sp(w2)x
e Hwitws—er—es) 21AL (€ —wi — wa) X
21A (w1 — 2 — ws3) 2TA (w2 + 2 — wy). (5.19)

The time term is handled separately to simplify the calculations of
the remaining integrations. According to relation (5.18) and the results
in (5.16) the following relation can be implied in the adiabatic limit,

E=wi +wy =w3+ wy, (5.20)
and the time-dependence of the outgoing state at the time ¢ becomes
e iH(Emer—es), (5.21)

This approximation will not influence the structure of the matrix ele-
ment of VI%?IV which will depend on the locations of the poles in the elec-
tron propagators Sr(w), the interaction term I¢(z) and A,-functions.
The integrations of the energy parameters are performed in the fol-
lowing order w4, w3, we, z and in the end w;. The structures of the in-
tegrations over w, and w3 are the same and one can use the following
relation
do 1 A (p—w) = — (5.22)

2w —a+in; b—a+ iy,

to obtain the following results for the ws-integration

d
/% Sp(wsz) 2rAL (W) — 2 —w3) =

dwg 1
S - 9xA —y— =
2 ws —&p +iny T (W1 = 2 = ws)
1
- (5.23)
w1 — 2 —&r + 17
and for the w4-integration
dW4 1
— S 2mA — . 5.24
/ 2 P(wa) 2m8q (wp + 2 —wa) = wo + 2 — &5+ ivs ( )

All integrations over energy parameters in this chapter are performed
in detail in Appendix C.
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The third integral over wy will include the result of the w, integral
above, the electron propagator Sii(w2) and A, (€ —wi —ws). The result is

dwg 1 1

2T wy—eytin wetz—Es+17s

1 1
~ - —, (5.25)
E—wp—ey+iv € —wi+2—¢es+ 2y,

27TA7(5 — W1 — wg)

where the procedure of the performed integration and the applied ap-
proximation are considered in Appendix C.

The Breit path

At this point when we have reached the z-integration, the calculation
is separated into a Coulomb path and a Breit path according to the re-
lation in Eq. (5.12). The interaction term of the Breit interaction is
depending on the energy parameter z of the photon and the integral
over z becomes

dz 1 1 1
21 a — 2+ iy b+ 2+ 2iys 22 — k2 +1in

B 1 /dz { 1 n 1 ] 1
Coa+ b+ 2y, +iy ) 2m la—z4iy, b+ 2+ 2] 22 — k2 4in’
(5.26)

where a = w1 — ¢, and b = £ — w; — 5. The result of the integration
becomes
1 1

- + et (5.27)

—1i

2k(a + b+ 2ivys +1iv,) [a — (k—1iy)

The last integration is performed over w;

dwl 1 1
e - —X
2 £ —egy — w1+ iy, w1 —e +iny
1 1
[ — —|
wi—& —(k—1y)r w1 —er—(k—17)s

1 /dwl 1 1
_ [ R S
E—ey—er+iv 2 LE —ey —wy +H iy, w1 —er+ing

1 1
2
[wl—sr—(k—i’y)r+5—55—w1—(kz—2ify)s} (5.28)

and in the v — 0 limit the result becomes

—1 t:I:T:F r+u4 Siti uist
+ + + + 5.29
E_Et_gu[ A:I: B:|: C:F D:t :|’ ( )
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No pairs r<0 5 <0

t,bu <0 t,u,s <0

u,r,s <0  t,r,s <0

Figure 5.3: The 16 diagrams that visualise the 32 combinations one can ex-
tract from the potential of the single-photon exchange in Eq.
(5.32). Horizontal photon lines in the diagrams include both time-
orders while the sloped ones include only the visualised time-
order.

where t4 etc. are projection operators and the sign besides them indi-
cates whether the operator projects out single-electron states with pos-
itive or the negative energies. The expressions of A;,B+,C+ and D4 in
the denominators are

Afy =g — e, Lk

By =&—¢ey,—e Fk

Cr=E—¢—¢esFk

Dy =¢,—e5+k. (5.30)

The results of the integrations over the energy parameters are col-
lected and the final result of the matrix element of USS"(¢;t), in the
adiabatic limit, v — 0, is

” ie—it(é‘—ar—as) c
<7°S’U1B (t)]tu> = m@“é’“ﬁg ’tu>m, (531)
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where for the single photon potential we obtain the following result

(rs|ViS [tu) = <T‘S

/OOO dk? fB(k’,T‘lg) X

tors | THux | Stl4 uis¥]
+ + + +

tu>. (5.32)

The upper and lower sign in each term, with the sign in the front in-
cluded, must be used consistently for each term. The states not bound
by any projection operator are free to be particle or hole states without
any constraints from the other states. In total there exist 32 combina-
tions within the square-bracket and these are grouped and visualised by
the 16 diagrams in Fig. 5.3. Horizontal photon lines in the diagrams in-
clude both time-orders while the sloped ones include only the visualised
time-order.

Above the exchange of the Breit interaction is taking place between
the electrons in a perturbed state. An expression of the matrix element
of V]SOV when the initial state is an unperturbed state, ty) = —oo, is also
of interest. The incoming electron propagators in the expression of the
covariant evolution operator in (5.9) will now vanish according to

lim [ d3z iSp(z, zo)(x0) = ¥(2), (5.33)

to——o0

which can be derived by using the explicit expression of electron propa-
gator, Eq. (A.15). The matrix element to calculate is then

o 21
e—lt w1 two—er— ES)/dt e lt1(€a zZ— Wl) _'Y‘tl‘x

(rs|USS" (1) / / & [ ) St wn)rslTn(2)ab) x

/ dty et en) gl (5.34)

and if the integrations are performed in the following order ¢1, to, wy, wo
and z the calculations are more or less the same as in the case above,
where the structure of the integrals over w; and w- are equal to the
integrals presented in (5.23) and (5.24). In the limit v — 0 the final
result becomes

C e—it(sa—i-sb—er—es) o
(rs|Urg" (t; —o0)|ab) = (rs|Vg*"|ab)
EatEp—Er —Eg

e—it(é’—a-—as)

— ﬁ@s\VBCOV]ab% (5.35)
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where

(rs|Vi§® |ab) = <rs
- <rs

The Coulomb part

== S+
/dka(k;rm)[s —c :Fk+5b—5 :Fk;]

)

. T+ S+
/dka(k?rlz)[S—Er—&?b:Fk + 5—€s—€a:|:k:| ab>.

(5.36)

Along the Coulomb path the two remaining integrations over z and w;
have the same structure

dw 1 1
2r a —w+iy w+b+1iy;’

(5.37)

where 7; and v; are connected to the energies ¢; and ¢; located in the
constants a and b, respectively. For the integration over z the constants
are given by

a=wi—¢ & b=E—w;— ¢y (5.38)
and for the w;-integration ¢ and b are
a=€—¢, & b= —¢. (5.39)

The result of the integration in (5.37) is

S
_— 4
T Tt (5.40)

and with this result applied to the z and w; integrations the final result
becomes

Cov ie—it(c‘f—er—€s) L 1
<TS‘U10 (t, t())’tu> = m(rs\vc ’tu>m, (541)
where the matrix element of VCi is
(rs]VéE\tm = (rs|(Fress)Vo(Ftruy)|tu) (5.42)
and V( is the standard Coulomb interaction
o2
Vo (5.43)

N 47TT12 '

The final expression in (5.42) is not the expected one, since the pos-
sible combinations will only include double-hole states before or/and af-
ter the interaction and there are no single-hole states present. With a
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double-hole state we refer to a two electron state representing two holes
while a single-hole state is representing a particle and a hole.

Is it then possible to have an intermediate single-hole state before
or/and after a Coulomb interaction? The answer is yes, but we can not
consider a single Coulomb interaction to verify this, instead combina-
tions including two or more interactions have to be considered. Some of
these combinations are included in the irreducible potentials of higher
order that are not numerically implemented in this thesis, for example
the effect of having a single-hole state between two Coulomb interac-
tions.

Reducible combinations of Coulomb and Breit interactions

Focus now on the reducible effect with two interactions

dwy dwy dws dwy [ [ dz1 d2g _is(usws—e,—e.)
<r$’U2phLad‘ab //// 2r 27 27w 2w // o o1 ©
St (ws)Sp(wa)(rs|Ic(z2) [tu) Sh(w1) St (ws) (tulIc (21) |ab)

/dh e it1(ca—21—w1) o=t /dt2 e~ it2(eptz1—w2) —7t2]

/dtg e ita(wi—za—ws) —t3 /dt4 e—ita(watza—wa) g=7lta|
(5.44)

The time-propagation takes place from ¢y = —oo to t and |ab) is an un-
perturbed state.

Here, a Coulomb interaction is chosen to be the first interaction
Ic(z1) = Vi and it is followed by an arbitrary interaction I (z2) rep-
resented by the full interaction term in (5.12). First, the integrations
over t1, ta, t3 and ¢4 are performed with the result of four A,-functions
according to the relation in (5.17). Next the integration over z; is per-
formed and it will only include two A,-functions since I(z1) = V¢ is
independent of z;. The result of the z;-integration becomes

27TA27(€CL +e&p —wp — w2) = 27TA27(5 —wip — UJQ), (5.45)

where the following relation for the A -functions is used when perform-
ing the integration

/dxAv(x —a)Ax(z —b) = Ayyr(a—Db). (5.46)

With the results inserted into the considered matrix element of U%‘ﬁ’Lad
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with an initial Coulomb interaction,
dwy dwy dws dw dz
Cov _ _1 _2 _3 _4 _2 T s
rslUSnat) = — [[[[ G 52 G2 2 [ G2 Sk(en) Splen)x
(rs|Ic(ze2)|tu) Sﬁ(wl)Sg(w2)<tu\Vc\ab>x
e—it(w4+w3—€r—€s) 27TA2-Y(5 — w1 — w2)><

21 Ay (w1 — 2 — w3) 2rAy (we + 2 — wa), (5.47)

one can identify the expression of (rs]U%if\tu) from Eq. (5.19) and rewrite
the matrix element of US}%., as

(rs|U2(;)%VC*|ab> =—i <7‘8|U1(fj‘flv|tu> (tu|Vc|ab). (5.48)

The matrix element of Uﬁj{f includes, as shown above, the exchange of

both a Coulomb interaction and a Breit interaction and by replacing
it with the matrix elements in Eq. (5.31) and Eq. (5.41), the result
becomes

(rs|U2(i)%Vc*|ab> = (rs|Ug§V|ab> + (rs|U88V|ab>, (5.49)
where the Coulomb-Breit exchange is

it —er—eo) (18| VY () [tu) (tu| V| ab)
(E—er—es)(€—er—ey)
= O T VST (E)Velal)  (5.50)

(rs|USSY |ab) = e

and the Coulomb-Coulomb exchange becomes

<rs\Vécltu> (tu|Ve|ab)
(E—er—e5)(€—er—ey)
= =2 (g TE(E)VETE(E) Vi |ab). (5.51)

(rs|UGE" |ab) = e(E=r==)

Here, the resolvent I'*(€) includes the summation over all combinations
of positive and negative energy states. Notice here that the effect of
having all combinations of the intermediate states between the two po-
tentials in (5.50) and (5.51) is located in the second of the two potentials
and where the first Coulomb potential is treated as usual. The reason
for this is that parts of the propagation of the electrons between the in-
teractions is merged into V;{°" and Véc by the definition of the covariant
evolution operator for the single photon exchange in Eq. (5.9).

In equation (5.50) it is confirmed that a single-hole state can be
present after the exchange of a Coulomb interaction if it is followed by a
Breit interaction. The existence of a single-hole state before a Coulomb
interaction can be stated by changing the positions of the Coulomb and
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Figure 5.4: The graphical representations of three examples where there ex-
ist single-hole states before (a), after (b) and both before and after,
(c) & (d), the exchange of a transverse photon. In all these exam-
ples there exist resolvents with vanishing denominators. It can be
shown that in combination with the expression of the potential of
the single-photon exchange, Eq. (5.32), these vanishing denomi-
nators are eliminated.

Breit interaction in the calculation of the matrix element in (5.44). The
result

(rs| Ve (&) tu) (tu| Vi |ab)
(E—er—es)(€—er—eu)

= Eer =) (rg|TH (E) Ve (E)TF(E) Vi ™ |ab) (5.52)

(rs|USE" |ab) = (€ =er =<0

is achieved by identifying the expression of the matrix element in (5.34)
and the matrix element (tu|V$°"|ab) is given in Eq. (5.36). In the last
resolvent, I'"(£) = I'(£), the summation runs only over the positive
energy states, since the negative energy states are only considered to
present directly before and after the exchange of the transverse photon.

Vanishing denominators

The expressions for the two-photon exchanges in (5.50) and (5.52) in-
clude resolvents that have vanishing denominators, this also known
as the Brown-Ravenhall disease and is discussed in section 2.3. Alone
these resolvents will include singularities, but in combination with V]SOV
they will be regular.

We consider first the combination of the two-photon effect in (5.50)
where the intermediate state |tu) is a single-hole state, ¢, < 0 and ¢, >
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0 and both single-electron states in the final state |rs) have positive
energies. This effect is graphically visualised by diagram (a) in Fig. 5.4.
The matrix element of the Breit potential is for this example

-1 1
Cov
(s VI (&) tu) = rs/dk‘fB e —" g_&_gu_k”tu)
(5.53)

which also can be expressed

/dl€ To(k Et — Er_—(i)?;t—_sfu—) Eu — k)} ‘tu>
(5.54)

(rsVE* (€)

)|tu) = rs

The factor (£ —¢;—¢,,) in the numerator will eliminate the "diseased” de-
nominator and the remaining denominators in the considered example
are finite

-1 1 1

8_57"—53 Et—sr—k g_gr_eu_k,‘ (5.55)

The similar situation occur when the single-hole state instead is lo-
cated after the Breit interaction, see diagram (b) in Fig. 5.4. The de-
nominators in the potential are here

1 1
€t—€r+k’+g—€t—€s—k’ (5.56)
which with simple algebra can be rewritten as
1 1
(€ —er —es) (5.57)

et —¢cr+k E—e—es—k

and the troublesome denominator is again removed by the factor from
the factorisation.

In the last example there are single-hole states located both before
and after the retarded interaction, see diagram (c) and (d) in Fig. 5.4.
The procedure is analogous to the ones presented above with the excep-
tion that the algebra is a bit more messier. The denominators in the
potential for this case are

-1 -1 1 1
5.58
Et—sr—k+5—Et—55+k+5—Eu—5r—k+5u—€s+k ( )
and with some algebra they can be factorised into
(E—er—e5)(E—er—ey) 1 1
(€ —ey—er—k)(E—e4—es+ k) [5u—z—:s+k 5t—57«—k‘]' (5.59)
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This factorisation scheme can be applied to every combination of
V£ that include incoming and outgoing singel hole state with the re-
sult that the "diseased” denominator vanishes. This can be summarised
as that the effect of the Brown-Ravenhall disease will never appear as
long as the combinations T*V;{'T'* and TV;{°" are treated as a single
units.

5.2.2 Bloch equations within the covariant procedure

The idea now is to implement the expression of the covariant single-
photon exchange potential,

ViR = Ve + Vg (5.60)

into the Bloch equation in Eq. (5.7) and derive a set of pair equations
that have the same structure as the set of equations presented in the
previous chapter for the NVP approximation. An advantage with the
expression of VI%%V is that all combinations of incoming and outgoing
particle and hole states are included in a single expression, but there is
a drawback. It is that the numerical computations will be unstable if the
combination I'*V§°'T'* and I'*V{" are not treated as single units. The
implementation of Vlgﬁv into the Bloch equation, Eq. (5.7), will therefore
require a more lengthy procedure compared to the one introduced in the
previous chapter.

The treatment of virtual pairs in this thesis is restricted to the com-
putations of the exchange of a single transverse photon together with
correlation and the existence of virtual pairs. According to this is the
expansion of the full covariant wave operator

D5 = Qo + QG + 2 + -+ (5.61)

spl sse

already truncated after the first term, where the subscrips of the differ-
ent terms in the expansion corresponds to the ”single-photon ladder”,
the "double-photon ladder” and the ”screened self energy”, respectively.
This sequence of single-photon ladders is generated by using the above
considered single-photon exchange potential Vl(;‘flv. We are also restrict-
ing the virtual pairs to only be present directly before and after the ex-
change of the virtual photon and according to the discussion following
Eq. (5.50) and (5.51) we can apply the following transformation upon
ey

VER — Vi = Vo + Vg™, (5.62)

where VCi is replaced with the ordinary Coulomb interaction. The pres-
ence of the virtual pairs are now only located in the expression of V]SOV
and in the intermediate resolvents I'*.
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The extended Bloch equation for Qgﬁv can after insertion of the trans-
formed potential be identified as

SV Cov

ov oV ov oV 1 h ov n
S, HolP = Q (Vo — oS veff+z AP QY (V)" ) P

— Q(VCQCOV + VB OVQCOV QCovVveH

spl spl  — "fspl
o nvCov

L QG (Ver)" ) P (5.63)
n=1

This equation can be separated into the two following Bloch equations

0, HolP = Q(VCQIi - QIiVCIH)P (5.64)
[, HolP = Q(Veliy, + VE™Qf — of, Vi
gry Z 5”;? V)P (5.65)
by inserting the truncated expansion of QSCp‘iV
OO = OF + 01, (5.66)

where we restrict the wave operator to only include a single transverse
photon. In the wave operator QIi, the hole state are restricted to only
exist in the last resolvent and not be present within the sequence of
Coulomb ladders. The Bloch equation for Qli, located in the complimen-
tary space, can then be simplified into

QO P =TEVeUP — T5Q Vg, (5.67)

where () is the wave operator with only Coulomb interactions and no
virtual pairs, introduced in Sec. 4.2.1. The expansion of QIjE
O (E)Pe = Pe+TH(E)R1Pe — TH(E)TG(ENRA(E) Per Vi Pe
+ THETGENTG(EYRI(E") Pen Vg Per Vg Pe
— TGS (ENTGENTG(E" YRI(E™) Pen Vg Pen Vg Per Vi Pe
4. (5.68)

can be compactly be expressed as

00 5nrzl:(5)
OF(E)Pe = Pe + T5(ERiPe+ Y %Rl(vlﬁ)" (5.69)
n=1

[S)
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by identifying the following relation for the resolvent Fg

T () ST ()
Q\“) _  \nps te ... 7L = _I'E @
TeEn (—1) FQ(‘S)FQ(&) FQ((S”) FQ((S) 551@—1)

Above in Eq. (5.68) and (5.69), R is the reaction operator with only
Coulomb interactions and no virtual pairs

RiP = Vo4 P. (5.71)

. (6.70)

Next, we isolate the terms on the rightside of Eq. (5.65) that include

a Breit potential and define them to be the reaction operator with a
transverse photon

X n

VCOV
RiPe =V Pe+ )
n=1

o0&

QF (V)" (5.72)

and into this expression the result in Eq. (5.69) is inserted

0 §n Cov
REP: = V' Pe + § OV
oEN

(Vo))" + (VE°'TG) RaPe

[$)

Cov o) mF:I:
+ Cov Q I \m
Z ser LaRi(Vi)" + VE™ D —=ERi(Viip)

0 nvCov 0 5777{‘
dEn Z< gEm

LR (Vi)™ (Vi)™ (5.73)

€

n=1
Here, the last three terms on the righthand side can be combined into
an energy-difference of VBI% and the whole expression for the reaction
operator with a transverse photon becomes

o nvCov
R Pe = V5 Pg +Z sen— (Va)"
00 5n(vCovF:|:)

(VCOVF:‘:)RIP(C/‘ + Z

n=1

Ri(VE)™. (5.74)

[S)

gn
The Bloch equation in Eq. (5.65) can now be expressed as
O Pe = TERE P + THVeQ, Pe — T5QE Vi — TEQuVE",  (5.75)

where the resolvent I'), = T is applied to terms where the last in-
teraction is a Coulomb interaction. The summation over the states in
1“5 = I'g do only run over the particle states. Now, the wave operator

Qliph is divided into two parts

Of = Qp + QLS (5.76)
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where the first wave operator on the righthand side, Qg, is the lower-
order ladder sequence of Q Iph where the latest interaction is the ex-
change of a transverse photon. The other term on the righthand side
represents the sequence of higher-order terms where Coulomb interac-
tions have been exchanged after the transverse photon. The lowest-
order term Qp will consists of two terms,

QpPe = ToRy Pe + T8V, (5.77)

which are both collected from Eq. (5.75), where second term is a part of
one of folded terms,

oo Verr = TG (R + Qi) Vil (5.78)
The expansion of Q23 can be written as
OpPe =TGR Pe + T30 Per Vg Pe

= T Ry Pe — TH(ETG(E) R Per Vg Pe
+ Fé(&rs<5'>r$<s">R§Ps~v;ﬂPef Vi Pe + -

oo snE

tpt Qp+
=T5R Pg—l-z sgn R (V)" (5.79)

where the compact formulation of the expansion is obtained by again
using the relation in Eq. (5.70). After the insertion of the expression of
Rg, Eq. (5.74), into Eq. (5.79), the final expression of 23 is obtained

F:I:vCOV)
QBPg = F%V OVP + Z 5gnB oﬁ)n
> (T GVEOTS)
+ (THVEOTE)RIP: + ) M—nnl(veff)". (5.80)
n=1

The combinations FgVBCOVFé and P$V§°V are in this expression of the
wave operator, ), treated as single units. This means that the effects
of the Brown-Ravenhall disease is then suppressed according the dis-
cussions in the previous section. The final Bloch equation for leh is
now expressed as

OFPe = QpPe + THVeOT, Pe — T QEGVE — TV (5.81)

5.2.3 Pair functions with an open virtual hole

With the set of wave operators with virtual pairs in Eq. (5.71), (5.80)
and (5.81) it possible to proceed and define a set of pair equations with
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virtual pairs together with corresponding pair functions. A problem is
that a pair equation based upon the Bloch equation in (5.80) becomes
hard to implement numerically. First of all, one has to have a finite
upper limit in the summations of the folded terms and practically it be-
comes difficult to numerically implement more than the first term in
this summation. Secondly, the structure of the pair equation for the
exchange of the transverse photon will differ from the one presented
in the previous chapter and where a numerical implementation will re-
quire large reconstructions, compared to the NVP-procedure, in order to
obtain a time efficient computational procedure.

Without going to deep into the numerical procedure, which will be
considered in the next chapter, we will here introduce two modifications
in order to get a set of pair equations which has a similar structure as
the set of NVP equations. First of all, the summation over folded terms
in Eq. (5.80) is truncated and this is done already after the first term,

5(F:I:VC0V)
QpPe = TEVS™ Pe + — 42— Vi

1/ Covpt

+ (TEVETE) RiPe + W&V(ﬂ. (5.82)
The second modification is based upon how the spectrum of single-particle
states and energies is generated, since these are used as building blocks
in the construction of the resolvents. As we will go into in the next chap-
ter, we are using a finite discrete spectrum of single-particle states and
their corresponding energies. This is generated by solving the radial
single-electron Dirac equation in a discretised space, where the result-
ing states becomes discrete functions in the radial coordinate and where
the energies of the states becomes discretely distributed in the energy
spectrum. This implies that the propability to tune in a vanishing de-
nominator in a relsolvent has to be considered to be very low. The bene-
fit of this becomes that we can break up the combination F$V§°VF5 and
reorganise the equations in order to have a procedure for the virtual
pair calculations that is similar to the NVP procedure.

With these modifications the equations in (5.71), (5.80) and (5.81)
can be rearranged into the following equations

[, Ho| P = Q(VCQI - rgRIVJH)P (5.83)
+ Cov(* 5VE’EJOV SE=vd! NEty/1

0%, HolP = Q(VB Of + 20 Vi - QBVeﬂ)P (5.84)

OF P =Q P+ THVeQf P — THQLS VY — Tho V" (5.85)

Here, two new wave operators are introduced, Qli and Qg, and these are
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defined to be the components of QIjE and Q§ with no folded term

[QF, Ho] = Q Ve P (5.86)
[Q35, Ho] = QV§ ™ Qi P. (5.87)

These wave operators are of importance, since they restrict that only
the first-order energy difference of nggovl“g

+ ovE
STHVETE)

5.88
93 ; (5.88)

and no parts of higher-order energy-difference of I%V]SOVF%, is included
in the equations. With the discrete spectrum of single-electron energies
it is considered to be hard to tune in a resonance in a resolvent perfectly,
but one can get close enough to obtain numerical instabilities if not each
order of

> M(TGVSOTE)
e (5.89)

n=1

is fully treated. This is important to remember if one wants to include
higher-order terms from the summations in Eq. (5.80).

It is possible to separate the emission and the absorption of the vir-
tual photon also in the calculations that include virtual pairs, since the
difference between the VP and NVP treatment of the full Breit inter-
action is located in the energy denominators. This can be noticed by
comparing the expressions in Eq. (5.32) and Eq. (4.12). The expression
of the exchange of a full Breit interaction can be written as

g =3 /0 dk Vi DM (VL (5.90)
=0

where V' is given in Eq. (4.38) and Fﬁi(é’ ) has the same structure as
I'2(&) in Eq. (4.39), with the exception that I';(€) is replaced by

2, k) (i Bl g k) G K
rEE) = |+ Ak ! il 91
k(g) |: Ei—Eiﬂ:k g_Ei_Ej:Fk (56.91)

Here, i and j are the indexes for the outgoing states after the emission of
the photon. In the first ratio ¢, is the energy of the single-particle state
from which the photon is emitted from and this energy will always have
the opposite sign compared to the energy of the outgoing state |if).

It is now possible to introduce a wave operator with an open trans-
verse photon Qﬁf by expressing Q§ as

(QF, HolP = VILQFEP — QEVE, (5.92)
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Figure 5.5: The graphical visualisation of the effects included in the final pair

function | p}lghi>, Eq. (5.97), where all combinations of particle and

hole states are present directly before and after the exchange of
the transverse photon.

where Qﬁf is given by the following equation

oraE
i3

It is not possible, in this process, to have a Coulomb interaction that
crosses the photon, since this effect combined with virtual pairs is lo-
cated in the irreducible potential of next order, V;0¢". An implementa-
tion of this potential into Bloch equations has to be handled separately
and is not treated within this thesis.

From this point it is possible to implement the same procedure used
in the previous chapter to obtain pair equations out of the Bloch equa-
tions in Eq. (5.83), (5.85), (56.92) and (5.93). The final result of solv-
ing these equation, in the stated order, becomes a pair function with a
transverse photon, where directly before and after the photon there can
exist virtual pairs. Graphically this pair function is visualised by the
diagrams in Fig. 5.5.

For the incoming correlated pair the following pair equation is ob-
tained from Eq. (5.83)

QEP =TAVIQEP + ViOEVk. (5.93)

(€ — Ho)lpg) = Irs)(rs|Rilab) — TgRiled)(cd]| Vi |ab)
= [rs)(rs|Vclpas) — TgVelpea) (cd| Veglab) (5.94)

where an ordinary pair function |p.;) is perturbed into all possible com-
binations of particle and hole states. The ordinary pair function is gen-
erated by solving the pair equation in Eq. (4.18). The emission of the
transverse photon from the correlated pair is generated by solving the
following equation

5PA:I:
ok (k) = DRV [[ab) + o) | + 5=V |led) + |55 | (ed|Viilab)
(5.95)
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which is absorbed again in next equation
(€ — HO)lo5) = Irs) (rsI VR (R) — 1050) (cdViglab).  (5.96)

The last step is to generate Coulomb interactions after the exchanged
photon and the pair equation to solve becomes

1ph+ 1ph+
o) = lpy ) FTEVE gy )
— T4 lpt ) ed|Viiglab) — Tl pea) {ed|Vigf " lab), (5.97)

where the higher-order term is given by
10bi) = loa"™) — 1ot (5.98)

The pair functions |ﬁcid> and |,50Bdi> in Eq. (5.95) and (5.96), respec-
tively, are the results of letting the wave operators in (5.86) and (5.87)
operate upon the state |cd) that is located in the model space.



CHAPTER O

Numerical procedure

This chapter is devoted for the numerical implementation of the newly
developed procedure. Numerical and analytical methods used for per-
forming integrals are presented together with the basic structure of the
iterative procedure of solving pair equations. The analytical procedure
of angular integration is only briefly discussed in this chapter, a more
detailed derivation of the expressions used in the numerical procedure
are presented separately in the Appendix B.

6.1 Numerical production line

The numerical production line has more or less already been presented
together with the sets of pair equations in chapter 4 and in the end of
Chapter 5. Anyway, the basic idea, both in the NVP and the VP pro-
cedures, is to first create correlated numerical state vectors and from
one of the electrons in these correlated two-electron pairs a transverse
virtual photon is emitted. In the NVP case it is possible to have in-
stantaneous Coulomb interactions crossing the open transverse photon
before it is absorbed by the other electron, this is currently not possi-
ble for the VP calculations. After the photon is absorbed more Coulomb
interactions are exchanged between the electrons in order to generate
outgoing correlated state vectors. The whole scheme for NVP calcula-
tion is presented graphically in Fig. 6.1. The same scheme can also
represent the VP calculations with the exception of diagram (c), where
Coulomb interactions are crossing the open photon.

The different parts of the production line are represented by a pair
equation and as we have mentioned earlier these pair equations are

79
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Figure 6.1: The graphical representation of the production line for generat-
ing pair functions with the exchange of a retarded photon for no
virtual pairs. In the first step, (a), pair functions are created by
solving equation (4.18) with a scheme of iterations. A virtual pho-
ton is emitted from the pair function, (b), and iterations of equa-
tion (4.48) generates crossing Coulomb interaction, (c). Finally,
(d), the virtual photon is absorbed and Coulomb interactions are
generated after the closed photon by iterating Eq. (4.52).

solved with a procedure of iterations. The iterative procedure used
in this thesis is based upon using a finite discrete spectrum of single-
electron wavefunctions, Salomonson and Oster [62, 63], where the two-
electron states and energies in the pair equations are constructed by the
states and energies from this spectrum.

6.1.1 Finite discrete spectrum of single-electron states

A spectrum of relativistic single-electron states is achieved by solving
the time-independent single-electron Dirac equation for a nuclear po-
tential V.,

hpli) = &;i) (6.1)
where the Dirac Hamiltonian is expressed as

ho = —i -V + Bme + Vie (@) = < Ve (®) +me —i0 -V ) (6.2)

—iog -V Viue () — me

The eigenfunctions of this Hamiltoniain, the Dirac-spinors, ¢;(x) =
(x]i) consist of radial and angular parts

() = l FH,H(T)Xn,m(H,SD)
Yi(z) = r < iGnﬁ(T)X—n,m(ev(P) > ) (6.3)

where F), ., and G, , are known as the large and the small radial com-
ponent, respectively, « is the relativistic quantum number of the total
angular momentum and x, ,, is the /s-coupled spin-angular function.
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The radial and the angular components of the Dirac equation can be
separated and the radial part of the Dirac equation becomes the follow-
ing set of coupled equations

(" ) (60 ) == (8 ) o0

3=

The equation in (6.4) is solved within a large cavity, rmim < 7 < Tmax,
where the radial space is discretised into N grid points. Here, the grid
points are distributed exponentially in the radial grid, in order to cover
the important region near the nucleus. The solution of solving the equa-
tion in Eq. (6.4) becomes a number of complete sets of 2NV orthogonal
radial eigenfunctions and their real eigenvalues, one set for each value
of k. Here, half of these functions in each set are representing electrons
with positive energies, where the eigenfunctions with lowest energy are
accurately reproducing the atomic orbitals. The other half are corre-
sponding to negative energy electrons.

Into the 2N x 2N matrix in (6.4) the boundary conditions for the
inner and the outer limits of the cavity are inserted. Outside the cav-
ity the constraint is that the radial eigenfunctions will be zero while
in the inner limit the boundary condition is determined by the model
of nuclear potential. The models considered in this thesis are mainly
the point charge model and the Fermi model. The latter one has been
chosen for nuclear charges over Z = 18, where the finite size of the nu-
cleus can not be neglected. Below this limit the point charge model is
applied. The Fermi model that is implemented into the spectrum gener-
ating program, Gustavsson [64], is based upon a two-parameter Fermi
model

_ L0
e ey ) Ja (6.5)

Here, c is the radius at which the charge density drops to py/2, a is re-
lated to the nuclear "skin thickness” and pg is the maximum value of the
charge distribution determined from the requirement that the space in-
tegral over the nuclear-charge distribution must give the nuclear charge
Z. From this distribution one can obtained the expression for the nu-
clear potential V() that is used in equation (6.4), see [65]. For the
numerical computations the values of the two parameters ¢ and a are
collected from [66].

When solving the discretised Dirac equation there may arise prob-
lems of spurious states, high-energy states which appear in the low-
energy part of the spectrum. These states appear due to numerical prob-
lems of representing highly-oscillating functions. To avoid the problem
with spurious states the large and small component of the radial wave
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function are defined in alternating sites in the grid.

. aFn,n(Ti—1)> Gn,n(ri)a Fn,n(riﬂ)» Gn,n(ri+2)a e

6.1.2 Correlated numerical wavefunctions

The procedure of iteration used to solve the pair equation follows di-
rectly from the structure of the equation, where the results of the previ-
ous iteration is inserted on the righthand side of the equation

(€ = Ho)lpav) Gy = |rs)(rs|Vclab) + [rs)(rs|Velpa) i-1)
— |ped) i1y (ed| V.5V ab). (6.6)

Here, |pap) (o) s defined to be zero and the matrix element of the effective
perturbation is given by

(cd| VD ab) = (cd|Vi|ab) + (cd|Velpa)i-1), 6.7)

according the definitions of V.¢ and |p,) in (2.33) and (2.51), respec-
tively. The pair function and effective perturbation of first order become
according to (6.6) and (6.7)

\Ts>(rs]Vc\ab>
E—¢e, — &4
(cd| VY |ab) = (cd|Vi|ab). (6.9)

|pab) (1) (6.8)

Matrix element of the Coulomb interaction

Both the pair function and the effective perturbation include a matrix
element of the Coulomb potential V- and it is calculated by performing
a spatial integration of the coordinates x; and x5 of the two electrons.
In this integration spherical coordinates is used, for which the radial
and angular parts of the interaction can be separated by expanding V-
into partial waves [67]

e K
< K
= 1
4M12 E f -C"™(2), (6.10)

where 7 is the lesser and r-. the greater of the two radial distances r;
and 7. The angular tensor C¥ (i) is expressed, with its components ¢,
as

47

K/
Co ) =1\3x 1

Y (0;,¢4) (6.11)
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jt ] u
Figure 6.2: The graphical representation of the angular matrix element of the
Coulomb potential V¢ in form of an angular momentum graph.

and K is the orbital angular momentum of the interaction. The general
matrix elements of Vi can now be written as

(rs|Ve|tu) = 6(m”%, mb)s(ms, m¥) Z X (K, jrjsjtju) R(K,rs,tu) x Al
K=0
(6.12)

where X (K, j,jsjijn) and R(K,rs,tu) includes the angular and the ra-
dial components, respectively, and the J-functions are the results of the
spin-independence of the the Coulomb interaction.

The notation Al introduced in (6.12) is the angular momentum graph
presented in Fig. 6.2 and it has its origin of applying the graph formu-
lation of the Wigner-Eckart theorem™ upon the matrix elements of the
angular tensors,

<(lr3r)jr|CK|(lt3t)jt> : <(lsss)js|CK|(lu3u)ju> = X(K7 ]r]s]t]u) x Al
(6.13)

where
X(K, jrjsieiu) = (=15 Gl |CF150) Gs||CF || ju)- (6.14)

The phase factor (—1)¥ is the result of the scalar product between the
angular tensors and the reduced matrix element of the angular tensor
in jm scheme is expressed in term of a 3-j symbol
. . P R ¢ i K 7
GlCK ) = e el (B ) e

2 2

“p. 55 in the textbook of Lindgren and Morrison [50]
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1
where the square bracket notation [j,, j:| 2 is equal to \/(2j, + 1)(2j: + 1).
The reduced matrix element is non-zero only if the combination j,., K
and j; satisfies the triangular condition

ljr — jt) < K < jp + ji. (6.16)

There is also an underlying condition in the momentum graph Al that
the combination of /., K and [; satisfies both a triangular condition and
a parity condition. The latter condition requires that the sum of the
three angular momenta is even.

The radial integral

R(K,7s,tu) / drydry Wl (1)l (ro) 7 +11/)t(r1)1/)u(r2) (6.17)

is calculated by summing over analytical integrations performed over
the intervals between the radial grid points

Tit1 Ti+1 rK
R(K,rs,tu) = g / drl/ dro K<+1 X
ij i >

() Fu(re) + G (r)Galry) | | F(ra) Fu(ra) + Gs(r2) G (r2) .
(6.18)

The single-electron wave functions within these intervals are obtained
by interpolating the discrete numerical wave functions into continuous
space by using Lagrange polynomials in the radial coordinate. The an-
alytical integrations of the polynomials times the %-ratlo result in a
matrix of weights. These weights w;; are used for calculating the total
integral, which is reduced to the sum over the discrete values of the

numerical wavefunctions times the corresponding weight

R(K,rs,tu) wa[ (r3) Fy(ri) + G, (Tz)Gt(Tz)}
[FS(Tj)Fu(Tj) + Go(ry)Gulry)|. (6.19)

Scheme of iterations

The result of the first iteration, in form of a numerical wavefunction, is
expressed as

pgj)(rlar%lmjm ls>jS>K) = <$1,$2|p2))>

= D r(r1)ts(ra)

Nr,Ns

X(K, jrjsjajb) R(K, rs, ab)
E—¢e. — ¢,

x A2, (6.20)
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Figure 6.3: The graphical visualisation of the pair equation in Eq. (6.6) in
form of angular momentum graphs. Each term in the equation is
here represented by its corresponding angular momentum graph.

according to the formulations presented above. The angular depen-
dence, or angular symmetry, of the pair function is given in the angular
momentum graph A2, which is defined as

A2 = |, (Lrsr), js(lsss)) x AL (6.21)

The pair function of first order is represented by the first diagram to
the right of the equal sign in Fig. 6.3, where in this figure the pair
equation is visualised by the angular momentum graphs of each term. It
can be noticed that A2 is the defined angular symmetry of the outgoing
pair function. The difference between the graphs Al and A2 is that
the latter depends also on the orbital angular momenta [/, and I, of the
outgoing single-electron states in |rs). We have in A2 also specified all
the quantum numbers of the incoming single-electron states in |ab).

In the next iteration the other two angular momentum graphs on
the righthand side of graphical equation in Fig. 6.3 are introduced into
the procedure. The angular symmetries of these two terms differs from
the defined symmetry of the pair function and it becomes necessary to
reduce these two symmetries, A3a and A3b, into the symmetry of A2.
The reduction of the symmetry A3a into A2 is expressed as

A3 = Z (K] (_1)jr+js+ja+jbx
K

ja K jr jb K js
. . X A2, 6.22
{ K, j K }{ Ky ju K } ( )

where a detailed description of this reduction is performed in the Ap-
pendix B. In the iteration procedure K is a variable of the outgoing pair
function and summation over K in (6.22) is therefore postponed to the
next iteration. Instead the reduction of A3a into A2 is combined with
the summation over the intermediate angular momenta Iy, j, [y, ju, K|
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and K,. This summation is also combined with the calculations of the
matrix element (rs|Vc|tu). The intermediate angular momenta are rep-
resented by the outgoing angular symmetries of the pair function from
previous iteration.

In the folded term, the A3b graph, there is no new Coulomb inter-
action present. Instead the pair functions and the matrix elements of
the effective perturbation from the previous iteration are coupled. The
reduction of A3b into A2 follows the relation in (6.22) with the excep-
tion that the indices ¢ and u are replaced by ¢ and d. The reduction is
performed together with the summation over K;, K, and the angular
momenta, [ and j, of the states |cd) that span the model space.

6.1.3 Numerical wavefunctions with a virtual photon

Next, we will consider the exchange of a full Breit interaction between
the two electrons that are represented by the newly produced correlated
numerical wave functions. The general expression for the Breit poten-
tial, introduced in Sec. 5.2.3, is

VE(E) =) /0 dk V- TRE(E)VE (6.23)
L=0

and it includes all combinations of incoming and outgoing particle and
hole states. In Eq. (6.23) L is the angular momentum of the photon
and k represents the photon’s linear momentum. The expression of the
vector of single-particle potentials V'L is given in Eq. (4.38), where the
expressions of the single-particle potentials are

VE(kr) = %\/k(QL 1) ajp(kr)CF

e k
Ve (kr) = oV 2L +1

VEFDEL + 3)jr (k) {aCt 1}

++/L(2L — 1)jL_1(kr){aCL_1}L] .

The resolvent with an open photon are located in Fé}i(é’ ) that has the
same structure as I'{(£) in Eq. (4.39) with the exception that I';(€) is
replaced by

oo [ i k)G k| Jiage, B)(ica, K]
IE(E) = igi—gij:ki f—m-c ik | (6.24)

A detailed description of the notations in Eq. (6.24) can be found directly
after the Eq. (5.91). If only particle states are considered the resolvent
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Ff(é’ ) is transformed into I';(£), which only consists of the upper signs
of the rightmost ratio of I} (€)

|ig, k) (i, k|

TE(E) = TR(€) = T ek
i &

(6.25)

A difference in the numerical implementation of the Breit potential
between the two procedures, NVP and VP, is located in the expressions
of the resolvents, I';-(€) and T'y(). This difference do not affect the
numerical procedures that are used for the integration over the linear
momentum of the photon k& and the spatial integrations in the matrix
element of single-electron potentials. The another difference is that it is
only possible to have Coulomb interactions crossing the virtual photon
in the NVP calculations.

Intfegration over linear momentum of the photon

The integration over k is performed along the positive real axis, where
for calculations of the groundstate of helium-like ions there appear no
numerical difficulties. The integration is then computed using the method
of Gauss-Legendre and Gauss-Laguerre quadrature, where the contin-
uous integration turns into a summation over discrete values of the in-
tegrand times a weighting factor, w?,

/ Tk gk) = 3 whg(h). (6.26)
0 i

Along certain regions of the positive axis there are larger variations
in g(k) and by dividing the axis into regions one can concentrate the
number of grid points were they are needed most. For example, it is
important to have more points in the lowest region for low values of
angular momentum L of the photon. As the value of L increases these
extra points are instead distributed among the other k-regions.

Radial integration

The radial matrix elements of VZ (kr) and V& (kr) are both including a
spherical Bessel function, j; (kr). For high values of the linear momen-
tum £, the Bessel functions will, as a function of r, oscillate rapidly. It is
therefore more preferable to perform the integration over r analytically
rather than to do a summation over discrete points. The method used
above to calculate the radial matrix element of the Coulomb interaction
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Figure 6.4: The graphical visualisation of the emission of a virtual photon.
To the left in form of a Feynman diagram and to the right the
emission is represented by an angular momentum graph.

is also applied here and the radial integration becomes

(r|jc(kr)|t) Z/nﬂ dr g (k) [F.(r)Ge(r) + Gr(r)Fy (1))
—Zw r(ri) Ge(ri) + Gr(ri) Fy (rq)]- (6.27)

The discrete numerical wavefunctions are again interpolated into con-
tinuous space by using Lagrange polynomials. The weights w] are ob-
tained by an, to a large extent, analytical integration of the Bessel func-
tion times the polynomials over the intervals closest the radial point ¢,
two intervals before and three after.

The presence of the a-matrix in the single-particle potentials, do
also affect the radial integration since the structure of the matrix mixes
the two components of the radial wave function. The two components
are defined in alternating sites in the grid and to be able to perform the
summation in (6.27) an interpolation is performed of the components of
the incoming functions.

Angular integration

Angular momentum graphs are again used to calculate the angular ma-
trix element of the single-electrons potentials. The readers are referred
to Appendix B for the explicit calculations of the result presented in the
following text. For the Gaunt interaction we have the following result
of the angular matrix element

. 1
<(l sr)Jr\aC ’ ltSt ]t \/72 —HH—M ]t7]mK ]2<,77”HCLH]H>

Je 1 g Jt Kp Jr
(1 Sr}{L 5 5 Y, o
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Here, j, is a virtual angular momentum introduced in the reduction and
K, is the value of the total angular momentum of the photon,

IL—S|<K,<L+S (6.29)

where S = 1 is the spin of the photon.

The angular matrix element of the scalar retardation consists of two
terms, but final expressions for these two angular matrix elements are
identical with the exception for the rank of the angular tensor C

. 1, .
<(l 87")]r|{aCL+1}L ltst ]t \/_Z +lt+yn ]t>]mL]2<]r||CL+1||]n>x
Je 1 gt Jt L j,
{st L sr}{L+1 i 1}XB1
(6.30)
. 1, _ .
((lrse)jr {aCE= Y (11 i) =V/6 Z TR, G, L)2 G| |CE Y i) ¢
Je 1 g Jt L j,
{st L sr}{L—l i 1}XB1
(6.31)

The right diagram in Fig. 6.4 is the angular momentum graph B1 con-
nected to the angular matrix elements in (6.28), (6.30) and (6.31), with
the exception that for the scalar retardation terms K, is replaced by L.

No virtual pairs

The focus in this subsection is on the procedure of solving the the cou-
pled equations with an open photon, derived in section 4.3.1,

Cp(K)) = TR(E)V i |ab) (6.32)
1oL, (k) = To V£ pab) + Ti Vel (k) + TaVelpk, (k)
— TRk (k) (cd| Vg lab) — Tt | ply(k)) (cd| Vg | ab). (6.33)

We will also consider the equation, introduced in section 4.3.2, in which
the open photon is absorbed and further Coulomb interactions can be
applied after the closed photon

(€ = Ho)lpap") = rs)(rs|Vi|Chy (k) + [rs) (rs| Vil ply (k) + [rs) (rs| Vel oly)
= o) (cd|Voiglab) — |pea) {ed|Vgf" ab). (6.34)
The procedure of solving the coupled equations starts by first consid-

ering Eq. (6.32). The states with uncoupled electrons |(% (k)) are gen-
erated by calculating the matrix element of VX numerically with the
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Figure 6.5: The graphical visualisation of the pair equation with an open pho-
ton in Eq. (6.33) in form of angular momentum graphs. Each term
in the equation is here represented by its corresponding angular
momentum graph.

procedures presented above and in the end apply the energy denomi-
nator in the resolvent. These solutions are then used in the iterative
procedure of solving the pair equation in Eq. (6.33).

The scheme of solving the pair equation with an open photon, Eq.
(6.33), is similar to the one presented above for the production of the
correlated pairs. The first step in the procedure is to define an an-
gular symmetry of the pair functions with an open photon and in our
implementation this symmetry is represented by the angular diagram
marked with C1 in Fig. 6.5. The possible combinations of the variables
lry Jrs lsy Jss jm, Kp in Cl are determined by triangular conditions in
each vertex and by the parity conditions of the involved interactions.
The input into this determination is the values of angular momenta of
the ingoing states, I, ja, Iy, j», and the values of L and K. Additional
to the angular symmetry C1 the numerical pair functions do also de-
pend on the linear and the angular momentum of the photon, & and L
respectively, and the two radial coordinates, 1 and ro,

pgb(rlv T2, k» La l?"vjr» lsvjsvafw K7 Kp) = <$1, m2|p£jb(]€)> (635)

The first iteration in the procedure includes the emission of a virtual
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photon from one of the electrons in the correlated pair |pg)
0as(k)) 1) = TRV i pav) — TRICH(K)) {cd| V], |ab) (6.36)

and also the folded term that includes the state [¢\;(k)). In angular
momentum graphs these two terms are represented by C2 and C5 in
Fig. 6.5, respectively. It can be noticed that these two graphs have the
same structure as the defined angular symmetry of the pair function
with an open photon and it is therefore only necessary to set up the
following constraints

C2—-C1: jt:jm7 lu:lsa ju:j57 Kl:K
Cs—C1: jc:jma ld:lsa jd:j57 Kl:K

in order for the graphs C2 and C5 to be identical to C1. This process
of emitting the virtual photon from the correlated pair do also include
the numerical calculations of the matrix elements of the single-electron
potentials in V'L,

The remaining angular momentum graphs in Fig. 6.5 are introduced
in the next step in the scheme of iteration. Two of these graphs corre-
spond to the exchange of a Coulomb interaction that crosses the open
photon, C3 and C4, and the third is the last folded term, C6. These
graphs do not have the same structure as C1 and has to be reduced
according to the following relation,

. 3 : i« K j
03 = m _1 ]2+K+KP+J77L X { j-[l m } % Cl (6,37)
%; [m](=1) K
C4 = Z (K, jn] (— 1) Kp+Eutittiotivtist2im 5
K7j77L

ja K ]m jm jr Kp }{ jb js K }
. . . . 1 6.38
{ K, Ji Kl }{ Jt i ku K, Kl Ju . ( )
i datiatd o K Jm b K s
C6 — K (—1)im+istiati { J . } { _ } < O1.
ZK”( ) K. jo K [\ Ku ja Ki
(6.39)

The detailed procedure of these reductions can be found in the Appendix
B. The reductions are combined with a summation over the intermedi-
ate angular momenta, that exist for each graph, and with the calcula-
tions of the matrix elements of V(-. In the iterative procedure the sum-
mations over j,, and K in (6.37)-(6.39) are not performed together with
the reduction of the graphs. These variables are namely a part of the
outgoing angular symmetry. The summation over these angular mo-
menta is instead performed in the next step of the iterative procedure.
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The numerical production line ends with the absorption of the vir-
tual photon and further iterations where additional Coulomb interac-
tions are exchanged after the closed photon, diagram (d) in Fig. 6.1.
This step in the procedure is generated by solving the pair equation in
Eq. (6.34). The iterative procedure of solving this equation is almost
identical to the one used to generate the correlated pair and we will
therefore not go into any details. Instead we will consider the existing
differences, where the major difference is the terms for which the vir-
tual photon is absorbed, the first two term on the righthand side of Eq.
(6.34). These terms include the summation over the angular momentum
L and the numerical integration over the linear momentum k according
to

sl VEL () = Y / "k (rs[VE |y (K),
L=0"70

which are time-demanding procedures that one do not want to calculate
in every step in the iterative procedure. The terms of the absorption are
therefore only calculated once and the result, which is saved in mem-
ory, is instead entering the iterative procedure as the pair function with
a closed photon of lowest order. Except that, the iterative procedure
has the same approach as the procedure introduced above for the cor-
related pair. The graphical representation of Eq. (6.34) with angular
momentum graphs would also include the same type of graphs that are
visualised in Fig. 6.3, but now with twice as many A3a and A3b graphs.

Virtual pairs

The set of pair equations with virtual pairs that is formulated in the
end of Sec. 5.2.3 has a structure that is similar to the set of equations
for the NVP procedure. There exist differences, but all basic numerical
tools and procedures that are presented above can be applied to the VP
calculations.

The obvious difference is the summation over both particle and hole
states directly before and after the exchange of the transverse photon.
This summation is performed according to the combinations that ex-
ist in numerator of the resolvent Pf(ﬁ ) in Eq. (6.24). Here, there will
appear a modification of the procedure compared to the NVP procedure
presented above. It is namely not convenient to represent the numerical
pair functions in a coordinate representation and sum over the princi-
pal quantum numbers of the outgoing states, n, and n,, when both the
particle and the hole states are included in the summations. The infor-
mation of the different combinations will then be lost in the summations
and the solution would be a separate pair function for each combination
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that exist in the resolvents. The result of handling each combination
separately becomes longer computation times.

Instead of having a coordinate representation of the pair functions
we have solved this problem by splitting up the summation over n, and
ng in resolvents and letting the numerical pair functions with outgoing
virtual pairs be represented in a state representation,

Pap (s Ly Gy s s, Gy K) = (ks % [ o)
PEE (s s s ls Jon K Ky LK) = (rek,s = [ 5 ()
O Ot s i s b o ) = (ry 5 55,

Here, pffb is the numerical correlated pair, pCLLbjE is the numerical pair with
an open photon and pf}f is the numerical pair where the photon is ab-
sorbed, all three includes all combinations of outgoing particle and hole
states. The result of this change of representation becomes a fast com-
puter code where all combinations in the resolvent Ff(é’ ) are included
in a single computation. The equations for | p(fb>, | pgbi(k‘)) and | paBbi> are
given in equation (5.94), (5.95) and (5.96), respectively.

The numerical implementation of solving the pair equations with
VP has a second difference compared to the NVP procedure, that is of
importance and it is the treatment of the folded terms. This leads to
additional administrative differences in the VP program compared to
the code used for the NVP calculations, since there are two additional
pair functions, |5;) and |p2;"), to generate and store in memory. These
new pair functions are required in order to only treat the first order of
the folded terms with virtual pairs and not include parts of the folded
terms of higher order. A detailed discussion about this is presented in
Sec. 5.2.3 and is of importance, since an insufficient treatment of the
folded terms can result in effects of the Brown-Ravenhall decease.

6.1.4 Extrapolations

With the numerical integrations and infinite summations that exist in
our numerical procedure, there is a need of extrapolation procedures in
order to achieve the exact results. The numerical integrations over the
linear momentum % and the radial spatial coordinates are performed
with help of summations over discrete grid points and in order get the
exact value out of these integrations an extrapolation is performed down
to infinitesimal distance between the grid points in each grid. In order
to reduce the number of variables, we have chosen to couple the extrapo-
lation of the linear momentum k and the radial coordinates. Practically,
this means that the value of grid points in the two grids are chosen to
be equal in each computation and, over all, the number of grid points is
varied between 70-150.
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The infinite summations are located in the partial wave expansions
of both the Coulomb interactions, Eq. (6.10), and the full Breit interac-
tions, Eq.(4.24). In the computations the value of upper limits in these
summations are varied between L, = 5 — 14 and the results are then
used to extrapolate the values for the infinite summations. In the a com-
putation the values of the upper limits are equal for all summations and
in this way there is only a single parameter in the L,,..-extrapolation.

The total extrapolation becomes, in this way two-dimensional, where
the extrapolation is first performed over the two grids and then over the
upper limit of the partial waves. With the variation of the number of
grid points and of the upper limits in the computations, the extrapola-
tion can be performed for various combinations of these two parameters.
In the end the extrapolated values are obtained by taking the average
over all combinations of extrapolation. In this way the effect of the poor
numerical accuracy of computations with the high L., values is re-
duced.
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Numerical results and discussion

In this chapter we present the first numerical results of the combined
effects of correlation and QED for the groundstate, 15> 1Sy, for a number
of helium-like ions. These effects have never been calculated before with
the method of using a numerical basis set and they are obtained by the
numerical implementation of the new relativistically covariant many-
body perturbation procedure.

The chapter concludes with a discussion of the effects that have cur-
rently not been treated.

7.1  Numerical results

7.1.1 No virtual pairs

-

1-photon Exch. 2-Photon Exch. H.O. Full Breit

F S 1 F S 3

Figure 7.1: The graphical representation of the solution from solving the set
of pair equations with NVP, the equations (4.18), (4.47), (4.48) and
(4.52). The solution consists of the one-photon exchange, the two-
photon exchange and a higher-order term. The interesting com-
bined effect of correlation and retardation is included in the last
term.
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3

Single Inst. Breit  Coulomb-Inst. Breit H.O. Inst. Breit

Figure 7.2: The full solution of solving the set of pair equations for the instan-
taneous Breit interaction for NVP. The solution contains the ex-
change of a single instantaneous Breit, the two-photon Coulomb-
Briet exchange and the higher-order effects.

The final solution of solving the set of pair equations with no virtual
pairs, Eq. (4.18), (4.47), (4.48) and (4.52), becomes a sum containing
the one-photon exchange, the two-photon Coulomb-Breit exchange and
exchanges of higher order, see Fig. 7.1. In order to obtain the value
for the higher-order term, the contributions of the one- and two-photon
exchange are calculated separately with the same properties for the ra-
dial and the linear momentum grids and for the same values of angular
momentum of the photon. The pure higher-order effects are then sepa-
rated from the lower-order effects before the extrapolation is performed
and in this way better accuracy is achieved for the higher-order terms.

The effect of interest within the NVP calculations is the combination
of correlation and retardation, which has never been calculated before
with the method of using a numerical basis set. This effect is located
in the higher-order term, which also can be referred to as the combined
effect of correlation and the exchange of a full Breit interaction. This
Breit interaction can be divided into two parts, where one is the instan-
taneous Breit interaction and the other corresponds to the retardation
of the full Breit interaction. In order to achieve the wanted effect the
contribution from the instantaneous Breit interaction has to be sub-
tracted from the solution of the higher order term. This instantaneous
contribution is obtained by replacing the full Breit interaction with the
instantaneous one in the computations, see end of Sec. 4.2.2. The so-
lution after this replacement do also include the lower order terms, see
Fig. 7.2, and these are calculated separately in order to extract the
high-order term with an instantaneous Breit interaction. The calcula-
tions that include an instantaneous Breit interaction are perform with
the same properties of the radial grid and the angular momentum as for
the computations with the full Breit interaction. In this way the effect
of interest can be isolated before any extrapolation is performed and in
this way higher accuracy can be obtained.

In Fig. 7.3 the results of the NVP calculations for the groundstate
in He-like silicon are presented. The results achieved with the new rel-
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No Virtual Pairs

Coul.-Coul. Coulomb-Breit Breit-Breit
unret. retard. unret. retard.
-158 520.29 -5515.00 292.97 -136.37 39.49
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Figure 7.3: The NVP contributions to the non-radiative effects with more
than one interactions for the groundstate, 15?15y, in helium-like
silicon, Z = 14. The graphical representation of the two-photon
exchanges are presented together with numerical values on the
upper row of diagrams, where they are group as the Coulomb-
Coulomb, the Coulomb-Breit and the Breit-Breit exchanges. In
the lower row the combined effect of correlation with a single Breit
and with two Breit interactions are presented, both graphically
and numerically. The effects that include Breit interactions are
divided into two parts, one with and the another without any re-
tarded interactions. The bold figures are obtained from calcula-
tions with the relativistic covariant MBPT procedure, except the
combined effects of two Breit interactions and correlation which
are estimated. The S-matrix values, thin numbers, are collected
from [68]. All numerical values are given in yHartree.

ativistically covariant MBPT procedure are presented with bold num-
bers. From Lindgren et al.[68] results of S-matrix calculations are col-
lected and these are presented with thin numbers. On the upper row
in Fig 7.3 the two-photon exchange diagrams are presented with their
corresponding values and here it is possible to compare the numerical
results obtained with the two different procedures. In this comparison
it can be noticed that there is good agreement between the two proce-
dures.

The estimations of the combined effect of two Breit interactions and
correlation in Fig. 7.3 are based upon comparisons between the effects of
the two-photon Coulomb-Breit exchange and the combined effects of cor-
relation and the exchange of a transverse photon. A ratio is calculated
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Table 7.1: The NVP contribution to the effect of the exchange of a single transverse
photon for the 1s* 1S, state in a number of helium-like ions (in yHartree).
In the rightmost column the values are achieved by having a maximum of
two Coulomb interactions crossing the transverse photon.

Nucleus | 1Ph. Exch. 2Ph. Exch. Higher-order

charge, 7 UnRet. Ret. | UnRet. Ret. Crossed
6 2877.2 | -1055 32 136.6 -16.7 7.8
9 9717.5 | -2337 92 202.1 -33.5 15.7
10 13333.9 | -2871 122 2229 -39.9 18.7
14 36644.0 | -5517 293 301.1 -68.2 32.4
18 78041.0 | -8949 553 372.3 -100.2 48.5
22 142850.1 | -13132 909 | 437.4 -134.8 66.5
24 185734.9 | -15494 1122 467.9 -152.9 76.2
30 364680.8 | -23632 1909 552.5 -209.8 107.9
32 443490.6 | -26688 2221 578.7 -229.4 119.2
41 943116.1 | -42521 3904 688.0 -322.1 175.2
50 1734983.8 | -61793 6039 788.7 -421.6 239.0

between the numerical values of these effects and this ratio becomes
an impact factor of the correlation. This factor is used to estimate the
combined effect of the two Breit interactions and correlation.

In Table 7.1 the NVP contributions to the exchange of a single trans-
verse photon for the groundstate, 15215, are presented for a number of
helium-like ions. The results are grouped according to the three cate-
gories that is presented on the right-hand side of the diagram equation
in Fig. 7.1. All values in this table are calculated with the new proce-
dure of relativistically covariant MBPT and are given in yHartree. The
rightmost column in higher-order category named "Crossed” includes
the results of having a maximum of two Coulomb interactions crossing
the transverse photon.

7.1.2 Virtual pairs

In the virtual pairs calculations the full solution includes both the wanted
combined effect and the two-photon Coulomb-Breit exchange with vir-
tual pairs. The two-photon contribution is therefore computed sepa-
rately and the combined effect is extracted by subtracting the two-photon
effect from the full solution, where the subtraction is performed before
any extrapolation is performed.

In Fig. 7.4 the VP effects with non-crossing interactions for the
groundstate in He-like silicon are presented with a figure similar to Fig.
7.3. With the expression of non-crossing interactions we refer to the ap-
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Virtual Pairs, No Crossed Interactions
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Figure 7.4: The virtual pair contributions with no crossing interactions for the
groundstate, 15?15y, in helium-like silicon, Z = 14. The graphi-
cal representation of the two-photon exchanges are presented to-
gether with numerical values on the upper row of diagrams, where
they are group as the Coulomb-Coulomb, the Coulomb-Breit and
the Breit-Breit exchanges. In the lower row the combined ef-
fect of correlation and virtual pairs for the Coulomb-Coulomb,
the Coulomb-Breit and the Breit-Breit interactions are presented,
both graphically and numerically. We do not separate the full
Breit interaction into an instantaneous and a retarded part, since
the existence of virtual pairs classifies all effects as QED-effects.
The bold figures are obtained from calculations with the relativis-
tic covariant MBPT procedure, except the combined effects of two
Breit interactions and correlation which are estimated. The S-
matrix values, thin numbers, are collected from [68]. All numeri-
cal values are given in yHartree.

pearance of the corresponding Feynman diagrams, where the interac-
tion vertexes are not time-ordered and all electron lines are vertical. In
Fig. 7.4 the vertexes in the diagrams are time-ordered and therefore it
is possible to have the interactions crossing each other. The estimated
values in Fig. 7.4 are obtained in the same way as the estimated NVP
values.

In Table 7.2 the numerical results of the virtual pair calculations
with non-crossing interactions are presented for a number of helium-
like ions. All values in this table are obtained by computations with the
relativistically covariant MBPT procedure and are given in yHartree
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Table 7.2: The VP contribution to the effect of the exchange of a single transverse
photon for the 115, state in a number of helium-like ions (in pHartree).
There are no Coulomb interactions crossing the transverse photon in these

calculations.
Z | 2-Ph. Exch. | With Corr. | Z | 2-Ph. Exch. | With Corr.
6 -10.0 2.7 || 24 -552 33.2
9 -33.6 6.0 || 30 -1011 46.4
10 -46.0 7.3 || 32 -1200 50.8
14 -122 13.5 || 41 -2292 70.9
18 -248 20.9 || 50 -3781 90
22 -434 28.9
7.2  Analysis

An effective method to analyse the results is to examine how the lead-
ing order in the fine-structure constant, «, for different effects vary with
the nuclear charge Z. In this way it is possible to get an understand-
ing which effects are of importance in a certain region of the nuclear
charge. All numerical results are given in atomic units (a.u.) and we
will therefore apply these units in this section.

The non-relativistic energy of a helium-like system can be written
as an expansion of 1/7

1 0o
ENZZ+Z+1+E+"':ZZZZ_”’ (7.1)
n=0

where each term of 1/Z corresponds to the exchange of a Coulomb in-
teraction between the two electrons. The zeroth-order non-relativistic
energy, Z2, corresponds then to two non-interacting electrons. Rela-
tivistic corrections can be applied to this expansion as an expansion of
(Za)?. For the zeroth-order energy this correction becomes

Eo~ 7%+ Z%(Za)* + Z*(Za)* 4 - -- (7.2)

where the rest mass has been neglected. Additional terms with odd
orders of (Z«) enter the total expansion with the introduction of QED
effects. The total energy of the helium-like system can according these
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statements be expressed with the following expansion
9 1
EnZP4 2414+
+ Z%(Za)? + Z(Za)* + (Za)? + = (Za)* + -

+ Z%(Za)® + Z(Za)® + (Za)® + =(Za)? + - -

N RN N

+ Z2(Za) + Z(Za)* + (Za) + = (Za)* + - -

(7.3)

where we have neglected the rest mass energy and for simplicity also
terms proportional to In(Za)(Za)™. The first row in this expansion cor-
responds to the non-relativistic energy, while the second row is the rel-
ativistic correction of first order. It is important to have in mind that an
increase with an order in « decreases the contribution approximately
with a factor of 137, o =~ 1/137.

7.2.1 The two-photon effects

Before the results of the combined effects of QED and correlation are
considered there should be some comments about the comparisons be-
tween the results of the two-photon effects calculated with the new pro-
cedure and the S-matrix formalism. As one notice in Fig. 7.3 and 7.4 the
agreement is good, but the results obtained with the new procedure can
not reach the accuracy of the S-matrix result. The reason for this is due
to the differences in the summations over partial waves, where in the S-
matrix computations of partial waves up to L = 20 have been evaluated.
In the computations with the new relativistically covariant MBPT pro-
cedure the upper limit is restricted to L = 14 which is not sufficient in
order to achieve the same accuracy. The upper limit in the summation
is restricted by computer hardware, in this case the work memory. The
primary purpose of the developed code is the calculations of the com-
bined effects, where the two-photon effects are secondary products used
to extract the effects of interest. The code is therefore optimised for the
primary purpose and will include memory consuming intermediate pair
functions with open photons.

In Fig. 7.5 the two-photon effects in Table 7.1 and 7.2 are compared
with the results from S-matrix calculations [68]. In this figure we have
plotted the leading order in « for the unretarded, the retarded and the
virtual pairs contributions to the two-photon Coulomb-Breit exchange,
divided by the non-relativistic single-electron energy. The virtual pairs
contributions do only contain the part with non-crossing interactions.
The vertical scale is logarithmic, so that -1 corresponds to «, -2 to o?,
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Figure 7.5: Comparison between computations of the unretarded, retarded
and virtual pair contributions to the two-photon Coulomb-Breit
exchange performed with the new relativistically covariant MBPT
procedure (diamonds) and with the S-matrix [68] (lines). All con-
tributions are divided by the one-electron energy and the virtual
pair contribution does only contain the part with no crossing in-
teractions. The vertical scale is logarithmic, so that -1 corresponds
to a, -2 to o2, ete.

etc. In this low resolution comparison we find good agreement between
the computations with the two procedures for all considered values of
the nuclear charge 7.

7.2.2 The combination of QED-effects and correlation

In Fig. 7.6 the effects of the exchange of a transverse photon with corre-
lation are compared with the two-photon Coulomb-Breit exchanges. In
this figure the leading orders in « for the contribution from the differ-
ent effects, divided with the non-relativistic single-electron energy, are
plotted as functions of the nuclear charge Z. The effects are divided up
into three categories, an unretarded Breit interaction, a retarded Breit
interaction and the existence of virtual pairs. It should be stated that
in the first two categories all states are particle states. In the figure
there do also exist a dashed curve where the leading order in « for the
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Figure 7.6: Same kind of plot as in Fig. 7.5, but here the effects of the ex-
change of a transverse photon with correlation is compared to the
corresponding two-photon Coulomb-Breit effects.

total contribution from the combined effect of correlation and QED, (re-
tardation + virtual pairs), is plotted as a function of Z. The effects of
virtual pairs considered in this section do only include the part where
the interactions do not cross each other, if nothing else is stated.

In Fig. 7.6 it can be noticed that the combined effects and the two-
photon effects in each category tend to the same leading order in « for
low Z. This result is expected, since the difference between the effects
within the categories is an additional factor in terms of an expansion
in 1/Z and as the value of Z becomes smaller the influence from this
factor will decrease. With results for the combined effects for nuclear
charges below Z = 6, the two curves in each category would probably
have tended to the same point in the limit Z — 1. The conclusion is that
the combined effects becomes of significance as the value of Z drops
towards unity. This means that in the low-Z and moderate-Z regions,
Z = 1—15, it is crucial to include the combined effects in order to match
the theoretical calculations with accurate experimental results.

This additional factor do also explain that the distance between the
two curves in each category increases as the nuclear charge increases.
It is also interesting to notice that the higher order in (Za) of the combi-
nations of correlation and QED-effects results in fairly static behaviour
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Figure 7.7: Same kind of plot as in Fig. 7.5, but here the retardation con-
tribution of the exchange of a transverse photon with correlation
is compared with the retardation effects of the two-photon Breit-
Breit exchange.

of leading order in « as Z increases. Especially if one do a comparison
with the combined effect that includes an instantaneous Breit interac-
tion, which starts at o for low Z and tends towards a? in high-Z region.

It is important to have in mind that the contributions from the ef-
fects of retardation and virtual pairs have opposite signs and cancel
each other. This can not be read out of Fig. 7.6, instead one have to turn
to the numerical values in Table 7.1 and 7.2 to notice this. The result of
this cancellation is in Fig. 7.6 visualised by a dashed curve.

In Fig. 7.7 the combined effect with retardation and correlation is
compared with the retardation effect of the two-photon Breit-Breit ex-
change, where at least one of the Breit interactions is retarded. It can be
noticed that the major contribution to the Breit-Breit exchange comes
from the combination where one of the interactions is instantaneous.
This can be concluded since an estimation of the double retarded con-
tribution of the Breit-Breit exchange is also plotted in Fig. 7.7. There
is also another estimation in the figure and it corresponds to the com-
bined effect of correlation and a double Breit exchange, where one of the
interactions is instantaneous.

A conclusion of studying Fig. 7.7 is that the combined effect of a re-
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Figure 7.8: Same kind of figure as in Fig. 7.4, but here the virtual pair con-
tributions with crossing interactions for the groundstate, 15215,
in helium-like silicon, Z = 14, is presented. The two-photon
exchange contributions are presented on the upper row of dia-
grams, where the numerical values are collected from [68]. In
the bottom row estimations of the combined effect of virtual pairs
with crossed interaction and correlation are presented. The es-
timations are based upon a comparison between the two-photon
Coulomb-Breit effect with virtual pairs and the corresponding ef-
fect with correlation in Fig. 7.4. All numerical values are given in
uHartree.

tarded Breit interaction and correlation is the leading effect compared
to two-photon Breit-Breit exchange with an instantaneous interaction
in the low-Z region. For the higher Z regions the Breit-Breit exchange
becomes the more important effect of the two, but this is due to the exis-
tence of the contribution from an instantaneous interaction. If the com-
bined effect instead is compared with the doubly retarded Breit-Breit
exchange it can be noticed that the two curves do first cross each other
at Z ~ 45. This means that in the interesting low- and moderate-Z re-
gions, Z = 1 — 14, and even higher up in Z, it is more important to com-
bine the exchange of a single retarded Breit interaction with correlation
instead of considering the exchange of two retarded Breit interactions.

In Fig. 7.7 the contributions of virtual pairs are not at all included
and Fig. 7.6 includes only the contributions from the non-crossing vir-
tual pairs effects. In order to get a clear view of the total contribution of
non-radiative QED combined with correction the virtual pairs have to
be included in the analysis, since the contributions of the VP effects, in
general, have the opposite sign compared to the retardation effects. In
Fig. 7.8 the estimated values for the contributions of the combined effect
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of virtual pairs with crossing interactions and correlation is presented
for helium-like silicon. It can be noticed here that the contribution of
this effect has the same sign as the virtual pairs with no crossing inter-
action, see Fig. 7.4, and has approximately the same size. This means
that the total contribution of the combined effect of correlation and non-
radiative QED for the exchange of a single virtual photon will be further
reduced when the combined effect of virtual pairs with crossed interac-
tions and correlation is included. A further discussion of future progress
of calculating this missing effect will be included in the next section.

Further, it can be noticed in Fig. 7.4 and Fig. 7.8 that the contribu-
tion of the combination of two Breit interactions and virtual pairs is of
importance for helium-like silicon. This means that in a future progress
of including the calculations with two Breit interaction and correlation
the virtual pair effects are again in a position where they can not be
neglected.

It is also interesting to notice in Fig. 7.8 that the effect of a single-
hole state between two Coulomb interaction together with correlation
would give that large contribution and can not be neglected. The corre-
sponding effect with an intermediate double-hole state would approxi-
mately be 10 times smaller, see Fig. 7.4.

/.3 Future development

In the end of previous section we discussed the importance to treat the
effect of the virtual pairs in a complete way. A development that is even
more important in the future is the calculations of the combined effect
of correlation and the helium-like Lamb shift. In Fig. 7.9 a first estima-
tion of this effect is presented, where the impact factor of correlation for
the non-radiative QED effects is used to produce this estimated curve.
In this figure the estimated curve of the combined effect is compared
to with the first order He-like Lamb shift results collected from Sun-
nergren [69] and Artemyev et al.[46] and the non-radiative 2-photon ex-
change QED contribution, (retardation + virtual pairs), [68]. It is easy
to notice in this figure that the combined effects of correlation and the
Lamb shift would be the leading effect compared to the non-radiative
QED effects up to a value of the nuclear charge around Z =~ 25.

Before a discussion about the future development to combine the ra-
diative effects with correlation we will first consider the missing pieces
within the non-radiative effects.
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Figure 7.9: Same kind of plot as in Fig. 7.5, but here an estimated value of
the combined effect of correlation and the helium-like Lamb shift
is compared with the QED part of the total two-photon exchange.
The figure do also include the He-like Lamb shift of first order.

7.3.1 Non-radiative effects

The untreated non-radiative effect can be divided into two parts, with
or without the existence of virtual pairs. In the no virtual pair scheme
the situation of having Coulomb interactions crossing the open virtual
photon can be treated to arbitrary order, which is not the case for the VP
calculations. The next project within the treatment of no virtual pairs
would therefore be to combine the two-photon Breit-Breit exchange with
correlation.

No virtual pair Breit-Breit exchange with correlation

The procedure used for the NVP calculations in this thesis can be ex-
tended to also include pair functions with more than a single virtual
photon, both opened and closed photons. In this way the effect of two
Breit interactions with correlation can be calculated and, as always, it is
the performance of the computers that limits how many virtual photon
that can be treated.

With the computers of today we consider it is not possible to handled
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more than a single open transverse photon together with correlation.
This means that the Breit-Breit exchange with two retarded interac-
tions overlapping in time can not be combined together with correlation.
This does not make it impossible to replace one of the full Breit interac-
tions with an instantaneous one and in this way obtain the major part
of the considered effect, see estimated curve in Fig. 7.7.

If the two Breit interactions do not overlap in time the presented
iterative procedure can be used to generate this part of the two-photon
Breit-Breit exchange with correlation. Here, the resulting pair func-
tions from the calculations of the exchange of a single Breit interaction
together with correlation can be re-entered into the NVP-procedure and
a second transverse photon can be exchanged between the electrons.
Generally, it is possible to proceed with this iterative procedure to arbi-
trary order, but it is important to remember that the computation time
scales with the number of photons.

Up to this point of the project the two-photon Breit-Breit exchange
combined with correlation has not been in the production process be-
cause of two main reasons. First of all, the effect of virtual pairs to-
gether with the exchange of a single transverse photon and correlation
has been considered to be of greater importance. The effect of virtual
pairs and retardation have opposite signs and do largely cancel each
other. Therefore it is important to find a procedure for a complete treat-
ment of the virtual pairs in combination with correlation. The solution
for the virtual pairs can then also be applied to a complete treatment of
the combined effects of the two-photon Breit-Breit exchange with corre-
lation. Secondly, the treatment of virtual pairs is of importance in the
treatment of the radiative effects, in order to have a proper renormali-
sation scheme.

Future tfreatment of virtual pairs with correlation

At this stage of the project only one part of the effect of virtual pairs to-
gether with the exchange of a single transverse photon and correlation,
has been treated numerically. It is the part where the interactions do
not cross each other. The problem is that, when a Coulomb interaction is
crossing the virtual photon together with the existence of virtual pairs,
there will exist intermediate four-particle states. This should be com-
pared with the pair functions with an open photon which is an interme-
diate three-particle states. This additional intermediate particle state
would at least increase the computation time with a factor of N, where
N is the number of grid points in the radial grid. In the calculations
presented in this thesis the number of grid points is varied between
N = 70 — 150. The conclusion is that without any approximations or
really fast new computers there will be hard to perform complete calcu-
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a0 25 % 10°3

Figure 7.10: The numerical contributions, in yHartree, for the 16 different
combinations of incoming and outgoing particle and hole states
that exist in the relativistically covariant calculation of the ex-
change of a transverse photon with correlated wave functions.
The numerical value of the NVP combination, leftmost diagram
in the top row, includes only the effect of the retarded part of the
Breit interaction, while in all other contributions the full Breit
interaction is considered.

lations of the effects of virtual pairs with crossing interactions together
with correlation. There exist possibilities to calculate parts of these VP
effects, since all of them do not include the intermediate four-particle
states, but it is believed that the computationally demanding parts will
give a significant contribution.

A simplification in the future treatment of the virtual pairs is to only
include a single intermediate single-hole state or double-hole state in
the calculations and vary their locations between different interactions.
This conclusion can be taken after studying Fig. 7.10, which includes
the numerical contributions from the 16 different combinations of in-
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coming and outgoing particle and hole states that are included in the
combined effect of correlation and the exchange of a single photon. It
can be noticed in this figure that the contribution drops approximately
four orders in magnitude by introducing a second single-hole state af-
ter the exchange of a transverse photon when there already exists a
single-hole state before the photon. It should be stated that in the cal-
culations there are correlated wavefunctions before and after each type
of exchange that is visualised graphically in Fig. 7.10. These results
are for the groundstate in He-like neon. It is important point out that
these values are non-extrapolated values for a rough radial grid and a
low upper limit in the summation over angular momentum, but they
give an indication of the size of the contribution from the different com-
binations.

7.3.2 Radiative effects

The importance of the radiative effects in combination with correlation
is discussed along with the presentation of Fig. 7.9. This section will
instead be a very brief introduction to the procedures under consider-
ation for future calculations of the considered combined effect, where
the radiative effect of the bound electron self-energy is of most interest.
The important factor in the procedures is that a proper renormalisation
scheme is applied in order to evaluate the finite contributions out of the
otherwise divergent effects.

The partial wave renormalisation, [70,71], is one of the options for
the calculations of the combined effect of correlation and the bound elec-
tron self-energy. The numerical implementation of this procedure is de-
scribed in the thesis of Hans Persson [72]. Here, the renormalisation
is performed by defining the divergent mass-counter term in a coordi-
nate space and decomposing it into a divergent sum over finite partial
wave contributions. In the same way the unrenormalised bound elec-
tron self-energy term is expanded into partial waves. For each partial
wave a difference is taken between these two terms and the sum of all
these differences becomes finite value. A drawback with this procedure
is that a non-covariant regularisation scheme is used [73] and an addi-
tional correction term has to be calculated when the radiative effect is
screened by a Breit interaction.

Another procedure under consideration is the method of Blundell
and Snyderman [74], where the divergences are isolated by expanding
the internal self-energy electron propagator in the nuclear Coulomb po-
tential. The divergent zero-potential, one-potential and mass-counter
terms are grouped together and are calculated with the formulas achieved
within dimensional regularisation in the Coulomb-gauge, Adkins [75,
76]. The remaining many-potential term is finite and is instead cal-
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culated with a numerical procedure. This procedure has been imple-
mented numerically before by the Goteborg group, but then in the more
commonly used Feynman gauge. This implementation is described in
details in the thesis of Per Sunnergren [69].

The third option is a new procedure that is not more than a half year
old. The idea is to merge the dimensional regularisation into the above
presented procedure and perform the regularisation numerically. If this
is possible or not, we hope to explore in the near future.






CHAPTER 8

Summary and outlook

In this thesis the development of the new procedure of relativistically
covariant many-body perturbation theory is presented. This is a pro-
cedure that provides new possibilities within the field of precision cal-
culations of simple atomic systems. Compared to the other approaches
within the field, the new procedure is the only method that is be able
to treat relativistic, QED and electron correlation effects on the same
footing. This is a necessity in order to match the accurate experimental
measurements of helium-like ions in the moderate-Z region, Z = 7— 14.

The numerical implementation is a systematic procedure, where the
energy contribution of the QED effects are evaluated with correlated
relativistic wave functions. The combined effects are also located in the
resulting numerical wave functions of the procedure, which can be re-
enter with a process of iterations. In this way new higher-order effects
can be calculated without restarting the computations from scratch.

The first numerical results achieved with the new approach are pre-
sented in the thesis and these clearly indicates the importance of com-
bined effects of QED and correlation in the low-Z and moderate-Z re-
gions. For example, the results indicate that the effect of electron corre-
lation on first-order non-radiative QED for He-like ions in the low and
moderate Z-regions dominates over second-order non-radiative QED-
effects. From the results it is also possible to conclude that the numeri-
cal calculations with the new procedure can have an impact even higher
up in the Z-regions.

At the moment, it is not possible to do any comparisons with exper-
imental results. The numerical calculations have until now only been
concentrated on the groundstate for a number of helium-like ions in the
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range of Z = 6 — 50 of the nuclear charge. Comparisons can first be
performed after an extension of the calculations to also include the first
excited states in the helium-like systems. The 1s2p fine-structure split-
ting will naturally be of interest and also the 2'5)-23P; intercombina-
tion, since for both cases there exist interesting experimental values to
compare with. In the future, it would also be interesting with more ac-
curate experimental results for helium-like ions in the medium high-Z
region, Z = 20 — 50.

Before it is possible to turn the attention towards the excited states,
there exist missing pieces in the numerical implementation that has to
be completed. Of these missing pieces, the radiative effects have to be
considered to be of utmost importance in the future development. Esti-
mations of the combined effect of correlation and the He-like Lamb shift
indicates that this missing piece is vital in the low-Z and moderate-Z
regions. One shall not either forget that the treatment of the virtual
pairs is only partly considered in the numerical implementation in this
thesis.

A future possibility is to increase the number of electrons in the
atomic system and use the existing compatibility between the new ap-
proach and the standard MBPT/Coupled-Cluster approach. An idea is
to perform the coupled-cluster calculations as usual and insert the ef-
fects of QED at places where they are expected to be of most significant.

The theory of MBPT were developed by theorists within the field of
nuclear physics and have turned out to be a effective method in calcu-
lations in both atoms and molecules. With this new procedure it might
also be interesting to not only consider an increase in the number of
electrons, but also turn the ship around and use the new approach to
probe the structure of the nucleus.
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APPENDIX A

Bound state QED

The fundamental theory of describing the interaction between charged
particles is the quantum field theory of electrodynamics. In this the-
ory the interactions are mediated by excitations of the quantised elec-
tromagnetic field, hence the essential interactions are taking place be-
tween the quantised field of the charged particles and the electromag-
netic field. The charged particles correspond to excitations of their re-
spective quantised fields.

The theory of QED is developed from the classical theory of electro-
dynamics, which includes the theory of special relativity, and the quan-
tisation is performed by imposing the canonical commutation relation

[p(z1), p(22)] = [m(21), w(22)] = 0
[B(1), 7 (w2)] = 6 (21 — 22) (A1)
where ¢(z) and w(x) are the field of interest and it’s field conjugate,

respectively. The classical field is described by a Lagrangian density, £,
and the expression of the field conjugate is received from

oL
m(x) = —
99 (x)
The equation of motion for the field of interest is derived with the Euler-
Lagrange equation

(A.2)

oL oL

The result of the quantisation is so-called field operators that are
used control the creation and annihilation of the excitations of their
corresponding fields.
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A.1 The bound electron field

The field equation of the electron field, or Dirac field, is the well-known
Dirac equation. It is derived from the Lagrangian density

L= wT(x)(ia“(?M — pm)Y(z) + ewT(x)a“AM(x)z/J(x), (A.4)

where 1)(z) is the electron field and A, (z) is the electromagnetic field
potential responsible for interaction between the electron field and the
field of a fix nucleus, the Furry picture [77]. In this thesis the nucleus
is represented by a classical static electromagnetic potential, A, (x) =
(Vaue(), 0). The conjugate to electron field ¢ (x) is according to (A.2)

or _ Yl (x) (A.5)

and the Dirac equation
[ia"9, — Pm + eVae(x) | ¥ (2) = 0. (A.6)

is obtained by applying the Euler-Lagrange equation (A.3) upon the La-
grangian density in Eq. (A.4).

The electron field and it’s conjugate are expressed as expansions in
the set of eigenstates, {¢(x)}, to the bound Dirac equation in Eq. (A.6)

+ —
V(@) =) ashs(@)e™ !+ bygy(x)e ! (A7)

+ —
wi(z) = Y algl@e= + 3 blol (@)=, (A.8)

where the first sum in each expression runs over the positive energy
eigenstates, the particle states, while the second sum runs over the neg-
ative energy states, the hole states.

At this stage the electron field is still a classical field and it is first
after imposing the canonical anticommutation relation

(e (x1,1), 91 (22, 1)} = 6O (21 — 29)d,, (A.9)

the electron field and it’s conjugate become electron field operators. The
expansion coefficients a'(b") and a(b) are then positive (negative) energy
electron state creation and annihilation operators. The canonical com-
mutation relation in (A.9) imposes equivalent relations for the creation
and annihilation operators

{&i; d;[} = {Blﬂ B;L} = 5ij7 (A.10)
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where all other anticommutations vanish.

According to Dirac’s hole theory the vacuum state is defined to have
all the hole states occupied and all the particle states unoccupied, the
Dirac sea is said to be filled. From this definition one can formulate
relations for the operation upon the vacuum state with annihilation and
creation operators for particle and hole states, respectively,

a;|0) = b0y = 0. (A.11)

An excitation by radiation from the vacuum state into a particle state
creates a hole in the Dirac sea. This absence of a particle state, that
represents an electron with the charge —|e| and the energy —F, in the
Dirac sea can be interpreted as the presence of a hole state representing
a particle with the charge +|e¢|, the energy +FE and the same mass as
the electron. From this description the hole state is identified as the
positron.

A.1.1 The electron propagator

The Feynman electron propagator is defined as

iSp(x2,21) = (O|T{ (22)¢" (21)}]0), (A.12)

where T is the time-ordering operator. For fermions the time-ordered
product becomes according to the anticommutation relation (A.9)

0 0 22) 0t (z , t t
reieny ={ P B2 e

The electron propagator can according to the time-ordering relation and
the properties of the creation and annihilation operators be expressed
as the sum of a positive and a negative energy part,

SF(:L'Q,:El) = @(tQ — tl)S;(ZL'Q,ZEl) — @(tl — tQ)SF_(ZL'l,:EQ), (A14)

where O(t) is the Heavyside step function, which is equal to zero for
negative ¢ and to unity for positive ¢.

For t; < to, the contribution to the propagation comes from the pos-
itive energy electrons which are propagating in positive time direction.
The second term in (A.14) contributes when ¢» < #; and this corre-
sponds to negative energy electrons moving in the negative time direc-
tion. These negative energy electrons can also be considered as positive
energy positrons propagating in the positive time direction. This treat-
ment of both positive and negative energy electrons on an equal footing
makes the Feynman electron propagator relativistically covariant.
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An explicit expression of the electron propagator becomes
iSp(z2,x1) = O(t2 — t1 Z ettt g (0) ol (@) —

O(tl — 12 Ze—ws t2=t1) ¢ (2) ol (1), (A.15)

which can be further developed into an integral in the complex z-plane,
separating out the time-dependence

Sp(wg,wl) :/ ie_w(w_tl)SF(:BQ,:Bl,Z) (A16)
where
all states
Sr(x2, 21,2 Z ¢s(w2)é: :1:1) (A.17)

z—63—|—ms

The infinitesimal real number 7 is introduced to dislocate the pole from
the real axis. With the subscript, 1, = sign(ey), the poles for positive en-
ergy electrons are transferred into the lower half-plane, while for nega-
tive energy electrons the poles are found in the upper half-plane.

A.2 Covariant theory of the photon

The covariant formulation of the Maxwell’s equations

A, F" (x) = s*(x) (A.18)
ONFM () + 0, F" Mz) + 8, FM(x) = 0 (A.19)

can be written as a single equation for the electromagnetic field poten-
tial A (x) = (¢, A)

04 (z) — 0(9, A (z)) = s*(x). (A.20)

Above, F* is the antisymmetric field tensor and s*(z) = (p(x),j(z)) is
the four-vector current density . The equation in (A.20) is derived with
the help of the relation

FM = 9% AP (z) — 9" A” (z), (A.21)

together with the non-homogeneous parts of Maxwell’s equation (A.18).
The conservation of the current density

Oust(x) =0 (A.22)
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follows directly from the antisymmetric properties of the field tensor.
The field equation (A.20) can also be derived from the Lagrangian den-
sity
1 v
L= _ZF’WFM — st (x) A¥(x) (A.23)

by applying Euler-Lagrange equation (A.3) for each of the four compo-
nents in A*(z).

Problems do occur when the canonical quantisation procedure is ap-
plied to this Lagrangian density. The time-like component of the conju-
gate field is namely equal to zero

oL
= = —F%g) =0, A24
04, (@) (8.24)

which implies incompatibility with the canonical commutation relations
(A.1). A new Lagrangian density has to be formulated

L= —=(0,A,(x))(0" A" (x)) — s"(z) A" (x) (A.25)

1
2
for which all components of the conjugate field

T (x) = AM(x) #0 (A.26)

are non-zero and the canonical quantisation formalism can be applied.
The field equation becomes for this Lagrangian density

OAX(z) = s#(x) (A.27)

and in comparison with (A.20) we notice that equation (A.27) is equiva-
lent to Maxwell’s equations if the potential satisfies the Lorentz-condition

9, A" (z) = 0. (A.28)

A very powerful property of the electromagnetic theory is that the
field potential can always be transformed according to

A (z) — A (z) = AM(2) + O f (), (A.29)

where f(z) is an arbitrary function. In such of a transformation the
observable electric and magnetic fields are namely invariant, so-called
gauge invariant. This implies one can always perform the gauge trans-
formation and receive a potential A’*(z) that satisfies the Lorentz con-
dition in Eq. (A.28). All potentials that satisfies the Lorentz condition
are said to belong to the so-called Lorentz gauges and in our treatment
we will restrict our consideration to the Feynman gauge.
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Coulomb Gauge

Another well used gauge is the Coulomb gauge, which has following
condition for the space-like part of the field potential

V- A(x)=0. (A.30)

When regarding a free electromagnetic field, s#(x) = 0, the scalar part
of the field potential, ¢(z), is equal to zero, since the Coulomb gauge
condition (A.30) separates the field equation in Eq. (A.20) into

V2¢(x) = —p(x) (A.31)
and

94() _ ). (A.32)

(]
A(z)+V T

The field equation in the Coulomb gauge becomes for a free field equal
to

OA(z) =0, (A.33)

where the solution is a summation of polarisation states transverse
to the propagation of the electromagnetic field. The benefits with the
Coulomb gauge is that it directly describes the observed free electro-
magnetic field with two degrees of freedom. The disadvantage is that
when charges are present the formulation becomes frame-dependent
and no covariant theory can be formulated, since the gauge condition
(A.30) separates the field into scalar, transverse and longitudinal com-
ponents.

A.2.1 Quantisation of the electromagnetic field

The solution of the equation for the free electromagnetic field potential
in Lorenz gauge,

OA"(z) = 0, (A.34)

is an expansion in plane waves,

1 . .
AM _ 1/2 | p ke, (k —ikx (e T k ikx A.
()= D)2 |t el bl (A39)
where w, = k° = |k| is the frequency and &/'(k) are the polarisation

vectors. The summation over k runs over all allowed values due to the
periodic boundary conditions in the quantisation volume V. Since the



Bound state QED - 125

summation over r runs from r = 0 to r = 3, there exists a linear combi-
nation of four terms for each value of k, where the linear independent
states are the polarisation vectors.

With an expression for the field potential the canonical quantisation
relation

(A1 (1, 1), A (3, 1)] = —g" 6 (1 — a2) (A.36)

can be applied, where all other commutations are equal to zero. The
expansion coefficients ¢ and ¢ can be identified as annihilation and cre-
ation operators, respectively, and they are satisfying the commutation
relations

[ (k), el(K)] = (,0r56®) (k — k)
ér(k), (kD] = [el(k), él(kN] =0 (A.37)

with (., =1 for r =1,2,3 and (, = —1.

The quantised free electromagnetic field is still covariant and in-
cludes all four degrees of freedom. But here the covariance of the field
become a problem, since the observed free electromagnetic field do only
have two degrees of freedom. For the free-field case it can be shown
that by imposing the Lorentz condition upon quantised field potential
only the transverse components contribute in calculations of observable
quantities of the free field. The scalar and longitudinal components
become on the other hand important in the description of interactions
between charged particles, which we will see in the next section.

In the Coulomb gauge only the transverse components of the free
electromagnetic field potential are quantised according to quantisation
treatment of a harmonic oscillator. When charge distributions are present
the classical instantaneous Coulomb potential are included to supple-
ment the interaction between the charges.

A.2.2 Photon propagators

The Feynman photon propagator is defined as the vacuum expectation
value of two time-ordered electromagnetic field potentials in various
space-time coordinates

iDEY (29, 21) = (O] T{A" (22) A” (21)}|0). (A.38)

The propagator can be expressed as a Fourier-expansion in the photon
momentum k

v 1 v —ik(xo—x
DY (a2.1) = / Ak DI (ke k(@) (A.39)
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where the momentum space propagator is
1
BV 1y I v
Dg" (k) B ET Grel(k)el (k). (A.40)

In this thesis we are interested in the interaction between electrons
in He-like ions and the propagation of free photons is not relevant. The
explicit expressions used in this thesis can be derived by choosing the
polarisation vectors as

ef(k) =n* =(1,0,0,0) and e#(k)=(0,(k)) r=1,2,3 (A4l)

where ¢3(k) is chosen to be the longitudinal polarisation vector
e3(k) = — (A.42)

and ¢;(k), e2(k) are orthogonal unit vectors perpendicular to k. The
longitudinal polarisation vector is rewritten as

k* — (kn)n*
es(k) = [(kn)z(fkl]l/? (A.43)

and the momentum space propagator is expanded into

DEW = s
2 vV — (kn)n”
X [255("’)5?(’@) + k" (k?]zzg[li 12 (kn)n"] + (=1)ntn"|.
r=1

(A.44)

In this expression the terms inside the bracket on the the right-hand
side correspond to transverse, longitudinal and scalar photons, respec-
tively.

The interaction of lowest order between two particles is represented
by a photon propagator sandwiched by two charge-current densities,
s#(k). In this sandwiched expression the parts of the longitudinal term
proportional to k# will be equal to zero according to the charge conser-
vation in the momentum space, ks, (k) = 0. The only remaining lon-
gitudinal term is proportional to n#n” and is combined with the scalar
component into

» ntn?
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After an integration over scalar-component of i*

iwg (t2—t1)

d3k eik~(w2—w1) dwy,
DL = ntn¥
o = [ S [ 5

d3k eik-(mg—ml)
=nfn" §(ty — t1)/ 2P K1 (A.46)

we receive an expression proportional to the Fourier transform of the
instantaneous Coulomb interaction.

The photon propagation between two charged particles can, with the
choice of polarisation vectors in Eq. (A.41), be expressed as the sum of
an instantaneous Coulomb-like component and a transverse component

Dg”(xg,wl) = D’S“’(xg,xl) +fo”(m2,x1). (A47)
The expression of the transverse component is

dwy,

D%V(@awl) = | 51

se_iwk(h_tl)Déﬁy(a:Q,wl,wk) (A.48)

where

2

> et(k)el (k). (A.49)

r=1

d3k eik(wg—wl)
(2m)3 w,% — kX +ie

D%V(m27 mlywk‘) = /

The result in Eq. (A.47) is equal to the expression one has for the in-
teraction between two charged particles in the Coulomb gauge. In this
thesis, this expression for photon propagator is used in the explicit cal-
culations performed in the Coulomb gauge.

A.2.3 Wick's theorem

The perturbation expansion of the time-evolution operator, Eq. (3.3),
includes time-ordered products of field operators. According to Wick’s
theorem [78] a time-ordered product can be expanded into a sum of nor-
mal ordered products, where the sum runs over all possible contractions
between the field operators,

T{ABCD.. WXY Z} = N{ABCD ... WXYZ}
+ABN{CD.. WXYZ}+...4YZN{ABCD...WX}
+ABCDN{.. WXYZ}+...+ WXYZ N{ABCD..} +... (A50)

The normal-ordered product is defined such that all annihilation (cre-
ation) operators stands to the right of all creation (annihilation) oper-
ators for the particle (hole) states. The vacuum expectation value of a
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normal ordered product is equal to zero according to the properties of
the creation and annihilation operators. This implies that only the fully
contracted terms in the expansion are non-zero when calculating the
vacuum expectation value of a time-ordered product.

The definition of the contraction of two field operator, which is a C-
number, becomes according to the expansion in Eq. (A.50)

AB = T{AB} — N{AB). (A.51)

In the vacuum expectation value of this contraction the normal-ordered
term will vanish

(0|AB|0) = AB = (0|T{AB}|0) (A.52)

and one notice that the contraction is connected to the propagator of the
corresponding field operators.

A.3 The inferacting fields

We will now consider the interaction between the electron field and the
electromagnetic field. The interaction is introduced by the "minimal
substitution”

Oy — 0, +ieA,. (A.53)

in the Lagrangian density of the free electron field. The total Lagrangian
density for an atomic system can in this way be written as

LQED = Lpirac + LMaxwell + Lint

= i (2) (10”8, — Bm + BeVaue(®))h(z)—

1 a N R

1(Fw)? — el (2)ar A, () (2) (A54)
where the Dirac part, Lpjrac, describes the bound electrons in the field of
a fix nucleus, the Maxwell part Lypaxwen represents the free electromag-
netic field and the interaction part, L;, is responsible for the absorption
and emission of photons by the orbiting electrons. A Hamilton formula-
tion can be obtained by the relation

Hown(t) = - [ d* Lown[i(). Aula)] = Holt) = H'()  (A55)

where the Hamiltonian H includes both the electron field and the free
electromagnetic field and H'(¢) is the interaction/perturbation term. In
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this thesis we are not considering any emissions or absorptions of exter-
nal photon and therefore can the free electromagnetic field be neglected
in Ho,

H(t) — Hoy(t) = HY (A.56)

where HP is the Dirac Hamiltonian.

A.3.1 Time-dependent perturbation theory

At this stage, when we want to develop a perturbation expansion, it is
convenient to change from the Heisenberg picture into the interaction
picture, where the time-development of the operators is determined by
the free Hamiltonian Hj. In the interaction picture the full Hamiltonian
is written as

HQED(t) = Hy+ HI/(t) (A.57)

It is here important, in order to have convergent perturbation expan-
sion, that the interaction is not to strong. In the electromagnetic quan-
tum field theory the interaction strength is given by the fine-structure
constant o ~ 1/137, which is sufficient small in order to obtain a con-
vergent expansion.

Time evolution operator

In the interaction picture states and operators correspond to those in
the Schrodinger picture as

O1(t) = etHot Oge~iHot (A.58)

U1(1)) = "W (1)) (A.59)

and the Schrodinger equation will only contain the time-dependent per-
turbation part of the Hamiltonian,

i%\\h(t» = HI(t)|Wy(t)). (A.60)

The time evolution operator, U (t,tg), is introduced for the propagation
of the states in time when there is a perturbation present

[W1(t)) = U(L, to)|¥1(to))- (A.61)
This relation is inserted into the Schrodinger equation in (A.60) and a
differential equation for U (¢, ty) is obtained

i%U(t,to) = H{(t)U(t,to), (A.62)
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which is equivalent to the integral equation

t

U(t,tg) =1+ / dt’ H{(t"U (', to). (A.63)
to

The solution is an expansion into a series of increasing order of pertur-

bations,

Ult,to) = 1+Z%/tdtn~-/ttdt1 T{Hj(tn)Hi(tn—1)--- Hi(t1)}

n=1 to

= T{ exp(—i /t dt/HI/(t'))} (A.64)

to

where the time-ordering of the Hamiltonians is

e - 4 HiE)H(t2), 1>t
v} - { e nE we

Adiabatic damping

In an atom there exists no propagation of unperturbed states to a cer-
tain time where the perturbations occur, since an electron always feels
the presence of the electromagnetic field raised by other electrons or
itself. These perturbations lead to the exchange of photons between
two electron or the interaction between an electron and its own photon
cloud, which is surrounding each real electron. In this sense we are re-
ferring the perturbation to be time-independent for an atomic system
in the Schrodinger picture, when external perturbations are excluded.
To be able to set up a perturbation expansion an adiabatic damping fac-
tor v > 0, is introduced, [79]. The adiabatic damping will be the only
time-dependent part of the perturbation, H’, in the Schrodinger picture

H — H'(t,y) = H'e M, (A.66)

In the interaction picture, the exponential form of the time evolution
operator becomes

t
U, (t,to) :TD[exp(—i / dt’' Hi(t) e—v|t'|)]. (A.67)

to

This implies that in the limit ¢ — +o0o there will be no perturbation
and the eigenstates of the full Hamiltonian, |¥1,(¢)), will approach the
eigenstates states, | V), of Hy with the eigenvalues Ej,

lim [y, (1)) = W) (A.68)

In the end of the calculations the approximation with the adiabatic
damping is "switched off” by applying the limit v — 0.
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The Gell-Mann and Low Theorem

A first guess of a transformation of an unperturbed state in time into an
eigenstate of the full Hamiltonian would be

[W1(8)) = lim U (1, —o0) o), (A.69)

but this transformation will include non-physical singularities. These
arise in the implementation of Wick’s theorem upon the time-ordered
product of interaction terms in the perturbation expansion of the time-
evolution operator. The problem was solved by Gell-Mann and Low, [79],
by introducing the ratio

(A.70)

_ U,(0,—00)| W)
W) = [¥1(0)) = yﬂ% <\I/0’U,Y(O7—OO)‘O\I/O>7

where |V) is the stationary state which satisfies the time-independent
eigenequation in the Schrodinger picture,

H|D) = (Hy + H')|¥) = E|T). (A.71)

The energy shift, caused by the perturbation, is then expressed with the
ratio

AE = lim wA@O‘%UV(O’ —o0)[%o)

, A.72
i, YA [0 (0, =0 [ W) (A.72)

where the final energy, F, is the sum of the zeroth-ordered energy, E
and above mentioned the energy shift, AF,

E=FEy+ AFE. (A.73)

Above in Eq. (A.72) ) is an order parameter included in the expression
of the perturbation and in QED it is equal to the fine-structure constant
.

A.4 Electron interaction within QED
In bound-state QED the interaction term is given by
Hi() = ~ [ & Li[d2). 4, (o)
e / P §1 (@) A, (2)0(2). (A.74)

and corresponds to an interaction between the bound electron field and
the electromagnetic field in a specific space-time point called a vertex.
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In this vertex a virtual photon is emitted or absorbed by a orbiting elec-
tron. The interaction in two vertexes can be connected by contracting
the included electromagnetic field operators and between the two space-
time points a virtual photon is exchange. This exchange can take place
between two electrons or the emission and absorption of the photon can
be connected to a single electron. The virtual photon can also create a
virtual pair out of the vacuum state.

The exchange of a single photon between two electron is generated
by the evolution operator of second order by contracting the two electro-
magnetic field operators and leaving the operators of the electron field
unchanged

\2 t
ULPR (¢, 1) = (_21) / A4y Az 9T (1)) (22) ¥

to

i (9, 1)1 (21 )1 (wg)er Ut IFID (A.75)

The contraction of the two electromagnetic field operators results in a
photon propagator that is located in the interaction term

I(zg,21) = eza“a”Dw,F(xQ, x1). (A.76)

A.4.1 The interaction term within the Coulomb gauge

All explicit calculations in this thesis are performed in the Coulomb
gauge. In this gauge the interaction term consists of two parts, an in-
stantaneous Coulomb part and a transverse part, also known as the
Breit interaction,

Ic(wo, w1) = Is(x2,21) + I (22, 71)
= 62a“a”(DW7S(x2, x1) + Dy r(22,21)), (A.7T7)
where the expression of D, s(x2,21) and D, 1(x2,x1) is given in Eq.
(A.46) and Eq. (A.48), respectively. The scalar part can easily be shown
to be equal to classical Coulomb potential by performing the integration
over kin D, s(x2,21),

d3k eik-(mg—ml)
2m)3 k2 +in

Is(xo, 1) = e2a”a”nun,, Oty — tl)/ (

e2

= O(to —t A.78

pp— (t2 — t1), ( )
where 15 = |x2 — x1|. For the transverse part of the interaction the
spatial and time coordinates are separated by a Fourier transformation,

It(zo,21) :/ % e Wr2 =) Ip (g, 22, wy), (A.79)

—00
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and major focus is put upon the Fourier transform

2

> eur(k)e (k). (A.80)

r=1

d3k eik~(w2—w1)
2m)% Wi — k% +in

IT(m27m17wk‘) = 62(1“@”/ (

The summation over the transverse polarisation vectors can be expanded
into

1
— (kuky — wi(kyny + nuky) + knuny)

2
qu,r(k)gu,r(k) = —Guv — ki2
r=1

(A.81)

and with this expression it is easy to perform the scalar product between
the transverse polarisation vectors and the a-matrices

(a . k)l(a . k)g

> (A.82)

2
ata” qu,r(k)fw(k) =0 —
r=1

The Fourier transform of the transverse interaction term can now be
written as

3 . . ik-(xo—x1)
IT(:BQ,:Bl,wk) :ez/ d°k (al Cagy — (a v)l(a V)2> e

(2m)3 k2 wi — kX +in
(A.83)

In the integration over k we are only performing the angular part of the
integration analytically and the result becomes

2k fe(k,m12)
I = [ dk ——-"—"% A.84
(%2, T1, W) / Z—R i (A.84)
where
62 (a . V)l(a . V)Q Sin(kﬂ‘lg)
fo(k,m12) = 2 ( (a1 - o) — 2 P (A.85)

The radial k-integration is instead performed with a numerical proce-
dure. In this expression the radial coordinates of the two interaction
points are coupled, but these can be separated by expanding the right-
most ration in the expression of fg(k,r12) into spherical waves

sin(kriz) _ 3 (20 + 1)ji(kr1)si(kr2)C' (1) - C'(2), (A.86)

r
12 I—0
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where j;(kr) is the spherical Bessel function and C' is the angular ten-
sor

47
2041
here expressed with its components and [ is the orbital angular momen-
tum of the transverse photon.

The first term of fg(k,r12) named the Gaunt term can after this ex-
pansion be expressed as

Cyli) =

Y (6;, ), (A.87)

2

e sin(kr >
(o az)% = Vi(kra) - Vi (k) (A.88)

where the single-particle potential of the Gaunt interaction V(l;(kr,-) is

Vi (kr) = %\/k(% 1) ey (kr)C'. (A.89)

The second term of fg(k,r12) is called the scalar retardation term

i (- V)i(a - V)g sin(krig
471‘2 ]{72 12

) _ > Vi (kra) - Vig (kry). (A.90)
=0

The following two relations

1 d 1

VIO = 5 | - VIF DRI — DFEC!
d 1+1

V=D + —) f(r)C’f;j‘l] (A.91)

and

o C’,’;’l = {aCl} (A.92)

k
m
are collected from [80] and used to obtain an expression for the single-
particle potentials of the scalar retardation interaction V¢ (kr2). These
are merged with the following relations for the spherical Bessel func-

tions [81]

d 1
(5 - ;)jl(kr) = —kjit1(kr) (A.93)
d 1+1
(o + = )julhr) = ki1 r) (4.94)

and the final result of V{; (krs) becomes
e k . l
Vi (kr) = o /m V(I + )20+ 3)jiga (kr) {aC )

+/1(21 - 1) jl_l(kr){aCl_l}l] (A.95)




Bound state QED - 135

The expression of fg(k,r12) can, after the expansion into spherical wave,
be written as

Bk r12) = S [VE (k) - Vi (kra) = Vig (k) - Vi (k)]
=0
(A.96)

A.4.2 The instantaneous Breit intferaction

In time-independent perturbation theory it possible to include an in-
stantaneous part of the full Breit interaction. The expression of this
instantaneous interaction is obtained by first performing the integra-
tion over k in (A.83). The result of the integration is

e2 elwkT’12 elwkﬁz —1
It(z2, T1,w)) = ——q — a1 a2 + (- V)i(a: V)g——— 5,

47 12 WET12

(A.97)

which becomes equal to the instantaneous Breit interaction in the limit
wr — 0
I e? <a1 ‘ay | (ag-ri)(an - 7“12))

_ A.
Vi 4w\ 2rqs 27"%2 (A.98)







APPENDIX B

Angular momentum graphs

The angular integration is performed analytically with the method of
angular momentum graphs. The textbook by Lindgren and Morrison
[50] describes the method exemplary and has been used as a reference
in the reduction of the graphs in the following sections.

A number of useful relations are presented in Eq. (B.2)- (B.7) and all
these are in some way used in the following reductions. In relation (B.2)
the limits in the summation over the coupled angular momentum j; are
determined by a triangular condition of the two components, 7; and js,

lj1 — j2| < Jjs < j1 + jo. (B.1)

The notation [j3] in Eq. (B.2) is equal to 2j3 + 1 and the notations with
the big curly brackets in Eq. (B.3) and (B.4) are known as 6-j symbols.

J2 ) .
— J2 js J2
. =" [js] >—<—< (B.2)
_‘741_ J3 jl jl
J3
2 _J g2 U3 + (B.3)
Lol s
J1
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J3
:{ »ﬁ »Z ‘;Z’ } 2= (B.4)
J
J2 J2
|y = | g (B.5)
J J1
J2 J2
1 + = (_1)j1+j2+j3 1 . (B.6)
J J1
J1 _ (-1 J1 (B.7)

B.1 A3 — A2 - Reduction with closed interactions

In Eq. (6.22) the relation for expressing the angular momentum graph
A3, Fig. B.1, in terms of the determind angular symmetry A2 of the pair
functions is presented. This relation is important since it appears in
many situations, when generating the correlated pair, when the trans-
verse photon is absorbed and when more Coulomb interactions are ex-
changed after a transverse photon.

The reduction of the graph A3 into terms of A2 starts by connecting
K; and K, according to Eq. (B.2). This results in the intermediate graph
located in between A3 and A2 in Fig. B.1 After changing the directions
of the two arrows for K, it is possible to use Eq. (B.3) and (B.4) to get
rid of the triangle loops. The final result becomes

K

ja K jr jb K js
. . x A2. B.8
{Ku i Kz}{Kuyu Kz} (B.8)

where the phase factor is the result of changing the signs of the remain-
ing vertexes by using relation (B.6).
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A2

jTA Ajs jTA AjS jTu Ajs
u

NN N KT K

JtA K, Mu > Jih— I Mu — < +

— < + — VK, KN+

ja jb ja jb ja jb

Figure B.1: The scheme of reduction of the angular momentum graph A3 into
A2, the defined angular symmetry for pair functions with closed
interactions. The graph A3 represent the angular symmetry of
pair functions that are perturbed with an additional interaction.

B.2 The emission and absorption of a transverse pho-
ton

The angular matrix element of the emission and the absorption of a
transverse photon are identical

((1557)d51V i 1(Lisi) i)

where V¥ includes both the single-particle potential for the Gaunt in-
teraction and the scalar retardation interaction, see Eq. (4.38). The
main difference between angular parts of these two interactions

(B.9)

e

VE(kr) = —EQL+1)ajL(kr)C* (B.10)
k
Vér(kr) = % YA (\/ (L+ 1)L +3)jry1(kr){aC™ 1}
+v/L(2L — 1) jL_l(k‘r){aCL_l}L> (B.11)

is that the spin and orbital angular momenta are coupled for the scalar
retardation
{aCt} and {aCt 1)L (B.12)
This will lead to slightly different expression for the reduced diagrams,
which we will see later.
The reduction of the angular momentum graph of the exchange of a
full photon, both emission and absorption, is handled in the appendix
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Jt

Figure B.2: The angular momentum graph B2 represents the emission of a re-
tarded Gaunt photon. This graph is reduced into the right graph
B1 according to the relation in Eq. B.15.

of [68]. We will not perform a detailed reduction instead we refer the
readers to the mentioned article. There is one exception in our treat-
ment and it is that we separate the angular terms of the emission and
the absorption of the photon, since they are applied in different loca-
tions in the computer-code.

The exchange of a full photon includes a scalar product between the
angular matrix element of the emission and absorption. This product
results in a phase factor, which we have chosen to apply together with
the absorption of the photon. The expression of this phase factor de-
pends on the kind of interaction that is considered.

B.2.1 B2 — Bl - Gaunt interaction
The angular matrix element of V (kr) is expressed as
(Urs)irlaCE (Uus)ge) = (ICH I s llolls) x B2 (B.13)

where B2 is the corresponding angular-momentum graph. The reduced
matrix element of the spin part is

(sr||o]|se) = —HUH— V2(25+1) = (B.14)

since the value of spin of the photon S is equal to unity. The shape of
graph B2 is reduced by following the procedure in [68] and the result
becomes

. 1
(50 )|l C  (luse)ji) = V6 Z 1) 24 Gy e, )2 (|| O i) %

Je 1 g Jt Kp Jr
{St ) Sr}{L o }xBl (B.15)
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Figure B.3: The angular momentum graph B3 represents one of the terms in
the emission of scalar retardation photon. This graph is reduced
into the right graph B1 in Fig. B.2 according to the relation in Eq.
B.18.

where the square bracket notation [j,., jn]% isequal to /(24 + 1)(2j, + 1)
and j, is a virtual angular momentum obtained by connecting s, and [;.
The total angular momentum of the photon K, is the result of con-
necting L and S. The possible values of K, are determined by a trian-
gular condition of L and S.
The reduced matrix element in the jm scheme is given in terms of a
3-j symbol

. . s ; .4l ir L e
GrlieHag = (-t gt L T et
SRS N A
= (—1)Jm+s7-[jr7jﬁ]é < jl 0 zl > (B.16)
2 2

where [, L and [; must satisfy both a triangular and a parity condition.
The final graph B1 for the emission is presented in Fig. B.2.

For the Gaunt interaction a scalar product is taking place between
the uncoupled components, a and C”, of the emission and absorption
of the photon. This results in a phase factor (—1)“™°, which is applied
together with the angular factor of the absorption.

B.2.2 B3 — B1 - Scalar retardation

The angular matrix element of the scalar retardation consists of two
terms, one proportional to CL*! and the other to C“~!. The treatment
for these terms is analogous to each other and therefore is only one of
them considered.

The angular matrix element of the C**!-term is

((trse)ir {aCP Y (lese)ge) = (LAICT (L) (spllol|se) x B3, (B.1T)
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and angular momentum graph B3 in Fig. B.3 is reduced into terms of
B1 by following the procedure in [68]. The final result becomes the same
expression as for the Gaunt interaction except that K, is replaced with
L and the rank of the angular tensor C is L + 1

. 1. .
((rse)gr LGP} | (lest) i) fZ Iy i, L2 (]| CE i)

Je 1 g g L gr
{st A sr}{L—i—l e 1 }XBL

(B.18)
The result of the C*!-term is

. 1. _ .
(L) [ {@CEYE (e i) =V/6 Z IR, e L)E (G |CE i) X

Je 1 gt Jg L g
{St lt Sr}{L—l j,{ 1}XB1
(B.19)

The phase factor from the scalar product between the coupled angular
tensors of the emission and the absorption for the scalar retardation is
equal to (—1)%.

B.3 C3 — C1 - Changing position of interactions

In the pair equation with an open photon there exist a term where a
single-electron state with an open photon is connected to another elec-
tron with a Coulomb interaction. This event is represented by the Feyn-
man diagram on the upper row in Fig. B.4 and with an angular momen-
tum graph it is represented by the graph C3 on the second row. In the
iterative procedure of solving the pair equation it is important that all
terms have the same symmetry and the defined symmetry of the pair
function with an open photon is the graph C1 on the bottom row of Fig.
B.4.

The transformation of moving the open total angular momentum of
the photon, K, above the angular momentum of the Coulomb interac-
tion, K, is performed by first connecting j, with K, into a virtual angu-
lar momentum j,,. The result becomes the middle graph on bottom row
of Fig. B.4, which can be further reduced by applying relation (B.4). The
final result of the transformation is

3 = 'm —1 JitKn+Kp+im X { j'a n ]m } % C1. (B.ZO)
> i (1) g
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T4 L S
k]
aj [ b
j?”“ “]8 Cl
. C3 L T ) .
jT“ jS jm“ . ]7'“ ]S
. At B K 4
K,Jik — K Ji — Jmj
F+ PN -
Ja Jb Ja Jb Ja Jb

Figure B.4: The scheme of reduction of the angular momentum graph C3 into
C1, the defined angular symmetry for pair functions with an open
interactions. The graph A3 represent the angular symmetry of
the situation where a single-particle state with an open photon is
connected to another single-particle state. Above the scheme of
reduction the corresponding Feynman diagram is presented.

B4 C4 — C1 - Reduction with an open interaction

When a pair function with an open photon is perturbed by an additional
Coulomb interaction there will in the angular momentum graph exist
two lines connecting the two electrons, one for the new interaction and
one for the previous reduced angular momenta. This graph C4 is pre-
sented in Fig. B.5 together with the corresponding Feynman diagram.
In this figure an intermediate step of the reduction of C4 into the graph
C1, in Fig. B.4, is also presented. This intermediate step is obtained
by using relation (B.2) to connect j; and K, into j,, and also to connect
K, and K into K. There are also some signs of vertexes and directions
of arrows that has to be changed. From the intermediate step one only
has to apply the relations (B.3) and (B.4) to reduce the triangular loops
and to obtain the final result

Q4 = Z (_1)Kph+Ku+jt+ja+jb+js+2jm (K, jm] %
jrruK

ja K ]m ]m jr Kp }{ jb js K }
. . . ) x C1, (B.21

where some additional signs of vertexes have to be changed in the end.
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T A Lk S
=
aj b
Jr} LJs
C4 K, — Ji|
jm ujs \
Ig“ + «7Z
Kp]tu . JmA
- + Ay — -
ji“ Kl ji‘
< + —
ja jb ja jb

Figure B.5: The scheme of reduction of the angular momentum graph C4 into
C1, the defined angular symmetry for pair functions with an open
interactions. The graph C4 represent the angular symmetry of
pair functions with an open interaction that are perturbed with
an additional interaction. Above the scheme of reduction the cor-
responding Feynman diagram is presented.



APPENDIX C

Integrations over energy parameters

Two A, functions

The first integral under consideration includes two A, functions

1 2 2K
/dw Ay(w = a)Aclw =b) = G /d“’ R R R

1 1 1 2K
=—— [d - . (C1
4772i/ w[w—a—i’y w—a—H’y} (w—=b—ik)(w—b+ik) (C.1)

Here, the first term is integrated over the negative half-plane and the
integration of the second term is performed over the positive half-plane.
The results of these integrations can be collected into

i [ 1 B 1
2rilb—a—i(y+k) b—a+i(y+k)
1 2(y+ k) B B
R i s Aytr(a—0b). (C.2)
Compactly the result can be written as
/dw Ay(w—a)Ag(w—0b) = Ayqr(a—D). (C.3)
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A,-function and an electron propagator

Next integral to consider consists of a A, -function and an electron prop-
agator

dw dw 1
[ dw 1 2y
) 2mw—g+in (g5 —w)2+ 2
d 1 i i
= [ — (C.4)
2r w—g; +in; lej —w+ly g —w—1y

where 7; = 7 sign(e;) and 7 is an infinitely small positive number. For
g; > 0 the non-zero contribution of the integration over w will arise from
the first term of the integral, since the second term has both its poles in
the negative half-plane. The result of the integration over the positive
half-plane of the first term becomes

1

- —. (C.5)
€j —& T 1y +1n

For ¢; < 0 it is time for the second term to contribute and after an
integration over the negative half-plane the result becomes
1

Ej—Ei—i’y—in

(C.6)

The parameter 7 is used to dislocate the pole from the real axis of the
electron propagator and is an infinitesimal quantity. The other imagi-
nary term iv is the the adiabatic damping. A small but finite positive
number, which will be switched off in the adiabatic limit. When these
two parameters appear together, the y-term will dominate and the 7-
term can be omitted. The final result can be written as

dw 1
v gi A e — W) — —
/27T Sp(w) 2mA (g5 — w) & et i

(C.7)
where ~; is equal to vsign(s;).

A, -functions and two electron propagators
Next integral includes a A,-functions and two electron propagators

dw 1 1

o w—g +1in w+te;+1iy,
B dw 1 1 i i
N %W—Ei+iniw+5j+i7j w—ak—ki’y_w—ak—ify

21 A (e, — w)

(C.8)
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This integral includes two energies and in this way there exist four pos-
sible combination to consider. In the first case both ¢; and ¢; have posi-
tive energies and the result becomes

1 1

. —. (C.9)
€k — & + 17 e + €5 + 21y

€ >E&j >

after performing the integration over the positive half-plane. Next case
includes two negative and the integration is now performed over the
negative half-plane. The result is

1 1

. C.10
€k — & — 17 e + €5 — 21y ( )

€ <¢g; <

When the energies ¢; and ¢; have opposite signs the calculations include
a little more algebra, since the result of the integrations includes two
terms, one integration over the positive half-plane and a second over
the negative half-plane. We will only consider ¢; < 0 and ¢; > 0 in
details, the other term can be obtained with similar manner. The result
becomes

P i2 1 i2 1
€ <&~ - o - -
Co gitej+iy g —ep+iy & +egj+iy g5 —ep — 2y
B -1 1 1 ]
Cg—egitivle—ep iy g5 —ep —2iy
—1 —(ei—gj +1y) — 2y

= C.11
i —gj iy (e —ep +iv)(ej — e — 2i7) (©1D

after the integration and some algebra. It can be noticed that one of the
terms in the result has a factor of 2iy in the numerator and will become
equal to zero as the adiabatic damping is switched off. We can therefore
neglect this term and the result becomes

1 1

. C.12
€ — & — 1 Ek—i-Ej—i-Qi’y ( )

g <g > =

When both energies have switched sign the result becomes instead

1 1

P> < & . C.13

“i J er — & +1ivy Ek—i-Ej—Qi’y ( )
The final results can now be written as

d 1 1

aad : — 2 A(ep — w)

2T w—g; +1n; wo + €5+ 1

1
! (C.14)

NEk—Ei—l-i’yi Ek—l-Ej—i-Qi’ys
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Infegration over the energy parameter of the photon propagator

When one in the calculations arrives to the integration over the energy
parameter z of the photon propagator, it is often the following integral
that has to be calculated

d 1 1 1
/_Z[ - | (C.15)
2 le; —z+iy;  gj+z+iyl 22—k +in

The last denominator can be rewritten as
(z—k+in)(z + k —in) = 22 — k> + 2ikn. (C.16)

Since 7 is an infinitesimally small positive number, 2k7 is equivalent to
n for positive k. The result of the integration of the first term in (C.15)
becomes
;
- - —, (C.17)
(2k —in)(ei — (k —i7):)

which depends on the sign of the value of ¢;, (A); = sign(e;) A. The
integration is performed over the negative half-plane for positive value
of ¢; and on the opposite half-plane when the sign is shifted. Similarly,
the integration of the second term in (C.15) results in

i

@k~ — (k1))
and the complete integral becomes
- (2k — in) [Ei — (k —iv); * gj— (k- ify)j]' (C.19)

Product of two sums of electron propagators

In the end of the calculations to obtain a relativistically covariant ex-
pression of Breit potential, there is an integral that includes a product
of two sums of electron propagators. This integral will consist of four
terms that are handle separately

/dw 1 1
o | — + — |
2 lgg—w+iy  w—¢g;+in;

1 1
. C.20
{W—&c—(k‘_iV)k+51—W—(k7_i7)l} (.20
We will consider two of them and we start with ¢;¢;-term
do 1 ! (C.21)

2T w — g5 +in; w—e¢p— (k—1iy)
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This integration will not give any contribution when ¢; and ¢, both are
positive or both are negative, since the poles of the denominators are
then located on the same half-plane. The result of the integration for
e; > 0 and ¢;, < 0 becomes

—1

; : . C.22
gj > e < P (C.22)

and for the opposite signs of the energies the result is

i

< ep > . C.23
KA gj —ek — k+1iy (C.23)

The other term that is considered is the ¢; ¢;-term
L : (C.24)

2mw—e;+1in; & —w— (k—iv);

This integral will only contribute if the two energies have equal signs.
The results of the integrations are

—i
; : C.25
gj > e > P — ( )
i
; : . C.26
s as e —¢&j+k—iy ( )

The results of the two remaining integrals is obtained in a similar pro-
cedure, where one requires that the energies have equal signs

—i
gi > € > P ( )
i
P < < - C.28
TSk g —€ep+k—iy ( )

and the other requires opposite signs of the energies

—1i
er—ei—k+iy

1
;< g > . C.29
S g —e +k—ivy ( )

g > e <
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