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Abstract

Cantor sets in R are common examples of sets on which Hausdorff measures can be positive and
finite. However, there exists Cantor sets on which no Hausdorff measure is supported and finite.
The purpose of this thesis is to try to resolve this problem by studying an extension of the Hausdorff
measures up on R by allowing test functions to depend on the midpoint of the covering intervals
instead of only on the diameter. As a partial result a theorem about the Hausdorff measure of any

regular enough Cantor set, with respect to a chosen test function, is obtained.
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1 Introduction

The purpose of this thesis is to give an extension of the set of measures usually called Hausdorff
measures on R. Throughout this thesis we will investigate this new class of measures as well as the

connection between these measures and the Cantor sets on which they have support.

The connection between Cantor sets and Hausdorff measures associated to some testfunction h(4)
have been investigated by several authors. This has been done with the purpose of categorising
the set of all Cantor sets according to which Hausdorff measures, in their classical sense, give them
nonzero and finite measure ([4] and [3]). This has also been done in order to be able to estimate
or calculate a Hausdorff measure of some specific Cantor set ([2] and [8]). In both these cases, the
tool which Hausdorff measures constitute has the drawback that for many Cantor sets there exists
no Hausdorff measure which gives it a finite and positive measure. Furthermore, for many Cantor
sets there exists no Hausdorff measure whose restriction to the Cantor set is absolutely continuous
to the Cantor measure of the set, or equivalently, is a mass distribution on the set. The extension

considered in this thesis aims to resolve these issues by considering a larger class of measures.
The contents of this thesis will be structured as follows:
IN THE NEXT SECTION the basic concepts of this thesis will be defined.

IN SECTION 3 we define sets Cp, of Cantor sets and give bounds for p,(C) for all C € Cp, and all
nice enough test functions h. Given further restrictions on h, we prove a theorem which can
be used to calculate the Hausdorff measure of any given regular enough Cantor set. We then

use this theorem to calculate the Hausdorff measure of three Cantor sets studied in [§] and
2].

IN SECTION 4 we consider the Hausdorff measures associated to test functions h of exponential
type and show that Cp, is nonempty for such test functions. We also show that the assumptions
of the theorems in section 3 generally hold in this case.

IN SECTION 5 we show that some of the properties which are known to hold for ordinary Haus-
dorff measures also holds for the type of Hausdorff measures considered in this thesis.



2 Definitions

2.1 Hausdorflf measures

Felix Hausdorff, in his paper Dimension und dufSeres Mafi from 1918, as translated by Sawhill,

Edgar and Olson in the book Classics on Fractals [B], defined the following class of measures:

Definition 2.1 (theorem): Let I be a system of bounded sets U in a ¢-dimensional space having
the property that one can cover any set A with an at most countable number of sets U from U
having arbitrarily small diameters |U|. Let h : U — [0, 00) be a set function. Denote by

miy p(A) = inf > h(Uy)

where the infinum runs over all countable subsets {U,,} of U such that UU,, covers A and |U,| < §
for all n. If U is the Borel sets then pyy 5 (A) = lims_o m{;’h(A) is a measure. If h(U) is continuous

or h(U) = h(U), then pyy j is an outer measure.

From this quite general definition, a common restriction is the class of Hausdorff measures which
one gets by considering set functions dependent only of the diameter of the set. It is also often

required that the decrease of the set function is bounded is the following sense.

Definition 2.2: An increasing function h : Ry — R is doubling if there exists a constant C' such
that C - h(s) > h(2s) for all s > 0.

Using definition we can formulate to more common definition of Hausdorff measures, using |E|
to denote the diameter of a set E:

Definition 2.3: Let h : Ry — R, be a continuous, increasing and doubling function such that
h(0) = 0. Then the h-Hausdorfl measure of the set E is defined by

un(E) = ligrggf {Z h(|E;|), where {E;} is a d-covering of E}

The elements in the sequence; inf{}  h(|E;|), where {E;} is a d-covering of E'}, will be denoted
by /,L;SL. The function h will be called the test function associated with the measure pj. Additionally,

any function h with these properties will be called a test function.

When the sets we want to measure lie in R, which will be our primary focus of study, we get an

equivalent definition if considering only coverings by intervals.

We will use I(w,d) to denote the interval with midpoint w and diameter §. Using this notation
we can formulate the definition of Hausdorfl measures with which we will be concerned in this
thesis.



Definition 2.4: Let h: R x Ry — Ry be a continuous function with lims_,o h(w,d) = 0 for all
w € [0,1] which is increasing and doubling in the second argument. Then the Hausdorff measure
of the set £ C R with respect to the test function & is defined by

pn(E) = %iir(l) inf {Z h(wy, 8x), where {I(wy,dx)} is a d-covering of E}

The function h will be called the test function associated with the measure uy, and py will be called

the Hausdorfl measure associated with the test function h.

It can be shown ([I0]) that the resulting measure does not depend on whether the sets considered
in the covering in the definition above is open or closed. In this thesis we will mainly consider

coverings by closed sets.

If the test function h is of the form h(w,§) = §*(*) and there is no risk of confusion, we will write

Hh = TMa(w)-

2.2 Cantor sets

A Cantor set in R is a compact, perfect and totally disconnected set of Lebesgue measure zero. A
more constructive, but equivalent, definition is stated below. To formulate this definition, we need
the following notations:

If j is a binary word of finite or infinite length, we write j|k, where k € N, to denote the word
consisting of the first k digits of j . Similarly, j| — k will be used to denote the binary word which
is the binary word j with the last k£ digits removed. Also, 0™ will be used throughout this text to
denote the binary word which consists of m zeros. 1™ is defined analogously. When j; and js are

two binary words, j1j2 will denote their concatenation.

We now proceed to our definition of a Cantor set.

Definition 2.5: Let {Ij}j6{071}n7n=07172737_“ be a sequence of closed intervals such that for all

binary words j
1. I; is non-empty
2. LiynIjp =0
3. Ijo,1;; C I; and

4. Ijp and I; have the same left endpoint and I;; and I; have the same right endpoint.

n—oo

Set C(") = N Ujeqo,yx £j and C' = lim C(™). This limit is called the Cantor set associated with
k=1

the sequence {;}.
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The intervals I; appearing in the construction of a Cantor set C' will be called the basic intervals
associated with C'. Moreover, the intervals whose left endpoint is the left endpoint of a basic interval
and whose right endpoint is a the right endpoint of a basic interval will be called the near basic
intervals associated with C.

We will now state a couple of definitions, all equivalent to definition [2.5

Denote for any interval I and any ¢ € (0,1) by ¢ I the leftmost c-proportion of the set I, and
analogously by c¢-g I the rightmost c-proportion of the set I. Note that this implies that 1.5 [ = I,
1. gI=1,0-pI=0and 0-g I =0.

Definition 2.6: Let {c;};c(0,1}7,n=1,2,3,.. be a sequence of strictly positive numbers such that
0 < ¢jo +¢j1 < 1 for all binary words j and let Iy be a closed interval.

For any binary word j set 1o = cjo -z I; and Ij1 = ¢j1 -r I;.

n
Define C(") = kol Ujego1y+ £; and C = lim C™). This limit is called the Cantor set associated

n— oo

with the sequenc_e {¢;} and the interval Iy. If Iy = [0, 1], we say that C is the Cantor set associated

with the sequence {c;}.

Where the last definitions defined a Cantor set more or less directly through the intervals kept
at each step of the construction, the following definitions instead defines it through the intervals
removed at each step. The idea is that the set of all intervals which will be removed from a specific

basic interval uniquely defines the basic interval.

Definition 2.7: Let {G}} c{0,1}»,n=0,1,2,3,... be a sequence of disjoint open intervals such that the

closure of Ugeo,1}7,n=1,2,3,...Gjx is an interval for any binary word j.

Let Ij = Ugeoan no123... Gik: set ) = ;Dl Ujeroye Ij and € = Tim C). This limit is

n—o0

called the Cantor set associated with the sequen_ce {G;}.
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The intervals G in the definition above will be called the gaps associated with a Cantor set.

As in the definition above the next definition defines a Cantor set through the intervals in its
complement. However, this definition specifies only the length of these intervals as their exact

position is uniquely determined by the position of the leftmost point in the Cantor set.

Definition 2.8: Let {|G}|};ct0,1}7,n=0,1,2,3,... be a sequence of positive real numbers such that
> |Gj| is finite and let ay be any real number. Let < be the lexicographical ordering of binary
words. Let

by = ag +2_ |Gl

ajo = aj

aj1 = ap + Zj’<j1 |Gj’|

bjo = a1 — |G|

bj1 =b;

and set I; = [a;,b;]. Define C™) = N Ujeqoayx 4j and € = lim C(™). This limit is called the
k=1 ’ n—oo
Cantor set associated with the sequence {|G;|} and the interval Iy = [ap, by]. If the exact position

of the Cantor set is of no importance we say that C' is the Cantor set associated with the sequence
{16513

Remark 2.9: In general, we will let a; denote the left endpoint and b; denote the right endpoint of
a basic interval I; associated with some Cantor set so that I; = [a;, b;]. Similarly, we will use w;

to denote the midpoint and ¢; to denote the diameter of a basic interval I; so that I; = I'(w;, d;).

Remark 2.10: In this thesis we will almost exclusively use binary words to enumerate the elements of

the construction of a Cantor set. However, two other commonly used notations should be mentioned:

Some authors write I} to represent the [th interval in the kth construction step. If j is a binary
word and we let jip be the integer we get if converting j when considered as a binary number to
|1

base 10, we can convert between the two notations by I; = Ijl»j| . Similarly ¢; = Al and G; =G .
10 Jio Jio

We will only use this notation in example [3.8 and example

Another common notation is to enumerate the intervals by natural numbers instead of binary

words. We can convert between notations by I = Iy, Similarly Ij = Loiiq .0, ¢ = Calilyjy,



and Gj = GZ\j\_;’_jlo.

We write C' ~ {c;} when C is the unique Cantor set associated with a sequence of proportions {c;}.
Similarly we write C' ~ {I;}, C' ~ {G;} and C ~ {|G;|}. We use the same symbol to indicate that

two sequences are associated with the same Cantor set; e.g. {I;} ~ {G;}.

An interval I; will be called older than another interval I, if I; appear in an earlier step of the
construction of C than Iy, i.e. if |j| < |k|. Analogously, we say that a gap G, is older than a gap
Gy, if 1] < |j2l-

To each Cantor set C' ~ {I;} there is an associated measure:

Definition 2.11: Let C' ~ {I;} be any Cantor set. The unique probability measure v, satisfying
v(Ljo) = pv(I;) and v(I;;) = (1 — p) v(I;) for all binary words j is called the p-Cantor measure
associated with the Cantor set C.

To simplify notations, we write v instead of v, when p = % and say that v is the Cantor measure

associated with C.

That the p-Cantor measure is a well defined measure follows by proposition 1.7 in [7].

Example 2.12: One of the most frequently mentioned Cantor sets C is the so called ternary
Cantor set; the Cantor set associated with the sequence {c;} for which ¢; = ¢ = % for all binary

words j. The Cantor measure associated with this set is the restriction of the Hausdorff measure

Mgz = M g2 to C. Analogous results exists for all constant sequences {c;} where ¢; = ¢ for

Tog 3 “Tlogc

some ¢ € (0,0.5).

For a test function h, a Cantor set C' is said to be h-regular if pj is finite and supported on C.
A measure which, given a set F, is finite and supported on E is called a mass distribution on E.
A Cantor set C is said to be singledimensional if there exists a test function h(J) such that C is

h-regular.

2.3 Definitions of dimensions

Definition 2.13: For any set E there exists a unique positive number « such that mg(E) = 0 for all
B > a, and mg(E) = oo for all § < a. This unique number will be called the Hausdorff dimension
of the set E, and will be denoted by dimg (F).

Note that a set E having Hausdorff dimension « does not guarantee neither that m, is a mass
distribution on E nor that there exists any test function h(, d) such that uy, is a mass distribution

on F, even though this is true for certain sets. An example a set for which this is true is the Cantor
log 2
T logec

set C ~ {c;}, where ¢; = c for all binary words j, which has Hausdorff dimension a = and

ma(Cq) = 1.

10



The Hausdorff dimension of a set could be described as a measure of how dense the set is. Such
densities could, however, be non-constant on the set. A simple example of such a set is the set
{0}U[1,2]. The set {0} has Hausdorff dimension zero whereas the set [1, 2] has Hausdorff dimension
one. The Hausdorfl dimension of their union would, however, be one; i.e. the largest Hausdorff
measure obtained on any of its subsets. To better be able to describe the dimension of a set, we
would thus need a more local definition of the dimension of a set. To be able to state one such

common definition we first need to make the following observation:

Observation 2.14: Let C be a Cantor set and £ € C'. Then there exists a unique binary sequence j
such that § € ;) for all kK € N. If § € I, for all k € N we write § = &;.

Definition 2.15: Let C be a Cantor set and let £ = &; be a point in C. The local Hausdorff
dimension of C at £ is the unique number « such that

n 0 if B <«
lim & + & =
kﬁook‘rzl[) ( (41k)0 (Jlk)l) 0 if B > o

The local Hausdorff dimension at £ € C will be denoted by dim[C](€).

To be able to assign a dimension to each measure, which tells something about the dimension of

the sets they measure, we will use the following definition:

Definition 2.16: Let v be a mass distribution on a set E and let w € E. Then the local dimension

of v at w in is defined by

. logv (I(w,?))
dlv|(w) = limsup —————
V] (w) S op log o

Note that neither the local dimension of a measure, nor the local Hausdorff dimension of a set, is

a fixed number but rather a function in w € C.

11



3 Multidimensional Cantor sets in the support of Hausdorff

measures

In this section we will define a set C;, of Cantor sets for any test function h. We will then show
that given some restrictions of h, uj is a mass distribution on all C' € Cj. We will also show that
given some additional assumptions on the test function, the restriction of u; to any set C in Cj, is

equivalent to the Cantor measure on C.

3.1 Cantor sets associated with a test function

In this section we will define the sets C;, and then continue by giving our first upper limit of the
Hausdorff measure p, of any C € Cp,. In general, due to the infinum in the definition of Hausdorff
measures, it is much easier to find an upper limit of the Hausdorff measure of a set C' than a lower
limit, and we will later see that the upper limit given below is sharp in most cases, which our first

lower limit will not be.

Definition 3.1: Let C' ~ {I,;} be any Cantor set and let h be a test function. If
M(E) = (1) =27V

for all long enough binary words j we say C is associated with h and write C' € Cj. If the test
function is of the form h(w,d) = 6*(*), and there is no risk of misunderstanding, we write Co(w)

instead of Cj,.

Note that the test function is not uniquely determined by a Cantor set C, since the set neither
determines the value of h for intervals which are not basic intervals associated with C' nor for any
large 4.

In general, it is not obvious that there exist any Cantor set C € Cj,. When the test function h
depends on § concavity alone is enough to guarantee the existence of Cantor sets C € Cp. The

corresponding condition, given a general test function h(w, ), is that
h(w — to, 2t0) —+ h(w —+ tl, 2t1) Z h(w, 2t0 —+ 2t1)

for all w, ty and t;. This is equivalent of saying that the test function h, when considered as an
interval function, is subadditive. However, as in the singledimensional case, this is a very much
stronger condition than needed. The question of whether or not C is nonempty will be dealt with

in detail in the special case of test functions on the form h(w,d) = 6*(*) in the next section.

Lemma 3.2: Let C ~ {I;} be any Cantor set and let h be any test function defined on the basic
intervals associated with C such that h(I;) = v(I;) for any basic interval I;. Then pp(ENC) < v(E)

12



for any interval E.

Proof. For each § > 0 we can find n € N such that |I;| < ¢ for all binary words j of length |j| > n.
Then {I;};|=n is a disjoint é-covering of C', and thus

ph(ENC) < > h(l;) = > v(l;) =
j€{0,1}" and ENI;#0 j€{0,1}™ and ENI;#0
v( U I;) <v(E) + > v(1;)
j€{0,1}™ and ENI;#0 j€{0,1}™ and OENI;#0

As at most two basic intervals from any step can contain the endpoints of E and v(I;) = 21l for

any basic interval, the last sum can be bounded from above by 2- 271 = 2.2-" We thus get

P(ENC) <v(E)+ > v(I;) <v(E)+2-27"
j€{0,1}™ and OENI;#0

By letting 6 — 0 we get up(ENC) < v(E). O

3.2 The mass distribution principle

Several proofs in this and the succeeding sections will use what is called the mass distribution

principle:

The mass distribution principle: Let v be a mass distribution on a set E, h(£,0) a test

function and D, dg > 0 positive numbers such that

h(I)>D-v(I)

for all intervals I with diameter less that dp contained in (1 + dp)E. Then
pn (ENC)>D-v(E)

Proof of the mass distribution principle. Fix § < g and let {I}rex be an arbitrarily chosen J-
covering of F/. Then

> h(I)= Y D-v(l) =D v(E)

keK keK

since & C Jc g k- By letting 6 — 0, we get pup (ENC) > D -v (E). O

3.3 Hausdorff measures as mass distributions on Cantor sets

Given that Cj is non-empty and h is sufficiently nice, the following theorem shows that uj is a
mass distribution on any C' € C;, with ¢; < 0.5 for all binary words j.

13



Theorem 3.3: Let h be any test function which is increasing as an interval function for all small
enough intervals and let D be the doubling constant associated with h. Let C' ~ {c;} € C}, and
assume c¢; < 0.5 . Then pp, is a mass distribution on C. Further, for any interval J C [0,1],

557 - V(J) < un(J N C) < v(J), where v is the Cantor measure associated with C.

Proof. Note first that the upper limit of puy,(J N C) follows directly from lemma The claim of
the lower limit will be proved using the mass distribution principle. We thus need to show that
h(I) > 55-v(I) for all small enough intervals I.

Let A > 0 be small enough for i to be increasing for all intervals with diameter less than 2A and
to have h(I;) = v(I;) for all basic intervals associated with C' with diameter less than 2A. Pick
any open interval I C [0,1] with diameter smaller that A. We may assume that 7 N C # (), since
otherwise h(I) > 0 = v(I) in which case we are finished. Since h is increasing, we can also assume

that I is a near basic interval.

Since I C [0, 1] = Iy, there exists at least one basic interval in which I is contained. Since any two
basic intervals are either disjoint or one is a subset of the other, and two disjoint intervals cannot
both be supersets of I, the basic intervals containing I are totally ordered by inclusion, i.e. form
a sequence [0,1] D I;,D I;, D I;, D ---. Since I have strictly positive length, and the length of
the basic intervals tend to zero as k — oo, this sequence must eventually stop. Thus there exists a

unique shortest basic interval I; containing /. Note that since I C I; we get that

INC=LN({INC)=IjouI)N({INC)

Now let J; be the shortest basic interval such that I;o N (INC) = Jy N (INC) and Jo be the
shortest basic interval such that I;; N (INC) =JoN(INC).

That these intervals exist and are unique follows by analogous reasoning as above and are thus

omitted here.

We then have
IﬂCgljﬂC’:(IjOUIjl)ﬂC’:(JlLJJg)ﬂC

We will now argue that J; U Jy C 41.

I;
| |
—— Jo I —
m — ——

Suppose that J; ¢ I and note that J; is the leftmost of J; and J>. Since ¢; < 0.5 for all binary



words j and Jj is the shortest interval whose union with Jy contain I N C, the midpoint and the
right endpoint of Jy lies in I. This implies that J; C 4/. Since analogous arguments hold for Js,
we also get Jo C 41.

Since h is increasing for all small intervals, we have h(41) > h(J;) and h(41) > h(Jy) which directly
implies

2 h(4) > h(Jy) + h(Js)

Since D - h(I) > h(2I), we get
2D% - h(I) > h(J1) + h(J2)

Let v be the Cantor measure associated with C. As h(I;) = v(I;) for all basic intervals contained
in 2I; h(Jy) = v(J1) and h(J3) = v(J2). Thus

2D2 . h(.[) > h(Jl) + h(Jg) = I/(Jl) + I/(JQ) = I/(Jl U JQ) > I/(Im C) = I/(I)

since I N C' C J; U Jy. This proves the theorem. O

3.4 A result concerning the measure of Cantor sets

We will now prove the main theorem om this section, which is concerned with finding the exact

measure of a Cantor set.

Theorem 3.4: Let J C [0,1] be any closed interval and let € > 0 be a small positive number.

Let h be a test function. For any fized w and §, set f(to,t1) = h(w — to + t1,0 + 2to + 2t1) and
assume ngU >0, g—ti >0, 8?0278{&1 <0 and gzt%c < 0 for all small enough 0, ty and t; with I(w — tg +
t1,5+2t0+2t1) Q (1+€) J

Let C ~ {I;} be a Cantor set and assume that there exists two positive numbers q and r such that
q-v(ly) < h(ly) <r-v(l)

for all small enough basic intervals I; contained in (1+¢)-J for some ¢ > 0. Further assume
p-v(ljn) 2 vip-r (G UIj)) (1)
for all long enough binary words j with I; C (1+¢)-J and all p € [0,1]. Then

(a=(r—q) v(J) S (JNC) <7 -v(J) (2)

Proof. For the upper bound on pp(J N C), consider the covering of J N C with the basic intervals
I; from some fixed step k of the construction which intersects J, i.e. all basic intervals I; for which

15



I;NJ # 0 and |j| = k. Then

Jm 7w U I; | < lim rev(J)+r-v U 1;
lil=k lil=k
I;NJ#D Ijﬁ(?]?é@

As at most two basic intervals from any fixed step k of the construction can intersect 9.J, and

v(l;) = 2-171 for any basic interval, we get

pr(JNC) < lim T-U(J)+T-V< U Ij) < limr-v(J)+r-2-27%F=r.-v(J)
k— o0

. k—o0
|71=Fk
1;NdJ#0

We will now show that the lower limit in equation 1} holds. To show that py(JNC) > (q —(r—
q)) -v(J) we will use the mass distribution principle, i.e. we will show that h(I) > (¢—(r—gq))-v(I)
for all interval I C J(1 + ¢) with |I| < A for some small A > 0.

Pick A small enough for the assumptions of the theorem to hold when § + 2ty + 2¢t; < A.

Since h([I) is increasing, it is enough to consider the case when T is a near basic interval. Let I be

any near basic interval associated with C' with |I| < A.

Let G; be the oldest gap which is a subset of I. Since G is the oldest gap in / and I is a near
basic interval, I C I;. Set J; = I N 1o and Jo = I N 1j; and note that I NC C J; U Js.

I
i I [N
IjO Ijl

L [T I [ TN (Il [

Jl JQ

| ||
~—
2t Gj

Figure 1: The image above shows some of the elements of the proof. The black parts inside the light
grey intervals are some of the basic intervals of the Cantor set. Note that the endpoints
of I coincide with the endpoints of basic intervals and also that I must be contained in I;
since if it was not, G; would not be the oldest gap in I. Note also that the right endpoint
of Ijo and J; coincide.

Let w be the midpoint of J; and § = |J;| and consider the function

f(to,tl) = h(w — o + t1,6 + 2t0 + 2151)
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Since J; = I NIjo and Ijo have their right end point in common and J; C Ijo there exists a unique
number ¢, € Ry such that I(w —t,,d + 2t,) = L.

Set f(t) = £(0, ) and £(1) = f(t., 5). Then
Folt) = Flber 5) = hlw — b 2,8+ 26+ ) = hugo + . o] +1)

which implies f.(0) = h(Ij0) = h(I;1) and f.(|G;| + |I;1|) = h(I;). Similarly, f(0) = h(J1).

Since 8%1 f(to,t1) decreases as tg increases for all t; by assumption, we have fL(¢) < f/(¢) for all ¢
which in turn implies f(¢) — f(0) > fi(t) — f«(0) for all ¢.

Set T'=|G;| + |J;j1|. Then

fo(T) = f:(0) = h(1;) — h(Ljo0) >
)

q v(I;) =1 v(Io) = q- (v(Ij) = v(Ij)) — (r—q) - v(Lo) = (3)
¢ v(Ij) = (r—q)-v(Ijn) = (¢ (r—q)) - v(I)
Since 2 W <0 and - 8f > by assumption, f(t) is positive and decreasing. Using this we get
pT . pT , fldecreasing
f(pT) = f(0) = f(t)dt > fit)ydt >
0 0 (4)

3)
p- (fo(T) = £:(0)) = (¢ (r—a)) - p-v(Ij1)

for any p € [0,1]. Now fix p € [0,1] as the unique number such that pT" = |G;| + |J2|. Then
p-r (GjUIj) =G;U.Jy. Using equation we then get

WD = F0) S FO) + (a= (=) - p- vlTy1) = h() + (4= (= 0)) - p- v(Iy1) =
MJ) + (@ = (r=q)) -v(p-L (G UILjn)) =h(J1) + (¢ — (r—q)) - v(G; U Jy) =

h(J1) + (g — (r—q)) - v(J2)

Since we can repeat this procedure with J; instead of I arbitrary many times and h(I) — 0 as

|I| — 0 we can conclude that

h(I) = (¢ = (r—q)) - v(I)

This proves the theorem. [

Remark 3.5: The symmetric theorem also holds, i.e. we can assume g f < 0 and p-v(lj) >
v(p-r (G5 UIj)) instead of assuming 8t2 <0and p-v(Ij1) > v(p-L (G UIj)).

Remark 3.6: When h(w, d) = h(J), the conditions of theoremmls equivalent to h being increasing

and concave.
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The only assumption of theorem which is not straightforward to verify given a Cantor set C' is
equation , which states that we must have

p-v(Ij) Z2v(p-L(GjUlj))

for all long enough binary words j and all p € [0,1]. Geometrically this mean that a translated
copy of a part of the cumulative distribution function of » must lie below a certain straight line.

The following proposition simplifies the verification of this property.

Proposition 3.7: Let C ~ {I;} ~ {G;} be a Cantor set. Then the following claims are equivalent:

(i) For all long enough binary words j and all p € [0, 1]
v(p-1 (GUIn)) <p-v(lj) (5)

(ii) For all long enough binary words j and all m € N

1 G+ o]
2m =Gl + Ul

Proof. We first show that (i) implies (ii).

Let j be any binary word which is long enough for (i) to hold and let m € N. Set p = %
J J

such that

Gjl + [Lj1om
pr(G;Ulj)=—2—"—— 1 (GjUlj1) =G UIjom
J J ‘GJ| + |Ij1| J J J J
Then )
v(p-r (GjUIn)) =v(GyUljom) = v (Lnom) = 5ov (1) (6)
by the definition of the Cantor measure. Using (i) we get
1 () (@) |G|+ |Lj1om
(I B S (G U < p-vu(lq)="L 292 0]
27711/(]1) V(p L( J Jl)) >p V( ]1) |G]|+|IJ1 V(] )

Dividing by v(I;1) gives us (ii).
We will now show that the reverse implication holds, i.e. that (ii) implies (i).

To show that (i) holds, we need to show that, given (ii), the graph in figure |2| corresponding to
v(p - (G; UIj1)) lies below the line p - v(I;1) for any large enough j.
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v(Ijn) T

p-v(Lj)

v(Ljin) |
2 v(p-r (G5 U L))

hS)

Figure 2: The setting for the last part of the proof of proposition

To do this, fix any binary word j which is long enough for (ii) to hold and pick any po € [0,1].
Then there is a unique point w € G; U I;; such that w is the right endpoint of py -1, (G; U I;1).

If p = 0, then both sides of equation are equal to zero. If p = 1, then both sides of equation
equal v(I;1). If w € Gj, then the left hand side of equation is zero and the right hand side is
positive. Thus in all these three cases, equation holds, and we can thus assume w € I7;.

We will consider three different cases which together cover all remaining possibilities:
1. w = bj;1; for some binary word [
2. w € Gjy; for some binary word [
3. w = limy 00 bj1(1|x) for some binary sequence I

We will begin by dealing with the last two cases by showing that (ii) implies (i) in these cases given
that (ii) implies (i) in the first case, and then end by showing that (ii) implies (i) in the first case:

Case 2: In this case we have w € G1; for some binary word [. Then b;1;9 is the point in C' lying
closest to w to the left. Let pj1;0 be the unique point in [0, po] such that the right endpoint of
pito - (G5 U 1) is bjio. By the first case;

v (pjuo - (G UT;)) < pjuo - v(L1)

Since the right hand side of equation is constant for p between p;1;0 and po and the left hand
side of equation is increasing in p, we get

v (PO - (G; U Ijl)) =v (lelO L (G; U Ij1)) < pjuo v (1) < po-v(Ij)
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Thus the second case follows from the first case.

Case 3: Let {b;i(k)r=1,2,3,... be any sequence with bjix) — w as k — oo. Let pjir) be the
unique point in [0, 1] such that bj1(k) is the right endpoint of p;ix) - (Gj U I;1). Then by the
first case, for all k € N\{0}, we have

v (P (G U I)) < pjqpwy - v(Ljn) (7)
As pj1ak) = po as k — oo and both sides of equation are continuous in p, we get

v(po L (G5 U Ij)) < po-v(lj)

We now only need to show that (i) follows from (ii) in the first case.

During the rest of the proof we will use pg 2) to denote the unique number in [0, 1] for which b;, is

the right endpoint of p(”)

kEeN.

(G}, UIj,1) for any binary words j; and jo where jp = ji|k for some

Case 1: Now again let j be a fixed binary word. Let [ be any binary word and consider p = p§]1 )l
If [ is the empty word then p =1 and we get equality in equation 7 S0 we can assume [ £ 0.

Since bj1i = bjj1 for any k£ € N and any binary word [ we can assume that [ ends with at least
one zero and write [ = (0¥ for some binary word [ which ends with a one and some k € N. We will

now use induction on the length of [ to show that equation (5)) holds for p(Jl)lok for any binary word

[ which is either empty or ends with a one and any k € N\{0}.

To finish the proof in this case, and thus to finish the theorem, we need to show that

v (pillok L (G UIn)) < pg‘jl)lok v(j1) (8)
for any long enough binary word j, any binary word k ending with a one and any k € N.
Suppose first that { = @ so that |I| = 0. Then by equation we have

L _ |Gl + Lo j
?Sizpéjl)ok
|G H‘|Ial‘

and thus

(i) .
= v(L) < ﬁ?ok v (lj1)

v (Pﬂok (G UIJI)) =v (G U jior) = v (Lj108) = 5

i.e. equation holds.
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v(Ijn) T

v(Ljin) |

]
T

1

Figure 3: The black points (p,v(p -1 (G;UL;1))), where p = pjjox for some k € N\{0} and |I| =0,
are the points first considered in the first part of the proof of the first case. Here k
increases when we move from one black point to any point to the left of it.

v(I1) T

p- (L)

I v(p - (G;UI}))

f p
1

Figure 4: The figure above, together with figure |5, shows the basic idea of the rest of the proof; the
same arguments which show that the black points in figure [3| lie below the straigh line
shows that the black points in this figure lies below the bold line. As both endpoints of
this line lies below the thinner line by the previous step (induction in general, and the
case || = 0 in this particular case), all the black points lie below the thin black line.
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v(Ijn) T

v(Ljin) | -

\
\
S

Figure 5: This figure shows how the induction progresses through all points considered in the first
case; by showing that a certian subset of the points lies below line segments between
points which by the induction assumption lies below the topmost line. The dashed line
above the bold line shows the previous step in the induction (in this case; |I| = 1), the
bold line the current step (|/| = 0) and the dashed line below the bold line the next step

(] = 2).

Now instead suppose that |I| = m and that the equation (7)) is true for all & € N\{0} when |I|] < m.
Set 5 = j1(I|m — 1) so that j110* = 510*. Then by the case |I| = 0 we get

1% (p(zlok ‘L (G Ul /1)) < p(’l)()k . I/(Ij/l) (9)
By adding v([aj1,b;110]) to both sides of equation @[) we get

v ([a1,byo]) + v (00 - (Gyr U L)) < v ([agn, byro]) + oY - v (1) (10)

The left hand side of equation can be rewritten as

v (laj1,byol) + v (P -1 (Gy U L)) = v ([azn,byrol) + v ([byro,byoe]) =

(11)
v ([ajlabjllok}) =V ([bj07bj1l0k}) =V (Pﬁlok ‘L (G U Ijl))

The right hand side of equation is a point on the line segment between the two points

(4) (4)
(Pj]1(z|—1)o’ V(pjjl(ll—l)o L (G U Ijl)))

and .
(Pﬁ)w v (P oL (G U fjl)))
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Since the binary word [ ends with a 1, the last of these points can also be written as

() ()
(pﬁ(u—n’ V(pjjl(ll—l) 2 (G U Iﬂ)))

Both end points of the line segment are thus points on the graph of v (p - (G; U I;1)), which lie
below the line p - v (I;1) by induction since |(I| —1)| = [I] — 1 < m. Thus all points on this line

must also lie below the line p - v(I;1), which implies

;J,l)ok () < p;.jl)lok v(l;) (12)

v(laj1, bjo]) +p

Combining equation , equation and equation gives

El

. " .y (1
V(p§]1)lok L (G U L)) = V([ajlabj'01)+'/(p§-],1)ok L (GyUljn)) <

’ @
v(laji,byo]) + oY e - v(Lin) < P - v(j)

As this finishes the proof in the first case, we have proved the theorem. O

3.5 Examples

We will end this section with a few examples which shows the usefulness of theorem by calcu-
lating the exact measure of some Cantor sets studied in [8] and [2] and for which the measure (to

the authors knowledge) was previously unknown.

Example 3.8: Consider the Cantor set C(,,) associated with the sequence of gap lengths

1
k| _
Gl = (2k 4 1)P

where p is any real number which is strictly larger than one.

In [2] (theorem 1.1), Cabrielli, Molter, Paulauskas and Shonkwiler showed that

1 P 1/p 1 1/p
(7)== (753)

We will show that we by using theorem can compute the exact value of m,,,(C(y,)) for any
p > 1. To do this we will need the following result from [2].

P 1 P P 1 P
) <|IFl< = [ = 13
2 — 2 <2k+z+1> SIS 53 <2k+z) (13)

Let Il’C and Il"fl be any two basic intervals associated with C(p) with Illf' - Ilk. Then I’ > [ - ok —k
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and thus

Let h(w,§) = 6*/P. Then
!’ ’ "
wat) = L e e e e
(v —2)t/p 2V 41 (22 —-2)/P 14 L 2
2 1 o 0D 2 1 X
N 7" ’ < . . I/ >
2 -2 1+ 1L A R V(l
Completely analogously, we get the lower limit
p y gously g
2 1 / /
: v(IE) < h(If
(21)_2)1/1) 1+l;Tl V(l)— (l)
We thus have
2 1 / / 2 1 Y
. . Y < Y < . . ;
(217 — 2)1/1) 1+ l;Tl V(Il ) = h(Il ) = (2p _ 2)1/1) 1+ 2% V(Il ) (15)
We will now calculate a lower bound for % for all long enough binary words j and all

m € N\{0}. To do this, fix any long enough binary word j. Then there exists [,k € N such that
I; = If. Using this, we get

1 2p 1
. k4+m .
Gyl + Lo | _ 1GH + 1T @ vty " r—9) @ @ ) _
Gil+1nl— IGH+ 155 ! 2 !

@+ -2 B @D

(2F + )P 1\’ (2% + )P 1\’
2P —2) 427 . - . 2P — 2 o =
CO Gy o) T en ey \w)

oy CU (1Y g D

(2F+1+ 1) \2 2k +1+ 1)
1\"” 1
P _ — R
@-2+0-9(5) R Nt
@ -2 +(1-2)  (@-2+(1-¢2 N ) gy G
As p — 1, this expressions tends to 2%1 To show that % > 27" for all p > 1, it would be

enough to show that the last expression in example is increasing in p.
To simplify notations somewhat, set x = 2P and define

1—x™™

g(x)zl—(l—ﬁ)'m
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Then

/ ma—(m+1) 1—a™™
g'(x) =—(1-¢) (g;ls B (x1€)2> B
o (e a1 < 1)
(1-¢)

CEEsrr (2™ — (m+ 1)z +m(1+e))

which is positive since x > 2. We can thus conclude that % > 27" for all p > 1.
J Jl
Now set f(w,t) = h(w — to + t1,8 4 2tg + 2t1) = (8 + 2to + 2t1)Y/P. Then clearly 2L >0, 2L >0

2 2 aitl ’ Otg
% <0 and % < 0 for all ¢y and t;.

7

Using the properties now shown to hold for C?) we are now, according to by proposition set
up to use theorem Using theorem [3.4] we get

2k 1

m1/p(Cpy) = D> muyp(Cipy NIF) <
=0
k k
22‘31 2 1 1) 2 22‘:1 1 1
. -V = — . - .
— (2r — 2)1/p 14 QLk ! (2p — 2)1/17 P 1+ 2% ok

Since this is true for all k, and

2k 1 1
klin;o ZE, oE /o —— = [log(1 + z)], = log 2

7
we get
2log?2
ma/p(Cpy) < (20 — 2)1/7 (16)
Similarly for the lower limit;
2k 1
k
m1/p(Cp) = D magy (Cipy NIF) =
1=0
2k 1
2 1 1 1
: - - v(If) >
;(217—2)1/1’ <1+12+k1 <1+;k 1+l;f,}>> : -

2 21 1 1 1
2k 1

2 1 11
(2r — 2)1/p ;prl;fkl 2k 2k
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2 | 2log 2
which tends to . dr = %8 as k — oo. This gives the lower limit
(2r —2)t/r Jo 1+4x (2r — 2)1/p

2log 2
mp(Cp)) 2 @ —2)/r (18)

By combining equation (16) and equation (18) we can conclude that

2log 2
ml/p(c(p)) ( 2)1/;0

Example 3.9: As a small variation of the Cantor sets C,) where p > 1, we can consider the Cantor
set C(p,2), where p > 1 and x > 2, associated with the sequence of gap lengths |G§“| = m
This set was also studied in [2] where Cabrielli, Molter, Mendevil, Paulauskas and Shonkwiler gave

the bounds s
1/p Pt
2P 4P\ plogs

¢ (xp_Q) < mip(Cpay) < <2p_2>

where ¢ is some constant depending on p and x. We will calculate the measure of C(, ;) using
theorem

0o 2h—1 00

00

h=0 j=0
1 (1) 2h 1 1) 1
(1 )ZWZW'(“%)' 2
h=0 P

where 5,(61) is a small positive number which tends to zero as k — oo.

Similarly, but by somewhat more tedious calculations, we get

co 2h—1 00

oh > oh
k| _ k+h
W-ZZ ‘G2hl+3‘ Z (lzh+h| 4120 420 — ZZ (xhth 4 (1 41)-20)P 2
h=0 j=0 = :0
1 = oh > oh
% ' l+1 2h Z 2k: 2h p 2
h=0 T (1 + . xT) h=0 (1 + . QfT)

1 2 1 1 1 1 1 1 @)
. . > — . (1 )
P ;xhp (Hg)p*w -2 (H%)P P g (1--

xk

where 622) is a small positive number which tends to zero as k — co.

k ketm+1
. G + I‘]_Om, |Gl ‘ + |12m 2l+1 | 1
To verify that | |é|j| +| |JIj1| | = T |I’§+1 | ) > o for all large enough |j| and all m € N\{0}
! 2041

(or equivalently for all large enough k) requires a calculation very similar to the analogous calcula-
tion of the previous example and is therefore omitted here.
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Set h(w,d) = 67%e7. Then

log 2 log 2
1 plogx 1 plogx
(=) 22)" b <nat < (1+40) 25 )7 v
-2 -2
Using theorem we thus get
log 2 log 2 log 2 log 2
plog @ Plogw Plogz 1 ploga
(-5 (4™ () ()™ <ms
xP plogx
and
log 2 _log2
ploga 1 plogx
m aasz (Cpa) < (1467) 7 ( - 2)

By letting £ tend to infinity in these both equations, we get
1

og 2
1 \rese
m a2 (Clpo)) = <1_2)

plogx

The method for calculating the Hausdorff measure of a given Cantor set used above can with small

modifications be used also to calculate the measure of the third and last Cantor set mentioned in

[2], namely the Cantor set C((;L)) ~ {GF}, where |GF| = ﬁ but where (n — 1) open intervals are

removed from each remaining interval in each step of the construction of the Cantor set instead of

one. Small adjustments to theorem and its proof and similar calculations as the calculations in

example |3.8] and example [3.9] although omitted here, gives

nlogn 1

(n)y _ .
) (n? —n)t/p n—1

ma/p(Cly)
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4 Cantor sets associated with test functions of exponential

type

In this section we will consider Hausdorff measures associated with test functions of the form
h(w,d) = 6() This case is interesting since in provides a direct analogy to the well studied case
h(0) = §* where « is the Hausdorff dimension of any set E for which m, (E) is finite and non-zero.
The function a(w) in the exponent of the test function h(w,§) = 6*(*) will due to this analogy be
called the dimension function of the Hausdorff measure m,(y)-

We will start this section by giving conditions on a(w) which guarantees that Cj, = Cy (), as defined
by definition is non-empty. We will then show that when A fulfils some continuity conditions
we have that py, is a mass distribution on all C' € Cy () and the restriction of mq () to C' is the

Cantor measure on C for any C' € Cq(y)-

4.1 An existence result

To be able to state our existence result we first need to show that the test function, when seen as

an interval function, is increasing.

Lemma 4.1: Let a(w) : [0,1] — (0,1) be a continuously differentiable function. Then the interval
function h(I) = h(w,§) = 6" is increasing for all small enough J.

Proof. Let I = I(w,,d) C [0,1] be any interval of length § with midpoint w..

Define fo(tg) = h(w. — to,d + 2tg) and fi(t;) = h(w + t1,8 + 2t1). To show that the h(I) = §*()
is increasing it is enough to show that the two functions fy(¢) and f;(¢) are increasing in ¢ for all

fixed w, and 0 when ¢ and § is small enough.

2to § 2ty
. t
Wx — 10
.
ws — t1
—
Wx
I

Figure 6: The setting for the proof of lemma
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To show that fi(t) is increasing we will show that f{(¢t) > 0.

2(;1 J(rwz*t)> -

A0 = 1) <a’<w* ) log(6+ 21) +

[t
O+ 2t

(19)
(o (ws +t) - (6 + 2t) log(d + 2t) + 2a(ws + 1))

Since o/ (w) is continuous on a compact interval, o/ (w) is bounded. Similarly since a(w) is strictly
positive and continuously differentiable on a compact interval, it is uniformly bounded away from

Zero.

As (64 2t)log(d +2t) — 0 as § + 2t — 0 and o/ (w) is bounded, the first term in equation can
be made arbitrarily small by chosing ¢ and ¢ small enough. Since «(w) is uniformly bounded away
from zero, we can choose § and ¢ small enough to have f{(t) > 0 for all w, and 6. Thus f;(¢) is
increasing for small § and ¢.

The proof that fa(t) is increasing with ¢ for small ¢ and ¢ is completely analogous and is therefore
omitted here. O

We can now proceed to the theorem which shows that Cy(,) is nonempty if £ is sufficiently nice.

Theorem 4.2: Let a(w) : [0,1] — (0,1) be continuously differentiable and set h(w,d) = §**),
Then Cq(w) is non-empty, i.e. there exists at least one Cantor set C ~ {I;} such that h(I;) = v(I;)
for all large enough |j|.

Proof. Since a(w) is continuously differentiable and [0, 1] is compact, a(w) is Lipschitz continu-
ous on [0,1], i.e. there exists a constant A > 0 such that |a(w1) — a(ws)] < Aw; — we| for all
wy, ws € [0,1]. Pick A small enough to have

(2x)7% > gmaxa(w)=1 for ]l 2 < A (20)

Since the expression of the left hand side tends to one as A — 0 and the right hand side is strictly
smaller than one and does not depend on z, such A exists. We can assume that A is small enough
to imply that h(0) is increasing for all § < A.

Let n € N be such that |j| > n implies 4|I,;| < A. Since

., 1 on

2 h(w,Q—n)fm >1forallwe[0,1] and n € N
we can pick the basic intervals {;} =, at level n as any 2" disjunct intervals in [0, 1] satisfying
h(Ij) =27",

For any k € N with k£ < n, we define the basic intervals I; with |j| = k by setting I; = [a;o,b;1],
where ajo is the left endpoint of I;o and bj; is the right endpoint of I;;. In this way, all basic
intervals I; with |j| < n are defined.
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We will now show that for any binary word j with |[j| > n we can pick two smaller disjoint
intervals I;o and I;; contained in I; such that the left endpoint of I; and Iy coincide and the right
endpoint of I; and the right endpoint of Ij; coincide and 2h(I;o) = 2h(I;1) = h(I;). Given this
last condition it follows by induction that h(I;o) = 3 - h(I;) = 2~ (F1+D = 2-1% and analogously
that h(I;1) = % - h(I;) = 27 (W+D = 27131 "and therefore that h(I;) = 27V for any |j| > n. This
implies the existence of at least one set C' € Cy(,)- By the definition of the Cantor measure, we get

v(I;) = 271 = h(I;) for the Cantor measure v associated with C.

Thus let I; = I(wj,d;) be any basic interval already chosen with |j| > n. By the choice of n we
then have |I;| < A, or equivalently, that §; < A.

Let ;o be the left half of I;, i.e. set

|
Lio=5 11 =I(wj -

INAS
\V] ‘\?"

) = I(wo, 26)

)

_ 9
for wo = w; — .

Since §; < A we also have % < A and thus equation implies

5 a(wo)—oa(w;) S A%
<2]> > <2J> > 2maxo¢(w)71 > 204(10]')71 (21)

Using this, we get

B 5]' §j a(wo) 5]_ a(wg)—o(w;) 6]_ a(w;) [l
- = . — ) = . — = . - . —L >

a\wj)— 6 a(wj) w4
2.2(»1.(2]) :(5j)(J):h([j)

Since h is continuous and increasing, there exists an interval ;o C I ;o with left endpoint in common
with Iy (and thus also in common with I;) such that 2 - h(I;o) = h(I;). By completely analogous
arguments we can find an interval I;; C I; with right endpoint in common with I; such that
2. h(Ij1) = h(I;). Since 2|I;o| < |I;] and 2|I;1| < |I;| we have Ijo N 1;; = 0.

Since this construction works for all binary words j with |j| > n, thus inductively defines a Cantor
set C' ~ {I;} for which h(I;) = v(I;) for all |j| > n. This completes the proof. O
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4.2 Mass distribution and Cantor measure

We will now state and prove a couple of theorems which provide conditions given which mq () is
a mass distribution on C' € C, (). We will also give conditions given which mq(w)lc = vo. All
theorems in this subsection are consequences of the corresponding theorems in the previous section,
and the majority of the content of this section are therefore arguments showing that the needed

assumptions hold when h(w, §) = 6*(*) for some sufficiently nice dimension function a(w).

Theorem 4.3: Let a(w) : [0,1] — (0,1) be a continuously differentiable function. Then Cq(w)
is non-empty and Mmy(y) 8 a mass distribution on all sets C € Cy (). Further, for any interval
0.25-v(I) < mu)(CNI)<v)

Proof. By theorem Co(w) is non-empty. Moreover, as
h(w, 26) = (26)2W) = 20(w) . galw) — ga(w) (4 §) < 2. h(w, d)

the doubling constant of h is smaller than or equal to 2. The theorem thus follows by theorem |3.3
O

Theorem 4.4: Let a(w) € C*([0,1],(0,1)) be increasing. Then Co(y) is non-empty and the as-
sumptions of theorem is fulfilled for the test function h(w,8) = 6“") and any C € Co(w)-
Further mq () (C) = 1 for all C € Cq(py and the restriction of me(w) to C is the Cantor measure
on C.

Corollary 4.5: Let a(w) € C?([0,1],(0,1)) be decreasing. Then Cpoyp) is non-empty and the as-
sumptions of theorem is fulfilled for the test function h(w,d) = 5@ and any C € calC o () -
Further mq(w)(C) =1 for all C € Co(w) and the restriction of ma () to C is the Cantor measure
on C.

Proof of corollary[4.5. This corollary follows directly from theorem [4.4] by symmetry O

Corollary 4.6: Let a(w) € C?([0,1],(0,1)). Then Cpop) is non-empty and me,)(C) =1 for all
C € Co(w)- Further, for any C € Cy(w), the restriction of my(w) to C is the Cantor measure on C'.

Proof of corollary[{.6. Let J be any open interval. Since a(w) € C?([0,1],(0,1)), o’/ (w) can change
sign at most countably many times in J, say in the points of the set S. Since S is at most countable,
[0,1]\\S is the union of a sequence of disjoint open intervals {Jj}x=123. .. By theorem and
corollary the assumptions of theorem [3.4] and its reverse (see remark is satisfied for any
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closed set jk contained in Ji for any k = 1,2,3,.... Thus for any such closed set we have V(jk) =

ma(w)(jk). Since both v and mg,,) are positive measures, this implies
V(Jk) - ma(w)(Jk N C)

Now

v(INC)=v|(SnC) U | &hNC|=maw)(SNC)+ D mau)(JxNC)
k=1,2,3,... k=1,2,3,...

where the last equality follows since the unions are disjoint. Now since S is countable, we have
Mawney(S) =0 =v(SNC) and we thus get

ma(w)(J n C) = ma(w)(S n C) + Z ma(w)(Jk N C) =

k=1,2,3,...
v(SNC)+ D Maw(kNC)=v(SNC)+ > v(JpNC)=v(JNC)=uv(J])
k=1,2,3,... k=1,2,3,...
Since this holds for any open set J, the corollary follows. O

We will now begin to prove theorem That Cq () is non-empty follows directly from theorem
To prove the rest of the claims of the theorem we will show that the conditions of theorem [3.4/holds,

which is the purpose of the remaining lemmas of this section.

Recall that we, for any binary word j and integer k, use j|k to denote the binary word consisting of
the k first digits of j. When I is a basic interval, w;, denotes the midpoint of the basic interval

L.

Lemma 4.7: Let a: [0,1] — (0,1) be continuously differentiable and let j be any binary sequence.
Let w; € C € Cy(w) be the unique point in C' such that w € Iy, for all k € Z,. Then

. 1 .
khm Cjlk =¢j =2 few;)
uniformly in j.

Proof. Since C' € Cq(y) We have |Ij‘k\o‘(wilk) = v(l) = 27% for all large enough k € N. This

ok
implies |[};| = 2 *@jik) for all large enough k € N. This implies

Cjlk+1 = AR =
k41 = =
11|

1 1 ko k41 _ 1 k( 1 1 )
_ oatw)  atw, y a(w, y aw)  o(wiar)
kil / & = 2°ilk ilk+1) =2 Jlk+1) . ilk G1k+1
9a(wjjpyr) 1 Qalwyjk)
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Since a(w) is continuous on [0, 1], which is compact, a(w) is uniformly continuous on [0, 1], which

O a
implies 2 “™jik+1) — 2-1/a(w) ypiformly in j when k — co. To prove the claims of the theorem it

is therefore enough to show that & - (a(wl_‘k) ~ T '1\k+1)
VALY VAR

) — 0 uniformly in j when k — oo.

As a(w) is continuously differentiable, a(w) is Lipschitz continuous on [0, 1]. Let A be the Lipschitz

constant. Then

1 1 1
‘k' (a(wﬂk) - a(w;ri1) ‘ = a(w;j) - a(wjiri) k- |a(wj|k+1) - a(wj|k)l <

1

kN Wi — ws
a(wjik) - a(wjjpr1) st = wite|

As Ijjk41 € I, both wj, € I, and w1 € I, and therefore
Wiks1 — wik| < Lkl

Using this we get
1

=3
<
a(wjg) - (Wjp41)

1 1
b G~ |
a(wjir)  a(wjjps)

! kX Ll ! kox- 270 <
a(w;jr) - a(w;jr) I awy ) - awyjer)

IR

ke A wjiess — wy

-k
(i, o))k A 2T
we(0,1

when k — oo, uniformly in j.
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Lemma 4.8: Let o : [0,1] — (0,1) be continuously differentiable and let C' € Cq (. Let j be any
binary word not containing only zeros. Define I, = p - (G; U Ij1). Then for all p € [0,1] and all

|7] large enough we have

p-v(lin) > v(l,) (24)

Proof. Pick € > 0 with ¢ < g. Then by lemma , there exists N € N such that |cjo — cju| < ¢
for all binary words j of length at least N and all binary words k.

Fix any such long enough binary word j and let m € N\{0}. Then

|Gl + Hnom | _ (4] = [Tol = [Tn]) + [Tinom | _ 141 = [Tl = [Zin] + [Ljnom | _

Gil+ 1Ll (5= Lol = L)) + 1] ;| = L0l
11| = cjollj| = cialli] + cineno - ¢jroo - - aom) |
;| = ¢jol1;]
If we divide by |I;| in the numerator and the denominator we get
Gl + [ Ljaom] 1= cjo = ¢jn +¢alciao - oo -~ Cjrom) 1 -y (1 = ¢j10 - ¢j00 - ¢j10m)
G|+ 1] 1= cjo ! L =cjo
Ascj < % and cjior < (cjo —¢) for k=1,2,3,...,m;
1
Gyl + Hjom| 1 (1= (cjo—e)™ Bie (ci0— 2 1—(cjo —¢)
|G]|—|—|I_71| 2 l—CjQ 2 —0 J 1—Cj0
Since cjo — € < ¢jo < l we get
|Gyl + 1 ja0m] }mz:} 1—(co—e) _ il 1 —(cjo —¢)
|G]‘+|I]1‘ 2 =0 2 1—CJ0 =1 2 1—CJ0
As we can pick e arbitrarily small, we get
Gil + [ Tom| o 1
Gjl + Ll — 27
By proposition this is equivalent to the claims of the lemma. O
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Lemma 4.9: Let a(w) € C?([0,1],(0,1)) be increasing and define h(w,8) = §*). Set, for fized §
and w;
flto,t1) = h(w +t1 — to, 6 + 2t + 2t1)

where to and t1 is such that w4ty —t1 € [0,1] and § + 2ty + 2ty € [0,1]. Then a%of(tovtl) >0,

a%f(to,tl) >0, a%f(to,tl) <0 and %%f(to,tl) < 0 for all small enough &, ty and t1.

Proof. We first calculate Bitlf(to,tl):

%f (to,t1) = (8 + 2t + 2tp )W totto).
1

d
—to +t1) - log (6 +2tg +2t1) + 20 (w —tg +t1) - —————
(atla(w 0 +t1) - log (8 + 2to + 2t1) + 2a (w — to + 1) 6+2to+2t1)

(8 + 2t + 2t,) XTI
(@' (w—tog+1t1) (84 2tg + 2t1) log (6 + 2to + 2t1) + 2 (w — to + t1))

Since a(w) is continuously differentiable and [0,1] is a compact set, a(w) is uniformly bounded
away from zero. As (§ + 2ty + 2t1)log(d + 2tp + 2t1) — 0 when (& + 2tp + 2¢1) — 0 and a(w) is
uniformly bounded away from zero for all w — to + ¢; € [0, 1], we get 0%1 (to,t1) > 0 for all small

enough tg, t; and §. Similarly, we get
0
— f(to, 1) =
6t0f( 0, 1)

(8 + 2tg + 2t;) (W toFt).

d + 1 =
—ty 4+ 1) -log (6 + 2ty + 2t1) + 2 —tot+t) oo
(mlo‘(w 0+ t1) - log ( 0+20) +2a (w—to+t) 5+2to+2t1)

(5 + 2tg + 2t )* (W toFtO=L,
(—a' (w —to +t1) (6 + 2to + 2t1) log (8 + 2tg + 2t1) + 2 (w — tg + t1)) > 0

since (6 + 2to + 2t1) log(d + 2t + 2¢1) — 0 when (6 + 2t¢ + 2¢1) — 0, o/ (w) is uniformly bounded

and a(w) is uniformly bounded away from zero for all w € [0, 1].
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We now consider the second derivative with respect to ¢;:

82

= f(to,t1) =
ot? (o, t1)

(8 + 2t + 2t;)* W To =
82
(@a(w —to+t1) - (8 + 2to + 2t1) log (8 + 2to + 2t1) +
1

o (w—tg+t1) 2log (6 + 2tg + 2t1) +

2 0
! —t t1) (6 + 2t 2) —— M+ 2— —t t )
o (w—to+t1) (64 2t + 1)5+2t0+2t1+ 3t1a(w o+t1) )+

(8 + 2t + 2ty) (W02,
<£1a(w —to+t1) - (6 + 2to + 2t1) log(d + 2to + 2t1) + (a (w —tg +t1) — 2)> _
(o (w—to+t1) (6 + 2tg + 2t1)log (6 + 2tg + 2t1) + 20 (w — to + t1))
This expression can be rewritten as
(6 + 2t + 2¢7) (Wt
(o/’ (w—to +t1) - (6 4 2to + 2t1) log (6 + 2to + 2t1) +

20/ (w —to +t1) (2 + log (8 + 2to + 2t1)) +
(6 + 2tp + 2t1) -
(O/(w—to—i-tl) . (6+2t0+2t1)-log(6+2to+2t1)+(a(w—t0+t1) —2))'

(25)

(o (w—to +t1) - (6 + 2to + 2t1) - log (6 + 2to + 2t1) + 2a (w — to + tl)))

Since o/ (w) is continuous on the compact interval [0, 1], it is bounded on [0, 1]. Also, we know that
(0 + 2to + 2t1)log (6 + 2tg + 2t1) — 0 as (§ + 2tg + 2¢1) — 0. Thus the summand on the second
row tends to zero as § + 2ty + 2¢t1 — 0.

Since both o/ (w) and a(w) are bounded and (6 + 2tg + 2¢1) log (6 + 2tg + 2t1) — 0 as (0 + 2t + 2t1) —
0, the product of the last two rows is also bounded, which implies that the complete product of

the last three rows can be made arbitrarily small by choosing d, tg and t; small enough.

The only summand in the paranthesis over the last five rows not yet accounted for is the term
20/ (w —to + 1) (2 + log (6 + 2t + 2t1)) which cannot be chosen arbitrarily small. On the contrary,
if o/(w —to+t1) > 0, it tends to negative infinity as § + 2ty + 2¢t; — 0 which causes the complete

expression, and thus also g—;f(to, t1) to be negative.
1

If o/ (w — to + ¢1) = 0 then equation (25) reduces to

(6 + 2tg + 2t1) XTI (54 9t 4281 - (e (w —to + 1) — 2) - (2 (w — to + £1))
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which is negative since a(w — to + 1) < 1 implies (o (w —to +t1) — 2) < 0.
Analogously, and therefore omitted here,

0 0

= = f(te,th) <
oty 8t1f( 0,t1) <0

for all small enough 6, to and #;.

4.3 Examples
We will end this section with two examples. The first example is a simple application of the results

of this section and gives a rough graphical explanation of how the dimension function affects the
distribution of the points in the Cantor set.

Example 4.10: Figure 7| shows the first steps of the construction of a Cantor set C' € Cy(y) for
a(w) = 0.2 - sin(10mw) + 0.75. As a(w) is two times continuously differentiable, the measure of C

is exactly one by corollary Moreover mq(w)lc., (w) = VCo(u)-

- - e
Y Y ",

r

I N i 'y . r " / “x.__ \

P

Figure 7: The image above shows the first steps of the construction of a set C' € Cq (), where
a(w) = 0.2 -sin(107w) + 0.75, together with the graph of a(w). Note especially that the
density of points are higher where the value of the dimension function a(w) is larger.
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The second and last example of this section shows that not all Cantor sets can be measured by

exponential test functions and also that there exists dimension functions a(w) and C' € Cy(y) such

that mq(y) is not even a mass distribution on C'. This later consequence show that we need some

more condition than continuity for u; to be a mass distribution on all C € Cj,.

Example 4.11: Set ¢; = %(1 —

n=0,23,..10

Figure 8: The figure above displays the first construction
1
2

Cj:

1

Jl+3

|
I
I I .
HE EE EN =N
ANER ERER NN ER ERER
nmun npnn nnan nnnn

n=10,11,...,20

) for any binary word j and define C' ~ {c;}.

n=20,21,...,30

steps of the cantor set C' ~ {¢;} where
(1 — m%) The leftmost image shows the first ten construction steps, the image

in the middle hos the construction then progresses from one of the basic intervals I; with
|7] = 10 and the right most image shows how the construction progresses from one of
the basic intervals I; with |j| = 20. On a large scale (at the earliest construction steps),
the set is very thin due to the first steps removing a large proportion of the interval. On
a very small scale however (the later construction steps), the set is very dense, giving it
local dimension one everywhere.

Fix N € N\{0}. Let an(w) be the function defined at the midpoint w; of any basic interval I;

with [j| > N by

&N(wj) = (

|j]log 2

3] = 1) log 2 + log(|] + 2)

Then let ay(w) be any continuous extension of this function to all w € [0, 1].

Let w be any point in C'. Then there exists a binary sequence j such that limy_,o, w;, = w. Using

this we get

for all w € C.

a(w) = kli)n;o a(wjjk) = klim

klog?2

—oo (k—1)log2+ log(k + 2)
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E'ﬂ' 1 L 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ';:
0.0 0.2 04 0.6 0B 1.0

Figure 9: A continuous extension «j(w) of the dimension function é;(w) defined by its values in
the points w; for all binary words j (in the figure above marked with black points).

If we try to calculate the derivative of an(w) at any point w; € C, where w; = limy_, o wj|, we
get

k log 2 _ 1
(k—1) log 2+log(k+2)

aN(wj‘k) - @N(w)

ay(w) = lim = lim _
N k— o0 Wik — Wy k—o0 % . |Ij‘k‘
klog 2 1
i — ) og2tlo : log2 — log(k + 2
klim (k 1)11 gzil g(ng2) — khm (k+2)- ok . - 1g1 : g(l k) 5 _
) 3 2E-T T2 —00 ( )Og +Og(+)
. log2 — log(k + 2)
k = —
klggoZ " (k=Dlog2 4 log(k+2) -

k+2 k+2

i.e no such continuous extension oy (w) of &y (w) can be differentiable at any point in C. Thus no
continuous extension of &y (w) to [0, 1] can fulfil the conditions of theorem However C € Cy (w)
for any extension ay(w) since

N = (7. (en(wy) . R (I S T e
h(IJ) = |IJ| N = (IH Cj\k) = (2\j| H +2) 2041 V(IJ)

for all binary words j with |j| > N.

The question is then whether or not m, (. can be a mass distribution on C' for any extension
of an(w) or any N even though the assumptions of theorem do not hold. To show that this
is not the case we will construct a sequence of coverings {I,gn)}, n = 1,2,3,... of C such that
S 110 5 0 as n — 0o and C € |, I for all n.
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For each n € N with n > N consider the covering of C with {I(a;,2|I;])} jj=n, where {I;} are the
basic intervals associated with C' and a; is the left endpoint of I;. Then, since all intervals from the

same construction step of C' have equal length, any interval I(a;,2|I;|) in the covering have length

i 1 2
ey 24101 =2 TL e = g2 7

centred at points w where ay(w) = 1.

2
and we can thus cover C with 2" intervals of length —-
2" n42
This implies

1 2 1 2 2
E ) Jy|en(ag) — E . = [ —9on, . —
May (w) < |I(a]a2|I]|)| N - ‘I(a]72|‘[]‘)| - om n+2 =2 m n+2 - n+2

l7|=n |7]=n |7|=n

which tends to zero as n — co. We thus get mq (1) (C) = 0.
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5 Properties of multidimensional Hausdorff measures

In this section we will show that the commonly used density results for Hausdorff measures as-
sociated with test functions h(d) transfer with only small modifications to the multidimensional
case, i.e. to Hausdorfl measures associated with test functions h(w,d). The proofs from the first
three subsections of this section are all adaptations of their analogues for test functions of the type

h(&) = 6> for some fixed exponent « as presented in [9].

5.1 A covering theorem of Vitali type

In this subsection we show that the Vitali covering theorem holds for Hausdorff measures pp,.

Theorem 5.1: Let h be a test function and let E be an open subset of R with 0 < up(F) < oc.
Further let Q be a family of closed intervals such that each point € € E is the centre of arbitrarily
small intervals 1(€,0) € Q. Then there exist a sequence of disjoint intervals {I;} in Q such that
either

Hh E\UIJ =0 or Zh(IJ):OO

Proof. Let I, be any member of Q. We will find Us, I3, .. by using induction. Suppose therefore
that Iy, ..., I, have already been chosen. Let

dy, = sup{0 : I (w,d) € Q with I(w,d) N ([ U...UL,) =0}

If d,, = 0 the sequence I, ..., I,, have the desired properties and we are then finished. If d,,, > 0,
let Ippy1 = I(wpmt1, my1) be any interval in Q disjoint from I; U ... U I, with 0,41 > %".
Suppose that the process never stops and that »_ h(l;) < co. We claim that then
ENULc | 45
j=1 j=m+1
To prove this claim; let £ € E\ |J I; and let I be an interval in Q containing ¢ which is disjoint
j=1

from Iy, ..., I),. Since §; — 0 as j — oo, we can find n such that |I| > 2|I,,|. This implies I must
have nonempty intersection with some interval I; for m < i < n for which |I| < 2|I;|. But then
I C 41;, and the claim thus follows.
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Let D be the doubling constant for the test function h(w,d). Then for any ¢ > 0:

my(B\|J ) <mi(B\{J L) <mi( |J 45) <
j=1 j=1 j=m+1

f: h(4l;) < fj h(41;) < D? i h(1;)

Jj=m+1 j=m+1 j=m+1

if m is large enough to make 20; < 0 when j > m. Since this sum tends to zero as m — oo, this

proves the theorem. O

5.2 Bounds for the local density

In this section we will give upper and lower bounds for upper local densities of Hausdorff measures,

often given by the following definition.

Definition 5.2: The upper density of a measure o with respect to a Hausdorff dimension « at a
point w € R is defined by

D} o](w) = lim sup
d—0

o(I(w,9))
Jo

Since h(0) = 0 is the test function for the measure m,, we could extend this definition to be able

to calculate the density of a measure with respect to any test function h(w,d):

Definition 5.3: The upper density of a measure o with respect to a test function h(w,d) at a
point w € R is defined by

. L o(I(w,?))
Anlo](w) =limsup =7 =57

Similarly, we can define the lower density of a measure with respect to a test function:

Definition 5.4: The lower density of a measure o with respect to a test function h(w,d) at a

point w € R is defined by
e eo(I(w,0))
Aplo)(w) = lim inf “h(w,0)

The next two theorems gives bounds for the upper density.
Theorem 5.5: Suppose E C R and let h be a test function such that up(E) is finite. Then

Aglpnle](§) <1

for pp-almost all £ € R.
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Proof. Note first that we may assume that E is a Borel set. Fix t > 1 and set

B={¢€ E: Aplunle](§) >t}

It is then enough to show that pp(B) = 0 for any ¢ > 1. Pick € > 0 and § > 0. Then we can find
an open set U containing B such that

pnl B(U) < pn|p(B) +€

For each £ € B we can find arbitrarily small intervals I(¢,r) such that 0 < r < §/2, I({,7) C U
and pp(I(&,7)NE) > th(&,r).

By the Vitali covering lemma we can pick a sequence Iy, I, ... of such intervals for which

pnle | B\J L | =0
j

This implies

pnl2(B) + & > pn|e(U) 2> pnle(l;) > Y th(I;) > tusls | BN | =tusle(B)
i i

By letting £,6 — 0 and using ¢ > 1, we get pp|g(B) = 0. O

We will now state and prove a theorem which gives a lower bound for the upper density with respect
to a test function. Before we begin, we will need the following simple consequence of the existance

of a doubling constant.

Lemma 5.6: Let h be a test function with doubling constant D. Then

h’(w17 6) 2

D
‘h(w%a) -
for all small enough 6 > 0 and all wy,wy with lwy —wa| < 4.

Proof. Since |w; —ws| < 6 we have I(wq,d) C I(wse,46). Since h is increasing as an interval function

for all small enough ¢, this implies

'h(wl,d)‘ - 'h(w2,46)‘ - ‘DQ (ws, 5)

N2
h(wy, 8) h(ws, §) h(ws, ) ‘D
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Theorem 5.7: Let h(£,0) be a test function with doubling constant D. Further let E be a subset
of R on which up, is positive and finite. Then

1

o5 < Mulml)(©)

ip-almost all € € E.
Proof. The set B of all £ € E such that A} [uy|E](§) < c is the union of the sets

ck
k+1

1
B ={weE: pplg(I(w,d)) < h(I(w,0)),0<d < %}, k=1,2,3,..

To prove the claims of the theorems it is enough to show that uy(By) = 0 for all k£ € N\{0}.

Fix k, set t = kiﬂ and let € > 0. We can then find a covering with intervals I, I, ... of By, such

that |I;| < 4+, ByN1; # 0 and Z
h(Ij) < pn(Bk) +¢
J

For each j, pick §; € By NI, and let §; = 2|I;|. Then By NI; C ENI(;,0;). Then

pn(Be) < wnlp(Be N 1(6,67) <Y mnlp(EN1(E;,65) <

J
Zc't'h(gjvdj) :ZCth(gjvm‘[]D S
J J
Zc~t~h(§j,5j) :ZCch(é-W'IJD
j J

Denote the midpoint of I; by w;. Then |¢; — w;| < §. By lemma this implies

J

pn(Bg) < ZMh|E(Bk N1(&,05)) < ZC't'D “h(&5,115]) =

(&, 14

St Dby ) < Y et D 1) - D =
) s |14g i

J
c-tD® > " h(w;, |I]) = ¢+ tD* Y " h(I;) < ¢ - tD* - (un(By) +€)
J J

Since this holds for any ¢, we can choose to set ¢ = D™3. Then as ¢ — 0 we get

pn(Bk) < tun(Bk)

As pp(Bi) < pn(E) < oo and ¢t < 1 this implies pp(Bg) = 0. O
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5.3 Frostman’s lemma

In this section we present a proof of Frostman’s lemma for multidimensional Hausdorff mea-

sures.

Lemma 5.8 (Frostman’s lemma): Let o be a finite positive measure on R, E CR and X € (0,00).
Then

(1) if A%[0](€) > A for all € € E, then o(E) > X\ - un(E)

Further, if a(w) is Holder continuous:

(2) if As[o](€) < A for all € € E then o(E) < 2AD? - up(E)

Proof. (1) Consider the set
B={¢e E:Ajf0](€) > A}

Pick € > 0. Then we can find an open set U containing B such that v(U) < v(B) + . By the
definition of B, for each £ € B we can find arbitrarily small intervals I(£,d) such that

o(I(£,8)) = Ah(&, )

By the Vitali covering theorem, we can find a disjoint covering of E by such balls {I;} for which
pr(U\UI;) = 0. If we let &; be the midpoint of I; and §; = |I;| we get

o(B)+e>0(ENU) > o(I(&,8;) = > A(&,6;) > N> _pp(BNI;) = Mu(B)

Letting €,0 — 0, this implies
o(B) = Aun(B)

(2) Set
Ak

k+1
Then the set B = {z € E such that Ay[c](z) < A} is the union of the sets By,. We will show that
0(By) < 2XC - pp(By) for all k.

1
By ={ze€E:0(l(z,0)) < h(z,6), 0 <d < E}’ k=1,23,..
Fix k, set t = ﬁ and let € > 0. Let {I;} be a covering of By, with |I;| < £, By N1I; # 0 and
Z h(I;) < pn(Byk) + €, where w; is the midpoint of I;
Then for each I;, pick ¢; € By, N I; and set §; = 2|I;|. Then By NI; C I(§;,6;) and

o(1(&5,05)) < At-h(&;,65)

since §; € DBy.

45



This gives

o(Br) <3 o(Bun ) <Y o(I(¢,6; <ZAt h(&;,0;

- 3
D2 1) = 5 2he - hwgn ) 2 s <

J
ST 2nt - h(w;, |1]) - D* = 2XD* Y h(w;, |1;]) =
i J
2t D? Z h(I;) < 2XtD? (jup(By) + )

[by lemma

Letting ¢ — 0 we get
o(By) < 2X\tD? - uy,(By)

Since this holds for all k, and B = |J,, By, we get

o(B) < 2AD? - pp(B)

5.4 Local dimension and multidimensional Hausdorff measures

In this section we will study the local dimension of measures and show its connection with the
dimension function of Hausdorff measures m, ., of exponential type. We first recall the definition

of the local dimension of a measure o.

Definition 5.9: Let o be a finite measure on R. Then the local dimension of o at a point

w € support(co) is defined by

. log o (I(w,d))
dlo](w) = limsup ————~
[o](w) nsup = s

The following proposition shows that the local dimension of a Hausdorff measure of exponential

type equals its dimension function if the local density is finite and strictly positive.

Proposition 5.10: Let a(w) be a dimension function and E a subset of support(c) on which me (.
is finite. Then d[mqow)|E](§) > a(§) for ma(w)-almost all § € E. Further, if D[mqw)|e](§) > 0 for
all § € E then d[maw)|E](§) = (&) Maw)-almost all § € E.
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Proof. Let € > 0. Since D}, [Ma(w)|£] <1 by theorem 5.5 we can find A > 0 such that

Ma(w) |E(I(£’ 5))

Je(€) sl+e

for all 6 < A. This implies

Almauy)(€) = lim sup B0 PTGy IHE L g

50 log & 50 logd
Since 1 + ¢ is bounded, the first term on the right hand side tends to 0 as § — 0, i.e. we get
d[ma(w)|E](£) > Oé(f)
If D[mqy](§) > 0 for all £ € E, we can find ¢ > 0 such that

Ma(w) |E(I(€a 6))

€< 5

for all 6 < A. This gives

. log c _
d[Ma(w)|£](§) < hr;ljélp og 3 +a(§) = a(§)

Proposition [5.10| motivates the following proposition:

Proposition 5.11: Let o be a finite measure on R and define a(w) = d[o](w) for allw € support(o).
Suppose a(w) can be extended to an upper L, \-Hélder continuous function a(w) on R o-a.e. and
that D wy[o](§) < oo for o-almost all § € support(c). Then 0 <K M (w)-

Proof. Let M be any set such that mq,) (M) = 0. By applying Frostman’s lemma to the set
{6 € M : Doy [W)(€) < t} we get

o({§ € M : Douy[v](§) < t}) =0
Since M = U, cni€ € M : Dy(uwlo](§) < k}, this implies o(M) = 0, and thus o < mq ). O
Example 5.12: Consider the measure o = my +mg|oy on [0,1]. As 0({0}) = 1 and m;({0}) = 0;
o =mi+molgoy K Mi—y,, =M1

As the local dimension of ¢ is d[o](£) = 1 — x{o} which is not upper continuous at £ = 0, this does
not contradict proposition

1

Example 5.13: We will now return to the Cantor set C' ~ {g,}, where g, = GE=]

for any binary
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word 7, which we studied in example We will show that the Cantor measure v of this set has
local dimension one at all points in its support even though v <« m;. We will also show that the
Cantor measure does not fulfil the assumptions of proposition since the density with respect
to the test function h(w,d) = ¢ of this measure is infinite at all points in its support.

Recall that the length of I; is

1 1 1 1 1 1 1 1

Ll=1 01— —2) sl ) sl ) = o - o
il 2oy 2 ) R e s T e

Since C' is self similar, we can use this to calculate the local dimension of the Cantor measure v

associated with C' at any point £ € C:

27 "2
. logv(Ign) ) logy([O, 2 }) ) log2™"
n— 00 g 0n| n— o0 log o) n— 00 log i
li 1 i 1 1
= l1im = m — =
n—oo 1 4 lolgggn N 1(1)§;g(72ti-3) n—oo 1 _ % + 105(12;-22)

However;

mi(C) < lim 2%((1*%).%).((1,%)&)...((11112)%):

As this contradicts the conclusions of proposition |5.11 we can conclude that D;[c](£) = oo for all
& € C, which is confirmed by the following calculation.

5 b 0o V([O,%]) i 2—n . n+2
UGE 1[u]()fnggoT—n£20 2 T2
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