Errata for Index theory in geometry and physics

The projection pr in Chapter C.2 does not extend to $?, and if it did it would be
trivializable since H?(S%",Z) = 0. In effect the projection py is not well defined.
This fact renders Lemma C.2.1 and Theorem C.2.2 false. By extension, the formu-
las of Theorem 3 in the introduction, Theorem C.3.2, Chapter C.5 and Chapter
C.6 are false in their current form and must be modified as is now described. All
references are to Paper C.

The problem is mended by considering the Bott class f € K°(IR*"). The Bott
element will be used to define a virtual rank zero bundle on a coordinate neighbor-
hood in Y and extend this to a virtual bundle on Y. The Bott element 8 € K°(IR?")
is represented by the difference class (/\%(D”,/\%dd@”,c) where AZ'C" and /\gjdd@”
are considered as trivial vector bundles on R?" and ¢ : R?" — Hom(AZIC", /\f}jd@”)
is constructed by letting c(x) € Hom(AZ C", /\%M@") be the operator defined from
the complex spin representation and Clifford multiplication by the vector x € R2".
Since c¢(x) is invertible for x # 0, with inverse c(x)*/|x|?, this difference class is
well defined. See more in Chapter 2.7 of [1]. By Proposition 2.7.2 of [1], the ele-
ment B generates K°(IR?"). Since K°(IR?") = ker(K°(5?") — K°({oc}), the inclusion
R?" C §?" induces an injection K°(IR?") — K°(§?"), and K°(S2") is generated by the
Bott class and the trivial line bundle. Furthermore, the Bott class, as an element
of K°(52"), does indeed satisfy that

Cthn /5 == dVSZn .

The problem with this construction of the Bott element is that it does not fit di-
rectly into the definition of the Chern character in cyclic cohomology used in Paper
C. We will now construct a projection-valued function p, : R** — End(Ag,C") =
M.(C) of rank 2""! that extends to a projection-valued function p; on S?* such
that B = [pr] — 2" ![1] in K°(S?"). Let us identify the complex Clifford algebra
CI(R?") with End(AC") using the complex spin representation. Define p, as:

2
po(x) = ( x| C(")) € End(AX4C" @ AZC™).

T+ [x2 \c(x)" 1

While

1
po(x) — ((1) 8) — PR (c(;lc)* C(lx)) =0(x|™) as |x|— oo,

the function p, extends over infinity to a function py € C1(52", My(C)). Let Eq —
IR?" denote the vector bundle associated with p, using the Serre-Swan theorem.
One has that

Eo = {(x,v1,v;) € R*" x (/\23‘“@” SALC") 1 vy =c(x)Ivy}.
The vector bundle E; is trivializable via the isomorphism

id@c:R™x ASC" - Ey,  (x,v) = (x,c(x)v,v). (1)



We define the morphism of vector bundles
co t Eg = R x A2C™,  (x,v1,v5) = (x, 7). (2)

The morphism ¢, is an isomorphism outside the origin, with inverse (x,v;) —
(x, v, x| e (x)" ).

Proposition 2.1. Under the isomorphism K°(S?") = K(C(S*")) the Bott element
B is mapped to [pr] — 2" [1], and therefore fs% chga[pr] =1.

Proof. The formal difference class [py] — 2" ![1] € Ko(C1(5?")) is of virtual rank
0, so it is in the image of the injection K°(R*") — K,(C(5%")). The element
[pr] — 2" ![1] clearly comes from the formal difference [E,] — 2" '[1] which in
turn is defined as the difference class (E,, /\gdC",cO) € K°(IR?"), where c, is the
bundle morphism of equation (2). The latter is isomorphic to the Bott class
via the isomorphism id @ ¢ defined in equation (1). It follows that chgu[ps] =
21 4 chgan f = 2771 + dVien. O

In the general case, let Y be a compact, connected, orientable manifold of
dimension 2n and U an open subset of Y with a diffeomorphism U = B,,. This
diffeomorphism defines a projection valued Lipschitz function py : Y — My (C) as
is described in Paper C and the following theorem is proved by the same method
as in Paper C but instead using Lemma 2.1 as stated above.

Theorem 2.2. IfY is a compact connected orientable manifold of even dimension
and dVy denotes the normalized volume form on'Y, then the projection py satisfies

ch[py] =2""1+dvy,
in HiZ"(Y). Thus, if f : X =Y is a smooth mapping, then

deg(f) = f frch[py]
X

We will use the notation {-,-) for the scalar product in R?". For an orthogonal
basis ey, ey, ...,ey, of R?" the Clifford algebra CI(IR®") has a basis consisting of
multiples e; ---e; for 1 < j; <... < j; < 2n. By the universal property of the
Clifford algebras, any element u in the complex tensor algebra of R?" defines an
element @i € CI(R®"). For a tensor u we let [u],, be the number such that the
projection of i onto ejey---eq, is [U]operes - esn. If u = (uy,...,u;) € (RZ)*K
and 1 < jj,...,J; < k we will also use the notation [ulji,...jj]s, for [ugls, where
uy € (R?")®* 1 is defined as the tensor product of all the u;:s except for j € {j, L

p=1"
For any element v € CI(IR?") it holds that
tpeon (V) — tr,\%u@n(v) = (=2i)"[v]qp.

For the natural number | > 0 we define Fin C {1,2,...,2m}' as the set of all
sequences h = (h]»)Jz.l:1 such that h; # p for any p < j and h; # h, for any j # p. We
define ¢ : I“in — {£1} by

1
gi(h) = (1) 2= b,



Lemma 2.3. For x = (x1,Xs,...Xs,) € (R*)*2™ we have that

m
g e (l_[ C(X21—1)*C(x21)) = (=2)"1"[x; ® X, ® - ® X lont
1=1
!

m—1
(=21 () [xlLhy, 2 kg, Ly T, [ [0, )+

=1 her!, p=1
m
-1
+277 3 e Jixpx, ).
hery p=1

Proof. Let us calculate these traces using the relations in the Clifford algebra:

m 1 m
Tagcn (l_[C(le_l)*c(le)) = 5 tager (l_[ C(X21—1)*C(X21)) +

=1 =1

1 m—1
T 5 Wager ((l_[ C(XZZ)*C(XZI-H)) c(me)*c(xl)) +

=1
+ (=2 NMX @ Xy ® - ® XopJon =

2m
= YD, Xt en (G el)) + (=2 [, @ %, @+ 8 Xy o
j=2

where c(x1)*c(x;) denotes l_[;';1 c(xlzjfl)*c(xlzj), where (lj)Jz.;"l_2 is the sequence

1,2,...,2m with the occurences of 1 and j removed. The sign (—1)/ comes from
the number of anti-commutations needed to anti-commute the first operator with

the j:th. Continuing in this fashion one arrives at the conclusion of the Lemma.

Lemma 2.4. The Chern character of py is given by v*ch[p;] and the Chern
character of pr in cyclic homology can be represented by a cyclic 2k-cycle that, in

the coordinates on R?* € §2", is given by the formula

1 2k
chpr](xg, X1, Xop) = Etr/\jc@" (DPO(XI)) =

1 2k+1 m
Z Z Trgcn (l—[ C(xgz)*c(xgﬁl)) )

= 2K
KT Ti2o(1 + 1x112) 720 04, <2g,, <2k 1=0

where we identify X orq2 = X; for j=0,1,...2k.
Proof. Define the function V : R?" — Hom(Ag C", /\gjddC” ® AL C") by

cx)vebv
V(x)v:= Loy AT @ A C", v e NSO

V0x)?+1



The vector V is defined so that py(x) = V(x)V(x)*. Furthermore, observe that
V(x)'V(y)=c(x)c(y)+1€End(AZC"). Therefore

1 2k—
7 I g (l_lpo(xz)) = —tr,\ean (V(sz)*v(xo) l_[ V(x; )*V(x]+1))

=0

1 2%k-1
tr,\%@n ((C(XZk)*c(x0)+ 1) l—[ (c(x]-)*c(xj+1)+ 1)) =
1=0

k'l_[z 0(1 + 1)
2k+1 m
Z Z tr/\%@n (l_[ C(Xgl)*C(xgl-i»l)) .

k'l_[l 0(1+|X1| ) m=0 0<g,<-<g, <2k 1=0

As a consequence, the correct formula for fk of equation (C.18) is given by

Fuxa, e xg) = (18)
=217 YUY (FF (X)), 0 P f (X)) Hga (X1, Xp) =
=217"k1 > T (D)ch[pr ) (7 Gy ), £ (), - 7 f (e DHagr 1 (X1, - X)),

Iery

where the last expression is calculated as in Lemma 2.4. The correct form of
Theorem C.5.1 is then given by:

Theorem 5.1. Suppose that X and Y are smooth, compact, connected manifolds
without boundary of dimension 2n and f : X —'Y is Hélder continuous of exponent
a. When k > n/a the following integral formula holds:

1 -
deg(f) =5 ((—1)kJ Jielxq, oo, X )dViar — Sign(X))
XZk
where fi is as in (18).
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