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Abstract

This paper analyzes econometric inference in predictive regressions in a panel data setting.
In a traditional time-series framework, estimation and testing are often made difficult by the
endogeneity and near persistence of many forecasting variables; tests of whether the dividend-price
ratio predicts stock returns is a prototypical example. I show that, by pooling the data, these
econometric issues can be dealt with more easily. When no individual intercepts are included
in the pooled regression, the pooled estimator has an asymptotically normal distribution and
standard tests can be performed. However, when fixed effects are included in the specification, a
second order bias in the fixed effects estimator arises from the endogeneity and persistence of the
regressors. A new estimator based on recursive demeaning is proposed and its asymptotic normality
is derived; the procedure requires no knowledge of the degree of persistence in the regressors and
thus sidesteps the main inferential problems in the time-series case. Since forecasting regressions
are typically applied to financial or macroeconomic data, the traditional panel data assumption
of cross-sectional independence is likely to be violated. New methods for dealing with common
factors in the data are therefore also developed. The analytical results derived in the paper are
supported by Monte Carlo evidence.
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1 Introduction

Predictive regressions are important tools for evaluating and testing economic models. Although
tests of stock return predictability, and the related market efficiency hypothesis, are probably the
most common application, many rational expectations models can be tested in a similar manner
(Mankiw and Shapiro, 1986). Traditionally, forecasting regressions have been evaluated in time-series
frameworks. However, with the increased availability of data, in particular international financial and
macroeconomic data, it becomes natural to extend the single time-series framework to a panel data
setting.

It has gradually been discovered that the apparently simple linear regression model most often
used for evaluating predictability in fact raises some very tough econometric issues. The high de-
gree of persistence found in many predictor variables, such as the earnings- or dividend-price ratios
in the prototypical stock return forecasting regression, is at the root of most econometric problems
associated with predictive regressions. The near persistence of the regressors, coupled with a strong
contemporaneous correlation between the innovations in the regressor and the regressand, causes stan-
dard OLS estimates to be inefficient and normal t—tests to have the wrong size. If the regressor is a
unit-root process, the predictive regression becomes a cointegrating relationship and well established
methods for dealing with endogenous regressors can be used. However, if the regressor is not a pure
unit-root process, but rather a so called near-unit-root process, standard cointegration methods can
yield misleading results (c.f. Cavanagh et al., 1995 and Elliot, 1998).!

In this paper, I analyze econometric inference in predictive regressions in a panel data setting, when
the regressors are nearly persistent and endogenous. The main contributions are the development of an
asymptotic theory for pooled estimators in forecasting equations and the proposal of new procedures
for dealing with the bias effects arising from the persistence and endogeneity of the regressors. Some
new results for controlling for the effects of common factors in panels are also derived.

By pooling the data, the econometric issues encountered in the time-series case can be dealt with
more easily. Intuitively, persistent regressors cause no problems when they are exogenous. When pool-
ing the data, independent cross-sectional information makes the regressors behave as if they were, on
average, exogenous. This intuition holds when no individual intercepts, or fixed effects, are allowed in
the specification. In this case, the standard pooled estimator has an asymptotically normal distribu-
tion; the summing up over the cross-section in the pooled estimator eliminates the usual near unit-root
asymptotic distributions found in the time-series case. It follows immediately that test statistics have

standard distributions and normal inference can be performed.

IThe literature on time-series forecasting regressions is very large. Some early examples are Mankiw and Shapiro
(1986), Nelson and Kim (1993), and Goetzman and Jorion (1993). Recent work include Cavanagh et al. (1995),
Stambaugh (1999), Lewellen (2003), Campbell and Yogo (2003), Janson and Moreira (2004), and Polk et al. (2004).
Many of these studies are primarily concerned with tests of stock-return predictability, although the results are generally
applicable to more general forecasting regressions.



However, when fixed effects are allowed for, the asymptotic properties of the pooled estimator
change. The time-series demeaning of the data, which is implicit in a fixed effects estimation, causes
the fixed effects estimator to suffer from a second order bias that invalidates inference from standard
test-statistics. To correct for this bias, I develop an estimator based on the idea of recursive demeaning
(e.g. Moon and Phillips, 1999, and Sul et al., 2003). When demeaning each time-series in the panel,
information after time ¢ is used to form the time ¢ regressor; this induces a correlation between
the lagged value of the demeaned regressor, used in the estimation of the predictive regression, and
the error term in the forecasting equation, which gives rise to the second order bias in the fixed
effects estimator. By using information only up till time ¢ in the demeaning of the regressor and only
information after time ¢ in the demeaning of the dependent variable, the distortive effects arising from
standard demeaning are eliminated. The estimator based on recursively demeaned data is shown to
have an asymptotically normal distribution and standard inference can again be performed.

The standard panel data assumption of cross-sectional independence is often too restrictive. This
is especially true for panels of financial or macroeconomic data that are most often used in forecasting
regressions. Unfortunately, there is, as of yet, no well developed econometric theories for dealing with
general forms of dependence in the cross-section. However, factor models are often used to capture
the co-movement in financial and macroeconomic time-series and I show that the methods developed
above can be extended to a setting where common factors are present in the data. Using first-stage
individual time-series regressions, the factors in the residuals of the forecasting regression can be
consistently estimated. The original data can then be ‘de-factored’, and the estimators described
above can be used, but with the de-factored data instead of the original data.

A separate application of the methods developed in this paper is provided in Hjalmarsson (2004),
where predictability in international stock returns is analyzed.

The rest of the paper is organized as follows. Section 2 describes the model while Sections 3 and
4 derive the main asymptotic properties of the pooled estimators. Section 5 derives a fully modified
pooled estimator (Phillips and Hansen, 1990) for the near-unit root case. This estimator is unfeasible
in general since the modification relies on the exact degree of persistence in the time-series, which is
typically unknown. However, in the special case of identical persistence in all of the time-series, the
estimator becomes practically feasible since the common degree of persistence can then be estimated
by panel methods (Moon and Phillips, 1999). In this case, the fully modified pooled estimator provides
a more efficient alternative to the standard pooled estimator when no individual intercepts are present
and to the recursively demeaned pooled estimator, described above, when fixed effects are included.
In Section 6, methods for controlling for common factors are described. Some results for unbalanced
panels are given in Section 7, and finite sample properties of the procedures developed in this paper are
analyzed through Monte Carlo simulations in Section 8. Section 9 concludes and all technical proofs

are found in the appendices.



A brief word on notation. Following the work of Phillips and Moon (1999), results for the panel
estimators are first derived heuristically using sequential limits, which usually implies first keeping the
cross-sectional dimension, n, fixed and letting the time-series dimension, 7', go to infinity, and then
letting n go to infinity. Such sequential convergence is denoted (T, n — o00), - These results are then
shown to hold as n and T go to infinity jointly, denoted (n,T — oc). Otherwise, standard notation is
used. BM () denotes a Brownian motion with covariance matrix €2, = signifies weak convergence,

and —, denotes convergence in probability.

2 Model and assumptions

2.1 The data generating process

Consider a panel model with dependent variables y; ¢, ¢+ = 1,...,n, and the corresponding vector of
regressors, x;;, where xz;; is an m x 1 vector and ¢t = 1,...,7. The behavior of y; ; and z;; are

modelled as follows,

o+ BiTit—1 + Ui, (1)
Tip = Ai%ip—1+ Vg, (2)

s
=
I

where A; = I +C;/T is an m x m matrix, with diagonal elements 1+ ¢y ;/T, and off-diagonal elements
Ckl,i/T7 k‘,l = 1, ., m, k 75 l.
The error processes are assumed to satisfy the following assumption.

Assumption 1 Let w;; = (Ui,t,ﬁi,t)/ and Fy = {w;s| s <t,i=1,..,n} be the filtration generated by
wig, 9 =1,....n. Then, for alli=1,...n,

=D (L) ey = Z;io D; j€it—j.

. D, ; are sequences of real numbers with D; = sup, ||D; ;|| < oo and >0 3*||Dj|| < oo

. Blwi| Fia] = 0.

- FE [wztw;t| ]:t—l} =Y = [(0114,012i) , (0214, )] -

. sup, E [u},] < oo and sup, E [||ei7t|\4] < 00.

. B [w”w;é] =0 for allt,s and i # j.

D N o~

Denote D; = D; (1), D = sup, ||D;||, and Qgq; = D?.
Assumption 2 QQQ = hmn_wo % Z?:l QgQi.

Assumption 1 allows for a linear time-series structure in the errors of the predictor variables and

imposes the usual martingale difference (mds) assumption for the errors in the dependent variables.



The mds assumption, which is standard in predictive regressions, is often based on some orthogonality
condition from an underlying rational expectations model. For instance, in financial forecasting re-
gressions the mds assumption is motivated by the efficient markets hypothesis. The time-series aspects
of the model formulated by (1) and (2) and Assumption 1 is similar to those of the models studied
by Mankiw and Shapiro (1986), Nelson and Kim (1993), Cavanagh et al. (1995), Stambaugh (1999),
Campbell and Yogo (2003), Lewellen (2003), Jansson and Moreira (2004), and Polk et al. (2004).
The final condition of Assumption 1 states the standard panel data assumption that the innovations
are uncorrelated in the cross-section. Some effects of cross-sectional dependence arising from common
factors are discussed later in the paper.

Assumption 3 introduces heterogeneity in the persistence of the regressor variables, but rules out

processes that are too explosive; this is not much of a limitation in practice.

Assumption 3 (Heterogeneous persistence)
1. The local-to-unity parameters C; are iid across i .
2. maxC; < C for all i.

Two different assumptions on the slope coefficients 3; will be considered. The first assumption
allows the individual §;s to differ from each other in a general fashion, whereas the second assumption
imposes an identical coefficient 3 across the whole panel. Clearly, the first assumption is more general,

but many useful results also arise from the study of the homogeneous model.

Assumption 4 (Heterogeneous slope coefficients)
1. B; =p+0;.
2. {0;}"_, is tid with mean zero and variance Qgg.
3. {0;}"_, is independent of w; and C; for all i and t.

Assumption 5 (Homogeneous slope coefficients)

B; = B for all i.

The focus of this paper is inference on the parameter 5, which in the heterogeneous case represents
the average relationship in the panel. In the homogeneous case, the ;s are all identical and the
estimate of  thus gives an estimate of the slope coefficient in each individual forecasting equation.
This is typically not the case, though, and it is less obvious what the advantages are of using panel
methods to estimate the average parameter 3, instead of using time-series estimators to estimate each
individual 8;. There are, however, good reasons why panel methods might be useful, even in the
heterogeneous case.

Since the panel based inference analyzed in this paper does not require any knowledge of the

parameters Cj;, either for estimation or testing, the nuisance parameter problem arising from C; in



time-series inference is no longer an issue. It therefore becomes easy to test hypotheses for 5. Of
course, rejecting the null hypothesis of 8 = 0 does not reveal whether the variable z; ;_; predicts y;
for a specific i, but it does say that on average there is a predictive relationship in the panel. The
interpretation of S as an average relationship in the panel has the advantage of resolving evidence from
individual time-series regressions. It is often the case that, say, stock returns are found predictable in
some countries, but not in others. The interpretations of such results is not straightforward but the
results from a pooled regression provide an answer; if the average slope coefficient 3 is significant, then
on average there is a significant relationship in the panel.

Predictive regressions are usually employed to test a null of no predictive relationship, and any
deviations from this null hypothesis are often small. Thus, even if the slope coefficients in the panel
are non-identical, they are still likely to be similar to each other in absolute terms. Under such
circumstances, the pooled estimate of the average parameter might provide a point estimate of the
individual intercepts that is at least as useful as the point estimate provided by time-series methods.
Evidence of this is provided by the out-of-sample exercises in Hjalmarsson (2004), where the forecasts

based on the pooled estimates often outperform those based on the time-series estimates.

2.2 Preliminary results

Before analyzing the panel estimator for 3, it useful to establish some preliminary results that will
be used repeatedly. Let E;; = (Ui’t,’(}i7t)/ be the joint innovations process. Under Assumption 1, by
standard arguments (Phillips and Solo, 1992),

(T'r]
1
e E; jBiT:BMQiT, 3
72 B = Bi0) = BM (20 (1) ®)
where
Q) = O11i W12 7 (4)
war; Lo
and wo1; = D; (1) 0124, w1z = why, and B;(-) = (B1i (), B2i (-))" denote a 1 + m—dimensional

Brownian motion. By the continuous mapping theorem, it follows that as T'— oo, for all ¢,

T 1
1
2wty = [ Jio (1) Ji, ) dr 6)
t=1 0
where . .
Ji,C,‘, (’I") = / e(ris)cing,i (S) = Dz/ e(ris)cidWQ,i (S) . (6)
0 0



Lemma 1 Under Assumptions 1 and 3,

for all i.

From Lemma 1 and the cross-sectional independence, it follows that as n — oo,
1~ [ : ' :
~> | Jic. () i (1) dr =, B | | Jic, (r) Jic, (r) dr|.

i=170 0

3 The pooled estimator

3.1 Heterogeneous slope coefficients

To estimate the average parameter 5 under Assumption 4, I consider the traditional pooled estima-

tor. Its asymptotic properties are derived heuristically here, using sequential limit arguments. Formal

proofs of the results for joint limits are found in the Appendix. To keep the arguments more transpar-

ent, I consider first the case where there are no individual effects in equation (1). That is, assume for

now that «; = 0 for all 3.2 The case with individual intercepts will be dealt with later.

The pooled estimator of 3 is now given by

n T

n T -1
fo / /
; Yitlig—1 Lit—1L4 41
1 i=1 t=1

i=1 t=

=
3
S

|

=1
n T n T -1
1 1 1 1
(A g wten) (33 et )
=1 t=1 =1 t=1

2The results developed below also hold in the case with a common non-zero intercept .

Ign, 1 < 11 & B
- o4 (30 S nin) (A g e
=1 t=1 t=1

(10)



Using sequential limits, for fixed n as T — oo,

1 & 1« 11 -
= (—nzgzﬁlet 1xlt 1> (Ezﬁzxz’tlxl tl)
=1 t=1 =1 t=1
1 &1 & 1~ 1 1
+ <_n Z T2 Zuzt‘f;,t1> (; Z T2 Z xz’tlxz,t1>
=1 t=1 i=1 t=1
1 n 1 , 1 n 1 -t
s (=0 [ e ne o ar) (23 [ e ) g 07 ar
(\/ﬁ ; 0 n ; 0

By Lemma 1 and Assumption 4

i

Thus, as n — o0, by the weak law of large numbers (WLLN)

1 n 1 s 1
o Z/ Jic, (1) Jic, (r) dr “3 E U Jic; (1) Jic, (T)'dr} ;
i=170 0

and by the Lindeberg-Levy central limit theorem (CLT)
L3

= N(OE

1
E / Jic, (r) Jic, (r) dr
0

2 1
] <ooand F |:91/ Ji,Ci (7’) Ji,Ci (’r‘)/d’r‘] =0.
0

JzC’ ( )/dT‘

C;

) e
(91 /O 1 Jic, (1) Jic (r)/dr)

To simplify the notation, let

/!

1
0= E [ Jere <r>/dr]
0

® =F [(92- /0 1 Jic, (r) Jic (r)’dr) <9¢ /0 1 Jic, (r) Jic, (r)’drﬂ :

In summary, as (T, n — o0)

and ,

seq?

Vi (Bur = 8) = N (0,0;20%,01)

<9i /0 1 Jic, (1) Jic, (r) dr>D :

(12)

(13)

(17)



In general, calculating explicit expressions for €2, and ®°_ would require a distributional assump-
tion for the Cjs. Under the assumption that C; = C for all ¢, however, results can be obtained. For
simplicity, consider the case when the regressors are scalar. It is shown in the Appendix that under

these circumstances,

1
Q= 702207 (e —2C-1), (18)

and .
0 = 5200 5,C ™ (4C% — 4C + 6e%C + 3¢'¢ —20Ce* - 9). (19)

Observe that the limiting distribution is driven by the heterogeneity in the 8,s and is not directly

affected by the error terms u; ;. To understand this result, write equation (1) as
Yit =04 + Bxi—1 +0i%i -1 + Uie = a; + i1+ Uy (20)

where U;y = 0;x;4—1 + u;¢. The process U;+ is a near integrated process, and the nearly non-
stationary part of it, 6;z; +—1, will thus determine its asymptotic properties. The stationary part, u; +,
will therefore have no direct effect on the asymptotic properties of the pooled estimator BmT.

The fact that U; ; is nearly integrated also explains the /n—convergence rate of the pooled estimator
in the completely heterogeneous case. As is well known, typical time-series estimators of 3, such as
the standard OLS estimator, have a convergence rate 7. In a homogeneous panel, where 3, = 3,
for all 4, a \/nT—convergence rate can be obtained for the pooled estimator, as will be shown below.
However, in the case when the ;s are heterogeneous, the residuals in the fitted regression (20) will be
nearly non-stationary. This slows down the rate of convergence since the expression for Bn,T — B now
involves the sum Y, Ti—12;, ; in addition to the standard sum S ujtx; ;1. The former sum
requires a standardization of 1/7? while the latter only requires a 1/T standardization. The division
by T2, as opposed to T, explains the slow down from /nT in the homogeneous case to \/n in the
heterogeneous case.

The results derived heuristically above, using sequential limit arguments, continue to hold under

joint limits.

Theorem 1 Under Assumptions 1-4,
(i) Bn,T —p B as (n,T — 00), where 3 is the average slope coefficient in the panel.
(ii)
Vit (B — 8) = N (0.9208,92).
as (n,T — o0) with n/T — 0.

The limiting distribution of ﬁn’T depends on Q, and ®Y . To perform inference, estimates of these



parameters are required. Let ;s = y;+ — Bn)Taci,t,l, and define

1 n 1 T T
—ZEZZ iy —q) (s 5-1) (21)

n t=1 s=1
and
R 1 n 1 T
Qx = E Z ﬁ Zwi,t—lx;7t—1' (22)
=1 t=1

The estimators ®, and ,, are thus the panel equivalents of standard HAC estimators for long-run
variances.

Standard tests can now be performed. For instance, the null hypothesis 8, = S, o, for some
k, can be tested using a t—test. Using the results derived above, it follows easily that under the

null-hypothesis,

Vn (BknT - 5k,0) N

[ 16-1&0 -1
a'Qzz 0 Qzza

where a is an m x 1 vector with the k’th component equal to

tr = N (07 1) s (23)

in sequential limits, as (T,n — oo)seq,
one and zero elsewhere. More general linear hypotheses can be evaluated using a Wald test. Suppose

the null hypothesis is Hy : Q8 = b, where rank(Q)) = ¢. Then, under the null

Wao=n (Qbur—0) (Q0:182,0.20) " (Qr —b) = X, (24)

as (T,n — oo)scq. The t—test and Wald test are complete analogues of their time-series correspondents
when robust HAC estimators for the covariance matrix are used. These results can also be verified for

joint limits.

Theorem 2 Suppose Assumptions 1-4 hold. Then, as (n,T — o) with n/T — 0,
(i) tr. = N (0,1) under the null hypothesis By, = By, o, and
(it) Wo, = X2 under the null hypothesis QB = b, where rank(Q) = q.

3.2 homogeneous slope coefficients

Consider again the case with a; = 0, for all 5. Then, under Assumption 5, the pooled estimator BmT

satisfies

n n T -1
Z 1 Z’uz t‘th 1) <%Z%Z$i7t_1$;,t_l> . (25)

=1 t:l i=1 t=1

it (b5 - (

§|\~

10



Using sequential limits and arguments similar to those in the heterogeneous case, as (T,n — oo)scq,

VAT (B = 8) = N (0,0:190.,9;) (26)

< /O 1dBi,1Jc,i (r)’)l < /0 1 dB;1Je, (7‘)/)] : (27)

The limiting covariance matrix of BmT is similar to that found in the heterogeneous case, although

where

Sy =F

the rate of convergence is different. In the case of scalar regressors, with C; = C for all 4, it is shown

in the Appendix that,

1
(I)uz = 1011922072 (620 —-2C — ].) . (28)

Combined with the result for ,, derived above, it follows that in this case the limiting variance
satisfies
010,000 = 401,95, C2 (20 —20 — 1) (29)

Analogous to the heterogeneous case, let

“ 1< 1 Tz ’
Pur = =3 2D (Gaarhe) (Gaaf) (30)

A t—test for Hy : B), = S, can be formed, and as (T, n — oo)

seq’?

VnT (BknT - 5k,0>
V aIQ;ml éuxﬂgxla/

t = N(0,1). (31)

Since @, = T2®° . it follows that

T

VT (Bk,n,T - Bk,o) Vi (Bkvan B Bkvo) " (32)
_ = =1y

016 0.1 o 1ap A
@/ Qe Pz a a/szl <I>mem}a

th

and the t—tests in the homogeneous and heterogeneous cases are identical. The same also holds for

11



the more general Wald test,

Wos = nT*(QB,r— ) (@002l ) 1(QBH,T—b)

(@b -0) (@0290.02@) " (@B )
I (33)

Thus, although the rates of convergence are different in the heterogeneous and homogeneous case,
there is no practical difference when performing inference. This is a convenient result, since one need
not make any assumptions on the degree of homogeneity in the panel before performing inference.
Of course, the interpretation of the results are somewhat different depending on whether the panel is
homogeneous or heterogeneous.

The following two theorems show that these results also hold in joint limits.

Theorem 3 Under Assumptions 1-3, and 5,
(i) Bn’T —p B as (n, T — ).
(ii)
VT (Bouz = 8) = N (0,0:10,,9;))
s (n,T — o0) with n/T — 0.

Theorem 4 Suppose Assumptions 1-3, and 5 hold. Then, as (n,T — oo) with n/T — 0,
(i) ty, =t = N (0,1) under the null hypothesis 3), = By o, and
(W) Wo = Wap = X2 under the null hypothesis QB = b, where rank(Q) = q.

4 Individual effects

In the above analysis, the individual intercepts in equation (1) were all assumed to be equal to zero.
This section considers the effects on the pooled estimator when the «;s are no longer zero and are
allowed to vary across the panel.

Let Yoy and Ty denote the time-series demeaned data. That is, Ty = Tit — % Zthl Zi¢—1 and

Y, = Yit — % Zle yit. The pooled estimator, allowing for individual intercepts, is then given by

n T n T -1
Bnr = <ZZ_: t—zt 1) (Z; ;gi,t—llé,t—l> : (34)

The next two sub-sections analyze the asymptotic properties of BmT in the homogeneous and

heterogeneous cases.

12



4.1 The heterogeneous case

Under Assumption 4, as (T, n — o0) using the same arguments as previously,

seq’?
Vi (Bor - 8) = N (0.2:)20,97)). (35)
where .
0, -E [ | Lie 0 die 07 dr] , (36)
1 ! 1
8, - [(9 | Lo 0 Lic () dr) (oz | 2ie ) 2,0 d)] , (37)
and

Lo, (r) = Jic, () - / Jic, (r) dr. (38)

Estimates of Q.. and @fm can be formed in the same manner as above, using the demeaned data. The
test statistics using these estimates are still valid with the same asymptotic distributions under the
null hypothesis. Apart from using demeaned data, there are no practical changes to the inference. As
in the case with no intercepts, these results can also be shown to hold in joint limits, although the

results are not repeated here.

4.2 The homogeneous case

As was just shown in the heterogeneous case, using demeaned data causes no changes for practical
inference with the pooled estimator. However, some caution is required since the same result does
not hold for the homogeneous case. Under Assumption 5, the pooled estimator with individual effects

satisfies
. 11 & 1en 1 & o
= (A g Dt ) (A g Dt ) )
=1 t=1 =1 t=1

Clearly, the estimator is still consistent. Its asymptotic distribution, however, will be affected by the

demeaning. For fixed n, as T — oo,

T (BnT - 5) = (% i /01 dBy i, (7")/) (% Z/Ol Je, (r) Je, (T)Id7"> _ . (40)
i=1 -

13



Let wio = lim,, oo ™t > w12, and observe that

E[/OldBl,iiCi(r)’] E[/ldB“ i.C /dB“/ Jic, r}
- —EV / dBy; (s zC()/dr]
= —E{ / / / E [dBi; (s)dBay (q)'] "~ dr
= —UJ12// dsdr

whenever wqs # 0. Thus, as (T, n — o0)

g

seq’

T (B~ 8) (wu / / Bl dsdr) ., (42)

and the estimator suffers from a second order bias from the demeaning process. The second order bias
arises because the demeaning process induces a correlation between the innovation processes u;; and
the demeaned regressors L‘,tq-g Intuitively, u; + and z; ,_; are correlated because, in the demeaning
of z;;_1, information available after time ¢ — 1 is used. One solution is to use recursive demeaning of
x;+ and y; ; (e.g. Moon and Phillips, 1999, and Sul et al., 2003). That is, define

t
1
= — - > mis, (43)
s=1
and

1 T
Qictl =Yit — ﬁ Z Yi,ss &% it ¢ sz S- (44)

s=t

The process E‘i,t—l now only relies on information up till time t—1, and gf‘i only depends on information

from ¢ to T'; the recursive demeaning will not induce a correlation between u; ; and x?t 1- The process

xdd is used to properly balance the estimator, as shown below. By the CMT, as T' — oo for a fixed 1,

d -1 t .
Lt Tit t 1 Tis _1/ J

Y = ot 2 - 2 :}JZ (r)—r Jz iUdU:i,’r, 45
VT T (T) Tzs:1\/f c; (1) | e (u) i (1) (45)

3The phenomenon is analogous to that found by Moon and Phillips (1999), when analyzing estimation of local-to-unity
roots in panels with incidental trends.
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and

dd
Lit

VT VT

T

Tig T—t _llix
Ts:t

dd ,.dr

= (3wt

=1 t=1

Theorem 5 Under Assumptions 1-3, and 5

(i) Brior = B as (n,T = o0)
(ii) As (n,T — o00) withn/T — 0

VAT (B

8) = (o () et (a2) ),

1
= = i ()= (=) [ e du= L8 ).

Consider the following pooled estimator, using the recursively demeaned data

[CEEy

where
el =E ( /0 1 dB{ (r) J¢, (r)’) ( /0
dB{% (r) = dBy; (r) — (1 —7)"" (Bii (1)
and
= { /0 I 0., (T)/dr} .

~rd dd

The usual test-statistics can now be formed. Specifically, let

and form
~rd

and

The t—test and Wald-test based on @, _and 2

1 1 T T
LS LSS et )

~dd __ ,dd
ui,t —Qit _6nT—zf 1

~rd
Lrx

([ asit ) a2, W)] 7

— By, (1)),

dd,.d/
i, tzz s—1

(54)

will satisfy the usual properties. The results follow

in the same manner as above and, as previously, these tests will also work for the heterogeneous case

As evidenced by the Monte Carlo simulation in Section 8, the second order bias effect arising from
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demeaning the data is also present in panels that exhibit moderate degrees of heterogeneity in the slope
~rd

coefficients. Thus, the estimator B;T seems, in general, to be a safer choice when fitting fixed effects

than the plain fixed effects estimator, BMT, since the former works well in both the homogeneous and

heterogeneous cases.

5 A fully modified pooled estimator

One of the main advantages of the pooled estimators described above is their asymptotic normal dis-
tributions, which enables correct inference without the knowledge of the nuisance parameters {Ci}?:y
However, when there is some knowledge available about {C;}!"_,, efficiency gains can be made.

The fully modified OLS (FM-OLS) estimator for cointegrated time-series regressions was developed
by Phillips and Hansen (1990) to correct for the presence of endogeneity and serial correlation in the
OLS estimator. Phillips and Moon (1999) extend this idea to a panel data setting and derive a pooled
fully modified (PFM) estimator for the pure unit-root case, when C; = 0 for all ¢. In this section, I
generalize the PFM estimator to the case of nearly integrated regressors.

As pointed out before, the individual C;s are not estimable in general, so an estimator based on
the knowledge of C; is typically unfeasible in practice. However, as shown by Moon and Phillips
(1999), when the C;s are identical across the panel, then C; = C can be estimated. This estimator is
thus feasible when the C;s are all identical. The modifications to the pooled estimator will have no
asymptotic effects under the heterogeneous slope coefficients of Assumption 4; only the homogeneous
case described by Assumption 5 is therefore considered. As in the case of individual effects, however,
for panels that exhibit only a limited degree of heterogeneity, the modifications are still likely to have
some effect.

Define the quasi-differencing operator

Cs
Acﬁi,t =Tt — Tit—1 — ?xiﬂf—l = Vit (55)
and let
+ . A1 e . al1R
Yir = Yit — WlQiQQQiACixt, Am = —w12i922i/\22i, (56)

where Agy; = Zzil E (vi7kv§70), and @194, Qggi, and Aggi are estimates of wia;, o9;, and Asg;, respec-
tively. The pooled FM (PFM) estimator is given by

BPFM = (

n T ) n T -1
Z (yz_tx;,t—l - Afm)) (sziﬂf—lx;,t—l) . (57)

1t=1 i=1 t=1
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As T — o0, for fixed n,

VT (BPFM - 5) = (% i (/01 dB;1.2J;c; (7")/)> (% é /01 Ji,c; (r) Ji.c, (T)Id7"> _ )

-1 —1 .
where B; 1.2 = Bj1 —w12i€95,;Bi2 = BM (011.2,;) and o11.2,; = 0115 —w12i 59,2014 As (T,n — 00) .,

VAT (Bpras = B) = N (0,951 @000 ) (58)

< /0 CdBirade, (r)’)l ( /0 ' dBur e, (r)')] . (59)

~ p ~ ~ ~ A—1
As before, let Uit = Yit — Bn,Txi,t—l and define Us.2,t = Uit — leiQQini,t' Then

with
Dype = F

. Ien 1 )
(I)um-z - E ﬁ ZZ (ﬁigvt.’l?;,t,l) (’lli.g)sl'/i’S,l) —p (I)um-:c, (60)

=1 t=1 s=1

as (T,n — 00),,- The PFM estimator is more efficient than the standard pooled estimator since
Dyzz < Pyy. Observe also that for Sprjy, using demeaned data will not cause a second order bias
effect. The fully modified pooled estimator thus provides a more efficient alternative also in the case
when individual effects are included. These results could also be shown to hold in joint limits, with

some extra rate restrictions, but the results are omitted here for brevity.

6 Cross-sectional dependence

In many cases, the assumption of cross-sectional independence is restrictive. It is imposed because there
is yet no satisfactory model or theory for dealing with general cross-sectional dependence. However,
factor models are often used as a proxy for more general cross-sectional dependencies. The effects
of common factors on panel data methods are relatively straightforward to analyze and this section
provides some results along these lines. For ease of exposition, assume that a; = 0, for all 7.
To study the effects of common factors in the returns process, suppose that equation (1) is replaced
by
Yit = BiTit—1 + 7N + Ui, (61)

where the idiosyncratic error terms w; ¢ still satisfy Assumption 1, but the common factor A; is now a
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part of the data generating process. Further, let the regressor process satisfy

Ty = Ziyg + 0411y, (62)
where
Zip = Aizig +vig, (63)
and
Ht = GHHtfl + e (64)

The following high-level assumption states the properties of the common factors A; and IT;.
Assumption 6 ﬁ St _ Ay = By (r) and % = Ju(r) = [y e"=dBy (r), fort = [Tr].

That is, A; is assumed to be stationary whereas Il; is a nearly integrated process. Consider first

the pooled estimator in the case of homogeneous slope coefficients and no intercepts,

T

—1
s 1 &1 I 1
vnT (ﬁn,T—ﬁ) = <—n Tzuiﬂ‘ax;,tl) (EZﬁzxii—lx;,tl>
= t=1

i =1 i=1

K3
1 1 1 & -
Y] (A g Y ) 6
=1 t=1

1 t=1

~+

3

1

n

M: _
3

K2

By Assumption 6, the first term satisfies,

M:
N[ =
M=

!
Wi tLg 1

<
Il
—
&
Il
-

1 & 1
Ui,tzé,t_1+%§ 51?5 ui Il
=1 t=1

«
Il
-

t

J

as T — o0, for a fixed n. Conditional on the common shock, II, the random variables fol dBn ;Jf; are

i1d with mean zero, and thus

1

1
dB1 Tl e, + 6, / dBLiJﬁ) , (66)
0

[y

Il

Sl- Sl- §l-
Nl =
M=

-

s
Il
_

1 n 1 1
- (/ dBlaiJi/,Ci + (51/ dBlﬂjll-I) = MN (0, Dy + Oyt + Puan + (I);:vl'[)
=1 \/0 0

n -
i
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where .

ml, (67)

1 1
b n=F l((gl/ dBl71J1/—I> <51/ dBl,zJ{‘[)
0 0
1 1
Qo =F [(/ dBLiJi,C,i) 0; </ dBl,iJﬁ)
0 0

Further, it follows that under Assumption 6, as (T, n — o)

and

H] . (68)

seq’?
n T

DIELDPIE

=D 75 ) Tit-1Ti

n 4 T2 7 i,t—1
=1 t=1

1 1 1 1
/ Ji,CiJi"Cz, + 52‘/ JHJi/,Ci + (51/ JHJ{,C;-) + 6; (/ JnJﬁ) 6;]
0 0 0 0

= Q. (69)

/

—>pE

However, as T" — oo, for a fixed n,

1SN 1 & /

n Z T Z Vil
i=1 " t=1

1 < 1 ) 1 & 1 T
=1 t=1 i=1 t=1

1 & ! 1 & !
= gZ%/ dBAJi,ci—s—EZ%éi (/ dBAJﬁ). (70)
i=1 0 i=1 0

Define .
1
lim =% 70, =9, (71)
i=1
and it follows that )
T (,BmT - 5) —p 70 ( / dBAJﬁ) Q- (72)
0

With common factors in the error terms and the regressors, the pooled estimator thus suffers from
a second order asymptotic bias. This can be controlled for in the following manner: (i) Estimate
B; with time-series OLS and estimate the residuals, ;A; + u; for all 4. (ii) From the estimated

residuals, estimate the common factor v,A¢. (i44) Subtract the common factor from y; ¢, and create

19



the ‘de-factored’ data,
yf{ = yiw — Vile = Biwi—1 + il — VA + i = Biwip—1 +uiy + 0, (1) (73)

(iv) Use yldé instead of y;+ in the pooled estimation.
It follows that

n n

dof 1 1< Ien 1 « B
po df
Bnr = (ﬁzi?zyz it 1) (g ﬁzxi,tlx;,tl> ; (74)

i=1 t=1 i=1 t=1

satisfies
VAT (Boz = 8) = MN (0,97 (®us + ®unt + Puart + @) U11) (75)

s (Tyn — o) As also noted in Jin (2004), in the presence of common shocks the limiting dis-

seq”
tribution becom:s mixed normal but the rate of convergence remains identical, although only after a
de-factoring of the data in the case considered above. Again, these results can also be shown to hold
in joint limits, but the details are omitted.

Results for the case with heterogeneous slope coefficients can be obtained in the same manner.
However, it is easy to see that no de-factoring is necessary in this case, given that the asymptotic results
are driven by the nearly non-stationary residuals arising from the heterogeneous slope coefficients, as

discussed previously.

7 Unbalanced panels

In applied work, it is often the case that data for the individual time-series that make up the panel
are available over different periods of time. If all the available data in such a panel is to be utilized,
estimators dealing with the unbalanced nature of the panel is needed.

Suppose time-series ¢ has T; observations and let T' = max; T;. Further, assume that for all i,

T;/T — r; € (0,1] as T; — oo for all 7. Define the unbalanced pooled estimator as follows,

-1

n T;
AZbT = (Zzyz tht 1) (Z xi,tlx;,t1> . (76)
t=1

=1 t=1 i=1

Consider first the heterogeneous case under Assumption 4, with no intercepts. Using sequential limits,
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as (T,n — 00) ey

-1

Vi (3~ ) <12":1Tf9 , )(12”:1@ , )
n\Pn1 — = = 25} iLit—1T; 41 - 25} Tit—1T; 11
Vn &= T2 n i I? &=

=1 t= =1 t=
-1
n T; n T;
1 1 - 1 1 u
+ —Z—ZZw%t—l) (—2—2 )
(ﬁi_lT t=1 ni:lT t=1
= N (0,(Qu) " @ ()7,
where

1o
ub _ 1; _ . . !

and

1 n

oub? = lim =Y F
n—oo N, i—1
1=

As in the balanced case, these can be easily estimated using the following estimators,

n T;
A 1 1 «
ub . ’
sz - E E T2 E Lit—1T4 115
i=1 t=1

and
T, T;

. 11 ~ (s ;
q)ggﬁ — E Z ﬁ Z (ui)t.’lj;)t_l)l (U/i,sx;,s—l) .

s
Il
_
~~
Il
-
w
A

The homogeneous case follows in a completely analogous manner and is not detailed here.

8 Finite sample evidence

(ei /O e (1) Jio () dr)l <ei /0 Y e () Jic, () dr)] .

(81)

To evaluate the small sample properties of the panel data estimators proposed in this paper, a Monte

Carlo study is performed. In the first experiment, the properties of the point estimates are considered.

Equations (1) and (2) are simulated for the case with a single regressor. The innovations (u;, v; )

are drawn from normal distributions with mean zero, unit variance, and correlations § = 0, —0.4, —0.7,

and —0.95; there is no cross-sectional dependence. The slope parameters, [3,, are drawn from a normal

distribution with mean 5 = 0.05, and with a standard deviation that is also equal to 0.05. The

sample size is set to T = 100, n = 20, and the local-to-unity parameters C; are drawn from a uniform

distribution with support [—10,0]. The small value of § is chosen in order to reflect the fact that
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most forecasting regressions are used to test a null of # = 0, and any plausible alternative is often
close to zero. The intercepts «; are set equal to zero but individual effects are still fitted in each
regression, to evaluate the second-order bias effects arising from demeaning. All results are based on
10,000 repetitions.

Three different estimators are considered: the recursively demeaned pooled estimator, B::IT, the
unfeasible fully modified pooled estimator, B prars and the pooled estimator using standard demeaning,
BH,T. The estimator 3py,, is formed using the fact that there is no serial correlation in the data,
so that simple sample variance and sample covariance estimates are used rather than their long-run
counterparts, and relies on knowledge of the true values of the C;s. The results are shown in Table 1
and Figure 1. By the results in Panel A of Table 1, all estimators, except Bn,T, are virtually unbiased.
The estimator BmT, which uses standard demeaning to account for individual effects, exhibits a rather
substantial bias when the absolute value of the correlation ¢ is large, however. From Panel B of Table
1 and the graphs in Figure 1, it is apparent that the unfeasible estimator B pr outperforms the other
estimators. The recursively demeaned estimator, B:fT, suffers from a lack of efficiency, but it is well
centered around the true value.

The second part of the Monte Carlo study concerns the size and power of the pooled t—tests. The
same setup as above is used but the average slope coefficient 5 now varies between —0.05 and 0.05; the
slope coefficients, (,, are drawn from a normal distribution with mean and standard deviation equal
to 8. Figure 2 shows the average rejection rates of the t—tests resulting from the recursively demeaned
and fully modified pooled estimators, evaluating a null of 8 = 0. Since Bn,T does not have a proper
asymptotic distribution, no test is provided for this estimator. Again, the results are based on 10,000
repetitions. The power curves from the two panel data based t—tests are compared to that of the
time-series t—test corresponding to the unfeasible maximum likelihood (ML) estimator of 3; described
in Campbell and Yogo (2003); the ML time-series estimator and test are unfeasible since they rely on
knowledge of the true value of C;, but the resulting test provides a good benchmark against which
the panel tests can be compared.* In terms of size, all tests perform well, although the test from the
fully modified pooled estimator tends to overreject somewhat. The test based on the estimator using
recursively demeaned data, Brd, has good size for all values of § and also exhibit acceptable power
properties, as compared to the unfeasible time-series test.

In summary, the simulation evidence shows the importance of controlling for the second order bias
arising from fitting individual intercepts in the pooled regression; the estimator based on recursive de-
meaning appear to do so well and result in test-statistics with correct size and decent power properties.
Substantial efficiency gains can also be achieved by considering a fully modified estimator. Although
this estimator is unfeasible in the simulation exercise just described, it is feasible in the special case of

identical persistence in the time-series.

4By Campbell and Yogo, this t—test is refered to as the unfeasible Q—test.
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9 Conclusions

A panel data extension of the traditional linear forecasting model is considered. I analyze a setup
where the regressors are nearly persistent processes and potentially endogenous, which captures the
essential characteristics of many empirical situations. It is shown that when no fixed effects are present
the standard pooled estimator is asymptotically normal and standard inference can be performed; the
cross-sectional information effectively dilutes the endogeneity effects that are present in the standard
time-series case and as the cross-sectional dimension grows large, these effects disappear altogether.
However, when individual intercepts, or fixed effects, are estimated, the endogeneity of the regressors
cause the pooled estimator to have a second order bias. To control for these effects, an alternative
pooled estimator based on the concept of recursive demeaning is proposed. Monte Carlo evidence
suggests that this estimator has good finite sample properties and also shows that in a typical setup,
the distortions to the standard fixed effects estimator can be quite severe when the regressors are
endogenous. Some new methods for dealing with cross-sectional dependence, in the form of common
factors, in panels are also developed.

The results in this paper provide an important extension to the existing literature on time-series
methods for predictive regressions and shows that also in the panel data case a careful analysis of the

impact of nearly persistent and endogenous regressors is required.
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A Joint limit theory

The following two theorems, from Phillips and Moon (1999), provide useful conditions for establishing

joint convergence.

Theorem 6 Suppose that Y; p = C;Q; 1, where the (m x 1) random vectors Q; ¢ are iid across i =
1,...,n for all T, and the C; are (m x m) nonrandom matrices for all i. Assume that

(1) Qir = Qi as T — oo for all i;

(i1) ||Qi,rl|| is uniformly integrable in T for all i; and

(iii) sup, ||Cs|| < oo, inf; [|Cs]| > 0, and C = lim, .o + 31 Ci.

Then 237" | Yir —, CE[Q;] as (n,T — o0).

Theorem 7 Suppose thatY; v = C;Qi r, where the (m x 1) random vectors Q; v are iid (0, X1) across
i=1,...,n for all T, and the C; are (m x m) nonzero and nonrandom matrices. Assume the following
conditions hold:

(i) Let 02 = Amin (1) and liminfr o2 > 0,

(ZZ) maXiSn||CiH2

Amin (S 7=y CiCY)

1 T 2 are uniformly integrable in T, and

(1i1) || Q] formly integ ;

(iv) limn)T% Z?:l CzETCZ/ =0>0.

Then,

:O(%) as n — 0o,

1 n
Xor=—7>» Y1 =N(0,Q) asn,T — oco.

Given the sequential limit results derived earlier, establishing the joint limit results is done by
verifying the conditions in Theorem (6) or (7). Typically the main challenge lies in establishing the
uniform integrability condition. Three useful results for establishing uniform integrability are given

next.

(i) If Xp = X as T — oo, then uniform integrability of || Xr|| is equivalent to E || Xr|| — E||X|| as

T — 0.

(ii) If there exists a sequence of random variables Ur, such that Ur > || Xr|| almost surely, then

uniform integrability of Ur implies uniform integrability of || Xr||.

(iii) If X7 = WrZp and HWTH2 and ||ZT||2 are uniformly integrable, then || Xr|| is uniformly inte-
grable.
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B A BN decomposition

Assumption 1 allows for the following BN decomposition of the innovations v; .,
Vip = Di€ip 4 U501 — Uy g, (82)

where 0; 4 = Z;io D;jeir—jand Dy j = Z;ij_H D; j, (Phillips and Solo, 1992). By the definition of a

nearly integrated process, x;; can be written as
¢
t=sc. 1C;
zip =Y T Y, +em % (83)
s=1

Using the BN decomposition of v; ¢, the following decomposition of x; ; now holds,

Tit = Zig + Ry, (84)
where
t
(t=s) o1,
Zit = E e T YDie (85)
s=1
and
t t
t=s o t=s o Lo,
R, = E er C”Ui,sfl - E eT C"vi,s +€T01€Ei,0
s=1 s=1
t—1
t—1 . t—s—1 . t—s . ~ ~ t .
= T CW%@-+ E (6 T C’——e T(l>7hﬁ‘—vht+‘€Tch$L@
s=1

Lemma 2 Let M denote a generic constant. Under Assumptions 1-3, the following hold,
(a)
* < M,

1
?E B

(b)
I < M.

B[R

Proof. The result follows by applying the same arguments as in Moon and Phillips (1999), and the
fact that C; < C. m

25



C Proofs

Proof of Lemma 1. By Assumptions 1 and 3,

’ 2] =k U’Di ( /0 1 TG, (r) TV, (r)/dr)

Derivation of ®° , Q,, and ®,, in the scalar case, with C; = C for all i. (i) For scalar

1 1
0%, = Qg / / E | Jic. (1) Jic, (0)°] dpdr.
0 Jo

By Moon and Phillips (1999),

2
E D; ]<oo.

1
/ oo, (1) Jic () dr
0

regressors,

E [Jz',ci (r)? Jic, (P)Q]

" A\
Q%Q (/ oC2r—22) 7. /1’ oC(2p—22) g, +/ Hp*h)dx/ peC(’“*P*h)dx
0 0 0 o

TAD TAp
+/ eC(r+p—2x)dx/ C(r+p— Qx)d.’lﬁ
0 0

rop
032, (/ / e2C(rtp—a= y)d:cderQ/ / Clrtp—z— y)d:cdy)
o Jo

By simple calculations

1,1 pr pp (717204’620)2
200 +p=2=Y) dy ddpdr =
/0 /0 /0 /0 ‘ yarapar 1607 ’

and,

TAp -5 426’ 40_40 1 220
/// / rﬂﬂmyda:dydpdr_él( +ae +€3204 (1+2 )>.

Summing up,

1
= Qg 3y 7o (4C° —4C + 6e%C + 3¢'¢ — 2002 - 9).

(ii) By Phillips (1987),
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(1ii) Since,
dB;1 (r) = dBi.2 (1) + w12iQ55:dBi 2 (1),

it follows that,

0. = £|[ 1 / U, (1) Jo, (8)dByy (r) dBo o)

E { /0 1 /0 o () Jo, () dBsrs () dBira (s)]
2, 052F [ /O 1 /0 o (1) Jo, (s) B () dBi (s)] .

By Lemma 5(b) in Moon and Phillips (1999),

11 1 pr 1
Wi E {/0 /0 Je, (r) Je, (s)dBiz (r) dBi s (S)] = w%z/o /0 20 =3 dsdr = wf24—02 (620 -2C-1).

Further,

B [ /O 1 /O T () Jo () dBsra () dBirs (5)]
-/ 1 / Bl (r) Jo, (9 E[dBs 1 (r) dBy . (9)]
_ (anqu;Qlel)/ol/olE[Ja (7’)2] dr

1

= (0'11922 — w?z) 620 —2C — 1) .

0

Summing up,

(I)u:v = 0'112‘922 620 - 2C — 1) .

a0z (
It follows that

Q;xl(prQ;xl = 909 (620 —2C — 1)_2 (402 —4C + 6620 + 364C o 2OC€2C - 9) 7
and 1
_ _ _ 1 -
Q:rarl(I)uxQ;m:l = 011i9221 <m (620 —2C — 1)> .

The following lemmas, proved at the end of this Appendix, help establish the main results.

Lemma 3 Under Assumptions 1-3, as (n,T — 00),
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(a)

3

I 1
_Zﬁletxlt_) me (86)
=1 t=1

Lemma 4 Under Assumptions 1-3, as (n,T — oo) with n/T — 0, then
(a) if Assumption 4 also holds,

n T
1 1
ﬁ Z Hlﬁ in’t,lx;ffl = N (O7 (b:iz) s (87)
i=1 t=1

(b)
1 &K1 &
NG > T D wigwy = N (0, Puy) . (88)
i=1 t=1

Lemma 5 Under Assumptions 1-3, as (n,T — o), then
(a) if Assumption 4 also holds,

lz ;Qszt:c”a 0, (89)
i=1 t=1

(b)

n T

1 1
o Z Tz Z Uiy q —p 0. (90)
1=1 t=1

Lemma 6 Under Assumptions 1-3, as (n,T — o0), then
(a) if Assumption J also holds,

n T T

- 1

QZwi_ZﬁZZ ulf$zt 1 ulfxza I)H (I)Zz’ (91)
i=1 t=1 s=1

(b) if Assumption 5 also holds,

n

1 1 T T
_Zﬁzz : ultxzt 1 ultmzs 1) —p (I)um (92)
=1

t=1 s=1

3

Proof of Theorem 1. Part (i) follows directly from Lemma 3, Lemma 5(a), and Slutsky’s theorem.
By combining the results of Lemma 3 and Lemma 4(a), part (ii) follows. m
Proof of Theorem 2. The results follow by Theorem 1, Lemma 3 and Lemma 6(a). ®

Proof of Theorem 3. Lemma 3 and Lemma 5(b) provide the result in (7). Lemma 3 and Lemma
4(b) give (ii). m
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Proof of Theorem 4. The results follow by Theorem 3, Lemma 3 and Lemma 6(b). m
Proof of Theorem 5. 1 first establish the result in sequential limits.
(i) Observe that

1 T
dd
Yo = Yit— 7w Zyzs
& T—t po
1 < 1 <
= f (fﬂi,t T Z%‘,g) + uir — T_1 Zui,s
s=t s=t
= ﬁml t + ul t*

Using sequential limits, as (T,n — oo)scq,

d n T -1
r dd .dr dd s
E E Y; +Zit—1 E E Lit—1L5¢—1

/Bn,T =
=1 t=1 =1 t=1
n T -1
_ dd_dr dd_ds ad
= E E /Bﬁztxzt 1T 1) E E Tiy 1Zip1
i=1 t=1 i=1 t=1

Il
ey
_|_
VR
S|
M:
S~
MH
s,
-
E
L
N——
VR
S|
NaE
3|~
N
I,
“T&
T
N—————
N
!
ke
ey

=1 t=1 =1 t=1
1 n 1 1 n 1 -1
= (=2 [ttt o) ) (33 [ 2ozt w'ar)
ni=Jo ni=Jo '
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since

T
1

dd,.d/
TE KOO |

by standard arguments.

lows that the expectation of (93) is equal to zero. By similar arguments as in the main text, as

(T7 n— oo)seq7

The result in joint limits now follows in the same manner as in the previous theorems; the details

are omitted. m

t=1 t=1 s=t
T T —1 T d
1 1 T —t¢ 1 L q
= Zum&l t—1 " 7 Z <—) (— Zuw> ’
T t=1 T t=1 T \/T s=t \/T
T T —1 T t—1 d/
1 1 T —t 1 L1
T % t§z7t_1 - T <—) <— ( uz,s - Uy s))
3 ro ) (e ) TF
1 1
/ dBy; (r)JE (r) — [ (X —7)"" (B1,; (1) = By,i (r) JE&. (r) dr
01 0 r /
/ dBy.; (r) (Ji,ci (r) — 1 / i (w) du)
0 ) 0 . )
[ =) (B (1) = Bus () (Ji,ci (r) — 1 / T, (w) du) dr
0 0

+ 1 (1—7)"" (B, (1) = By, (1)) <7‘1 /07" Jic; (u) du)ldr

0

1
| o)zt o'
0

By the independent increments property of the Brownian motion, it fol-

var (Bl ) = v (0. (2) et () ).
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Proof of Lemma 3. (a) Use the decomposition in (84) to write
n T
1 1
ST D BT

n T
1 1
R Z T2 Z (zi + Riye) (zie + Ri,t)l

=1 t=1
1 - 1 d ! / ! /
= > T2 > (ziat, + ziaRi, + Rinzl, + RigRi )
=1 t=1
n T n T
1 1 1 1
1< 1 & 1<da 1 &
*a Z 7 & st 5 2 7m 2 Bl
i=1 t=1 i=1 t=1
1 — 1 — l & 1 —
= E;Qz,T + E;PLT + g;PQ,T + E;P&T-

To prove (86), I show that 2 3" Q; 7 —p Uy = F [fol Jic, (r) Jic, (r) dr} and that L 31" | P r —,
0, k =1,2,3, as (n,T — 00). Start with > " | @Q; 7. By Theorem 6, it is sufficient to show that
[|Qi || is uniformly integrable in T for all i. By the triangle inequality

T

1 2
||Qi,T||§ﬁ |26l -
t=1
As T — oo,
1 o s [ )
7 Dl = [ elf
and

1 & ) 1 <& ! )
ﬁZHzi,tH ] =tr (ﬁZE[’th’Z;t]> —FE {/0 i, } :
t=1 t=1

Thus [|Q;,7|| is uniformly integrable. Next, to show that + " | Prr —, 0 as (n,T — 00), it is

31



sufficient to show that E || Py r|| —p 0 as (n,T — o0), for k = 1,2,3. Start with k =1,

EllPr| = FE

T
1 /
Tz § Zit R 4
t=1

1 T
EZE[H%H [ Rie
t=1

IA

l

Zit

s

VT

IN

2
E||Ril|”

5
VIT S

1
= O —r— s
()
where the first inequality follows from the triangle inequality and ||AB|| < ||A]|||B||, the second

inequality follows from the Cauchy-Schwarz inequality, and the last step follows from Lemma 2. An

identical argument holds for k = 2. For k = 3, by the triangle inequality and Lemma 2,

T T
1 1 ) 1
E||Psr||=E Tz E Ri R}, Sﬁ E E{HR”H } :O<T)'
t=1 t=1

Proof of Lemma 4. (a) Similar to above, write

/
Lty ¢

[
N
3
(]~

N
Il
s
~
Il
-

(2t + Rit) (zip + Rig)

M=
IS
S~
B

1

-
Il
_
o~
I

!/ / / /
(ziezi, + ziaRiy + Rigziy + Rig R ;)

s
Il
—
o~
Il
_

NE

(Qir+Prir+Poir+ Psir)

Il

5 I R R [
.
NE

-
Il
-

where

T
1 !
QiT = Hiﬁ E Zi,t%; ¢
=1

T
1 /
Py 7= eiﬁ E zit B,
=1
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T
1 /
Pyr= aiﬁ E Ri,tziﬂn
t=1

and
1 I
Ps,r = eiﬁ Z RitR; ;.
t=1
I show that
1 n
—y— i, T sy *axwx)
7 > Qir = N(0,2,,)
i=1
and

1 n
7n ; Prir —p 0
as (n,T — oo0) with n/T — 0. By the independence assumption of 8;, it immediately holds that
E [Qi,T] =0.
Also,

[ T ! T
1 1
E[QirQir] = E (t%ﬁzzztz;t) <azﬁzzzﬂ£t>
t=1 t=1

1 & 1 <&
= E ﬁ Z zi)tzg,t (9292) ﬁ Z Zi,tzg7t]
L t=1 t=1

T T

= F i YRS i o

= T2 ZitZ ¢ 99T2 Ri %t
L7 t=1 t=1

(bzz,Tu

where it easily follows that ®,, 7 — ®,, as T'— oco. The @Q; 1 are thus iid sequence with mean zero
and covariance ®,, 7. Conditions (i), (i), and (iv) of Theorem 7 are clearly satisfied. To prove that
|Qi.7||* is U.L note that by the CMT, as T' — oo,

2

1
1Qurll? = Qi = \ 00 [ i) i, ) dr
0

and

E||Qsr|I*

tr (E [ ;,TQ%T]) =t (Pua,7) — tr (Puzr)
tr (B [Q;Qi]) = F HQZ||2 .
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It follows that ||Q;r||* is U.L It remains to show that %Z?ﬂ Pi;,7 —p 0, for k = 1,2,3, as
(n,T — o0o) with n/T — 0. I do this by showing that \/nE ||Py ;|| —p 0. For k =1

VnE||Py 7|

VnE

1 X
eiﬁ Z zi R
=1

T
< VnE|%:||E %Zzi,tm,t
;:1
< VAV @)z 3 Bl 1Rl
t=1
- \/ﬁ tr(Qgg)ilzT: E Zit 2E|\R‘t||2
SR Y v s

\/tr (Qgg)\/gO (1)
o(1)

where the first inequality follows from the independence of #;, the second from the triangle inequality
and ||AB|| < ||A]]]|B]|, the third from the Cauchy-Schwarz inequality. The last two equalities follow

from Lemma 2 and the assumption that n/T" — 0. The same argument holds for P, ; ; also. Using

similar arguments,

VnE || P rl|

where the first inequality holds by || AB]|

VnE

1 T
Ois > RiR;,

t=1

1 T
7z > BB,

t=1

T
1
vn tr(Qee)ﬁ ZE HRi,tHQ
=

IN

VnE||0]| E

IN

< ||A]] ||B]| and the independence of 8;, the second inequality

follows from the triangle inequality and the last two equalities follows from Lemma 2 and n/T — 0.
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(b) By the BN decomposition,

T
E 1t$1t 1

NI~

(Uut%{,tq + “i,tR;,tq)

M: HM:

Il
-

t

(Qir + Pir)

|
E
M- 1
Nl
M’ﬂ Il

1

.
I

where

1 T
!
Qi = T E Uiz, and Py p = E wi Ry .

t=1

As in the proof of (a), I show that
1 n
%ZQZ‘7T = N(O,(I)um s and —ZPZT —p 0
=1
as (n,T — oo) with n/T — 0. Observe first that

[Qz T

Tzultzlt 1‘| = ’

by the martingale property of u; ;. Further,

T ! T
1 1
E [Q;,TQZ',T} =F (T Zui,tzz/‘7t1> (T Zui,tzzl‘,t1> = q)um,T
t=1 t=1

where @, 7 — Py as T — co. The Q; r are thus iid sequences with mean zero and covariance @, 7.
Conditions (i), (i), and (iv) of Theorem 7 are again satisfied and it remains to show that ||@Q; 7||* is

U.L By the CMT,
2

)

1
1Qizl? = 11QulP? = H [ aige, oy
0

and

E HQi,T”Q tr (E [Q;,TQi,T:I) =tr ((Dux,T) — tr ((pux)

tr(QiQi) = E|Qul*.
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It follows that ||Q;z||” is U.L Since E [P 7] =0,

2
1 & _ /
E % ; R,T tr (E [Pi’T‘Pz,T})
A
— tr (ﬁ Z Z E [ui,tui,sRi,t—le,s—l})
t=1 s=1
| Z
= tr (ﬁ ZE [wisui ] B [Rivt—leﬂf—lg
t=1
1 T
< ftr (—2 ZUlliM>
t=1

where the inequality follows from the martingale property of u;;. m
Proof of Lemma 5. The results follow directly from Lemma 4. m
Proof of Lemma 6.

(a) By definition,

Uiyt = yi,t*ﬁn;rifi,tq

(B+60;)wir—1+uis — (5 + 0, (%)) Ti -1

1
= Oizip—1+uir+0p <\/_ﬁ> Tit—1-
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It follows that

i):iz = %2;4 ZZ ultht 1) (ulsxls 1)
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PLivT = Tit— 1xzt 10 i Wi sz s—1»
! / —-1/2 /
Prir = @123 10;0p (n / )$i,s—1zi,s—1a
P3,1'7T = Tijt-1U4 te Tj,s— 11’2 s—1>
Puir = Tip 1UigUisTi,
—1/2
Psir = i3 1ui1Op (n / ) s 1T o1,
! —1/2 /
Poir = T2, 10p (n / ) 0,5 512 o1,
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/ —1/2 —1/2 /
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The proof now proceeds in a manner analogous to those above and is not detailed here; likewise for
part (b).m
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Table 1: Bias results from the Monte Carlo study. Panel A shows the average bias of the estimator
based on recursive demeaning, the fully modified pooled estimator, and the plain fixed effects estimator.
Panel B shows the corresponding results for the standard deviation of the bias.

Estimator 6=0.0 60=-04 6=-0.7 6=-095
Panel A: Mean of bias
B;dT —0.00082 —0.00060 0.00069 0.00171
@PFM —0.00017 0.00061 0.00079 0.00095
B —0.00019 0.01152 0.01992 0.02696
Panel B: Std. dev. of bias
B;?T 0.0506 0.0474 0.0297 0.0499
@PFM 0.0158 0.0157 0.0148 0.0138
Bn.1 0.0158 0.0161 0.0162 0.0165
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Figure 1: Estimation results from the Monte Carlo study. The graphs show the kernel density estimates
of the estimated slope coefficients. The automatic bandwidth selection rules described in Pagan and
Ullah (1999) were used in the kernel density estimation. The solid lines, labeled Pooled (rec.) in the

~rd
legend, show the results for the estimator based on recursive demeaning, B;,T; the dashed lines, labeled

PFM, show the results for the fully modified pooled estimator B pra; and the dotted lines, labeled
Pooled (non-rec.), show the results for the standard pooled estimator with individual intercepts, i.e.

the standard fixed effects estimator, 3,, 7.
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Figure 2: Size and power results from the Monte Carlo study. The graphs show the average rejection
rates for a two-sided 5% t—test of the null hypothesis of 8 = 0. The z—axis shows the true value of
the average parameter 3, and the y—axis indicates the average rejection rate. The solid lines, labeled
Pooled, give the results for the t—test corresponding to the estimator based on recursive demeaning,

,BZC,IT; the dashed lines give the results for the t—test corresponding to the (unfeasible) fully modified

pooled estimator, 3 pray; and the dotted lines give the results for the t—test corresponding to the
(unfeasible) time-series maximum likelihood estimator described in Campbell and Yogo (2003). (They
call this t—test the Q—test.) The flat lines indicate the 5% rejection rate.
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