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1. Introduction

A substantial amount of economic activity takes place outside of centralized markets, within
networks of interpersonal relationships. The importance of interpersonal relationships
has been documented, e.g., for information dissemination (Banerjee et al. 2013|) and
informal insurance (Fafchamps and Lund 2003)). Social network data encodes interpersonal
relationships as links in a network and makes them amendable to empirical investigation.

In models of dyadic link formation, linking decisions are a binary choice that depends
only on the characteristics of the two agents connected by the link. Models of dyadic link
formation are straight-forward to implement and often applied in practice (Mayer and
Puller 2008; Fafchamps and Gubert 2007). Even though dyadic linking models ignore the
strategic dimension of link formation, they can still replicate important stylized features of
social networks (Jochmans [2017)). Some of the agent characteristics entering the linking
decisions may be unobserved to the Econometrician but can be accounted for using a fixed
effects approach. Controlling for a high-dimensional vector of fixed effects complicates
inference because of the incidental parameter problem (Neyman and Scott 1948)). For dyadic
linking models, the incidental parameter problem has been discussed in Charbonneau (2017),
Graham (2017), and Jochmans (2017).

This paper studies inference in a dyadic linking model with fixed effects. I consider sig-
nificance testing for the parameters that describe homophily preferences and the propensity
of agents to reciprocate links, as well as a test of model specification based on the transitive
structure of the network. Robustness to the incidental parameter problem is ensured by
using new test statistics that are based on analytical formulas that approximate the effect
of fixed effect estimation on the bias and variance of a naive t-test. The approximation is
theoretically justified for large networks.

In my linking model, agents form directed links if the link surplus exceeds a random



threshold. The model is related to Holland and Leinhardt (1981 and accounts for all
three drivers of linking behavior that they identify: homophily, degree heterogeneity and
reciprocity. Homophily in linking decisions is the clustering of agents who share similar
observed characteristics (McPherson, Smith-Lovin, and Cook [2001)). Degree heterogeneity
means that the number of linking partners varies a lot between agents. Link reciprocity
refers to the fact that, conditional on agent characteristics, observing a link from one agent
to another agent renders observing the link in the opposite direction more likely.

My linking network targets the linking behavior within dyads (groups of two). A test of
model specification can be based on the predictive power of the linking model for network
statistics that are not pinned down completely by pairwise interactions. My specification
test looks at transitive relationships in triads (groups of three). A transitive relationship
arises if two agents who are connected indirectly via a third agent form a link that connects
them directly. The test statistic of the specification test compares the number of observed
transitive relationships to the number of transitive relationships predicted by the dyadic
linking model. The dyadic model is rejected if the test detects that it significantly under-
or overestimates transitivity.

The idea of using network statistics to elicit the plausibility of dyadic linking was first
suggested in Holland and Leinhardt (1978]) and subsequently developed in Karlberg (1997)
and Karlberg (1999)). More recently, Chandrasekhar and Jackson (2016) use simulated
network statistics to evaluate a dyadic linking model. They find that a dyadic model
without fixed effects predicts too little transitivityE] Using a different approach, I replicate
their finding. By using a dyadic model with fixed effects, I show that the conclusion in
Chandrasekhar and Jackson (2016)) is robust to allowing some determinants of the linking

decisions to be unobserved.

1See also Davis (1970), Watts and Strogatz (1998), and Apicella et al. (2012).



My transitivity test can be interpreted as testing the dyadic model against models that
target the formation of transitive relationships. This includes models of strategic network
formation with agents who value transitive closure (Leung |2015; Mele [2016; Menzel 2017;
Sheng 2016), as well as models in which transitivity is generated by an exogenous mechanism
(Wasserman and Pattison |1996; Snijders et al. 2006; Chandrasekhar and Jackson [2016)).
Most of the models from this list are challenging to implement, computationally hard
and make restrictive assumptions about unobserved heterogeneityﬂ My transitivity test
can be used to detect networks in which the dyadic linking model, along with its ease of
implementation and permissive assumptions about unobserved characteristics, provides a
reasonable approximation of the true linking process. Even if the specification test rejects,
the dyadic linking model can still serve as a tool to generate useful descriptive statistics such

as a measure of link reciprocity that projects out homophily effects and degree heterogeneity.

Related literature Graham (2017) studies a directed version of the model discussed in the
present paper. He focuses on inference about the homophily component and considers ML
estimation with analytic bias correction as well as an alternative approach that conditions
out the incidental parameter. The latter approach has the advantage of producing reliable
estimates in sparse networks, i.e., in settings where agent degrees grow only slowly as the
number of linking opportunities increases. I justify my approach under the assumption
that the network is not sparse. The identification strategy for the conditioning approach
in Graham (2017)) relies on the assumption of logistic errors. Candelaria (2017)), Toth
(2017), and Gao (2017)) study identification of homophily preferences under non-parametric
distributional assumptions.

Shi and Chen (2016) study a linking model in which undirected links between two agents

2For example, Bhamidi, Bresler, and Sly (2011) show that the computational cost of fitting an exponential
random graph model can be prohibitive.



are observed if the agents reciprocate links in a latent directed network. Similar to my
analysis, they assume that the linking rule generates a network that is not too sparse.

T. Yan, Jiang, et al. (2018) study analytical bias correction for an estimator of homophily
preferences in a directed dyadic linking model with logistic errors. They also characterize
the joint asymptotic distribution of finite collections of estimated fixed effects. Such a result
is useful, e.g., to test the hypothesis of no structural degree heterogeneity for subsets of
agents.

Charbonneau (2017)) identifies homophily preferences in the model with logistic errors
using a conditioning approach. Jochmans (2017) demonstrates theoretically and in Monte
Carlo simulations that the approach in Charbonneau (2017) is robust to sparsity of the
network. His simulations also indicate that analytic bias correction of the type that is
proposed in the present paper and in T. Yan, Jiang, et al. (2018), may not work well in
sparse settings. The conditioning approach is specific to the homophily parameter in the
model with logistic errors and does not extend readily to the inference problems that I
consider.

The asymptotic analysis of my linking model benefits from arguments originally developed
in the context of nonlinear large-T" panel models with fixed effects (Hahn and Newey [2004;
Hahn and Kuersteiner 2011; Dhaene and Jochmans [2015)). For my proofs, I adapt arguments
from Ferndndez-Val and Weidner (2016]) who study nonlinear panel models in the context of
a broad class of MLL models with fixed effects. Their implicit key assumption is equivalent
to assuming that certain derivatives of functionals of the fixed effects satisfy a sparsity
assumption. For the dyadic linking model, I verify that this condition is satisfied for the

functionals related to my parameters of interest.

Organization of paper Section [2] defines the dyadic linking model and discusses two-step

maximum likelihood estimation. Section (3| introduces the asymptotic framework. Section



discusses t-tests for structural parameters and Section [o| discusses the specification test.
Section [0] reports simulation evidence on the finite sample behavior of my procedures and

Section [7] applies the specification test to Indian favor networks.

Notation for networks Let V = V(N) = {1,..., N} denote a set of agents (vertices).
The set of all ordered tuples from V' represents directed links (edges) between agents and is
denoted by E = E(N) = {(4,j) : i,j € V(N),i # j}. For a given link (4, j), ¢ is the sender
and j the receiver of the link. To conserve notation, I frequently shorten (i, ) to ij. For

AcVandieV, Twrite V.q =V \Aand V_; =V_g;.

2. The dyadic linking model

2.1. Definition of model

We observe agents V(N) = {1,..., N} and their linking decisions. For every potential link
ij € E(N), the dummy variable Y;; takes the value one if agent ¢ links to agent j and the
value zero otherwise. Linking decisions are described by a version of the linking model
in Holland and Leinhardt (1981]) that models linking decisions as a binary choice. Other
versions of this model have recently been studied in Jochmans (2017) and T. Yan, Jiang,
et al. (2018). Each agent i is endowed with characteristics (X/,77°, 7% where X; is an
observed vector of agent characteristics and %-S Y and %-R’O are unobserved scalar parameters.

The link ¢ is established if the latent surplus Z;; exceeds a link-specific shock U;j,

Yij =1(Zy 2 Uy) .



The link surplus is given by

where X;; is a known transformation of (Xj, X7)’ that takes values in RI™E) and §° € © C
RI™©) is an unknown model parameter that parameterizes homophily preferences. We
interpret X{]HO as a measure of social distance between agents ¢ and j that drives homophily
of linking decisions The sender or productivity effect %-S 0 of sender i summarizes the
effect of all characteristics of ¢ that make her efficient at establishing outbound links. The
receiver or popularity effect 'yf’o of receiver j summarizes the effect of all characteristics of j
that make her efficient at attracting inbound links. The vector of unobserved agent effects,
denoted by v° = (%S °, ’Y@R ’O)z‘eV(N) € I ¢ R?Y, can be interpreted as a structural driver
of degree heterogeneity (Graham 2017; Jochmans 2017). I take a fixed effect approach

and treat 4° as a parameter that has to be estimated. Identification of the agent effects is

achieved by the normalization

The shocks (U;j, Uj;) are drawn independently across dyads {7, j} from a bivariate normal
distribution with covariance p° and marginal variances equal to one. If p° is positive then
agents will tend to reciprocate links. This is why I refer to p° as the reciprocity parameterﬁ

The flavor of reciprocity modeled here can be interpreted as the effect of a shock at the

3For a discussion of homophily in dyadic linking models see Graham (2017) and Jochmans (2017). Toth
(2017) discusses specification of Xj;.

4In models of dyadic link formation with random effects, reciprocity is modeled in a similar way (Hoff
2005; Hoff [2015)).



dyad level. For positive p°, suppose that U;; and Uj; can be decomposed as

Usj = VPUG + V1= 00 and Ui = /U5 + /1 = p°Uj;,
where Uf, U}; and U}; are independent draws from the standard normal distribution. Here,
Uidj represents a shock that affects both linking decisions within the dyad and Ul-lj represents
an idiosyncratic link-specific shock. Economically, the dyad-specific shock can be interpreted
as modeling the effect of a meeting process that randomly introduces people to each other,
reducing the cost of establishing links for both parties.ﬂ The parameter p° weighs the
relative importance of the dyad-specific and link-specific components of Uj;;.

In Holland and Leinhardt (1981), reciprocity is modeled in a different way, by letting the
surplus Z;; depend on the link indicator Yj;. This can be interpreted as modeling agents
that derive utility from reciprocated links. Such a specification renders the linking decision
endogenous and introduces a strategic element to each linking decision with the possibility
of multiple equilibria. Leung (2015), Mele (2016), and Ridder and Sheng (2017) study
identifying assumptions for models in which agents make strategic decisions about whether

to reciprocate links.

2.2. Two-stage estimation of model parameters

The model is fitted in two stages. The first stage is a pseudo-likelihood approach that
ignores the within-dyad correlations and recovers estimates of the homophily parameter 6°
and the incidental parameter 4° from the marginal link distribution. In the second stage,
p is estimated by estimated maximum likelihood, substituting the first-stage estimates for

unknown population parameters in the likelihood for the reciprocity parameter.

5An example in social media (e.g. Tinder) are recommender systems that encourage people to connect to
each other.



An alternative to the two-stage procedure is to estimate all parameters simultaneously by
maximizing the full information likelihood. This approach yields more efficient estimators
but is computationally challenging. In contrast, the two-stage procedure is easy to implement
in standard statistical software and numerically stableff]

The two-stage estimation proceeds as follows.

Stage 1 For parameter values § € © and v = (%S ) %R)l. oy €I, define the linking proba-
bility p;;(6,v) = @ (X{je + 7 + 'yJR), where ® is the cumulative distribution function of a
standard normal random variable. The first-stage estimator (6/,4')" solves the constrained

maximum likelihood program

(0',4') = arg maxpeo — Z Z {YZJ log (pi;(6,7))

EF
v eV jev_,

+ (1= Y;) log (1 — py (0, 7))} (2.1)

subject to Z (%S — %R) = 0.
eV
In practice, the constraint can be eliminated by plugging it into the objective function.
Elimination of the constraint yields a probit program with a N4 (N —1)+dim(f#) dimensional
parameter. The unconstrained program can be solved by standard methods such as the

probit command in Stata, the glm command in R, or the glmfit command in Matlab[]

6Fach of the two stages solves a concave maximization problem.
" Algorithms that exploit the sparse structure of the design matrix, such as speedglm in the R package
Enea (2013), can speed up the computation of the estimates.



Stage 2 Let r(-, -, p) denote the distribution function of a bivariate normal random variable

with marginal variances equal to one and covariance p, i.e.,

1 22
7’(21,227/)):/ / Pa(t1,ta, p) dty dty,

where ¢s(+, -, p) is the bivariate density

1 12 + 12 — 2ptyt
Go(t1,ta, p) = [ 11 P 2]

—F—————€X
21/ 1 — p? 2(1 = p?)

For each dyad {1, j}, the indicator Y;;Y}; takes the value one if both links within the dyad

are observed and the value zero otherwise. For ij € E(N) define
rii (0,7, p) = r(ngQ + 5 + *)/JR, X0+ ’yf +~E, p).

This function can be used to compute the conditional probability of observing a reciprocated
link. Let E denote the conditional expectation operator that integrates out the randomness

in (Uyj)ijepn). Then,
E(Y;;Y;;) = Prob (Uij < Z;i;,U;; < Zj; | Xi7Xja7) = 1;;(0°,4°, p°).
The second stage estimator p solves the maximization problem

) 1 .
p = arg ma’xpe[—l—i-n,l—n] N Z Z {)/UYJ@ 1Og (Tij (9’ Y IO))
ieV jev., (2.2)
+ (1= Yg¥;)log (1= 50,5, 0)) }.

where k € (0,1) is a known constant.

10



3. Asymptotic framework

My approach is justified by an asymptotic approximation of the network that sends the
number of agents to infinity (“large network asymptotics”). The proofs for the asymptotic
results presented below can be found in Supplemental Appendix [B]

For functions of # and =, we adopt the convention that omitted function arguments
indicate evaluation at the true parameter values §° and 4°. For example, we write p;; =
pi;(6°,4°). We often consider functions (21, 22, p) — g(21, 22, p) that are evaluated at z; =

Z3 and z, = Z7;. To indicate the point of evaluation, we write g;;(p) = g(Z};,

Z%, p). We pro-

ceed similarly for partial derivatives and write, e.g., 9,74 (p) = 0,7 (21, 22, p) |21 = 2= o=
For functions z — g(2), write g;; = ¢(Z};) and 0.xgi; = 0.19(2) |=z, for k € NU {0}.
Moreover, write p;;; = p;;(1 — p;;) for the conditional variance of Yj;; 715 = ri;(1 — 745)
for the conditional variance of Y;;Yj;; and pi; = (rij — pijpji) /+/P1iP15i for the conditional
correlation between Y;; and Yj;. Finally, let H;; = 0,p;;/p1,; and w;; = Hij(azpij).ﬂ

The formulas presented below depend on appropriately projected link characteristics.ﬂ To
define the projections, let P denote the projection operator that orthogonally projects vectors
v = (vy)ijep(n) onto the space spanned by the agent effects under an inner product weighted
by the diagonal matrix with diagonal entries (w;;)ijepy). In particular, (Pv);; = 57 + WJR,

where

~S =R : s R)2
(97,7 )iev € argmin,s r E E wij(vig — 5 — V5 )
i€V jeV_;

Let X, denote the residual of the projection of the k™ component of the edge-specific
covariate. Formally, let X}, = (Xj;x)ijcpnv) and define X, = Xy — PX,. Also, let )~(Z-j

denote the column vector (Xjj 1, ..., Xijdim@))-

8These quantities are linked to the score and the Hessian of the first stage maximum likelihood problem.
In particular, writing ¢;; = Y;; log(p;;) + (1 — Y;;) log(1 — p;;) for the likelihood contribution of link 7,
we have ('L&-j = Hij (Y;J 7p27) and E[*@ZZ&J'] = Wij-

9See T. Yan, Jiang, et al. (2018) for an approach that does not rely on projection arguments.

11



The asymptotic results reported below hold under the following regularity assumptions:

Assumption 1 (Regularity assumptions). (i) p° € [=1 + 2k,1 — 2k].

There is an event Ay with P(Ay) — 1 such that on Ay:

(i) Let \i(M) denote the smallest eigenvalue of a matriv M. For Wy n as defined in

Theorem liminfy 00 A (Wi ) > 0.
(iii) Fork=1,...,dim(0) andi € V(N), imsupy . % > ey, Xiip < 00.

(iv) Let L as defined in (A1) and H as defined in (A.2)) in Supplemental Appendix and

let b denote the associated penalty parameter. There is b > 0 such that, for all N, L

is concave on © x I' and H is positive definite.
(v) There are Py and Ppay such that 0 < ppin < Pij < Pmaz < 1 for all ij € E(N).

Assumption rules out perfectly correlated within-dyad shocks. This implies that
the errors U;; cannot be fully explained by a dyad-level shock. Assumption [1(ii)| ensures
that, asymptotically, the variance of 0 is non-degenerate. The corresponding assumption
in Fernandez-Val and Weidner 2016 requires the limiting variance to be positive definite.
Since I condition on covariates and fixed effects, this limit may not exist. The moment
condition Assumption guarantees that the asymptotic bias and variance of 0 are
finite. As in Fernandez-Val and Weidner 2016|, the theoretical analysis of the maximum
likelihood program imposes the normalization of the fixed effects using penalization.
Assumption requires the sample and population versions of the penalized program to
be concave. This can be interpreted as an assumption of sufficient “within variation”.

Assumption implies that the linking rule generates a dense network (i.e., a network
that is not sparse). This assumption may be restrictive in some social networks (Graham

2017; Jochmans [2017)). For a related dyadic linking model with logistic errors, T. Yan,

12



Jiang, et al. (2018) show that analytic bias correction of the homophily parameter can
be justified even with vanishing linking probabilities.m In my Monte Carlo simulations, I

investigate the robustness of my procedures in sparse designs.

4. Inference with respect to the model parameters

4.1. A t-test for the homophily parameter

The dyadic linking model bears some similarity to panel models with individual and time
fixed effects: In the dyadic model, agent i faces (N — 1) linking choices that each depend
on ¢’s own sender effect and the receiver effect of the potential linking partner. In a panel
model, agent ¢ makes choices in T' time periods, each depending on her own individual
effect and the time of the respective time period. Ferndndez-Val and Weidner (2016) study
incidental parameter bias in the panel model with two-sided fixed effects. The following
theorem establishes a companion result to Theorem 4.1 in Fernandez-Val and Weidner

(2016) for networks[H]
Theorem 1 (Distribution of ). Let B = B%® + B%", where

BYS — 1 Z Djev., wiiXij Xj; iev.,; wij Xij Xi;
N 2N

=% ZjEV,Z' wl]

90

1 >
0 0,R
0, B% _[ﬁz

jev ZiEV,j wl]

10T heir result requires that linking probabilities vanish sufficiently slowly to allow us to observe an infinite
number of connections for all agents in the limit network. This is an intuitive requirement for a procedure
that relies on point identification of all fixed effects.

1 As noted in Y. Yan et al. (2016), the result for the panel model does not imply the corresponding result
in the network setting. My proof builds on the results for general ML models with additive fixed effects
in Fernandez-Val and Weidner [2016l Checking that the linking model satisfies all assumptions of the
general result is similar, but not completely congruent, to checking the assumptions for the panel setting.
See also Candelaria (2017 for a discussion of how the incidental parameter problem in networks is
different from the incidental parameter problem in panels.

13



and let

Wl,N :% Z Z wininz{ja

eV jev_,;
_ _ 1 B ~ o~
W2,N :WLN + m Z Z pij,/wijwjiXinJ’.i.

eV jev_,

Under Assumption
Won 2 (NWin(0 - 6°) — BY) = N (0, Liim(e)) + 0,(1).

To converge to a normal distribution, the difference between the estimator 6 and true value
6° has to be inflated proportional to the number of agents N. In the dense network setting
considered here, 0° is estimated based on the observed linking decisions about N(N — 1)
potential links. Therefore, the rate of convergence N is the conventional parametric rate
corresponding to the square root of the sample size (cf. Graham [2017)). The expression for
the asymptotic bias term BY, corresponds to a “naive” translation of the corresponding
formula given in Fernandez-Val and Weidner (2016) for panel models.

Let Bjov, W\L ~ and /I/I727 ~ denote consistent estimators of Bﬁ,, WL ~ and Wg, N, respectively.

Theorem [1] implies
=15 o1 a2\ Y2 (s 0 _ T7—1 po
(WiAWanWia/N2) (0= 60 = WA BE/N) = N (0 Taime) +0(1). (4.1)

This result can be used to construct bias-corrected t-statistics to test, e.g., statistical
significance of the estimated components of 0.
The estimators B&, WL N and /1/172, ~ can be constructed by a plug-in approach, i.e., by

replacing the population parameters in B, W; y and Wy v by the estimates obtained by

14



ML estimation of the model[?] Preliminary estimation of p° can be avoided by estimating

W2,N by
— 1 PN . N R 2
Won = N2 Z (Xinz‘j(Yz'j _pij) + inHji(Y}i - pji)) )
ijev
1<)

where Xij, ]:Iij and p;; are the plug-in estimators of Xij, H;; and p;;. This variance estimator

clusters errors at the dyad level[”

4.2. A t-test for the reciprocity parameter

Let mi;(0,7, p) = Yi;Yjilog (r4(0,7, p)) + (1 = Y;;Y5:) log (1 — 7i;(0, 7, p)) so that we can

write the second-stage likelihood evaluated at the true structural parameters as

1 AL
M(p) = NZ Z mi; (0,9, p).
1% jEV,i
With J;; = 0,1i;/r1,;, the corresponding score is
1 1
oM =+ DD dmy = N > (VY — i)

eV jev_, €V jev_,

Let Q = PM fOI' M = (Mij)ijEE(N) and Mz'j = Jz‘j(821’f'ij)/wij. Let 826” = H’L](}/’L] _pl])

denote the contribution of link 75 to the score of the first stage maximum likelihood problem.

12The plug-in approach is expected to yield consistent estimators (cf. Theorem 4.3 and Lemma S.1 in
Ferndndez-Val and Weidner 2016)).

3By default, most software packages for probit estimation estimate the variance matrix for 6 under the
assumption that the information matrix equality holds, i.e., V_VL N = V_V27 ~- This assumption is justified
if within-dyad shocks are uncorrelated in which case p;; = 0.

15



The term

> jev.; Pij/WiWji
1/2 12"
< Zjev_i wij) ( Zjev_i Wji)

COIT; =

measures the correlation of all 0.¢;; in the neighborhood of agent zE The following result

characterizes the asymptotic behavior of p.

Theorem 2 (Distribution of p). Let
1 -
=~ DO 0 X
eV jev_;

and

va _1/ ZZJwﬁrw

eV jev_,

Tiq
Uy =] + Z Z { qn,ij — Qi )Jij(azpij>p_J + 2(qn,i5 — Qij)*wi

zGV JeEV_; i

+2(qnij — Qi) Qv ji — jS)ﬁij\/wijwji},

1Note that corT; = (Zjev,i E(azeijazzﬁ)) /\/( Y ev, E(azgijy) (Zjev,i E(azzﬁp).

16



where qni; = QWi NXij. Moreover, let B, = B + BR" + BT with

7’2]62 ij
2jev {00 ( - azﬂ”z‘j) + 5 Hij(02pig) — 57i5(0:3m35) }

1 Dij
B]p\}S - J 7
N ; Zjev_i Wij
BpR 1 Z Zev_J {(921 ng (r”plsz” 8zlr,]> + Q”H (822]%]‘) — %Jw(@%r”)}
N a7 )
NjeV Zz‘ev_j Wij

BP’SR . 1 COIT; Zjev,i {(621 Jij)<a21rji> + (821 Jﬁ)(azl rij) + Jij (82122Tij)}
N T N Z 1/2 1/2 ’
iev (Zjev_i wz’j) <Zjev_i sz')

Under Assumption

N(p—p°) = 2(QuWinBy + BY) /vl n

US,N/ UT,N

= N(0,2) + 0,(1).

RO AP D A : : PP P
Let By, 0] v, 055 and @y denote consistent estimators of Bjy, vy, vy v and Qn,

respectively[””| Theorem [2| implies

o= =2 QWA B + BY) /Nl )

= N(0,1) + 0,(1). (4.2)

The term on the left-hand side of the equality is a bias-corrected t-statistic for p. It can be
used to test hypotheses about the true reciprocity parameter.

The proof of Theorem [2| exploits results in Ferndndez-Val and Weidner 2016/ who study
functionals of the incidental parameter in a class of ML models with additive fixed effects.
They apply their results to panel models with individual and time fixed effects and derive
an asymptotic bias that exhibits a factoring property: The bias in the model with both

individual and time fixed effects can be recovered as the sum of the bias terms in the

15Tn Supplemental Appendix I discuss how to compute certain derivatives of bivariate normal probabilities
that show up in the formulas in Theorem

17



two models with only individual or only time fixed effects. Because of the “cross term”

B']'(}SR , the asymptotic bias in Theorem [2| does not factor. This behavior is caused by the
within-dyad correlation of linking decisions[™]

However, as illustrated by Theorem [I} even with correlated within-dyad shocks, it
is possible to derive an asymptotic bias that factors. The relevant difference between
Theorem (1| and Theorem [2|is that they study functionals of the incidental parameter that
exhibit differently structured Hessians. The appropriate Hessian for Theorem [1| has strong
diagonal and weak off-diagonal elements.[T:] In a Taylor expansion around the true incidental
parameter, the interaction of 0.¢;; and 0,¢;; is weighed by a weak element and is not of
first order. The corresponding Hessian for Theorem [2| has a two-by-two block structure
where each block has strong diagonal and weak off-diagonal elements. In a Taylor expansion
around the true incidental parameter, the interaction of 0.¢;; and 0,¢;; is weighed by a

strong element and cannot be ignored in the limit.

5. Specification testing

5.1. Motivation of testing approach based on transitive relationships

The dyadic linking model induces a theoretical probability distribution of the random graph
{Yi;}ijepv). We can construct tests of model specification by comparing the observed
behavior of a particular network feature to the behavior that is expected under the dyadic
model. The linking model targets the linking behavior within pairs of agents and will
therefore always fit the network relationships within dyads (groups of two agents) fairly well.

To test the model, we can check how well the dyadic linking model replicates the behavior

16Tf within-dyad shocks are not correlated, i.e., p° = 0, then B’X}SR = 0 and the bias term BY; factors.
17A strong element of the appropriately standardized Hessian is of asymptotic order O(1), a weak element
is of order O(N1).
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(1) Open triangle (2) Transitive triangle (3) Cyclic triangle

@ @ ®/

Figure 1: An open, a transitive and a cyclic triangle.

within groups of three or larger. In particular, I consider a test of model specification based
on transitive relationships within triads (groups of three).

To introduce the notion of transitive relationships, consider a network where agent ¢ has
linked to agent j, and j has linked to agent k (see panel 1 in Figure . Agents ¢ and k
are already indirectly connected and can “close” the open triangle by adding a link that
connects them directly. In a directed network, there are two ways of closing the triangle; ¢
can link to k to form a transitive triangle (panel 2 in Figure (1)), or k& can link to 7 to form a
cyclic triangle (panel 3 in Figure H Whether it is more salient to test for closure in a
transitive or cyclic sense, depends on the economics of the network. For ease of exposition,
I focus on a test based on transitive triangles. In Supplemental Appendix [F] I adapt my
results to a test based on cyclic triangles.

For distinct 4, j, k € V/(IV), the transitive triangle 5 = {ij, jk, ik} is observed if 5 C {ij €

8The terms transitive triangle and cyclic triangle are adapted from the notion of transitive and cyclic
triads in Davis and Leinhardt [1972|
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E(N):Y;; = 1}@ The set of all possible transitive triangles is given by

B = B(N) = {{(i,j), (G, k), (i, k) } : {i, j, k} € V(N), [{i, 5, k}| = 3},

For 8 € B, the binary indicator Ag = []_., Ye takes the value one if 3 is observed, and the

ees

value zero otherwise. The number of observed transitive triangles is given by

Sv= Y As
)

BeB(N

My test of model specification compares the observed transitivity Sy to the transitiv-
ity predicted by the dyadic linking model. For a given vector of agent characteristics
(X}, 715 0 %R ’O)iev, the best prediction of the observed number of transitive triangles is given
by E Sy. The discrepancy between the observed and the predicted level of transitivity can

be summarized by a measure of excess transitivity defined as

Sy —E Sy

1

Ty = 3 , (5.1)
where the denominator normalizes by the number of transitive triangles in the complete
graph, |B(N)| = N*FY Positive values of this statistic indicate that we observe more
transitive relationships than expected, negative values of the statistic indicate that we
observe less transitive relationships than expected. Under the dyadic linking model, the

variance of T vanishes as the size of the network grows. Therefore, we can interpret

“large” values of T as evidence against the validity of the dyadic model.

9There may be other interactions within the triad {i, j, k}, such as a link from k to j. These do not play a
role in determining the presence of 8. In contrast to triadic configurations (Davis and Leinhardt [1972)),
triangles are defined by the presence but not by the absence of links.

20This measure of excess transitivity translates a concept for undirected networks discussed in Karlberg
(1997)) to directed networks. An alternative is to standardize by the number of open triangles, yielding
the clustering coefficient (Karlberg 1999; Jackson 2008, p. 37).
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Evenly distributed popularity Concentrated popularity
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Expected transitive triangles = 1.76 ~ Expected transitive triangles = 2.08

Figure 2: The effect of redistribution of agent popularity.

This kind of specification test can be interpreted in the tradition of transitivity tests in
the sociometric literature (Holland and Leinhardt 1978 Karlberg 1997; Karlberg 1999)).
Transitivity tests assess the explanatory power of the transitive structure of a network.
Holland and Leinhardt (1978) argue that it is important to compute the expected transitivity
under a reference distribution that replicates key features of the dyadic interactions such as
degree-heterogeneity and reciprocity@ Failure to account for dyadic sources of transitivity
may lead a researcher to erroneously ascribe explanatory power to the transitive structure
of the network (“spurious transitivity”). My reference distribution fulfills this requirement,
since it is derived from a model of dyadic link formation that accounts for structural sources
of reciprocity (correlation of within dyad shocks) and degree heterogeneity (productivity

and popularity fixed effects).

Example 1. The effect of model specification on expected transitivity can be illustrated
by a simple example. Consider networks on N = 5 agents with 7> = 0 for i € V(5) and

ZieV(S) %-R Y — 2.5. The latent link surplus is given by

Zi; = =1+

ZlFaust (2007) and Graham (2015) discuss the close relationship between the degree distribution and the
triadic structure of a network.
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First, consider distributing popularity evenly among agents by assigning %-R Y= 0.5 for all
i € V. This scenario is depicted in the first panel of Figure 2] For an alternative scenario,
set vf% V' = 2.5 and 'yZ-R Y= 0 for i € V_;. This scenario is depicted in the second panel of
Figure 2] The redistribution of popularity increases the expected number of transitive
triangles. Intuitively, concentrated popularity serves as a kind of coordination device that

makes the occurrence of transitive relationships more likely.

Holland and Leinhardt (1978) and Karlberg (1999) do not explicitly model dyadic
link formation. Instead, they condition on observed network characteristics that they
assume to be driven by dyadic interactions. It is not clear how to compute critical values
that appropriately account for the effect of conditioning on observed network features”?]
Karlberg (1999)) computes critical values using a simulation approach, but does not justify
this procedure theoretically. My approach is amenable to large sample arguments and I

show that critical values can be computed from a normal approximation.

5.2. The test statistic for the transitivity test

Under the dyadic linking model, the conditional probability of observing a transitive triangle
B € B(N) is given by E Ag = [],c50(6°,7°). In reality, 6° and 4° are unknown and it is

not feasible to compute ESy = > BEB(N) E Ag in Tg<le. A feasible test statistic is given by

Sy —ESy

TN N 3 )

22By conditioning on the observed degree sequence, Karlberg (1999)) introduces a sample dependence that
is reminiscent of the preliminary estimation of the structural linking model in my case.
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where we replaced E Sy by the naive plug-in estimator

= Z Hpeé’v

BEB(N) ecf

with 4 = (47, 98)iev. A theoretical analysis of Tiy can be based on the decomposition

NTN — NT](\)fracle o N*Q Z (Hpe(éa Hpe ,'7 ) (52)

BEB(N) \ecp ecf

Both terms on the right-hand side are of the same stochastic order and contribute to the
asymptotic distribution. The first term is the appropriately scaled oracle statistic. Under
the dyadic linking model it is centered at zero. The second term represents the effect of
estimating linking probabilities. Because of the incidental parameter problem, this term is
not centered at zero. Consequently, the sign of Ty cannot be interpreted in the same way
as the sign of T, In particular, values of Ty that are close to zero do not indicate that
the observed level of transitivity is consistent with the true dyadic linking model.

In preparation for a formal analysis of Ty, let

'Bg:H.l.N Z E[As | Vi = 1] Z p—w

77 BeB(N) HiiN BEB(N
B>ij 5913

where for ij € E(N) and 5 € B(N)
pL(B) =E[As | Yy =1= ][ pe
eef\{ij}

is the probability of observing the triangle 8 conditional on observing the edge 7. The sum
in ﬁg counts the expected number of observed triangles containing the link 75 conditional

on observing ij. Let BV = (BN)Z-J-GE(N) and define the projected vector BN =pYN —pp".

)
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The following result establishes convergence of T to a normal limit and gives expressions

for its asymptotic bias and variance.

Theorem 3 (Transitvity test). Let

1 ~
Un = m Z Z ﬁgwinﬁ

eV jeV_;

and Uy,;j = U]’VWI_]{,XU and suppose that Assumption holds. Then

NTy + BY + UyWi A B%

o = N(0,1) + 0,(1),

where

1 ~N ~N ~N -
Ujj\; = m Z Z {(/81] — UNJ‘]‘)Q(A}Z‘]‘ + (,BZJ - uN,ij) (ﬁ]z - U’iji)pij\/m}

i€V jev_;

and By = By® + By + B with

BLS :% Z dev_ZHm(ajpu)BZ
eV JeEV_i U
N 1 N7 ev, Zkev_{m (0-pi5)(0=pir) [Pjk + Drj]
QineV’ D jev., Wij
BTk :L Z Zz’ev_j Hij(aﬁpij)fég
2N jev Djev., Wij
N % N7 iev, 2orev oy, (0=0i) (0:pij) [Pie + P
jev Zz’ev,j Wij
BLSR _% 3 Ot N1 ey, D okev 4, (00 (O:Dri)Prs

: 172 172
i€V ( Zjev,i Wij) ( Zjev,,— Wji)
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If linking probabilities are sufficiently small, p;; < 1/2 for all ij € E(INV), and positively
correlated within dyads, i.e., p° > 0, then the bias term B is positive. In particular,
if the link surplus does not contain a homophily component, then Ty is guaranteed to
be centered at a negative value if the dyadic linking model is the true model. In more
general specifications, the sign of the bias depends on the numerical values of the structural
parameters and can be positive or negative.

In the case of uncorrelated within-dyad shocks and no covariates, the asymptotic variance

of NTy is given by

and, by Lemma in Supplemental Appendix [A] the asymptotic variance of the oracle

statistic NTg2k is given by

When passing from known linking probabilities to estimated linking probabilities, we replace

f}f by its projection BZ onto the space that is orthogonal to the space spanned by the
fixed effects. By definition of the projection operator, we have vk < UJO\}T so that the
plug-in statistic Ty estimates the expected excess transitivity more precisely than the oracle
statistic T]‘\’,rade.@ Intuitively, Ty compares the observed transitivity against the transitivity
predicted by the dyadic model that provides the best fit. Therefore, my test looks only
at the variation in transitivity that cannot be explained by degree distributions that are

spanned by the sender and receiver effects. For the oracle test, the sampling error of the

23Efficiency gains from replacing population quantities by estimated quantities have been observed elsewhere
in the Econometric literature, e.g., in Hahn (1998) and Abadie and Imbens (2016)).
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degree distribution under the true dyadic linking model provides an additional source of
uncertainty.

In the general setting with covariates and possibly correlated within-dyad shocks, it is
not clear how v% and vf\}T are ranked. For the data in my empirical application, I estimate
that v < v%" by a substantial margin.

Let BY, Uy and 9% denote consistent estimators of BY, Uy and vk, respectively.

Theorem |3 implies that the studentized statistic

A N —~ -1 4
Ty + (B}; + 0 <W17N> B?V) /N

NG

M = (5.3)
follows approximately a standard normal distribution. A feasible transitivity test can
be based on the test statistic T]S\}“d. Its sign can be interpreted in the same way as
the sign of the infeasible statistic T§!°; large positive values indicate that the dyadic
model underestimates transitivity and large negative values indicate that the dyadic model
overestimates transitivity.

The estimators B%, Uy and 0L can be constructed by a plug-in approach, i.e., by
replacing the population parameters in BY, Uy and vl by the estimates obtained by ML
estimation of the linking model. To reduce the computational burden, the test statistic can
be computed without a preliminary estimate of p°, if the asymptotic variance is estimated

by clustering at the dyad level,

~

1 2 . . 2 . . 2
~T N = ~ N 2 ~
0N = 32 > <( i~ UN,ij) Hi;(Yij — i) + (ﬁji - UNJ@') H;i(Yji — pjz')) 7
ijev
1<)

26



and if corr; is estimated by

>jev., HijHyi(Yiy — pij) (Yii — bji)
\/Zjev_i Wij D ey, Wji

corr; =

)
where Bf}( , Unij, Dij and w;; are the obvious plug-in estimators.

6. Monte Carlo simulations

In this section, I investigate the finite sample performance of my procedures in Monte Carlo

simulations@ Agent i € V(N) is characterized by an observed scalar covariate X,
X; =1-21{i is odd}

and agent fixed effects

N —1
50
Vs _<N—1)CN

o — %-S’O, where Cy € {loglog N, log'/? N, 210g"? N, log N} is a sparsity parameter.

and ;

This parameterized family of fixed effect specifications has first been proposed in T. Yan,
Leng, Zhu, et al. (2016 and has also been used in Jochmans (2017) and T. Yan, Jiang,
et al. (2018). Let the density of a network be defined as the fraction of possible links that
are observed, i.e., density = >, >y Y/ (N(N —1)). The larger Cy, the denser the
generated networks tend to be. For Cy = log N, only about 3% of all possible links are

realized in my simulation designs.

As in Graham (2017), the link-specific covariate is given by X,;; = X;X,. In this

24The simulations were carried out on computational resources at Chalmers Center for Computational
Science and Engineering provided by the Swedish National Infrastructure for Computing.
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bias rej prob

~ A~

N Cy  density 6 0be p phbe 6 p

50 0.0 loglogN 019 1.22 0.13 -0.02 -0.05 0.07 0.09
50 0.0 log'/?N 0.12 1.10 0.22 -0.00 -0.06 0.08 0.08
50 0.0 2log'?N 0.06 0.70 0.33 -0.13 -0.20 0.07 0.10
50 0.0 log N 0.03 0.88 059 -0.10 -0.18 0.08 0.15
50 0.5 loglog N 019 1.14 0.17 025 -0.17 0.13 0.11
50 0.5 log'?N 0.12 1.00 024 050 -0.01 0.13 0.11
50 0.5 2log/?N 0.06 0.71 034 0.62 0.03 0.11 0.12
50 0.5 log N 0.03 - - - - - -
70 0.0 loglogN 0.18 1.11 0.03 0.04 0.01 0.10 0.07
70 0.0 log/?N 0.11 1.12 0.16 -0.01 -0.07 0.11 0.12
70 0.0 2log"/?N 0.06 097 0.30 -0.02 -0.10 0.09 0.09
70 0.0 log N 0.03 0.71 037 -0.18 -0.26 0.07 0.12
70 0.5 loglog N 0.18 1.03 0.07 0.34 -0.07 0.14 0.10
70 0.5 log/?N 0.11 1.12 023 046 -0.08 0.12 0.10
70 0.5 2log/?N 0.06 1.05 027 0.65 0.06 0.13 0.11
70 0.5 log N 0.03 0.69 0.37 0.58 -0.19 0.09 0.03

Table 1: Simulation results for 6 and p. The bias is reported in terms of standard deviations.
“0 be” and “p be” give results for the bias-corrected estimators The empirical
rejection probabilities (“rej prob”) are for two-sided t-tests against the truth based
on (4.1) and . Missing results (“-”) are reported if simulation runs are aborted
due to numerical instability.

specification, agents with an even index prefer links to agents with an even index over links
to agents with an odd index, and vice versa for agents with an odd index. The homophily
parameter is fixed at §° = 1. The reciprocity parameter is set to p® = 0,0.5. I simulate
networks with N = 50,70 agents.ﬁ Network statistics for the simulated networks are given
in Table in Supplemental Appendix [E] Unless stated otherwise, the simulation results
are based on 500 replications. All rejection probabilities are calculated based on a nominal

level of @ = 0.1.

25Gince the relevant sample size is the number of potential links N(N — 1), passing from N = 50 to N = 70
can be interpreted as doubling the sample size.

26The bias-corrected estimator of 69 is given by 6— Wf ]{,B]{, /N, the bias-corrected estimator of p° is given
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t-tests for 0° and p° Table [l] summarizes simulation results for the homophily and the
reciprocity parameter.

The maximum likelihood estimator @ exhibits a bias of up to more than than one standard
deviation. The quality of the analytical bias correction decreases the sparser the design is.
In the most sparse case, slightly less than half of the bias is eliminated. The empirical size
of a t-test based on that tests 0 against the truth concentrates around the nominal
level. The observed size distortions slightly exceed those expected under the random Monte
Carlo design.ﬂ

Without link reciprocity (p° = 0), the maximum likelihood estimator p of the reciprocity is
approximately unbiased. In this case, analytical bias correction increases the bias slightly@
With link reciprocity (p° = 0.5), p exhibits a positive bias that is detected by the analytical
bias correction. In all but the most sparse designs, the empirical size of a t-test based
on that tests p against the truth is close to the nominal level. In the designs with
correlated within-dyad shocks and extreme sparsity (Cy = log N), inference with respect
to p? is unreliable. In the smaller sample, the maximum likelihood estimation becomes
numerically unstable. In the larger sample, the analytical bias correction picks up only

about two-thirds of the bias and the ¢-test testing against the truth is undersized.

Specification test The simulation results for the specification test suggest that the test
statistic 75" converges only slowly to its limit distribution. This can render the specification
test based on analytical critical values oversized. As an alternative, I study bootstrap
critical values based on a percentile bootstrap of the test statistic. The details of the

bootstrap protocol are given in Supplemental Appendix [D] The bootstrap procedure can

by p— 2 (QNWIABY + BY ) /(NDf ).

2TThe theoretical MC standard deviation for the rejection probabilities is = 0.013.

28 Analytical bias correction introduces estimation error that can cause a small bias at parameter values
where the ML estimator is approximately unbiased.
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be interpreted as a version of the double bootstrap in Kim and Sun (2016|), where the inner
loop is replaced by an analytical bias calculation.

As a benchmark, I consider a “naive” implementation of a feasible test that ignores the
effect of estimating the structural parameters. Lemma in Supplemental Appendix [C]

suggests that the variance of the oracle excess transitivity T5® can be estimated by

1 AN ~ ~N ~ 2
AT,O ~ A~
N NN E <5inij(Yij — pij) + B Hyi (Vi —pﬂ)) ;
’L,JGV
1<)

~ N N
where 3,; is the obvious plug-in estimator. The naive test statistic is given by T =

naive

Ty/ @f;o /N. T also consider a bias-corrected version of TN that is defined by replacing
ok in by 9°.

The simulation results are summarized in Table 2] The estimated excess transitivity
exhibits a negative bias of between —3.8 and —5.4 standard deviations. Even though the
analytical correction removes a large portion of the bias, the magnitude of the remaining
bias is still large, in particular in the sparser designs. As predicted by the asymptotic
theory, increasing the sample size increases the quality of the bias correction. However, the
rate at which the analytical correction improves is slow.

For the test using critical values calculated from the normal distribution, type-I error
exceeds the nominal level by more than ten percentage points. The size distortion is caused
by unaccounted bias and the fact that 9% underestimates the true variability of Tly. Again,
increasing the sample size increases the quality of the asymptotic approximation, albeit not
by a sufficient degree to appropriately control the size of the test. In contrast, the empirical
size of the test with bootstrapped critical value is close to the nominal level, suggesting
that the bootstrap distribution may replicate higher-order terms that are ignored by the

analytical approximation.
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bias rej prob

N p Cyn density Ty Ty bc analy boot naive mnalve bc ratio
50 0.0 loglog N 0.19 -545 -027 0.28 0.10 0.00 0.00 0.15
50 0.0 log'/?N 0.12 -4.74 -047 0.29 0.11  0.00 0.00 0.22
50 0.0 2log/?N 0.06 -4.09 -0.67 045 0.10 0.01 0.00 0.26
50 0.0 log N 0.03 -4.03 -0.81 0.58 - 0.01 0.00 0.25
50 0.5 loglog N 0.19 -4.82 -024 0.33 0.11 0.00 0.00 0.17
50 0.5 log/?N 0.12 -444 -043 0.33 0.12 0.00 0.00 0.22
50 0.5 2log"/?N 0.06 -4.12 -0.65 045 0.11 0.01 0.00 0.26
50 0.5 log N 0.03 - - - - - - -
70 0.0 loglog N 0.18 -5.56 -0.24 0.23 0.10 0.00 0.00 0.16
70 0.0 log/?N 0.11 -4.67 -0.36 0.23 0.08 0.00 0.00 0.22
70 0.0 2log/?N 0.06 -4.64 -0.61 0.31 0.11 0.02 0.00 0.25
70 0.0 log N 0.03 -4.33 -0.71 045 0.11 0.01 0.00 0.24
70 0.5 loglog N 0.18 -5.16 -0.22 0.27 0.10 0.00 0.00 0.17
70 0.5 log/?N 0.11 -4.56 -0.32 0.25 0.09 0.00 0.00 0.22
70 0.5 2log/?N 0.06 -4.27 -049 0.34 0.09 0.01 0.00 0.25
70 0.5 log N 0.03 -4.01 -0.63 0.51 0.07 0.01 0.00 0.28

Table 2: Simulation results for the specification test under the null hypothesis. Bias is

reported in terms of standard deviations of estimated excess transitivity. “Ty
bc” gives the empirical bias for the bias-corrected excess transitivity estimator
Ty + (B% + Uy(Win)'B%)/N. For the empirical rejection probabilities (“rej
prob”), “analy” and “boot” give results for the test based on with analytical
and bootstrap critical values, respectively, and “naive” and “naive bc” give results
for the naive test with and without bias correction. The bootstrap results are
based on 250 simulations with 500 bootstrap replications each. The column “ratio”
gives the ratio of the standard deviations of T5d and Tgracke.
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The nailve tests with and without bias correction are severely undersized. This is because
@f;" substantially overestimates the variance of Tyy. The column “ratio” in Table [2| gives
the standard deviation of Ty as a fraction of the standard deviation of T, The
reported ratios indicate that estimating the structural parameters substantially decreases
the variability of excess transitivity. A theoretical argument for why this happens is given

in Section £.2l

Specification test under a dynamic alternative To study the power properties of the
specification test, I simulate an alternative model in which agents work endogenously
towards transitive closure. The alternative model is a dynamic process with two stages. At

stage k = 1,2, the network is given by
y k) X 5,0 R0 (k)
ij _1( g+ 2 U )

The link covariate X;; and the agent fixed effects are defined as above. In the network
{Yig-l)}ijeE(N), the link 77 is called an unsupported link if ij realizes, but none of the transitive
triangles containing ij do. The link ij is called a closing link if, for some k € V_g; j, the
links ik and kj realize, but ij does not. A closing link completes an open triangle and
makes it transitive (see Figure . The first stage errors (UZ-(D)”‘e E(N) are drawn as in the

dyadic linking model. Let (V;);jep(v) denote a vector of N(IN —1) independent draws from

the standard normal distribution. The second stage errors are given by

(

1rnin{Ui(j1)7 Vi;}  if iy is an unsupported link in {Y;gl)}ijeE(N)
2
U’i(j) = 9 maX{UZ.(jl), Vi;} if ij is a closing link in {Y;E-I)}UGE(N)

U Z-(jl) otherwise.

\
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rej prob

N P Cn density analy boot oracle naive naive bc ratio
50 0.0 loglogN 0.18 1.00 1.00 0.65 0.00 0.00 0.24
50 0.0 log'?N 0.10 0.93 095 020 0.00 0.00 0.30
50 0.0 2log'?N 0.05 - - - - - .
50 0.0 log N 0.02 - - - - - -
50 0.5 loglog N 018 099 1.00 0.67 0.00 0.00 0.25
50 0.5 log'?N 0.10 090 093 0.21 0.00 0.00 0.29
50 0.5 2log'/?N 0.05 - - - - - -
50 0.5 log N 0.02 - - - - - -
70 0.0 loglogN 0.17 1.00 1.00 0.97 0.00 0.02 0.25
70 0.0 log/?N 0.09 1.00 1.00 0.31 0.00 0.01 0.29
70 0.0 2log/?N 004 086 093 0.08 0.00 0.00 0.31
70 0.0 log N 0.02 - - - - - -
70 0.5 loglog N 0.17 1.00 1.00 0.95 0.00 0.02 0.27
70 0.5 log/?N 0.09 1.00 1.00 0.30 0.00 0.01 0.30
70 0.5 2log/?N 004 086 090 0.07 0.00 0.00 0.31
70 0.5 log N 0.02 - - - - - -

9

Table 3: Simulation results for the specification test under the dynamic alternative. “analy
and “boot” give results for the test based on ([5.3)) with analytical and bootstrap
critical values, respectively, and “naive” and “naive bc” give results for the naive
test with and without bias correction. The bootstrap results are based on 250
simulations with 500 bootstrap replications each. The column “ratio” gives the
ratio of the standard deviations of T5"d and Tgracle,

The second stage randomly removes some unsupported links and adds some closing linksﬁ
The final network is the observed network. Network statistics are given in Table in
Supplemental Appendix [E] Parameters are estimated by naively fitting the dyadic linking
model.

The simulation results for the model specification test in the alternative model are

summarized in Table The model specification test based on T]S\,t“d detects the alternative

29Manipulating the network by both adding and removing links, ensures that the second stage does not
substantially change the network density.

30Under the dynamic alternative, the simulated parameters give rise to slightly sparser networks than
under the simulated null model, rendering the maximum likelihood estimator non-existent for a wider
range of designs.
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reliably, with rejection probabilities ranging from .86 for the sparser designs to one for the
denser designs. The difference between using analytical and bootstrap critical values is
small, with bootstrap critical values yielding a slightly more powerful test.

As predicted by the theory, the test based on the infeasible statistic 72! is substantially
less powerful than the test based on T stud The naive tests have barely any power. Only the
naive approach with bias correction leads to rejections, albeit with very small probability.
The naive test without bias correction is unable to detect any excess transitivity since the

increase in the measured transitivity is not large enough to offset the negative bias in Ty.

7. Empirical application

I study excess transitivity in favor networks using the Indian village data from Banerjee
et al. (2013)) and Jackson, Rodriguez-Barraquer, and Tan (2012)). This data set contains
survey data from 75 Indian villages. In each village, about 30-40% of the adult population
were handed out detailed questionnaires that elicit network relationships to other people in
the same village as well as a wide range of socio-economic characteristics.

For each village, I define a directed network based on the survey questions “If you
suddenly needed to borrow Rs. 50 for a day, whom would you ask?” and “If you needed
to borrow kerosene or rice, to whom would you go?”. To set up the network, I let every
surveyed individual send directed links to each of the individuals nominated in one of the
two questions, provided that the nominee was also included in the survey[’]]

Economists and Sociologists have long argued that transitive closure plays an important
role in favor networks, where agents have to trust each other to repay favors in the future

(see, e.g., Coleman [1988). Jackson, Rodriguez-Barraquer, and Tan (2012)) study a game-

31The observed networks are defined to be the network of interest, sidestepping identification issues that
arise when using a partial sample of the network (see Chandrasekhar and Lewis [2016]).
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theoretic model of favor exchange in which agents are punished by their network neighbors
for reneging on reciprocating a favor. They show that networks with a large degree of
transitive closure facilitate favor exchange, while satisfying certain optimality criteria.

The theoretical appeal of transitivity motivates the empirical study of excess transitivity
in favor networks. Leung (2015]) estimates a model in which agents endogenously form favor
networks and finds that agents derive utility from being included in a transitive relationship.
Chandrasekhar and Jackson (2016) use data on favor networks to test whether a dyadic
linking model can explain the observed level of transitivity.@ They find that the dyadic
model generates an insufficient amount of transitivity. Using my model specification test, I
replicate their finding.

My empirical finding complements the result in Chandrasekhar and Jackson (2016) by
showing that it is robust against more sophisticated dyadic linking models. While the
linking probabilities in Chandrasekhar and Jackson (2016)) are a function of observables,
my linking model can capture unobserved components of agent productivity and popularity
using the fixed effect approach. As illustrated in Example [T} it is important to account for
all dyadic sources of degree heterogeneity when testing transitivity. Moreover, my test does
not rely on across-network variation and can be computed from one network observation.
Therefore, it can be applied even if agents in different networks follow different linking rules.

For my transitivity test, I estimate dyadic linking models for each of the 75 village
networks. The link-specific covariates for the homophily component are given in Table
and test results are given in Table in Supplemental Appendix [G] At level a = 0.1, the
test with analytical critical value detects excess transitivity in all networks, and the test
with bootstrap critical value detects excess transitivity in all but one village.

Table also reports results for the naive tests from Section [0} Even though these are not

32They refer to a model with dyadic linking as a block model and report a clustering coefficient that can
be interpreted as measuring transitivity.
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expected to work well, they are still instructive about the empirical relevance of accounting
for the estimation of the dyadic model. The naive approach with bias correction consistently
detects excess transitivity, albeit with larger p-values than the preferred approach. This
indicates that, for the data used in this application, my transitivity test is more powerful
than the infeasible oracle test that uses the true dyadic linking probabilities. Without
bias correction, the naive test does not reject at level a = 0.1 for eight of the 75 villages.
As discussed in Section [6] failure to correct for a negative bias makes it harder to detect
excess transitivity. Indeed, for all villages, the bias is estimated to be negative and large in
absolute value. For the median village, the bias accounts for about half of the estimated

excess transitivity after bias correction.
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A. Applying results from Fernandez-Val and Weidner
(2016)

Fernandez-Val and Weidner (2016) (henceforth FVW) study a panel model with time and
individual fixed effects. Their results can be leveraged for the analysis of my network model.
In particular, FVW derive a stochastic expansion for a broad class of maximum likelihood
models with an incidental parameter (Theorem B.1 in FVW). It can be shown that this
class contains the dyadic linking model. Below, I adapt some key results in FVW to the
dyadic linking model.



Let 1y denote an N-vector of ones and let vy = (1%, —1%)". For b > 0, the ML
program (2.1)) can be rewritten as

(év ’AY) = arg maXg ~ ‘C(ev 7)a
where
Z > { jlog (pi (6,7))
zGV JeEV_; (Al)

=Yg log (1 py(0.7) } — ot

The penality imposes the normalization constraint in the ML program ({2.1)). Let
S(0,7) = 0,L0.7)  HO.A) = —0oy £(0.7).

We adapt the convention that omitting function argument indicates that the function is
eliminated at the true paramters, e.g., S = S(6°,7") and H = H(6°,+"). For a random
variable W we set W = EW and W = W — W. In particular, let

= |ty ] oo
where
Hig = diag ((% Z wij)iev) and Hpp = diag ((% Z wij)jev)’ (A.2)

JEV_, 1€eV_;

and H%p is the N x N matrix with diagonal entries equal to zero and off-diagonal entries
w;j/N fori,j € V and i # j.

Lemma A.1 (Network version of Lemma D.1 in FVW). Under Assumption

H’H ' — (diag(Hss, Hirr)) 1’

=0y (N_l)'

max

Proof. For the purposes of this proof define w;; = 0. Then we can write

s, =i (5 30w), ). ond =t (12 )
X =1

and %y for the matrix with entries Hfp,; = wi;/N for i,j € V. Assumption [1f(v)|
implies that there are constants by, and by.. that are independent of N and satisfy
0 < bmin < wij < bmax for ¢ # j. If w; could be assumed to satisfy the same inequality



then the Hessian would exhibit the structure that is exploited by the proof of Lemma D.1
in FV_W Define ng = max{w;j, bmin }. Define HLS,_”HLR_ and ’H,ER similar to 7_{55, _HRR
and Hggr with w;; replaced by w;rj. Let D = diag(Hig, Hip) and D = diag(HLg, #1,5.).
Lemma D.1 in FVW implies that H(”;':[T)*l — (DN)7Y|,. =0, (N'). By the inequality on
p 351 in Horn and Johnson [2012

max

D™ e < DD

max —

(0130

max
a max

Sbmax (1 - ||DJr - ﬂTH - S 2bmax-

max)

By construction H’}:[T — 7:[|| < bmin/N and HDJr — DH < byin/N. Therefore

max max —

) —1

<yt — Ay ) o - (30 - )
<||#HN YL 1A = H||

(GO

max
max

O A

max

-1
<ap,, lmin (1 = bjmv) =0, (N7).

Then, by the triangle inequality

Y = D)+ DD = DY = 0 (V)
O
Lemma A.2 (Network version of Theorem B.1 in FVW). Let
5(0) = argmax,, £(0, 7).
denote the concentrated likelihood and suppose that Assumption (1| holds. Then
1 2N
4(0) —7° =H'S + H 0,0 L] (0 — 0°) + 57{—1 > [0y LIH T S[H TS, + RY(0)
g=1

and

0eL(0,7) =U —WN(0 —6°) + R(0),



where U = U© + UM | and

] 1, o ;
W == < (Oo0 L+ [0 LI1H ™ [040L]) ,

U =0yL + [0p LIH'S,
U =05, LIH'S — [0py LIHYHH 'S

2N

1 . N N
= Z (O, £+ Oy LV Dy, £]) [H1S)HS.

The remainder terms RY and R satisfy

NERO)], R(0)
= 1 =
b g o A C R v

OP(1)7

where O C RI™O) satisfies Prob(0 € Oy) — 1.

Proof. Let C denote a generic constant. To apply Theorem B.1 in FVW we have to verify
their Assumption B.1. It is without loss of generality to operate conditional on the event
Ayx. Weset T =N, g =8, 75 = log(N)N~Y/* and r, = N~1/8. B.1(i) holds trivially. B.1(ii)
holds since p;; is bounded away from zero and one. B.1(iv) holds by Assumption and
Lemma (see the proof of Theorem 4.1 in FVW). Condition B.1(v) can be checked by
following the arguments for the panel case. The arguments are very similar to the ones
employed in the respective proofs of Lemma and Lemma . For condition B.1(vi)
the arguments for the panel model carry over almost ad verbatim. For example, to prove
that | H|| = 0,(N'*) let Hss and Hrr and Hgp as defined in the proof of Lemma . By
the triangle inequality

H’}-ZH = H_avsvsﬁ —His

| + ||_67R7R£ - ﬁERH +2 H_a’YS'VR'C - ﬂZ‘R

Let &ij = (Yij — pij)0,s [ ¢(Y5) ] fori# jand & = 0fori € V. Then —0, 4 L — Hig =

pi;(1-pij)
— diag ((+ djev, &ij)iev). The ||| matrix norm is given by the largest eigenvalue of a
matrix. Therefore

8

_ _ _ 1
E ||_a’737s£ - HZS }8 =E Ileea{/X N Z 51']'

JeEV_;
8
— 1
eV JEV



A similar argument applies to H—&YR,,RE — 7-_[}ERH. This shows that

|:Op <N7%>7

H_avaﬁ - 7:[;251” =0, <N“> .

Now apply Lemma S.6 in FVW with T'= N and e;; = &;. For 4,7 € V we have E| 21=0
_ * 2 _
if i = j and E[§}}] < <8 s [ as) ]) if i # j. Assumption [Ij(v)| ensures that E[¢}] < C

H _875“/s£ - ?:[Z'S

oo

Vi [ Pij(1=pij)
so that 07 = % >y E(&;) < C. The matrix Q with elements is a N x N matrix
with elements given by ;, = % Yoiev E(eijeig). It is easy to see that 2 is a diagonal
matrix whose diagonal elements are bounded by C. Therefore, 1 Tr(Q) = O,(1). Let
Nij = \/Lﬁ >rev (&eéje — E[€€e]). We have

E(n;:)" < NN + N*)(2C)"*

and therefore Zf\il E(n;)* = O,(1). For i # j we have n;; = \/LN > ey Siekje- Taking the
4th power of 7;; gives a long sum where each term has the form

E [y Einy Eitea Cinea E s Eea s

Clearly, the term is equal to 0 if there is a k; € {i,j}. Therefore we may assume that the
ke € V\ {i,7}. The term is also equal to zero if a ky gets picked only once. Therefore we
can bound the term by (relabelling the k’s if necessary)

Bl€ kit e, k) < (Bl(Ea, D) * (Bl ) (Bl )Y)* (Bl ) < C.

There are (N — 2)* ways of picking the k/’s so that 7z Y, .o, E(n;) < C. Thus, all the
conditions of Lemma S.6 in FVW are satisfied and the matrix { = (&;;)ix; has ||| =
O,(N®/®). Since N¢ = =0, L — Hpp this implies

=t~ Hiall = 0 (V)

The other arguments in FVW can be adapted similarly. To verify assumption B.1(iii)
in FVW, we apply Theorem B.3 in FVW. A condition of the theorem is that W has a
positive definite limit. Inspection of the proof in FVW shows that this condition can
be replaced by assuming that the eigenvalues of W are positive and bounded away from
zero. It can be shown that W — Wy = 0,(1). Therefore W satisifies this eigenvalue
condition by Assumption It remains to check that U = Op(1). It can be shown that
U=Bi++ > > e, HijXij(Yij—pij)+op(1). We first show By = O,(1). We only show

B%° = 0,(1). The proof for B%" is similar. Since 3 jev, wij/IN is bounded away from zero



uniformly over i € V' by Assumption [Ij(v)} it suffices to show that |3,y . wijj(ijf({j/NH is
bounded uniformly over ¢ € V. It suffices to bound each of the elements of the matrix. For
i€V and ki, ko =1,...,dim(0), applying the the Cauchy-Schwarz inequality twice gives
the bound

1/2 1/2

‘% Z (JJinij,leij,kg < % Z wizj % Z X;Lj,m +% Z ij,kz

JEV_; JEV_; JEV_; JEV_;

The first term in the product is bounded by Assumption |I[v)], the second term is bounded
by Assumption . This verifies that B is. Boundedness of

E[% Z Z Hij)?ij(yij - Pij)]z = WZN

can be shown using similar arguments. Therefore U = O,(1) and Theorem B.3 in FVW
can be applied. It follows that Assumption B.1(iii) in FVW is met and

1

16— 6" =0, (N4).

If we define Oy = {# € © : ||[#—0°| < N-i} then Prob(d € Oy) — 1 and also
Oy C{#€O:]0—06 <rz}. The conclusion now follows from Theorem B.1in FVW. [J

For convenience I restate some bounds originally derived in FVW.
Lemma A.3. Suppose Assumption [1] holds. Then

17 =7 = o (M),
= (R = HHHT) | = 0p(N172),

dim(y) o B
‘ S 877g7h£[?-[’18]g[7-[’18]hH = 0, (N2,
g,h=1
Moreover, |H7t| = O,(1), [|[H| = 0, (N"Y4), ||040 L]| = Op(N2), ||046 L] = Op(1).
Proof. Fernédndez-Val and Weidner 2016l See also proof of Lemma [A.2] O

Lemma A.4 (Stochastic expansion of é) Under Assumption

_ ~ 1 ~
NWyn(0—6°) = By + N SO HyXy(Yy = pig) + 0p(1)

eV jev_,



and
Wy 2 (N Win (6 — 6°) — BY) = N(0,1) + 0,(1)
where Bg,, WLN and W2,N are defined in Theorem .

Proof. This follows from Lemma employing similar arguments as in the proof of
Theorem 4.1 in FVW. O

B. Proofs of main results

Proof of Theorem[1. Apply Lemma and employ similar arguments as in the proof of
Theorem 4.1 in FVW to derive the linear asymptotic expansion. For the distributional
result write

1 3
NZ > HyXy(Yiy = py)

€V jev_;
1 1 ~ ~
VA /NN 2 > {H; X (Vi — pi) + HiXji (Vi — i) } + 0p(1)
1,jeEV

1<j

and apply a multi-variate CLT to the normalized sum on the right-hand side. The
(conditional) variance of the normalized sum is given by

— 1 < </ % "/
Wen =N -T2 ZEE:V { Hij(0xpij) Xij Xl + Hii(Onpsi) X5 X5,
’z’j<j
+ 2H;;H;i X33 X i pij/Priibii )
- 4 S S~
=2Win + m Z HinjiXin]/‘ipij\/pl,ijplvji + Op(l)'
ijev
i<j

]

Proof of Theorem[2 This theorem follows from the stochastic expansion in Lemma [C.1]



By Lemma [C.3]
OpM + (D M+ 8y MH (050 L] ) (0 — 6°) + (am,M)ﬁ—ls

:% > T Ziy—rig) + TN (O - 6°) - —Z > QyHy(Y: - pij)

1,jeV €V jev_,
1<J

1 1 -
-~ D Jii(Zi —riy) + ¥ DDy — Q) Hy(Yiy — py)

i,jeV icV jev_;
i<j

1
=¥ > Ui+ TyWin B,

ijev

1<)
where

Uij = Jij(Zij — rij) + (L — Qug) Hij(Yy — pig) + (s — Qi) H(Yi — i)

The sum on the right-hand side is over (];/ ) = w independent observations. To verify
that the (conditional) variance of the normalized sum is given by v y note that

_ Tis
E((Zi; — ri)(Yij — pi)) = 1i;(1 = pij) = prij—,
i
— /"‘ZAA
El(Zij — rij) (Vi — pji)] = rig(1 — pji) = pl,jiﬁa
ji

E[(Y%j - pzj)(Y}z - pji)] =Tij — PijPji = ﬁz’j\/pl,z’jpl,jia

and IE[(Y;J — pij)2] = P15, E[(Y;Z — pﬂ)Q] = DP1,jis and IE[(ZZ] — rij)Q] = T1,ij- Now straight—
forward calculations yield

var ( —1/22[]”)

i,jEV
1<J
) R ~
TN(N-1)/2 > {J i+ (G = Qi) Higlpug + (G — Qa) Hy*pr i
1,j€V Tij g "ij
i<j + 2<]ij<tij — Qij)Hijpl,ij]ﬁ + 2ng (tji - jS)Hjipl,ji]ﬁ
ij I

+2(ty; — Qi) (£ — %)Hijﬂﬁﬁmm} = U2,N-



Setting 0, M (%, ), p) = 0 and rearranging from Lemma now gives

~ ]- T7r— *

(=0 M)[p—p"] =¥ > Uy + TR WiABY + BY
i,jEV
1<J

+O,(VN o= 7| + N[ = ") + 0,(1).
Plugging in for 0, M from Lemma and for BY" from Lemma now gives

V2
NN -1)/2

vnN[p—p°] = > Uy + 2T Wy A BY + 2B,

1,j€EV
1<J

. . 2
+ Op<\/N p—p°| + N |p—p° ) + 0,(1).
By an appropriate CLT

1
Ve nN(N —1)/2 ;V ! (0,1)

i<j

Proof of Theorem[3. Write
N~2(Sy —ESy) = N2(Sy — ESy) - N2(ESy - ESy).
We first analyze the second term. By definition
N‘Q(m - I‘ESN) = sn(%,0) — sn(~°, )
Therefore, by Lemma and Lemma

N-? (ufs?v - IESN> = {(Bwrsn) + Oysn) H [0500L] } (6 — 6°)
+ (Oysn) H'S + By + 0,(1).

Straightforward calculations give

1€V jeV_;



As in the proof of Lemma for k=1,...,dim(6) let

— 1 _
Sipk = T Z Z (HSSzk + Has ik + Hsri, + Har i )E<39w£k1kz)~

k1€V kQEV_kl

and let Z;; = (Zij1,- -+, Zijdim(e)) - By Lemma S.8(i) in FVW and the matrix representation
of 0ysy from the proof of Lemma

(a’Y’SN)H ( 79"C == _Z Z /Bzgwljuzjv

eV jev_,;

(8 ’SN) 18—__2 Z (PBN)ijHij(Yij — pij)-

i€V jev_,

Straightforward calculations give X;; — Z;; = X’ij so that

(9951\7 + (8.,/3N)ﬁ -Yglﬁ Z Z ﬁww”

zEV Jjev_;
Plugging in the linear representation of 0 from Lemma gives
“2(ESy - ESy)

=By + UxyW, By + (U W, Jb),i >0 XiHiy(Yi; — piy)

N &~ .
eV ]GV_Z'
1
+ % > (PBN)iH; (Vi — pig) + 0p(1).
eV jev,
Then, by Lemma
“2(Sy ~ESy)
=— By - UyWiyBY + — Z > (B — (PBu)i; — i) Hij(Yig — pij) + 0,(1).

zEV JEV_;

The sum on the right-hand side has conditional variance vy. The conclusion now follows
by applying a CLT. O]
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C. Supporting lemmas
Lemma C.1 (Expansion of score of second stage likelihood). Under Assumption

0,M(%,0, p) =0,M + (0,2M)(p — p°) + (Fpor M + Opy MH ™[00 L] ) (0 — 6°)

+ (O M)HT'S + BY + Op<\/_ lp—0°|+Nl|p—p |2) +0,(1)

where the order of the higher-order terms is uniform in p € [-1+ k,1 — K| and
B =0,y M)H'S — (0py MYH'HH 'S
1 / dim(y) ~
3 ot S o 210000, ),
g=1

Proof. Throughout the proof ¢ = 8. By a Taylor expansion

3,M (4,0, p) — 0,M(%,6°, p°) =0, M(~%°,6°, p°) (p — p°)
—|— apH/M (’YO, 90, p0> (é — 00> + RNJ(p) + RN,Z

where
Rya(p) =0, M(¥°,6° 0°) (p — ") + (4 — O)’ 02y M(7,0,0°)] (0 = #")
+ (0 — 0°) [0p26M (7.0, p)}( ) + 0 M(%,6,p)(p — p°)?
RN,Z zape//\;l('yoﬁom )(‘9 ‘90) ( ) [ p'YH’M('7790>p )} (9 - 90)
+ (é - 90), |:ap09’ (77 9 pﬂ)] 9 90

and 4,7, 6, 9~ are intermediate values. It is easy to see that

sup HapGG’M(’Yaeapo)H - Op<N)7

~€eTl',0€0

sup ||8,20M (7,6, 0°) || = Ou(N),
~el',0€O
sup Hang(y,e,p)H = O,(N),

’761_‘79667/)6[_’%7”]

and

1902 M (v, 6, p°)|| = Op(1),
Haw’ (7 onp)H Op(l)'

11



Moreover, applying Lemma [C.7(i) gives

sup_ |04 M(7,0,°) ], = Op (NF).

~€eTl,0€0

Supe Hap,ygl./\/l(')/,ﬁ,po) Hq = Op<N%>.

~el',0e
Noting that || —4°||, = O,(N~Y/2*V/2) and ||0 — 0|| = O,(N'), we have
1By (p)] <[]0 M (%, 6°% 0°)[| |7 — #°|
+ N 0,0, M 3,0, |, 15 = A°Nl, 1o = |
10— o = 2| 10,20M (3.8, )| + o = 0°F 95 M (5,0, )]
=0, (VN |p= o' + N|p— ")
Moreover,

vl <0084+, [~ o
N2y M (3,8, ) 7 =27, 10 - ¢
0= 07 100 M (3.0 ) | = 05 1.

Next, Taylor-expanding ,,M (¥, 6°, p°) and plugging in the expansion for 4 from Lemma
apM (PA}I7 907 pO) - aPM (707 607 PO)

:8,)7/./\/1(70, 0°, PO){Hls +H ! [8.,9/£} (é — 90)

_|_

DO | —

dim(v)
WS o £ TS

g=1

5 (HS) | Oy M, 07, )| (71S) + R

N | =

with

Ry = [0,07//\/1(70, 90, PO)} R‘y(é)

1, _ . _
+ 5 =7 = HTE) (O MY, 0, 0" (Y ="+ HT'S)
1 dim(v)
t5 2 =7 O, MO, )| (3 =~
g=1

12



where 4 is an intermediate value By Lemma [C.7]

”8;7’7’-/\/1('707 0, PO)Hq =0y <N5>
sup Hé?mwj\/l('y, 6°, pO)Hq = 0,(1).
~el

Noting that H’y — - H—lqu =0, (N—1+2/q)’

|Bovg| SN0, M(°, 6%, 0°) || | B ()],

1 X ~ R _
+ Ny =y - 1S||q( =", + | 18Hq)H@WMWO,@“mO)Hq
1
+ NS = A0 M (3. 6, )
. | Ry (0)
<(1+ N|§ — 6°||)N'—/a L O, (N~-1/2t1/a) = ¢ (1).
<(1+ N ) 1+N||9—90||+ o ( ) = 0p(1)

From now on, drop the arguments of M and its derivatives whenever they are evaulated at
their true values. Then

(B MYH 'S = (0 M)H 'S + (O MYH 'S — (0 M)H " HH 'S + Ry 4
with

Rya = —(0py MYHHA'S + (0, M) (H — (H — HOHA))S.

Lemma |C.7 applied with ¢ = 2 yields ||8p,7//\;lH = 0,(1) and H(?M/MH = Op(Nl/Q). Then,
3

by Lemma [A.
[Bval < (|0 M H P RIS + 05 M] |77 = (371 = HHAT)|[1S] = 0,(1).
Next,
(0py M)H T [050 L] (6 — %) = (0py M)H " [050 L] (6 — 0°) + R
with

Ravs = (0 MY (00 £] (0 = 6) + (9 M) (W = H ) [0 £] 6~ 6°)
+ (Opy M)YH T [040 L] (0 — 6°)

13



and

Rol <0 7702016 — 8
- 0|l — o

4 1 o] } = op(1)

Repeating the last argument in the proof of Theorem B.1, Part 2 in FVW almost ad verbum
gives

Now write
(/H_IS)/ |:8P’Y’Y'M] (H_IS) - (7:[_15)/ [8,)7.,/./\;1} (7:[_15) + By
with

Rl ISP = (270 + [ ) ]
20147112 ~
ISP ]| = 001

The last inequality uses that by Lemma [C.7]iii)
||apw’MH =0y (N_g/S) ~
We may now conclude that

apM (’AYv 007 p0> - aPM('YO’ 007 po)
=0y MYH'S + H " [050 L] (é 0°) + (8 MYH 'S — (O MYH ' HH 'S
dim(y

1 — - ) / —
+ 2<% S { P’Y’Y'M+ Z 7YY S[H 1807’/\4}9}(% 1S)+0p(1)~

Lemma C.2 (Behavior of deterministic term of p). Under Assumption
By =By + 0, (Nil/Q)

with BY; as defined in Theorem [3

14



Proof. o
Step 1: behavior of (8,, M)H 'S — (8,, M)H"HH'S.
Let DZ(]m) = 8pzlmij - Qij<az2£ij> and

1 _ _ _ _
Ay = N Z Z (Hgém +Hpsn + Hopa + H;%}%,jl) (0:Lha)-

keV IEV_y,
By Lemma S.8(i) and (iii) in FVW
(am/\h)ﬂ—s (O MYH ' HH'S

1 _
Z Nij(Dper17ig) + 55 D iy Qg (De2tsy — E[:a0i5))

NZ i#j
:——ZAU<D(’” —ED| m>> Uy + Uy + Us + U,
i#]
with
1 _ m m
— {( > Hsbal0:0e)) Do (DG ~EDSY) }
eV keVv Jjev_;
leV_y
1 ) / m m
Uy = — {( > Huba@:60) S (D5 ~EDY) }
JEV keV iev_;
leV_y
Uy = = Hol (0.0 pi™ —Ep™
3 5 Z sri(O:Lk) ij i ’
eV keVv JjeV_;
1eV_y
1 ) / m m
Ui=— {( > Hha0:-e) > (D~ ED >>}
jev kev ieV_;
leV_y
Next,

- 2; (X Y 10697, 000) 3 (0 - B0 )

kEV IEV_,, JEV_;

Z{(Z Z [Hge — (His)™ } (82&7[)) Z(D(m) ED(m)>}

eV keV IEV_,

:Ula + Ulb'

15



A straightforward application of Cauchy-Schwarz yields

(Ulb) <N_ Z< Z Z N HSS) Lk(asz,l))

i€V keVieV_y
2
p _ g plm
w2 (75 2 (04 -BD; ))-
i€V jEV

Now observe that for ky, ko, 11,1y € V, E[0,0k, 1,0.0x,1,] is bounded if {k1,1;} = {ko, 2} and
0 otherwise. The cardinality of the set {(ki, k2, l1,12) : k1, ko, 11, 1o € Vi {k1, 11} = {ko, 2} }
is O(N?). Moreover, by Lemma[A.1]

NHr}—zgé %SS 1Hmax p(l)

Therefore,
(1 _ _ 2
sup{ 15 5 N[5t - ()00
i€V keV leV_y
1 _ — — — N
<z Y (NI - (o), NS — (ss)
eV N
kl,kg,ll,lgev
2
X E[ﬁszlllazﬁkzlg]} = Op(l)
Furthermore,
(1 _ 2 1 _
sup 4 —— (DW)_EDW)} = sup — E(D( ED(’")) —0,(1).
’LE‘I/? {\/N Z K K ZE‘I;)N Z Y p( )

JeV_i JEV.:

This implies that E(U;;)? = O,(N~1) and therefore Uy, = O,(N~/2). Moving on to the
analysis of the term Uy,, we can write

o= 5 2007 (= 3 0. ) (= X (0 ~BD) )

eV leV JEV_;

16



Let

:( Z azgilh)( Z Dilﬁ)
LeV_y J1€V_iy

= (az£i1i2 + Z azgilll) (l)l”2 - Z Diljl).

BEV_{i),in} JIEV {4y ,in}

Under our assumptions, for i; # iy

E(Sil Siz)
:E( g azgilh § Diljl)E( § azgizlz § Diz]é)
WeV_iiyigy JIEV iy in} 12€V_{i) in} J2€V iy in}

+E [(Em@ Z az&'lll)

WEV_{iy,in)

I_E {(8221112 Z Dilh)

Diyiy Y azeigbﬂ

( 12€V_{iy,in}

azgizil Z Di2l2>:| + OP(N)

L€V_tiyin} l2€V_tiy 0}
ZE( E 0:L4,1, E Dm‘l)E< E 02Liy, § Di2j2) + Op(N)
WeV_iiyig) JIEV {4y ,in) 12€V_1i) in) J2E€V_{iy,in}

where the O,(N) term is uniform in iy, 4,. Similarly,

311 - ( Z agllll Z Diljl) +Op(1>'

hev TEV_{iyig}

17



Then,

Val"(Um) :N_4 Z(?‘ZES);2E( Z (82&1)2 + Z Z Gz&lﬁz&k)

eV lev_; lev_; kEV,{i,l}

PN Y <sftz;5>ila(ﬁzs»;ﬂshsiz)—(Z(HSM <s“>)

i1EV iQGV,il eV

N et (B + Y Y EOL)EO)

eV lev_; leV_; keV_ {i 1}

N Z (Hys)iik (His)n2 E(si, i)

1€V igeV_;

- N Z Z HSS 1111 HSS 1222 (521) (312) +O ( ) = Op(N_l).

1€V igeV_ i1

Therefore, Uy, = E(Ur,) + O,(N~2) or

N - N
eV JEV_;
v E(9.6,D)
= = YL+ O, (N2
; de ( 622&]') p( )

Similar arguments can be used to show that

Us =0,(N1/?),
Us =0,(N~/?),
R D)
L D BOLDS ) (o,

Uy =— _
' Njez; Piev, B(— 0:2L)

18



In summary,
(0 MYHIS — (8, M\YH'HH'S
m (m) m (m)
I
N eV ZjGV_i ]E( o 82267']) N jEV ZiGV_]‘ ]E( o 82267‘])
Ly > jev (0:pi) { (0= Tij) 52 — iy (0:Hij) }
N e Zjev,i(Hwazpij)
1 Z Diev, (0:pi){ (02 i) 3 — Q30 Hyy) }
>iev.; (Hij0:pij)

JEV

+ 0, (N712).

The second equality follows by noting that

E[(9£i;)(D2Li5)] =Hi; (0. HU)I?[( — pij)?] + 0 = (9-Hi;)(9.pi;),

E[(0:4i;)(Dpzymij)] =Hij (02, JiJE[(Yij — pij)(Zij — 145)] + 0

Hm@m z])(nj/p”)pl ij = (0:0ij) (0= Jij)(ri /Di),
Hi;(0

E[—(0:243;)] =Hij(0:pij)-

Step 2: behavior of %(7:[’18)/6/,,7,7//\;1(?-_[*18), )
Inspection of the proof of Lemma shows that d,,-M can be written as

Dgs1+ Dgssa Dsri+ Dsge

Oyt M =
g Dgpyi+ Dsgpy Drri+ Drra

where Dgg 1, Dsr1, Drry are N x N diagonal matrices with entries

(Dss1)is =0,5.,59,M

Tt
(Dsra)ii —875%123./\/1
(Drra)ii =0,r,20,M

and Dgg2, Dsra, Drr2 are O,(N~1) in the || || max-niorm. Let T denote the N x N matrix

with entries Y;; = 0,¢;;. By Lemma |A.]] m H~' can be written as

_ ) /% —1

0 (Hrr) ™!
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= O,(N1). By the first assertion of Lemma |C.12]

where | Ry||

N2(H'S) (O M)A 'S

/ o  /— N — T
T ) R O R (1)

=Y (Hs) ' Dssa(Hss) " Ton + T (Hig) " Drra(Hpr) ' Tin
+ 205 (Heg) ' Dspa(Hpgr) ' Yin + Op(N).

By the second assertion of Lemma and a Bartlett equality

N (i) Dssa(Has) " Ton =D > [(His) '] [DssalaBl(0:£:)%] + Op(N*?)

i€V jev_,;

_y Pl Dy BlOa)) v

7 (N Sy, E[—azzez-j])Q

[(Dsslii 3/2
=N> + O, (N*2).
iev (N >jev El- 5z2€ij])

Similarly,

D g
LNT(HRR) 'Dgr I(HRR) Ty = NZ Drrls + OP(NS/Q)
Jev (N ZzEV [ aﬁél‘g‘])

and
Y (Hsg) ' Dsra(Hpg) ' T
(Dsp,1)ii COIT;

ZV (N X E-0a) (NS B0ty

1/2°

20



where
Yiev, El0.4:;0.4)4]
(Shev El@:6,) " (Ser Bl.07)
>jev HijHji(ri; — pijpji)
( djev, Hij(azpij)) v ( diev; sz‘(azpjz')) v
Djev., Pij\/WijWji '
( > eV wz‘j) v < > eV sz‘) v

Closed-form expressions for the elements of Dgg1, Dsg1, Drr,1 are given in the proof of
Lemma [C.7] Re-writing them using Lemma yields

Corr; =

i€V iev jev=
7> 1<t

0 d,M ! 0 ! 0 ! 0

(M = 5 D Dpamis + 57 D Dt = 7 D Oy
i€V jev JEVi
J>1 1<t

1 1 1

OyspOpM = + ) " Opeyzami + N ) " Opeye i = N > " Opeyami.
jev jev Jeve
7>t 1<t

Computing the derivatives and re-writing using Lemma gives

0 215 :(az% ng) (ZZ] — Tij) — 2(&7;1 Jl]) ((‘lej) - Jz(az%ﬁ])

Pz
Operzaij = (0220 i) (Zig — 1i5) = (02 035) (827i5) — (02 i) (8217i5) — Jij (8:125745)

(
=022 i) (Zig — 1i5) = (02 Di5) (821755) = (020 5i) (817i5) — Jij (82125745)
and therefore

(Dss)i == 32 {2E[(00) (0ur)] + B (0:75)]

{21@[(@1 sz-) (3217”3'1')] +E [Jj'(azfrji)] }

m m
=M =

{E[(amjz‘j) (=) | + E[(0:17js) (821735) | + B[ Jij (Deizmis) }

Step 3: behavior of %(7-_[*18)/{ Z‘;i:“i(") 377,792 [ﬁflam,/\}qg} (7_‘[713).

21



Following the argument in the proof of Theorem C.1 part(ii) in FVW and letting C' denote
the N x N matrix with elements (C');; = Q;;E(0,30;;) and

c_ 1 [diag(Cuy) C
N C’ diag(C"uy)

gives

e {z rin 10,90, 15) = 15 3 03,0,

eV jeV_;

Lemma S.8(iii) in FVW yields

Loy —1 07— Ty
__Z > AQE(0sly) = —§(LNT,LNT)% ICH™ (T,LN).

i€V jev_,;

By Lemma the right-hand side of the preceding equation is equivalent to

1 . e \—
v T (His) T (N diag(Cun)) (Hgs) ™ Tew

" 2N
1 _ _
— §LNT('H*RR)71 (N~ diag(C'en)) (Hig) ' Yin + O, (N7
1 _
- W Z {KHSS u( Z Q'L]E 2361.7 ) Z ]E[(azgl])z} }
eV JEV; JEV
1 _
-5 {[(HRR ( ' uEL: é) > E[(%ﬂ} +O0p(N712).
jev iev_ i€V

By the definition of H%s and a Bartlett equality

2N? Z{ (Hss)™ “( D QE| 23&]) > E[(@Z&j)ﬂ}

iV JEV_s jev,
B 1 ZjEV QyE[D.s0i5]

2N eV Zjev [ 024;]
1 D iev; Qi;{2(0.pi;)(0.Hy;) + Hij(0.2pi5) }
2N v > jev., Hij(0:pi) 7

where we use

aﬂ&‘j = 22Hij()/;:j - pij) - Hij(az2pij) - 2((9,3]:71']-)(82])@']').
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Similarly,

QNQZ{ (i)~ ( P uED f) > E[(@W]}

jev ZGV_] z’eV_j
1 D, 0i{200:p) (0:Hyg) + Hij(0:2p3y) }
2N jev Zz‘ev,j H;;(0:pij) '

Lemma C.3 (Behavior of stochastic part of p). Under Assumption

1
8p2./\/l = — N g Jij(aprij) + Op(l)a
ijev
1<)

Opr M + (O MYH (050 L) = — _Z Z Jij(0z1i) X + Op(1),

eV jev_,

(O M)H =T N Z Z Q;H; — Pij)-

zEV Jjev_;

Proof. We have

DpM = % Z {8inj(Zij — 1) — Jz-j(ﬁpmj)}.

It is easy to see that

and therefore

apz./\/l =— = Z Jz’j<ap7"ij) + Op(1>'
ijev
1<)

23



Arguing similarly we get

Opp M = — — Z Jij(0rij) + Op(1)

1,JEV
1<j

Z i {(0=m35) X + (0:73) Xii | + Op(1)

i,jEV
1<j

= — %Z Z Jij(azlrij)Xz{j + Op(1>>

i€V jev_;

where the first equality is by the chain rule for derivatives and the second equality follows
from Lemma and symmetry of J;;. For k =1,...,dim(6) let

- 1 -1 -1 -1 -1 =
Sk T TN Z Z (HSS,ikl + Hrsjrs + Hsrirs T Herjrs |E(O02lhiks)-

ki1€eV kQEV,kl

and let Z;; = (Ei51, .-, Zijdim(e)) - By Lemma S.8(i) in FVW and Lemma

(ap‘Y'M)/]:[ 9'£ Z Z Jl] azllrlj 'Lj +O ( )

ZEV JEV_;

Straightforward calculations give X,;; — Z;; = X,; so that

899/\/1 + (@,yM)ﬂ‘ ( 6’[' = __Z Z Jz] az1TZJ Xz{j +0P<1)'

i€V jev_,;

Lemma S.8(i) in FVW in conjunction with Lemma gives

O IS = =5 3 3 (Y5 = ).

i€V jeV_,;
Lemma C.4 (Stochastic expansion of sy (%,0)). Under Assumption

sn(%,0) — s (7", 6°)
={(0psn) + (0, /sN) H ' [0y0 L]} (0 —6°) + (Oysn) H'S + By + 0,(1),

24



where
_ ~ _ 1 1 _
B]S\'[,* _ (87/5’]\[) H_IHH_IS + 5 (&ySN) [a’)”)’”ygﬁ} H_IS ['H—ISL

+ 2 (HT'S) [0yysn] (HT'S).

1

2

Proof. In the following set ¢ = 8. By straightforward Taylor expansions
sv(9,0) = sn(7°,60°) =09 sn(7°,6°)(6 — 6°) + Dysn (7, 6°) (5 —2°)

L . /
+ 5(7 - '70) (GVV’SN('Y 00)) (¥ - )+ Ry n,

where
. 1 . .
Rin =3 —+°) (3.9~/SN(’)’7 )) (0 —6°) + 5(9 - 90)/(390/81\!(% 9))(9 )
1 dim(vy)
+6 Z ‘Y‘Y‘Y sn(v" 90)]('7 Y )[’7 ’Yo]g-
g=1
Note that

sup ||9gersn (7, 0)|l, = Op(N),

0eO ~el’
|00 (2", 0], = Oy (NF)
sup H&yssN('y, 60)||q = 0,(1),
~el

s (3,60, = 0, (V).

where f and v* are intermediate values. The first equality follows by inspection and the
1 1

other equalities follow from Lemma |C.8 Therefore, since |4 —~°[, = O, (N 7+5) we

have

| RN <N'7 0o sn (7,

1 2 N R 1,1
+ N [y (7, 1Y =2y = 0, (N7EE) = 0,0

T,

q

From now on, drop the arguments of sy and its derivatives whenever they are evaulated at
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their true values. Then,

sv(9,0) = sn(7°,0°) = (Dorsn) (0 — 6°) + (Dysw) H'S
+ (Oysy)H! [avgl.c] (0 —6°)

dim(y

+ 5 (Dysn) Z [aw., ] IS LS
b5 (M) [Dyysn] (HT'S) + R,
with

Rox = (Oysn) By (6) + % (3 =" = H'S) [Orysn] (Y =7+ H'S).,

where R.(0) is the remainder term from Theorem B.1 in FVW (compare also proof of

Lemma[C.7). By LemmalC.§]
Ha'r/SNHq = OP<N%> and Ha'PSNHq = Op(1).
Noting that ||4 —~° — H—lqu = O, (N~1*+2/4),
(Ral SN2 0050] 17y 6)
! s, (1

ZN1-2/4|4
+2
; 17,0
<(1+ N[ — )N~V Ty O (NV2Y1) = o, (1),
(1+ N6 —6°) T NI ] b ( ) = op(1)

]|, 0w sl

Following closely the proof of Lemma it is now easy to prove the assertion of the
lemma. 0

Lemma C.5 (Behavior of deterministic part of Ty). Suppose that Assumption 1| holds.
For BY* in the statement of Lemma we have

BY" =By + 0, (N'?),

where BY, is given in Theorem @
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Proof. Tedious calculations yield

8%5{31\[(70,90)} :% > (0.py) Hi B,
JEV_;

0,5 {5 ("0} = 3 (@) H,)
JeEV_,;

This implies that

for a N X N matrix A with entries
(A)ij = il for Z #j. :
0 fori =

We will exploit this representation in our projection arguments below.
Step 1: behavior of —(dysy)H 'HH'S.
Let

1 _ _ _ —
Ay = N Z Z (HSé'zk + ,HR}?,jk + Hszla,u + HR%%,jl) (0:lh1).
keV eV,
By Lemma S.8(iii) of FVW
o 1 _
—(OysN)H'HH 'S = N ; ez‘; Aij(PﬁN)z‘j{aﬂ&j - Eaﬂ&j}‘
i€V jEV_;

Following similar arguments as in the proof of Lemma it can then be shown that

- 1 > jev. _
—(Oysn)H T THHTIS = — — ! + O, (N7
o N zezv 2 jev.; B(=0:20;) p( )
N
1 e, (PB)i(0: i) (0:pig) L 0,(N1).
N & > jev., Wij

Step 2: behavior of %(?-_[’18)/(877/3N)(7-_[’18).
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We have

8(75)2{81\[(’70,80)} :% Z( z2ng) 7,]/82_]7

jGV_Z

+ Z > (0:pi)O-pir) [pjn + Prs]

JeEV_; keV_ {i,5}

8(733)2{51\;(70,90)} :% Z( z2p]z) 31/631

jEV
Z Z ngz zpkz) [pjk +p/€]] y

]GV_ keV_ {i,5}

8 s R{SN(’Y 190 } Z Z Zpl_] zpki)pkj'

JjeV_, keV_ {i,k}

Moreover, for all ¢ # j the “cross derivatives” 8%_5%5(31\;), 8713%3(81\,) and 8%_57;3(3]\,) are
bounded by N times a universal constant. This implies that

Dgs + M Dggr+ M.
0 ss ss SR SR
awfsN('Y 0°) = {DISR—'— M.y, Drr+ Mgg|’

where Dgg is a diagonal matrix with entries (8(%5)251\;)1. cv» Drr is a diagonal matrix
with entries (0(%3)231\/)2.6‘/, and Dgp is a diagonal matrix with entries (8%5%331\,)1.6‘/. The
matrices Mgs, Mrr and Mgg are off-diagonal matrices that are bounded in terms of the
||| pax-20rm. Arguing similarly as in Lemma it can now be shown that

N- 1216 [ 0.2li5))

1 (DSR)ii COIT;

pyeed (N‘l Z;vj1 E[—azzfij]> 1/2 (N—l Zj.vzl E[—ﬁzzfﬁD

3 + O, (N?/2).

Step 3: behavior of (H™1S) {Zdlm Oyryv, E[’;'—_[—l&,s]v]g}(’z'-_[_lé‘).

28



Following the arguments in the proof of Lemma yields

1 dim(y )

S(H'S) )'{ Z Dy, L[H 1 05]  } (HT'S)
o ]eV 73,3 ) [23&3 ]ev PB ) [z3€2]]
N 2N; Z]EV [ 2’2&] QNZ Z]ev [ z2€w]

Z ]gV PIB 23{2 2Pij (8 Hzg) + Hzg (822])1])}
2N ZjGV Hz (8Zplj>

eV
Z Yiev,(PBY)i{2(0:pi5)(0-Hij) + Hij(D:2pi5) }
2N Zz’ev,j H3;(9:pis)

JeV

Lemma C.6 (Linear representation of T§°). Under Assumption

Sy—ESy=N Z ﬁgHij(nj—Pij)jLop( Var(SN)>

ijeB(N)

and

var(Sy) = N? Z {puj (Hz'jﬁg>2 + ﬁw\/m( zﬁz]ﬁﬂ>} (Ng)

ij€EB(N)

Proof. We start by computing the conditional variance of Sy. Since triangles 5 and ' are
conditionally independent provided that V(5) NV (5') = () we have

E [(As — EAg)(Ag — EAg)] =0
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for such triangles. Now,

var(Sy) :E( 3 (Aﬁ_EA5)>2

BEB(N)

=" (As —EAp) (Ap —EAy) + Hy
B.B'€B*(N)
VBNV (8)]=2

= > ( > POl (BE [(Yy —py)’]
ijeE(N) B,B'>ij
V(e)nv(s")|=2

+ ) pL(B)p" i (B)E (Vi — pij) (Ve — pji)] ) + Hy
peij,B' i
[V (B)NV(6")|=2

-y <p1,ij(zpzj<ﬁ>)2

ijEE(N Bij
+ Pij\/P1,ijP1ji ( Zpiij(ﬁ)) (ZPZJB))) + Hy
B3ty B3t

where Hp is the contribution of triangle pairs that share the same vertex set and

Hy=Hy+ Y Ay

ijEE(N)
with
An,ij =P1ij Z pz‘j(ﬂ)ng‘ (B") + Pij\/PrijPrji Z p:fij (ﬁ)piﬂ(ﬂ’)
B,B'3ij B.B'3ij
VBNV (87)=2 V(B)nv(s)]=2
2
— P1ij ( Zp’zij (ﬁ)) — Pij\/P1,ijP1,ji < Z p?,](5)> ( Zpijz(ﬁ))
Bij B>ij B33i

Clearly, Hy is of order O,(N?). Each Ay ;; can be bounded by N times a universal constant.
Therefore, Hy; is O,(N?) as well. The assumption of non-vanishing linking probabilities
ensures that var(Sy) < N*. We now consider the Hajek projection Sy of Sy — ESy onto
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dyads, i.e.

Sv= Y E[(Sy-ESy)|Y; Y]
ijEVZ(N)
= > Y E[4s-EAy) | Yy

BEB(N) ijeE(N)

— Z {(Y;j—pij)zpzj(ﬁ)}-

ijEE(N) B3ij

Here, the second equality uses that every transitive triangle § may contain the link ij or ji
but not both. We now compute the conditional variance of Sy:

VELI(S’N) = Z E{(Yzj — Dij) Zpﬂj(ﬁ) + (Yji — pji) Zpiﬂ(ﬁ)}

ijeV2(N) B3ij B3yt
2
= Z {pl,zj(zpzj(ﬁ)) + ﬁij\/pl,ijpui(Zlgz’j(ﬂ)) (Zpﬂl(ﬁ)) }
ijEE(N) B>ij B>ij B>j1

From the previous results it is easy to see that

VE_%I'(SN — I_ESN) _ VE_iI'(SN> N
var(Sy) var(Sy) '

We now apply a conditional version of Theorem 11.2 in van der Vaart (2000). To prove
the conditional version of the theorem simply replace the convergence in squared mean
argument in the proof given in van der Vaart (2000) by an analogous squared condtional
mean argument. It follows that

Sy — ]ESN = SN + 0, ( VEI(SN)> = SN + Op(N2).

]

Lemma C.7 (Sparse bounded functionals of the incidental parameter I). Let K denote a
finite constant and let (my)K_, denote a collection of N-dimensional parameters. Define
= (m, ..., 7). Let {g;}ic; denote an an array of functions such that

gzj(ﬂ') = gij(Trl,iy ey TR TGy e 77TK,j>

with
10megij ()] o S € for £=0,1,2,3
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for a unwversal constant C. Let

= %Zgzj(ﬂ)

i<j
Then
(i) [[0xg(m)ll, = Op (Né), moreover, if
3 2| 7 Dot + 53 ()| =0, (1)
N4 \/NjeV , Niev
j<i

J>i

then |[Org(m)ll, = Op (N7374).
(ii) Moreover, |[9,2g(m)|, = O, (1) and |dpsg(m)|l, = O, (1) .

(iii) For a o-field A let E = E[- | A]. Suppose that conditional on A the elements of the
arrays (O, 1x; 2 9ij)nj=1 A (Or, om; 1 Gji)ij—1 are independent. Then

[8r29(m) — E[0n2g9(m)]|| = O, (N77F).

Proof. First proof (i). Note that

7rk’L Zaﬂ'k 1gl] %Zaﬁkggji(ﬂ-)

jGV jeVv
7> 1<t

By definition of the ||-|| -norm and the Minkowski inequality,

q

0g(m)ll, < { > Iamg(ﬂ)lq)

Q=

1
q

q K N 1 q
N5 D Onasi(m)

k=1 i=1 jev
j<i

IN

)IDIED SEAPHE

k=1 i=1 jev
j>i

To prove the first claim of (ii) note that

aﬁk,ﬂru E aﬂk 17, 1gZJ E aﬂkwfezgjl

]EV ]EV
j>t 7<i
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and for j #£ 1

0

Tk,iTe,5

g( ) _ %aﬁk’lﬁeggij(ﬂ') fOI‘j > 1
%@mmlgﬁ(w) for j <

Every element 7, of the parameter vector 7 corresponds to a unique 7 ;. Use the notation
s = Th(s),i(s)- For every 1 <s < KN

KN

Z |[Or2g(m )]S el = Z Z aﬂk(s) 1,1 i 8)] Z aﬂk(s) ame,2 9ji( S)( )‘
t=1 Z 1" jev JEV
J>i(s) j<i(s)

87Tk(s),27rz,1 9ji(s) (7T> ‘ }

+%i{ > Onsamenbics)s (7")‘ +

/=1 jev jeVv
7>i(s) j<i(s)

<2KC.

By the symmetry of partial derivatives

KN
> |[Om2g(m st!—Z\ )i < 2KC.
s=1

It follows that

2 fry m < B

10r2g(m)ll o 1<s<al)((NZ| ™)lsel < 2KC
= = <

10729 ()]l = [|Om29(7)' [ 1<mt3;gN§ [Or2g(m)]se < 2KC.

By Lemma S.4 in FVW

1 1-1
1029 () < [Or2g(m)I] [|Om2g ()]l * < 2KC.

Turning to the second claim of (ii) note that for {k,¢,m} C {1,..., K}

aﬂk,me,mm 9 E aﬂk 10,1 m, 1 Gij (70 E , Ory 2T0,2Tm, 295i ()
JGV gev
3> 7<t
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and for i # j

1

1 . .
Oy impimm; 9(T) = N Omimoamn29ii () for]. > z |
R Naﬁk,zw,zwm,lgji(ﬂ') for j <1

For iy,1i2,13 € V such that {i1} N {i2} N {iz} = 0 we have

aﬂk,ilﬂz,iQWm,i3g(7T) =0.

For convenience of notation, define the tensor D with

D= (87%(51)J(sn“k<sz>,i<52>”k<ss>,i(ss>gh))51,52,536{1,-~,KN}'
Also, let P(ey, ..., e,) denote the set of all permutations of the finite tupel (e, ..., e,) and
let Cr(eq,...,e,) denote all k-combinations from the finite set {eq,...,e,}. Use
Z as a shorthand for Z
51,582,583 51,582,583
i:(i1,i2,i3) i(sl):il:i(32):i2ai(53):i3
k=(1,02,¢3) k(s1)=01,k(s2)=L2,k(s3)=C3

As in the proof of Lemma S.5 in FVW exploit that the [|-[|, vector norm is dual to the
Il _o_ vector norm
q—1

KN
D[], = max max  max Z uf(i)u(si)ug)Dsl,52753
[N g =t [l =2 ] =1, e
< ). DRy,

(1,82,03)€C3(1,...,K)
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with

N
(f1,€2:03) —  pax max max Z Z w483 p
51,852,583 ”u(1)H e ,1H (2)” 1” (3)” -1 o5 s1 sz 83 51,582,583
1=(1,%,1)
k=(01,62,03)
N
max max  Imax Z Z uMuPuP Dy,
||u(1>|| o -1 ||u(2)|| -1 ||u(3)” -1 ST s s1 52 53 51,582,853
7,75] i:(i7i7j)
k=(£1,02,63)
N
max max  max Z Z ug) g) 2)D31782,ss
[u® ] g =t[[u®]| =t[[«®]| =112 555
a1 i#j  i=(i.5,0)
k=(£y,2,03)
N
max max max Z Z ug) g) (3)D51 $2,83
Hu(l)H%l:l||u(2)||q:1||u(3)|’q:1 o1 stz
a i#j 1=(7,i9)
k=(£1,02,63)
:El +E2+E3+E4
Let
01,02,03) __
Then
N
FE < max max Z 11 11 diag (dwl’e?’g?’)) ] -
a(WeRN, Hu<l>H e <1a2€RN, Hu(2>|| <175 J

= [[ing (¢ 2)
< [ding (a2 | |Jag (a2 | 0
= ||diag (a">*)) || _ = max ‘ [diag (d“2)]

eV

To see why the first inequality holds construct feasible values of @) and @ from feasible
values of u™M, u® u®) in the following way. To determine the i’s element of @) find the
unique elements ul) and u{? such that k(s1) = 1, k(s2) = l3 and i(sy) = i(s2) = i. Then
let u(l) = ug)u32). Note that Hu 2)H = 1 implies Hu(2)|| < 1 and therefore Hﬂ(l)”% <1
—q
Also, to determine the j’s element of @ find the unique element ugz) such that k(s3) = /3
and i(s3) = j. Note that ||u(3)Hq = 1 implies Hﬂ@)Hq < 1. The second inequality follows by
Lemma S.4 in FVW and the last two equalities follows from the diagonal structure of the
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matrix whose norm we are considering. Therefore,

: (01,02,65)
FE grzxée‘m/x [dlag (d 142,53 )}

1,0

= max |07Tk,m,i7rm,ig(7") |

eV
:rirg%/x _§ :aﬂk 170,1Tm, 1glj § :aﬁkﬂfzzﬂm2gﬂ( )‘ = C.
Jjev ]EV
7> 7<t
Let
(£1,02,03) _
e - aﬂel,iﬂzg,iﬂe3,jg<7r> i=1 N.
Then

N

E, < max max Z (1) ~ (2) (51742,53)
e iy <m0, | 4
— ||€ 51742,53)“

ql 1-1
g

1 1
1 1—1
01,02,¢ 01,0, a
=< max e( 1,é2,63) max e( 1é2,63) )
jev | &= iev | L= b
eV Jjev
1
{ Ijneé%;( Zaﬂk 17¢, 17Tm2gl] § :87Fk 27%27rmlg]l( )‘}
i€V zEV
1<j i>7
1-1
q
{Ifle%/X § :aﬂ'k 17¢,1Tm, 2ng E aﬂk 27¢ 2Tm, 19]1( ) } S O
Jjev ]EV
Jj>i j<i

The first inequality can be argued similarly to the argument for the bound on E;. The
second inequality follows, again, from Lemma S.4 in FVW. The same bound can be derived
for F3 and E, in a similar way. In summary,

DI, < Y DYES <aKPC

51,52,83
(€1,02,63)€C5(1,...,K)

concluding the proof of (ii). For (iii), write G}rlz’ké for the diagonal matrix with entries

(C2) = Onpim9() = B[O im, 9(m)]

1,1
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and Gfg’ke for the matrix with entries

(ém,ke) _ Oy ime, 9() — ]E[&,k’m’jg(ﬂ')} for i # j
™ )i 0 fori=j"

Now, we can write for a constant Cx g depending only on K

et~ Elocatrl = 3 o+ 2ez)

)

<Cres (Héiﬁ“”g + HG},%’“HE;) .

Fix k, 0 € {1,...,K}. Let

=

9ij = 3@,17”{,191']' - [ank,lrre,lgz‘j} )
gji = 87Tk,27ré,2gji —E [aﬂk,zw,zgﬁ} :
“11,k0 . .
As G_;" is a diagonal matrix
8

EHG” “H E<max

eV

],

) <geflen],

eV

Then,

8 8
E[éjﬁ’ﬂigﬂ@ (% 3 gij> +27R (% 3 gﬁ) —0, (N7,

JEV,>i jEV,j<i
To prove the claim about the stochastic order of the right-hand side consider expanding

_ 8
E (Z eV gij) (the argument for the second term is similar). A typically term in the

expansion will look like £§;j, Gij,ijsGijs- The boundedness assumption gives us a universal
upper bound on this term. By conditional independence and Eg;; = 0, whenever there is a
m=1,...,4such that j,, N {jn :n=1,...,4n % m} =0 we will have Egij, 3i;,Jijs Gijs = 0
The set of permissable ji,..., j4 that do not have one distinct index has cardinality less
than (]; ) Now, we can conclude that

~11,keH8 -0, (N_3) '

2
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T 8
Next, let’s turn to bounding E HGEQMH . Let

gl] = N (871-;6’171’@,291']‘ - ]E [aﬂkylﬂ'gyggij]) )

9ji = N (Onyame1 9ji = E [0y om,1 93] ) -
We will apply Lemma S.6 in FVW. Note that the assertion of this lemma remains true if £y
is replaced by [E and independence conditional on ¢ is replaced by independence conditional

on A. This can easily be seen by inspection of their proof. Let e denote the matrix with
entries

/L?]

(€)is [NGIQ kf}

Let 07 = & Zévzl Ee?,. Since there is a bound on the second derivative of g;; there is a
universal constant C' such that

5 < — {Zgw Zgﬂ}_

Jjev Jjev
1<J 1>

Therefore, %Zf\; (62)" = 0,(1). Let Q denote the matrix with entries (D)o =
=~ SN E(eij,€i,). Under our boundedness assumptions ||, .. < C and therefor

max °

1
—Tr(QY < |Q]* < |0
~ 1@ < Jlaf* < jal,
Let n, 4, = \/Lﬁ Zjvzl lei, jein; — Eles jes, ;)] By conditional independence
N

_ 1 _ _ _
E(ni,@) :m Z E [(6i17j16i2,j1 - E(€i1,j1ei1,j1))(6i17j2€i2,j2 - E(eil,]éeil,jz))}

J1,52=1
2 L _ 2
S(NZE(%J)QE(QQJ)2> <C
j=1

and therefore SN E(n};) = Op(1) and > Z“ et E (01, 5,) = Op(1). Thus, Lemma S.6
is applicable and we can conclude that E|le|| = O, (N°/®) or, equivalently, E HG}TQQMH =

33For every symmetric N x N matrix M we have + Tr(M?) < HMH2 To prove this, consider a slightly
more general case and let A, B denote symmetric N x N matrices with eigenvalues a; < -+ < ay and
81 < -+ < B, respectively. By the von-Neumann trace inequality, Tr(AB) < Zfil a;B;. For symmetric
square matrices it is well-known that |A|| = ay and ||B|| = Sn. Therefore, Tr(AB) < N || A|| || B||. For
any square matrix Q, M = Q'Q) is symmetric. Therefore, & Tr(€/QQ'Q) < 1Q)* < 197 ||Y]]>. The
first inequality now follows from noting that 2 as defined above is symmetric.

38



Op (N -3/ 8). In summary, we have shown that
E ||8,rzg(7r) — E[@,,zg(ﬂ)] H =0, (N—3/8) ‘
This implies
H@ﬁzg(ﬂ') — E[Op2g(m)] H -0, (N—3/8) 7

concluding the proof of (iii). O

Lemma C.8 (Sparse bounded functionals of the incidental parameter II). Let K denote a
finite constant and let (mwy)K_ | denote a collection of N-dimensional parameters. Define
= (m),...,7%). Let {gi i, }ir<..<i, denote an array of functions such that

Giq,..., z‘L(TF) = Giy,..., iL(ﬂ'l,iU-":7TK,i17‘--a7T1,iLa-~77TK,iL>

with
10m¢Giy.iip () |y < € for £=0,1,2,3

for a universal constant C'. Let

g(ﬂ‘):Nlll_l Z Yi,..., lL(Tr)

Then [|0ng(m) |, = Op (N77), [9n2g(m)ll, = Op(1) and |9msg(m)]l, = Oy(1).
Proof. The proof is very similar to that of Lemma [C.7] For example,

aﬂk,z‘g<7r) = Z aﬂ'k,igil ----- iL (ﬂ-)

1<t <--<tf,
+ § : 87Tk,igi1 ----- i (ﬂ-) oot E aﬂ'k,igh ----- i (77)
11 <1<i3<--<tp, 11 <-<tp_1<t

Therefore, there is a constant C' such that

KN % K L %
1 q
[0xg(m)ll, < (Z ng(ﬂ')qo < (WZ > > ‘37rk,i£9z’1 ..... i, () >
/=1 1ia<-<iy, =1

Lemma C.9 (Symmetric functions). Define a class of symmetric functions,

G={9:R* =R |g(z1,2) = g(z2,21) }
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The function class G is closed under multiplication and addition , i.e.,

g, hegG=gheg
gheG=g+hegd.

If g € G is (partially) differentiable in the first component, then g is also differentiable in
the second component and

319(21; 22) = 829(22, Zl)'

Moreover, if g € G is twice (partially) differentiable in the first component, then g is also
twice differentiable in the second component and

8229(z1, 22) = 3119(22, 21)7
5219(21; 22) = 3129(2’2, 21)-

Let ¢ denote a scalar parameter and let B, denote an open ball on the real line. Suppose
that g(z1, 22, ®) € G for all ¢ € B, and that g is differentiable in ¢ on B.. Then,

039(21,22,0) € G for ¢ € B..
Proof. Suppose that g € G is differentiable in the first component. Then

(21, 2) = lim 9(z1+0,2) —g(21,20) _ lim 9(22,21 4+ 0) — g(22, 21)

6—0 1) 6—0 1) - 829(Z27 Zl)'

Existence of the limit on the right-hand side follows from existence of the limit on the
left-hand side. Furthermore,

d

d
5229(21722) = d—zz<829(21, Z2)> = d—z2<519(2’2, Z1)> = 3119(22, 21)-

The claim about the cross-derivative follows in a similar way. The last claim follows by
noting that

(217227¢+5> - g(Z1,22,¢)

a¢9(21, 29, 0) = (lsim g

—0

J
i 922 21,0 +0) — g2, 21, ¢)
6—0 )

= a¢9(22,21,¢)-

Lemma C.10. For a function g : R* — R write g;; = g(Zij, Zji, Yi;Y3i). Let

G(v) = Zgij = Zg(Zija Zji, YY)

1<J 1<j
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Define the matriz A = (A;j)i jev where
019(Zij, Z;i, Yi;Yy) ifi<j
Ay = 009(Zji, Zij, Yi5Y5i) ifi>j .
0 ifi=j
Then

0600 = | 4.

Proof. This follows from a straightforward inspection. In particular,

0,sG = 0hg(Zij, Zjs, YigYii) + Y 029(Zji, Zi3, YiY)

JjeVv Jjev

J>i j<i
= Z {1{i<j}alg(Zijazji7}/z‘jY}i) + 1{i>j}a2g<Zji7Zija}/;j§/}i)} = Z Ajj
JEV JEV

and

G = > 0wg(Zi, Zji, YigYio) + Y 029(Zji, Zij, YisYa)

% icv
1<) 1>)

= Z {1{i<j}alg(Zijazji7Y;jY}i) + 1{i>j}829(Zji,Zij>Yinjz’)} = Z Aij-
iEV,j iEV,j

Lemma C.11. Under Assumption and Assumption [1(v)

ALN:|

ap’yM - |:A/LN

where A is a N X N matriz with entries

A = {5’py1mij fori#£j

0 fori=j.
Moreover,
ALN
Iy M = [ A LN‘|
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where A is a N x N matriz with entries

A aﬂmmij = _Jij(azlrij) fori+#j
ij = 7
0 fori=j.

Proof. We will apply Lemma with ¢;; = 0,m;;. Lemma gives that

Av
Iy M = {A’L]]VV] )

where A is a N x N matrix with entries

apzlmij for i < j
A

ij = 4 Opzymy; fori>j

0 for ¢ = j.

It remains to show that 0,.,m;; = 0,.,m;;. By construction r;; is a symmetric function
in the sense of Lemma . Repeated application of Lemma shows that J;; is also a
symmetric function and therefore 0.,J;; = 0., J;; by Lemma . Similary, one can show
that 0.,(Jjirj;) = 05 (Jijri;). The second assertion is proved similarly. O

Lemma C.12. Let A denote a o-field and let E 4 denote the expectation operator conditional
on A. Let (Y;;,Y;i)ij=1,.n denote an array of random tuples that are mutually independent
conditional on A and satisfy E4 |YZ~’j|4 < C for a constant C. Suppose that EY; ; = 0 for
i,j=1,...,n and let T denote the matriz random entries (Y);; = Y; ;. Let M denote a
matriz wzth A measurable random entries such that |M|| .. = O,(n™') and let D denote a

diagonal matriz with with A-measurable random entries such that || D] .. = Op(1). Then
for A,B e {Y,Y"}

max

1. AAM B1,, = Oy(n),
1" ADB1, =E A[1’ A'DBL,] + O, (n*?)
- Z )iilEalai;bi;] + Op (”3/2>'
,j=1

Proof. To prove the first statement note that

nl A'MB1, = Z ikbej [ Mg o]

1,7,k £=1

For k = 3,4 let

Pﬁ(il, Ce ,Z',{> = {(jljg, e ,j25_1j25> 2j1, . ,jQ,.; S {il, . ,’L',{}}
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the set of all 4-tuples of index pairs that can be generated from a given set of four (not
necessarily distinct) indices iy, . . ., i,. Conditional independence and the zero mean property
of the Y, ; yields

n

E4ln1,A'MB1,)* = Z Z [0 102 p12pas [0 72 pgpa B[, bpo g b,
1,5,k=1 (p1,....,pa) €Pa(i,j,k L)
<C Z Z [n m]p12p21 [n m]P32P41 =0y (n4)7

i7j7k7£:1 (pl 7777 p4)€7)4(17]7k7€)

where the inequality follows from Cauchy-Schwarz. The first claim follows now immediately.
To prove the second claim note that

i,g k=1
Taking the squared expectation gives

n

EA[llnAlDBln]2 = Z Z dp11p11dp31p31EA[aplbp2a’P3bp4] = Op(n3)'

4,3,k=1 (p1,...,p3) EP3(i,5,k)
It follows that 1/ A’M B1,, = E 4[1/, A’"M B1,] + O,(n%?). Finally, it is easy to see that

E4[1,A'MB1,] = Z diiE alaijbir] = Z diiE 4[ai;bij]-

ijk=1 ij=1

D. Bootstrap protocol for percentile bootstrap of T]SVt“d

The following bootstrap protocol is a variation of the double bootstrap procedure in Kim
and Sun (2016). Draw B times from the bootstrap distribution as follows:

1. Draw (N ) independent pairwise bootstrap shocks { (U}

9 5 Us) Yigev from the bivariate

1<)
normal distribution with marginal variance equal to one and covariance p.

2. The bootstrapped network is given by {Y;*}ijep(v) where

* 2 ~S ~R *
Vi =1 (X[0+45 +48 > Up)

ij
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3. Estimate 6* and v* = (%S’O’*, %S’O’*)iev on the bootstrapped network using the first

stage of the ML procedure from Section

4. Compute (T Js\}“d)* on the bootstrapped network, using 6* and ~+* as inputs for the
plug-in estimators.

This gives a vector of draws {(T]S\,t“d)*}jzlwg. Let to/2 and t;_,/y denote the empirical
a/2 and 1 — «/2 quantiles of {(T]S\}ud)*}j:17.,.7 p. The transitivity test with bootstrap critical
values rejects if T50 ¢ | w o B ool

E. Network statistics for simulated designs

in-degree out-degree
N o Cpyn density mean median mean median comp min cut clust
50 0.0 loglogN 0.19  9.50 9.16  9.50 9.14 1.00 1.51  0.57
50 0.0 logl/2 N 0.12 5.65 497  5.65 492 090 0.00 047
50 0.0 2log'/?N 0.06  3.05 2.06  3.05 2.04  0.62 0.00 0.42
50 0.0 log N 0.03 1.57 0.45 1.57 0.50 0.35 0.00 0.40
50 0.5 loglog N 0.19  9.50 9.18  9.50 9.16 1.00 1.52  0.51
50 0.5 log'?N 0.12 5.67 496  5.67 4.94 091 0.00 0.42
50 0.5 2 logl/2 N 0.06  3.05 2.03 3.0 2.04 0.63 0.00 0.38
50 0.5 log N 0.03  1.58 0.52  1.58 0.51  0.37 0.00 0.36
70 0.0 loglog N 0.18 12.56 12.03 12.56 12.00 1.00 1.95 0.56
70 0.0 logl/2 N 0.11 7.50 6.43 7.50 6.42  0.93 0.00 047
70 0.0 2log'/?N 0.06  3.99 252 3.99 256  0.67 0.00 0.43
70 0.0 log N 0.03 1.90 0.41 1.90 0.40 0.39 0.00 0.41
70 0.5 loglog N 0.18 12.54 12.01 12.54 12.05 1.00 1.90 0.50
70 0.5 logl/2 N 0.11 7.49 6.40 7.49 6.40 0.94 0.01 042
70 05 2 logl/2 N 0.06  3.99 2.53  3.99 2.51 0.68 0.00 0.38
70 0.5 log N 0.03 1.89 0.39 1.89 0.41 0.40 0.00 0.37
Table E.1: Statistics for simulated networks under the null hypothesis (averaged over 500
replications): “comp” = share of agents belonging to the largest connected
component, “min cut” = minimum cut of the network, “clust” = clustering
coefficient.
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in-degree out-degree

N P Cyn density mean median mean median comp min cut clust

50 0.0 loglogN 0.18 8.74 821 8.74 821  0.98 0.53  0.57
50 0.0 log'/?N 0.10  4.75 3.50  4.75 3.49  0.70 0.00 0.50
50 0.0 2log'/?N 0.05 2.24 1.00 2.24 1.00 0.33 0.00 0.47
50 0.0 log N 0.02 1.13 0.00 1.13 0.00 0.18 0.00 0.48
50 0.5 loglog N 0.18 8.74 821 8.74 820 0.98 0.50  0.56
50 0.5 log'?N 0.10 4.77 3.54 477 3.56  0.70 0.00 0.49

50 0.5 2log'/?N 0.05 2.26 0.98  2.26 1.01  0.34 0.00 0.46
50 0.5 log N 0.02 1.15 0.00 1.15 0.00 0.18 0.00 0.48
70 0.0 loglogN 0.17 11.70  10.66 11.70  10.69  0.99 0.82  0.56
70 0.0 log/?N 0.09 6.38 447  6.38 450  0.82 0.00 0.49
70 0.0 2log/?N 0.04 3.08 1.31  3.08 1.32  0.46 0.00 0.47
70 0.0 log N 0.02 1.43 0.00 1.43 0.00 0.21 0.00 0.49

70 0.5 loglog N 0.17 11.69  10.67 11.69  10.65  0.99 0.82 0.55
70 0.5 log'/?N 0.09  6.40 455  6.40 4.55  0.82 0.00 0.48

70 0.5 2log'/?N 0.04  3.09 1.30  3.09 1.34  0.46 0.00 0.46
70 0.5 log N 0.02 1.44 0.00 1.44 0.00 0.21 0.00 0.48
Table E.2: Statistics for simulated networks under the dynamic alternative (averaged over
500 replications): “comp” = share of agents belonging to the largest connected
component, “min cut” = minimum cut of the network, “clust” = clustering
coefficient.

F. Model specification test based on cyclic triangles

A model specification test based on cyclic triangles can be implemented similarly to the
specification test based on transitive triangles. The theory carries over in a straightforward
way. It is convenient to use notation that is similar to the notation used for the test based
on transitive triangles. To indicate that symbols refer to the test based on cyclic triangles,
I add a “o” superscript. The set of all cyclic triangles is given by

B® = BO<N) = {{(Z>J>7 (]7 k)? (kal)} : {Zvj7k} - V(N)’ {iaj7 k} = 3}
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On N vertices, there are (];) cyclic triangles. Let

()

BeB° ijeP
E%:Z(Hm)
BeB° ijeB

denote the observed and the (estimated) predicted number of cyclic triangles, respectively.
Excess cyclic closure can be measured by

. Ss, —ES%

Let

B =

v 2 Ll»e

HiiN BEB°(N) e
591] e#lj

The following result characterizes the asymptotic distribution of 7. Similar to the the
corresponding result for transitive triangles (Theorem [3)) it can be used to construct a
specification test based on cyclic closure (see Section [5.2)).

Theorem 4 (Model specification test based on excess cyclic closure). Let

- QZZB WW~

i€V jev_;
and Uy ;; = (U&)’Wf’&,)@j and suppose that Assumption holds. Then

NTR +6(B% + (UX,)’W;}VB%)

= N(0,36) + 0,(1),

vk’
where
1 ~o,N - 2 ~o,N - ~o,N -
vy = N2 > 2. {(ﬁij — i) wig + (B — i) (Bji “?Vaz)p”vw”wﬂ}

1€V jeV_,;
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and BY = By + By "+ By with

~o,N
pros _ 1 3 2 jev., Hij(0:2pi;) By
: 2N 2jev; Wi
~o,N
j Hij(az2pij)5ij

. 1 >
T°.R _ _* ieV_
B _QNZ

ot dojev; Wij

BTO’SR o 1 COITZ' N_l Zjev,i Zkev,{j,k} (azplj)(azpjl)pkj

r =
N 172 172
eV (Zjev,i Wij) <Zjev,i wji)

Proof. The proof is analogous to the proof of Theorem [3| and is omitted.

G. Tables for application to favor networks

Variable Description
same caste ¢ and j belong to the same caste
age diff absolute value of age difference between 7 and j
same family ¢ and j belong to the same family
same latrine i and j both (don’t) live in a house with an own
latrine
same gender ¢ and j have the same gender
both hh heads both ¢ and j are household heads
same village native both ¢ and j were born in the village
educ None-Some one of ¢ and j has no education,
the other has finished primary education
educ None-SSLC one of 4 and j has no education,
the other has a obtained a SSL certificate
educ Some-SSLC one of ¢ and j has finished primary education,

the other has obtained a SSL certificate

Table G.1: Description of variables measuring homophily (Xj;).

Village N TN Tx bc  rel bias pval anal pval BS pval naive pval naive bc
1 203 4.2e-06  6.3e-06 -0.34 < 0.01 < 0.1 < 0.01 < 0.01
2 203 1.5e-06  4.8e-06 -0.69 < 0.01 < 0.1 0.025 < 0.01
3 345 8.5e-07  1.3e-06 -0.35 < 0.01 < 0.1 < 0.01 < 0.01
4 256  2e-06 3.4e-06 -0.41 < 0.01 < 0.1 < 0.01 < 0.01
5 164 1.5e-06  4.8e-06 -0.68 < 0.01 < 0.1 0.035 < 0.01
6 110  3.6e-06  1.3e-05 -0.73 < 0.01 < 0.1 0.23 < 0.01

Continued on next page
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Table G.2 — continued from previous page

Village N TN Tyn bc  rel bias pval anal pval BS pval naive pval naive bc
7 172 1.1e-05  1.7e-05 -0.34 < 0.01 < 0.1 < 0.01 < 0.01
8 109 1.1e-05  3.6e-05 -0.69 < 0.01 < 0.1 0.099 < 0.01
9 247  2.9e-06  4.9e-06 -0.40 < 0.01 < 0.1 < 0.01 < 0.01
10 95 3.2e-06  1.5e-05 -0.79 < 0.01 < 0.1 0.5 < 0.01
11 142 5.4e-06  1.5e-05 -0.65 < 0.01 < 0.1 0.075 < 0.01
12 195 7.2e-06 1.2e-05 -0.40 < 0.01 < 0.1 < 0.01 < 0.01
14 150 1.2e-05  2.7e-05 -0.56 < 0.01 < 0.1 < 0.01 < 0.01
15 212 8.6e-07  4.3e-06 -0.80 < 0.01 < 0.1 0.18 < 0.01
16 178  6.6e-06  1.4e-05 -0.52 < 0.01 < 0.1 < 0.01 < 0.01
17 200 1.5e-06  4.7e-06 -0.69 < 0.01 < 0.1 0.086 < 0.01
18 284  4.8¢-07  1.6e-06 -0.69 < 0.01 < 0.1 0.015 < 0.01
19 243  2.5e-06  5.2e-06 -0.52 < 0.01 < 0.1 < 0.01 < 0.01
20 159  6.7¢-06  1.4e-05 -0.51 < 0.01 < 0.1 0.01 < 0.01
21 210 2.1e-06  6.1e-06 -0.65 < 0.01 < 0.1 < 0.01 < 0.01
23 280 2.6e-06  4e-06 -0.35 < 0.01 < 0.1 < 0.01 < 0.01
24 211  4.2e-06  1e-05 -0.60 < 0.01 < 0.1 < 0.01 < 0.01
25 304 1.3e-06  2.4e-06 -0.47 < 0.01 < 0.1 < 0.01 < 0.01
26 149 1.1e-05  2.1e-05 -0.50 < 0.01 < 0.1 < 0.01 < 0.01
27 174  1.6e-06 1.1e-05 -0.85 < 0.01 >0.1 0.13 < 0.01
28 395 6.6e-07 1.1e-06 -0.42 < 0.01 < 0.1 < 0.01 < 0.01
29 303 2.7e-06  4.6e-06 -0.42 < 0.01 < 0.1 < 0.01 < 0.01
30 170 1.2e-05  2.4e-05 -0.49 < 0.01 < 0.1 < 0.01 < 0.01
31 200 4.7e-06  9.7e-06 -0.51 < 0.01 < 0.1 < 0.01 < 0.01
32 301 1.2e-06  2.8e-06 -0.56 < 0.01 < 0.1 < 0.01 < 0.01
33 219  4.4e-06  7.4e-06 -0.40 < 0.01 < 0.1 < 0.01 < 0.01
34 181 1e-05 2e-05 -0.50 < 0.01 < 0.1 < 0.01 < 0.01
35 216 8.8¢-06  1.5e-05 -0.43 < 0.01 < 0.1 < 0.01 < 0.01
36 293  6.1e-06  7.8e-06 -0.23 < 0.01 < 0.1 < 0.01 < 0.01
37 132 2.8e-05 4.1e-05 -0.31 < 0.01 < 0.1 < 0.01 < 0.01
38 182 1.5e-06  5.6e-06 -0.73 < 0.01 < 0.1 0.15 < 0.01
39 370 1.4e-06  2.8e-06 -0.49 < 0.01 < 0.1 < 0.01 < 0.01
40 266 1.4e-05  2e-05 -0.30 < 0.01 < 0.1 < 0.01 < 0.01
41 181 3.3e-05  4e-05 -0.16 < 0.01 < 0.1 < 0.01 < 0.01
42 206 8.9e-06  1.5e-05 -0.39 < 0.01 < 0.1 < 0.01 < 0.01
43 227  1.5e-05  1.7e-05 -0.14 < 0.01 < 0.1 < 0.01 < 0.01
44 258 1e-05 1.3e-05 -0.21 < 0.01 < 0.1 < 0.01 < 0.01
45 263 2.3e-06  4.5e-06 -0.49 < 0.01 < 0.1 < 0.01 < 0.01
46 279  1.2e-06  2.3e-06 -0.49 < 0.01 < 0.1 < 0.01 < 0.01
47 160  2e-06 7.3e-06 -0.73 < 0.01 < 0.1 0.16 < 0.01
48 217 4.9e-06  1.1e-05 -0.53 < 0.01 < 0.1 < 0.01 < 0.01
49 184 5.6e-06  1.2e-05 -0.564 < 0.01 < 0.1 < 0.01 < 0.01
50 261  1e-05 1.5e-05 -0.33 < 0.01 < 0.1 < 0.01 < 0.01
51 309 6.5e-06 1.1e-05 -0.43 < 0.01 < 0.1 < 0.01 < 0.01
52 395 3.6e-06  5.7e-06 -0.37 < 0.01 < 0.1 < 0.01 < 0.01
53 170 2.4e-05  4.4e-05 -0.46 < 0.01 < 0.1 < 0.01 < 0.01
54 124  7.9e-06  3.4e-05 -0.77 < 0.01 < 0.1 0.14 < 0.01

Continued on next page
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Table G.2 — continued from previous page

Village N TN Tyn bc  rel bias pval anal pval BS pval naive pval naive bc
55 279  6e-06 1e-05 -0.42 < 0.01 < 0.1 < 0.01 < 0.01
56 148 2.7e-05  3.2e-05 -0.16 < 0.01 < 0.1 < 0.01 < 0.01
57 234  1.5e-06  2.3e-06 -0.37 < 0.01 < 0.1 < 0.01 < 0.01
58 210  2.1e-06  4.9e-06 -0.58 < 0.01 < 0.1 < 0.01 < 0.01
59 384 2.1e-06  3e-06 -0.32 < 0.01 < 0.1 < 0.01 < 0.01
60 413 1.1e-06  2e-06 -0.44 < 0.01 < 0.1 < 0.01 < 0.01
61 155 2.4e-05  3.8e-05 -0.37 < 0.01 < 0.1 < 0.01 < 0.01
62 242 7.7e-06  1.1e-05 -0.32 < 0.01 < 0.1 < 0.01 < 0.01
63 190 4.6e-06  9.2e-06 -0.50 < 0.01 < 0.1 < 0.01 < 0.01
64 294  4.7e-06  6.6e-06 -0.29 < 0.01 < 0.1 < 0.01 < 0.01
65 341 5.8e-06  1le-05 -0.43 < 0.01 < 0.1 < 0.01 < 0.01
66 189 3.2e-06  6.5e-06 -0.50 < 0.01 < 0.1 < 0.01 < 0.01
67 231 1.1e-06  3.6e-06 -0.68 < 0.01 < 0.1 < 0.01 < 0.01
68 164 -8.3e-07 6.9¢-06 -1.12 < 0.01 < 0.1 0.47 < 0.01
69 220 1.4e-05  2.7e-05 -0.48 < 0.01 < 0.1 < 0.01 < 0.01
70 233  5.5e-06  9.4e-06 -0.42 < 0.01 < 0.1 < 0.01 < 0.01
71 298 4.3e-06  7.6e-06 -0.43 < 0.01 < 0.1 < 0.01 < 0.01
72 238 1.9e-06  4.2e-06 -0.56 < 0.01 < 0.1 < 0.01 < 0.01
73 217  5e-06 9.8e-06 -0.49 < 0.01 < 0.1 < 0.01 < 0.01
74 193 9e-06 1.6e-05 -0.42 < 0.01 < 0.1 < 0.01 < 0.01
75 210 8.3e-06  1.3e-05 -0.35 < 0.01 < 0.1 < 0.01 < 0.01
76 269 4.9e-06  7.8e-06 -0.37 < 0.01 < 0.1 < 0.01 < 0.01
77 172 9e-06 2e-05 -0.55 < 0.01 < 0.1 < 0.01 < 0.01

Table G.2: Transitivity tests for all village. Tl is the estimated excess transitivity, “Ty
be” is the bias-corrected estimated excess transitivity, “rel bias” = (T - Ty
be) / (T be), “pval anal” gives analytical p-value based on Theorem [1 “pval
BS” gives rejection based on BS critical value at nominal level « = 0.1, “pval
naive” and “pval naive bc” are p-values for the naive tests (with and without
bias correction) introduced in Section .

H. Derivatives of bivariate normal probabilities

Let U = (Uy, Usy)" denote a bivariate random vector with zero-mean and covariance matrix

V:

L]

where p is a parameter giving the correlation between the marginal normals. Let

(Y1, Y2, p) = P(Ur < y1,Us < yo)
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The formula for conditional distributions of a joint normal gives
Us | Uy ~ N(pUy, 1 — p?).
By a conditioning argument
r(y1,y2,p) =P(Ur < y1)P(Uz < yo | Ur < 1)

:P(U1 S yl) /_yl P(UQ S Y2 | U1 —t)%dt

_ /y; o (%) (1) dt.

Then,
Oy, (41, 92, p) =P (m_—py;> ¢(1)
1—p
and
aylp’r’(yl,y%/?) = — <%> ¢ <y21_—_p2212> ¢(y1)7
Dy (Y1, Y2, p) = — 1[)_ =9 <y21__m;12> S(y) + @ <%) ¢' (1)
P Y2 — PY1 Y2 — PY1
. (b ,
1 _
Oyry (Y1, Y2, P) Vi p2¢ (%;1 _p‘?;12> ¢(y1)-
Moreover,

M py2 —1 Y2 — pt
Opr(yr, 42, p) = /OO <<1 = p2)3/2) ¢ (\/1—7/)2> ¢(t) dt.

The integral on the right-hand side can be solved numerically using the R function
integrateﬁ For the case p = 0 no numerical integration is needed since

Y1

Oy (1, 42, 0) = —(ys) / EG(8) dt = By)blun).

—00

34T am grateful to Harry Joe for sharing his thoughts on how to compute this derivative in modern R.
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