Abstract

Parameter identification problems are frequently occurring within biomedical applications.
These problems are often ill-posed, and thus challenging to solve numerically. Previously,
it has been suggested that minimization of the Tikhonov functional using a time-adaptive
finite element method could be useful for determining the drug efficacy for treatment of HIV
infection. In this thesis, the suggested method was implemented and numerically tested in
MATLAB. The results, however, suggested that the method might be unsuitable for these
kinds of problems; instead, elementary methods were found to be more plausible.

The methods presented in the thesis can eventually be used by clinicians to determine the
drug-response for each treated individual. The exact knowledge of the personal drug efficacy
can aid in the determination of the most suitable drug as well as the most optimal dose for
each individual, in the long run resulting in a personalized treatment with maximum efficacy
and minimum adverse drug reactions.

Sammanfattning

Parameteridentifieringsproblem &r vanligt forekommande inom biomedicinska tillampningar.
Dessa ar ofta illastallda, och darmed svara att 16sa numeriskt. I ett tidigare arbete foreslogs
att minimering av Tikhonovfunktionalen med hjalp av en tidsadaptiv finita elementmetod
kunde anvandas for att identifiera lakemedelseffektiviteten vid behandling av HIV-infektion.
I detta arbete har den foreslagna metoden implementerats och testats numeriskt i MATLAB.
Resultaten antydde emellertid att metoden ar olamplig for denna typ av problem; istallet
visade sig elementara metoder vara mer lampade.

Metoderna som presenteras i denna uppsats skulle i framtiden kunna anviandas av lakare for
att bestamma det individuella likemedelssvaret for varje patient. Detta skulle i det langa
loppet kunna leda till en personlig behandling med maximal effektivitet och minimal inci-
dens av biverkningar.
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Abbreviations

CGM = conjugate gradient method
FEM = finite element method

HIV = human immunodeficiency virus
LHS = left hand side

ODE = ordinary differential equation
PIP = parameter identification problem
RHS = right hand side

RT = reverse transcriptase

SVD = singular value decomposition



Index of notation

Since I do not strive to be possible to understand, but rather impossible to misunderstand,
I think it is appropriate to clarify the exact meaning of certain symbols used in this thesis.
Symbol Meaning

C .. is a subset of ...

C .. is a proper subset of ...

N {123, ..}

R(F) Range of F.

D(F) Domain of F.

Bl {a:llr—pl <<}

C(QY) Continuous functions defined on €.

ck Space of k times continuously differentiable functions.
Cy° Space of compactly supported smooth functions.
Pk Space of k’th degree polynomials.

S;. Spline space: {s € C" : s|, € P*}.

S* Same as S with r =k — 1.

HY(Q) WHQ) = {ue Ly(Q) : gTUj € Ly(Q),7 =1,...,n}, with corresponding Sobolev norm.
Ly(f2)  Space of square integrable functions on , with scalar product (f,g) = [, fgdr < cc.

vi



Chapter 1

Introduction

Inverse problems are of great importance in many applications, but unfortunately, they are
often ill-posed and therefore regularization methods are required for their numerical solution.
To solve these problems efficiently, adaptive finite element methods (FEM) for coefficient in-
verse problems [2, 5] and parameter identification problems [13, 15, 16] have been developed.
In this thesis we will test the adaptive FEM method suggested in [3, 4] to solve systems of
initial value ODE problems, in particular for identifying the drug efficacy parameter in a
model of HIV infection under treatment of a reverse trancriptase (RT) inhibitor.

The thesis is organized as follows. Chapter 2 gives the reader an introduction to ill-
posed problems and Tikhonov regularization, and also a brief review of the curve fitting
techniques that are used in this work. In Chapter 3, the model problem is presented, and
it is argued that Tikhonov regularization is applicable to this problem; furthermore, the
Lagrangian corresponding to the problem is defined and the adjoint problem is derived. In
Chapter 4, the numerical methods used in the thesis are presented: Newtons method, for
solving the forward and adjoint problems; the conjugate gradient method (CGM) for finding
the minimum of the Tikhonov functional; and numerical differentiation, which is required for
direct solution of the inverse problem. In Chapter 5 the computational results are presented,
demonstrating the possibility of the reconstruction of drug efficacy for different number of
observations in time, and different noise levels at measured data, using only elementary
methods. Finally, in Chapter 6 we discuss the results and their utility in clinical practice.
The appendices contain an introduction to the mechanism of HIV infection and the MATLAB
programs used in our numerical simulations.



Chapter 2

Preliminaries

2.1 Inverse problems and ill-posedness

Let us consider the following problem:
Let By and By be Banach spaces. Let G C By be an open set in By and F' : G — By an
operator. Let y € By be given, and suppose we want to find x € G such that

F(z) =v. (2.1)

Problems of this sort, when you want to identify x in (2.1), given observations, y, are called
inverse problems. A special class of inverse problems are called parameter identification
problems (PIP), i.e. z is some parameter of a differential equation, and F'(z) is the solution
of the differential equation, with this parameter.

Definition 1. Problem (2.1) is said to be well-posed by Hadamard if it satisfies the following
conditions [18]:

1. Existence: For each y € B, there is an « = x(y) such that F(z) =y.
2. Uniqueness: For each y € B, there is not more than one = z(y) such that F\(x) = y.

3. Stability: For each y such that a unique solution of (2.1) exists, the solution z = x(y)
is a continuous function of y !.

Definition 2. Problem (2.1) is said to be ill-posed if it is not well-posed.

PIP and other inverse problems are often ill-posed. Ill-posedness means that it is difficult
to solve (2.1) numerically, since measurement errors, or even errors induced by finite-precision
computer arithmetic, can have disastrous consequences. Let y* denote noiseless observations,

"'We will call a problem well-conditioned if it is well-posed and such that a small change in data results
in a small change in the solution. A problem may be well-posed but still ill-conditioned; even if z(y) is
continuous it might still be very sensitive to changes in y.



d > 0 be the noise level, and Bsly*] = {y : ||y — v*||, < ¢}. The solution to the slightly
perturbed equation F'(x) = y; (with ys € Bs[y*]) could be entirely different from the solution
to F(z) = y*. Perhaps a solution to F'(x) = ys does not even exist. No matter how small §
is. A generally ill-posed problem (2.1) can be well-posed if we consider the restriction of F
in (2.1) to certain subsets of its domain.

Definition 3 (Conditional well-posedness). Let B; and By be Banach spaces. Suppose
G C By is the closure of an open subset in B;. Let F' : G — Bs be a continuous operator.
Assume that y* € F/(G) is our ideal noiseless data, and pick a noise level § > 0. Suppose we
want to solve

F(z) = ys, (2.2)
where ys € Bs[y*]. This problem is called conditionally well-posed on G if it satisfies the
following conditions [18]:

1. Existence: It is a priori known? that there exists an ideal solution z* = z*(y*) € G
for an ideal noiseless data y*.

2. Uniqueness: The operator F': G — By is one-to-one.

3. Stability: The inverse operator F~! is continuous on F(G).

Definition 4. The set G in Definition 3 is called the correctness set of the problem (2.2).

Continuity of the inverse operator F'~! can be guaranteed if the domain of F' is compact.
Hence, any compact set with nonempty interior such that F' is one-to-one is a correctness
set. This suggests a method to solve (2.2) by choosing a suitable correctness set, G, and
then finding a x € G such that ||F(x) — ys|| is as small as possible.

Theorem 1 (Tikhonov [29]). Let By and By be Banach spaces, and U C By a compact set.
Let F : U — By be a continuous one-to-one operator and V. = F(U). Then F™':V — B,
1S @ continuous operator.

For a proof of this important theorem see, for example [7, 29].

2.1.1 Quasi-solution

Let H, and H, be Hilbert spaces®, and assume that F' : G — H, is a continuous mapping
defined on a compact correctness set, G C Hy. Let 6 > 0 and assume, as before, that we
want to solve

F(x) =ys, (2.3)

2The rationale behind this is the assumption that the problem to be solved is a model of some natural
phenomenon. And since the phenomenon apparently exists, a solution of the equation describing it must
also exist. At least if we assume that the natural phenomenon in question is exactly represented by the
mathematical model.

3We require that the spaces are Hilbert spaces, rather than arbitrary Banach spaces in order for the
closest point property to hold. However, it suffices that they are so-called reflexive Banach spaces, see [12].




with ys defined as before. We know that a solution exists for perfect data y*, but in general
(2.3) has no solution, since ys ¢ F(G) (implying that we are dealing with an ill-posed
problem). Our goal in this, and the following subsection is to sketch how to construct a
family of approximate solutions {zs} in G that converges to z* as § — 0. Let us define

Tys (@) = |1 F(2) = ys[3,. (2.4)

Since F' is continuous, it takes compact sets to compact sets, thus F'(G) is compact in Bs.
And since F(G) is a compact subset of a Hilbert space, and therefore closed, a minimum of
(2.4) exists (and if F'(G) also happens to be convex, this minimum is unique). Any z € G,
unique or not, that minimizes J,, in (2.4) is called a quasi-solution to (2.3).

Since the inverse mapping, F~!, is continuous by Theorem 1 and defined on a compact
metric space, it admits a modulus of continuity, wg-1* From Theorem 1.5 in [7] it follows
that, given ys € By, then for any =} € argmin, . J,,(z) the following error estimate holds:

|25 — 2|, < wp-1(20), (2.6)

where wp-1(2) is the modulus of continuity of the inverse operator F~!. Thus zf — 2* as
0 — 0. Hence, we can take a sequence of quasi-solutions to be our desired family.

However, sometimes the set of all plausible solutions, to (2.3) does not form a compact
set. In these cases, the inverse mapping F~! need not be continuous on the image of the
plausible solutions F'(G), and the minimum of (2.4) may not exist. Such problems are called
essentially ill-posed.

Furthermore, even if the set of plausible solutions is compact, there is no guarantee that
the minimum of (2.4) is unique (unless G is also convex), and even if the global minimum
is unique, there might exist local minima, or regions where the gradient of the functional is
very small, such that a minimization algorithm could get trapped. In the next subsection,
we will discuss how a stable solution to essentially ill-posed problems could be obtained in
practice.

2.1.2 The Tikhonov functional

The Tikhonov functional makes sure that when minimizing (2.4), we will stay in the neigh-
bourhood of some point, ¢, which is a priori known to be close to the true solution, z*. A
general Tikhonov functional is given below

1 Y
Jy(x) = §|IF($>—y||232+§llx—xoll231~ (2.7)

4A modulus of continuity is a function w : [0, 00] — [0, 0o] such that

lim w(x) =w(0) =0. (2.5)

z—0t

The function f admits w as a modulus of continuity if and only if || f(z) — f(y)|| < w(||z —y]|). In particular,
f has a modulus of continuity if and only if it is uniformly continuous.

4



The first term is essentially the same as in (2.4), the second term is the regularization term
and v := y(0) is the regularization parameter.

In this subsection, we will show that minimization of the Tikhonov functional is a powerful
tool for solving many ill-posed problems. We will start by proving that there exists a min-
imizing sequence. The proposition below is conceptually equivalent to the construction of
the minimizing sequence in Section 1.7 of [7], except that we do not require that the set @ is
a proper dense subset of H;. The proposition stays true with the same proof if H; and Hs
are Banach spaces, but let us stick to Hilbert spaces from now on. We say that a subspace
A C B is compactly embedded in B, if the embedding operator is a compact operator.

Proposition 1. Let H, and Hy be Hilbert spaces. Let Q C Hy be a compactly embedded
subspace of Hy with nonempty interior, and assume that G C () is a closed set with nonempty
interior and no isolated points. Let F': G — Hy be a one-to-one operator that is continuous
in the norms of Hy and Hy. Assume that F(x*) = y* for some z* € G and y* € Hy. Let
{6k}, be a sequence of noise levels such that 6 > 0 Vk and 6, — 0 as k — oo. Let
v :(0,00) = (0,00) be a function such that

52
o =0 = Y(0p) > 0N —=< — 0. 2.8
Define the Tikhonov functional as
1 7(0k)
Iu(e) = SIF@) = s, + L5 e — woll, (29)

where ||ys, — y*|| < 0k, and o € G. Then there exists a sequence, {xy}, corresponding to
Jp(x), such that x — z* as k — oo.

Proof. For y such that ||y — y*|| < i, we obtain

Ta) = Sy =iy + L — gl < B+ X0 o . 210)
2 2 2 2
Let
my, = ;gg Ji(x), (2.11)
by (2.10)
52 )
my, < Jp(z*) < 5’“ + @Hx* — 2[5, (2.12)
then there exists an x; such that
52 )
Using (2.13) in (2.9) for o = zy, yields
SIFG) = o1 + T ol < B+ T oy (21

5



This implies that for all §; > 0 such that limg_, 7(dx) and % — 0 we have
I
¥(6r)

Thus, {xx} is bounded in G C @. Since @ is compactly embedded in H;, there exists a
subsequence to {zy} that converges in (Hi, || - ||m,) (without loss of generality, and for ease
of notation, we can assume that it is {x} itself). And since all z; € G and G is closed, it
must actually converge in G. Assume that it converges to 2 € G. Then, since y5, — y* and
v(6k) = 0 as k — oo

[k — ol < +l2" = @oll§ = Il — wol 5 (2.15)

) 1 . N
Jim Jy(zx) = SIEFE) —y 1, (2.16)
—00 2
but from (2.13) it follows that
k—oo
thus ]
SIF @) =yl =0, (2.18)
and since we assumed that F was one-to-one we can conclude that & = x*. O

The regularization parameter satisfying conditions (2.8) can be chosen as, for instance
+(5) = 6%, (2.19)

where 1 € (0,1). However, the proposition does not tell us how to find a minimizing sequence
in practice. So, assume that we have a single noise level and our goal is to minimize (2.7).
Assume the same conditions as in the previous proposition, and let v be defined as above
(2.19). Choose a £ € (0,1), then it can be proven [17] that there exists a dy such that

5 €(0,80) = ||z — ¥|| < &lxg — 7] (2.20)

in particular it follows that if (2.7) attains a minimum, any x € argmin J(z) would be a
better approximation to x* than z, if the noise level is small enough.

In general, the Tikhonov functional (2.7) might not actually attain its infimum; we can only
guarantee the existence of the minimizing sequence, {z;}. However, without loss of gener-
ality, we can assume that G is the closure of an open and bounded set containing the initial
guess, g, the (bounded) minimizing sequence, {z}}, and the exact solution, x*. Hence, if we
consider finite dimensional Hilbert spaces, the Tikhonov functional, defined on GG, would have
a minimum, since closed and bounded sets on finite dimensional Hilbert spaces are compact,
and functionals defined on compact sets attain their infimum according to the Weierstrass’
extreme value theorem. In numerical mathematics, we always work in finite dimensional
spaces, so in practice (2.7) always has a minimum if the initial guess is contained in G.



Suppose now that G is convex and that (2.7) is Fréchet differentiable’, with a Fréchet deriva-
tive that is uniformly bounded and Lipschitz continuous. Then one can prove [7, 8] that
for given noise level and regularization parameter (2.7) is locally strongly convex in a neigh-
bourhood of its minimum and that z* is also contained in this neighbourhood if ||z* — o]
is small enough. Thus, if z( is chosen properly, the unique zero of the Fréchet derivative of
(2.7) is its global minimum.

Thus, to sum up, under reasonable assumptions discussed above, a minimum of (2.7) exists
and is a better approximation than the starting guess, xo. And under reasonable assump-
tions, and if the initial guess is good enough, there is only one unique point that is the
global minimum, and we do not need to worry about local minima. These facts explain why
Tikhonov regularization is so useful for solving ill-posed problems.

To find the zero of the Fréchet derivative, one can use common minimization techniques,
such as the conjugate gradient method (CGM) or the method of steepest descent.
Obviously, the minimum of the Tikhonov functional will not be exactly the same as the
quasi-solution if the noise level and regularization parameter are constants. On the other
hand, by letting v decrease for each iteration of the minimization algorithm we will have
a minimum of the Tikhonov functional that approaches the quasi-solution. In [1] it was
suggested that v can be updated as

Yo

Tk = [E (2.22)

where p € (0,1] and k =0,1,2, ....

From what have been discussed, it is clear that a good first guess is essential for successful
identification of the desired parameter. Of course, we do not in general have any idea at
all what the solution to (2.1) might be, and therefore, in general, we need to devise some
kind of globally convergent algorithm to solve ill-posed PIP. This is beyond the scope of this
thesis, however. But we will discuss how to obtain a reasonable first guess for this particular
problem in later chapters.

2.2 Curve fitting

In this section we will briefly review the curve fitting techniques used in the thesis.

2.2.1 Numerical solution of linear least squares problems

By the Stone-Weierstrass theorem, any continuous function defined on a closed interval of
the reals, [a,b] may be arbitrarily closely approximated by a polynomial. And by Taylor’s

5A continuous linear operator between Banach spaces A : B; — By is called the Fréchet derivative of the
operator T': By — By at © € By if

oy @ +h) —T(x) - Ab|| _
(= [[R]]

0. (2.21)



theorem any k times differentiable function can be approximated by a polynomial of degree
k — 1 or less in the neighbourhood of some point, a, with an error of at most R,(z) =
%(x — a)* with £ € (min{z, a}, max{z,a}) (these well-known facts can be found in any
textbook on analysis, such as [25]).

These theoretical results suggest that polynomials are very versatile for fitting function
graphs to sets of data, which they indeed are. The typical first step to fit a polynomial,
p(x) = ¢1 + cox + ... + c,z™ ! to data, y = (y1, Yo, ., Ym), by linear least squares, is to
construct the so-called Vandermonde matrix

2 .3 n—1
1 » xy 2y ... o X
1 2y 22 a3 s~
2 2 o o. . 2
e | (2.23)
2 .3 n—1
1 z, =z, z, T

of the time-mesh z; < zy < ... < @, and then consider finding ¢ = (cy, ¢a, ..., ¢,)T such that
Ac =y, (2.24)

with y = (y1, o, ..., Ym)?, which in general has no solution, since the system is usually pur-
posefully overdetermined in order to smooth out noise or inaccurate measurements. There-
fore we want to find the solution ¢ that is, in some sense, closest to solving (2.24); more
precisely, we want to minimize:

fle) = [|Ac —yll3, (2.25)

T are the coefficients

where y = (y1,¥2, ..., ym)? are the observations, and ¢ = (c1, ¢y, ..., ¢,)
of the fitting polynomial.

The most common methods, which can be used to minimize (2.25), are the method of nor-
mal equations, QR-factorization and singular value decomposition (SVD) [6, 11]. The most
accurate, but also most computationally demanding method is SVD.

The problem with the solution of the minimization problem min, || Ac—y||3, using the Vander-
monde matrix, is that as the degree of the polynomial increases, the Vandermonde matrix
quickly becomes very ill-conditioned, and eventually so ill-conditioned that it is indistin-
guishable from a singular matrix within machine precision. As a rule-of-thumb one can fit
polynomials up to degree 18 by using the Vandermonde matrix and standard techniques for
solving linear least squares, such as QR factorization or SVD; beyond that, erratic results
are obtained due to ill-conditioning of the Vandermonde matrix [6].

Various methods have been suggested to deal with matrices so severely ill-conditioned that
even SVD fails, including methods based on Tikhonov regularization, or various iterative
methods [30]. But since the Vandermonde matrix might be ill-conditioned beyond working
precision, not even these sophisticated methods will do if you are required to fit a very high
degree polynomial to obtain reasonable accuracy. Furthermore fitting a high degree polyno-
mial to data frequently results in undesirable oscillating behaviour of the interpolant, known
as Runge’s phenomenon (Figure 2.1).
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Figure 2.1: Runge’s phenomenon exhibited by the model problem (3.1) considered in Chapter 3 of
this thesis. The figure shows how the number of viruses changes over time under treatment of a
RT-inhibitor with efficacy n = 0.7.

To overcome these pitfalls, it is often better to use piecewise polynomials of low degree,
so-called spline functions, rather than a single high degree polynomial. Splines of degree n
are functions in C"~!, which are also piecewise P"; we will denote the set of all spline func-
tions as &™. The basis functions, B-splines, for S™ have bounded support, and hence unlike
the Vandermonde matrix, the coefficient matrix of the B-splines is a (well-conditioned) band
matrix. Another advantage with B-splines over the Vandermonde matrix is that, whereas a
single outlier in the data could have potentially huge impact on the interpolant if the Van-
dermonde matrix is used, outliers will only affect points in the neighbourhood of the outlier
if B-splines are used, due to their bounded support.

2.2.2 Interpolating splines and smoothing splines

The accuracy when fitting splines to data points increases as the number of B-splines used
increases. If you have n data points, you can at most use n+2 cubic B-splines. If you use the
maximum number of B-splines, the function will pass exactly through each of the data points.
However, since the data obtained is typically contaminated with noise in most practical
situations, a curve exactly fitted to the data points would actually not be a particularly
good approximation to the true noiseless data; one would say that the curve is overfitted to



the data. To avoid overfitting, we may use regularization techniques to add a penalty term
that forces the interpolant to be a sufficiently smooth function.

Cubic smoothing splines

Assume that we have noisy observations, 1, ¥s, ..., ¥, of an unknown function, f : R — R,
at the points xy, za, ..., .. The least squares problem is to find the ¢ = (¢, ¢o, ..., ¢,) that
best fits the data

min [y — f (i, o)) (2.26)

where f(z,¢) = ¢1¢1(x) + €161 () + ... + e (), and ¢; are cubic B-splines. That is, to find
the f € 3 that is closest to f.

Cubic smoothing splines are regularized, such that the cubic spline function, f , has a bounded
second derivative (indicating that there are not too many abrupt changes in the curvature
of the function graph). More formally, our goal is to minimize the functional J : §* — R

defined as:

IQ) = 3l = flanaP 4 A [ e (227)
i=1 1
that is, find ¢ such that
co = argmin J(c). (2.28)
ceER?
When the parameter A = 0, we have just ordinary interpolating splines, and when A — oo
we obtain linear regression. Typically, it is best when A is a small number, just sufficient to
avoid overfitting, but still obtaining a good fit to the data points.

10



Chapter 3

The model problem

Our model problem, which was developed in [27], is the system of ODE given by:

’dl =S — k'LL1U4 — HuUq + (7706 + b)UQ,
1:L2 = ]{J'LL1U4 — (Ml + o+ b)UQ, (3 1)
ts = (1 — n)auy — dus, '

7:1,4 = N(SUg — CUy,

where u; represents uninfected T cells, us — pre-RT infected T cells, uz — post-RT infected
T cells, and uy virus (see Appendix A for explanation of the terms).

Parameter Value Units Description

5 10 mm3day~' inflow rate of T cells

u 0.01 day™* natural death rate of T cells

k 0.000024 mm3day~'  interaction-infection rate of T cells

1! 0.015 day=! death rate of infected cells

Q@ 0.4 day™* transition rate from pre-RT infected T cells class
to post-RT class

b 0.05 day™* reverting rate of infected cells return to uninfected
class

) 0.26 day™* death rate of actively infected cells

c 2.4 day=! clearance rate of virus

N 1000 virions/cell  total number of viral particles produced by an in-

fected cell

Table 3.1: Table of parameters.
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Let the time domain considered in our problem be denoted as
Qr =1[0,T] (3.2)

Let us assume that the parameter 7 in (3.1), corresponding to the drug efficacy, is unknown,
but contained in the set of admissible functions, M,:

M, ={neCQr):teQr = nt) € (0,1),t ¢ Qr = n(t) =0}, (3.3)

furthermore, we will assume that all the other parameters, {s,u,k,u1,a,b,6,¢, N}, are
known and defined as in Table 3.1, and that the solution to (3.1) in a certain subset, s,
of the entire time domain, {27, is known through noisy observations, g.

Inverse Problem 1. Assume that all parameters, {s,u,k, 1, ,b,0,¢, N}, in the model
problem (3.1) are known, and defined as in Table 3.1. Find n(t) € M,, satisfying (3.3),
assuming that the following function is known

u(t) = g(t),t € Qops C Q. (3.4)

The function g(t) represents observations of the function u(t), which solves (3.1), inside the
observation set {2,s.

Remark 1. It is easy to see that M, is a convex set: take a € [0,1] and 7y, € M,. Set
c(t) = am(t) + (1 — a)na(t), then for each ¢ € Qr it is obvious that 0 < min{n;(¢),n2(t)} <
c(t) < max{n(t),n2(t)} < 1. That is c(t) € M,,.

3.1 Existence, uniqueness and stability of forward prob-
lem

According to the discussion in the previous chapter, Tikhonov regularization is useful for
solving a PIP if the forward problem is well-posed by Hadamard, and the set of possible
parameters is a convex set. In this section we will prove that the required conditions are
fulfilled. But let us first review and elaborate on the results from [27].

3.1.1 Existence and Lyapunov stability of steady state

Let us now assume that the parameter 7 in system (3.1) is constant. That is, n(t) = ¢ € (0, 1).
Setting the LHS in (3.1) to zero and solving for u;, us, uz and uy we can see that there are
two possible steady states: an infected and an uninfected one [27].

The uninfected steady state is given by

u?

=0
= (3.5)

Uz = 07

Uyg = O,



and the infected steady state is achieved when

= (tatbe
I = Nak(i—n)°
__ s—pu
Uy = —F 1
2= nta(l-n) (3.6)
— a(l=—nup
Uz = 5 )
Uy = Néus )

c

In [27] was shown that the infected steady state can exist only when 7 is less than the

following critical value

pe(pn + a+ b)
Naks

For our system of parameters, presented in Table 3.1, this critical value is 7. ~ 0.88375.
Whenever 1 > 1. only the uninfected steady state can exist.

Plugging in the values of Table 3.1 into (3.6) when 1 < 7e., or (3.5) if B > 1, We obtain
the numerical values for solutions (uy, us, u3, us)? of (3.1) presented in the Table 3.2.

Nerit = 1— (37)

n Uy Uz U3 Ug

0.0 116 21 33 3549
0.1 129 23 32 3483
0.2 145 26 31 3402
0.3 166 28 30 3298
04 194 32 29 3162
0.5 233 36 27 2975
0.6 291 41 25 2702
0.7 388 45 21 2269
0.8 581 44 14 1469
09 1000 O O O

1.0 1000 0 O O

Table 3.2: Stable steady states for different values of 1, while keeping the other parameters fixed.

Boundedness and stability of solutions

Let us define
m — min{l’% ,ul}’

)
v

(3.8)

l’l‘"L ’

(n) =
() Nas(l-n)
3.1

e =
I

HmC ’

where p, i1, s ete. are the parameters of (3.1). Consider the set

L(n) = {(u1,uz,uz3,ug) ER*:0<u; <Z0<up, <Z,0<u3 <P,0<u, <V} (3.9
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It can be proven [27] that if w(0) € I'(n), then the solution trajectories of (3.1) will stay
inside I'(n) for all t € Q.

Remark 2. Tt is not required that n is constant. As long as n € M,, we may allow 7(t) to
vary with time.

For our parameters presented in Table 3.1, these bounds are quantitatively defined as

0 < uy < 1000,
0 < uy < 1000,

0 < us < 1538.5(1 — 1),
0 < uy < 166667(1 — ).

(3.10)

For various values of 7, the following upper limits apply for uz and uy,:

n | 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
us | 1538 1384 1230 1076 923 769 615 461 307 153
ug | 166666 150000 133333 116666 100000 83333 66666 50000 33333 16666

Table 3.3: Upper limit for the positive invariant set I'(). The integer parts of fractional numbers
is always reported as the upper bound.

It can furthermore be proven that if and only if > 7..;; the uninfected state is globally
asymptotically Lyapunov stable. On the other hand, if the steady state exists, then it is
locally asymptotically Lyapunov stable whenever the following condition is satisfied [27]

AC — A’D > 0, (3.11)

where

A=p+kug+pm +a+b+0+ec,
B=(c+0)(a+ u + p+ kug +b) + cd + p(pr + o+ b) + kug(pn + (1 — n)a),

C = co(p+ kug) + (¢4 0)(ppr + poc+ pb + prkug + (1 — n)akuy), (3.12)
D = cokuy(pn + (1 — 7)),
A=AB-C.

We can calculate that, when 7 is constant and the other parameter values are chosen as in
Table 3.1, then the infected steady state is locally asymptotically stable for all values of n
such that 7 is less than the critical value, 7.+ ~ 0.88 (Figure 3.1).
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Plot of AC — A%D as a function of 7

1 T T T
05 .
(@]
N
<
[ or .
O
<
0.5 | AC - A%’D
Critical value of 7
1 1 1 1 1
0 0.2 0.4 0.6 0.8 1

Value of 7

Figure 3.1: AC — A?D plotted as a function of . Note that AC — A2D > 0 Vn < 0.88.

Thus, if ) is constant, and less than the critical value n..; =~ 0.88, it suffices to know the
solution of (3.1) at steady state to deduce 7.
Although it is often a reasonable assumption that the drug efficacy is constant for a given
individual, viruses mutate readily, which can alter the efficacy of a RT-inhibitor. Thus, it is
interesting to know how to determine 7(¢) when it is not constant. So let us for the remainder
of this thesis consider the case when 7(t) is not necessarily constant.

3.1.2 Well-posedness of the forward problem
Let us define f = (f1, f2, f3, f1)T as the RHS of (3.1):

fi = s — kujuy — pug + (nac+ b)us,
fo = kujug — (1 + o + b)uo,

fz = (1 —n)auy — dus,

fa = Nous — cuy.

(3.13)

Let m9 = n(0). Assume that we have an initial value u(0) € I'(1), where I'(n) is defined
as in (3.9) and Qp = [0,7]. Then f(u,t) is clearly Lipschitz continuous on the compact
set I'(n) x Qr (and now 7 is allowed to vary with time). Thus, using the Picard-Lindel6f
theorem (Theorem 2.2 in [28]) one can prove that, for given «(0), (3.1) has a unique solution.
Furthermore, the solution depends continuously on 7 in the following sense (Theorem 2.8 in

[28]): if ||f(tvu7 771) - f(tvua 772)” <g, then

€
[t m) = u(t; )| < {10, m) — w(0,mo)|[e™ + = (e = 1), (3.14)
where L is the Lipschitz constant. If the initial values are equal, then on Qr = [0,7], we
have e
[ult, m) — u(t,m)]] < Z(eLT - 1) = Ce. (3.15)
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And since f is clearly continuous with respect to 7 it follows that the solution to (3.1) must
be continuous with respect to 7.

Hence, we can define a continuous operator F'(n) = u(n), such that the initial value is chosen
in the set I'. To see when F' is one-to-one, suppose that there exists n;(t) # n(t) such
that u(t,m1) = u(t,n2), then it follows from (3.1) that u(t,n) # u(t,ne) unless uq(t,1m1) =
us(t,m2) = 0. But if uy(t) = 0 then it must also be the case that uz(t) = 0 and uy(t) = 0. In
practical terms, this means that for our model problem, we can guarantee that F' is one-to-
one whenever a HIV infection is present (that is, if at least one of g, ug or uy is nonzero).
To sum up, we have shown that:

1. For each n € M, there exists a unique solution, u(n) to (3.1), such that we can define
an operator F : M, — C* as F(n) = u(n).

2. F is one-to-one whenever the initial value of (3.1) is not of the type (z,0,0,0).
3. F'is continuous with respect to 7.
4. M, is a convex set.

And from this we can conclude that it is theoretically possible to solve Inverse Problem 1
by the methods described in Chapter 2.

3.2 Tikhonov functional and Lagrangian

Let H be the Hilbert space of functions defined in Q7. It has previously been suggested
[3, 4] that i could be determined by minimizing the following Tikhonov functional

4

Jo=+3" / “(ualt) — git)) 2 (D)t + 2o / (n— n)2dt, (3.16)

2
i=1 YT

where u(t) is the solution calculated from (3.1), g(t) is the observed solution and 7" is a first
guess for the desired parameter 7. The function 2z, € C5° is a bump function introduced to
make J(n) continuous in the entire time interval [0,T]:

1,for t € [T} +2¢, Ty, — 2(],
Zg<t) =< 0,fort e [TQ — C,Tg] U [Tl,Tl + (], (317)
c (O,l),fOI‘ t e (Tg — 2§,T2 — C) U (Tl +C7T1 +2C)7

where ¢ > 0 is some very small number (for a construction of such a function, see e.g.
Chapter 2 of [19], Lemma 2.20, 2.21 and 2.22). It can be proven that (3.16) is Fréchet
differentiable and locally strongly convex in a neighbourhood of the exact solution n* (see [§]
or Chapter 1.9 of [7]). This, together with the convexity of M,, implies that, if n° is chosen
to be close enough to n*, a necessary and sufficient condition for a point to be the (unique)
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global minimum of (3.16) in M,, is that it is a stationary point with respect to 7.
Since we want to minimize (3.16) under the condition that u is a solution to (3.1), we will
introduce the Lagrangian

n) + Z/o Ai(; — f;)dt, (3.18)

where A is the Lagrange multiplier, v = (,u, \) and f is defined as in (3.13).

3.2.1 Fréchet differential and derivation of the adjoint system

Let us define the following spaces

H,(Qr) ={f € H'(Qr) : f(0) =0},
Hy(Qr) ={f € H'(Qr) : f(T) =0}, (3.19)
U= C(QT) X HllL(QT) x H} (QT)

We use the same ”heuristic” approach to find the Fréchet differential as in [3, 4], where we
assume that u, A and n can be varied independently. The result is the same as for a rigorous
calculation of the Fréchet differential. Let us consider the difference L(v + v) — L(v):

T 1 T
L(n+1) — L(n) = 7/ (ni7 + 0’7 + §ﬁ2)dt — a/ Uy (N — A3)7jdt. (3.20)
0 0

Neglecting 7%, we get

Ly (n)(n) =0,V € C(Qr) = ’Y/T(U +°)ijdt — a/T uz (A1 — Az)ndt = 0,
0 0 Vi € C(Qr). (3.21)
We also have
LA(N)(A) = 0,VA € Hy(Qr) =
fOT (117 — 5+ kuyuy + pug — (o + b)ug)Adt = 0,
fo (t1g — ku1u4 + (1 + a4 b)ug) Aodt = 0,

f[} (U3 )OéUQ + (5U3))\3dt = O
f() (U4 N5u3 + CU4))\4dt =0,

—

VA€ Hy(Qr). (3.22)

T T T
—/ At —/ Aifidt =
t=0 0 0
T T
0 0

17
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by partial integration. C'is a constant that vanish when taking the difference L(u+u)— L(u),
thus neglecting nonlinear terms we get:

L (u)(u) =0,Yu € H:(Qr) =

gQ(ul g1) ¢t dt — fOT )\1 — Mkug — M p+ Aokug)undt = 0,

. szz g2 2¢lpdt — fO Ay = Aa(pir + @+ b) + A (no + b) + (1 — n)ars)wadt = 0,
7 (uz — g3)zctizdt — fo (A3 — A30 + A NO)uzdt = 0,
fgf(m — g4)zcUgdl — fo ()\4 — AgC+ Mkuy + Aokug )ugdt = 0,

VA€ Hi(Qr). (3.24)
To find minimum of (3.18) we should have
L'(n,u, M) (7,1, A) = 0,9(1, 6, A) € U. (3.25)

From (3.22) it follows that we should solve the forward problem (3.1), and from (3.24) it
follows that we also should solve the following adjoint problem

(M= Aikua + Mg — dokug + (u1 — g1),
Ay = Na(p1 + a +b) = M(na+b) — (1 = n)ads + (uz — g2),
As = Asd — MNG + (us — gs), (3.26)
Ay = e+ Mkuy — Aokuy + (ug — g4),

N(T)=0, i=1,...,4.

\
which should be solved backwards in time, with A(7") = 0. Existence and uniqueness is

proved similarly to the forward problem.

What remains, in order to minimize (3.18) is thus to solve equation (3.21).

3.3 Finite element approximation of the model prob-
lem

We introduce the piecewise linear (for v and \) and piecewise constant (for n) finite element
spaces
WHQr) = {f € HL: fls € PV},
Wj( ) {f € Hl f|] € Pl( )VJT}7 (327)
Wi={fe L2(QT) fls € P°(J)VJ,}.
The norms are the ones induced from the spaces H! and L,; since the FEM spaces are finite
dimensional, the norms for all three spaces will be equivalent. We also define the space

Uy = WY x WA x WH. (3.28)
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The finite element method of (3.25) is: find v, € U, such that Vv € U,
L'(v.)(p) = 0. (3.29)

This FEM formulation can be used to formulate a time-adaptive algorithm for the PIP [3, 4].
But since regularization was not found to be very useful for this particular problem, we will
not do this in this thesis.

3.3.1 A posteriori error estimates

Refinement of the time mesh, if it was used, would be based on the following theorem.

Theorem 2 (A posteriori error estimate for the Tikhonov functional [4]). Assume there
exists an € H'(Qr) such that n = argmin J(n), where J is defined as (3.16). Let n, € W4
be a finite element approximation of . Then

[17() = T ()l 120y < CrCIT (1)l 120 max 7 || 2o (3.30)

with C'" and C} being positive constants, [n.] being the jump of n. over [ty_1,tx] and [ty, tx11],
and

J'(1:) = v(nr = 1°) = atigr (A7 — Asr) (3.31)

In [4] it was recommended that the time mesh is refined where (3.31) is largest.
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Chapter 4

Numerical methods

4.1 Newton’s method for forward and adjoint prob-
lems

The Newton-Raphson method, or just Newton’s method, is a well-known iterative method
of finding approximations to the zeroes of a real-valued function. It is used as the basis for
our algorithms for solving the forward (3.1) and adjoint (3.26) problems.

4.1.1 Forward problem
Let f be chosen as in (3.13), and let us rewrite (3.1) as

ou
— = t)). 4.1
o = Ful) (1.1
First, we discretize (4.1) in time (0,T) as
k+1 _  k
= f), (4.2)
-
where u**!, u* are discrete values of the function u at time moments k + 1, k, respectively,

F1 value from (4.2) to get

and 7 is the uniform time step, 7 := t**! — t*. Now we extract u
Pt = T (U (4.3)
The equation (4.3) can also be written as

Pt — T f (WP — b = 0. (4.4)

To solve the nonlinear equation (4.4) we will use Newton’s method. Let us introduce the
new variable v and define v := u**1. Then (4.4) can be written as

F(v):=v—1f(v) —u"=0. (4.5)
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Now we apply Newton’s method to (4.5) for finding the function wv:
V" =" — (F'(0™) ) - F(u™). (4.6)
Using definition of F'(v) we can find F'(v") in (4.6) as:
F'(w™) =1—7f'(v"), (4.7)

where [ is the identity matrix and f’(v™) is the Jacobian of f at v™, or J(v™) = f'(v™).
In the case of our function f given by (3.13), the Jacobian can be computed as

ofi 0fv O0fi Ofi ]
oup Ouy Ous Ouy
0fy Ofy Ofs Of2
UCOR I A ) K] (5)
8u1 31@ 8U3 8u4
Ofs Ofs Ofs Ofs
6u1 8UQ 8U3 8u4

or computing all partial derivatives in the above matrix, we can get the following expression
of the Jacobian:

—kukt™t —p (na+b) 0 —kuft!

Eul ™t —(p+a+d) 0 kubt!
J(") = ! (i ) e (4.9)
0 (1—n)a -0 0
0 0 No —c

4.1.2 Adjoint problem
We define RHS of the (3.26) as:

Y = Akug + Mg — Aokug + (ug — 1),
Y2 = Xo(p1 +a+b) — A(na+b) — (1 — n)ars + (uz — g2),

(4.10)
Yz = A30 — NG + (uz — g3),
Ya = Aac+ Mkur — Aokuy + (ug — ga)-
We can rewrite the system (3.26) in the form
oA
— =y(A\(?)). 4.11
CAR0) (1.11)
First, to solve (4.11) numerically, we discretize (4.11) in time as
)\k—H _ /\k
XXy, (1.12)
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where A1 \* are discrete values of the function A(t) at time moments k+ 1, k, respectively,
and 7 is the uniform time step 7 := t**! —¢¥. Since we solve the adjoint problem backwards
in time from ¢t = T to ¢t = 0, we extract A* from (4.12) for the already known values of \**!
to get

M= ALy (AR, (4.13)

which also can be written as
M ry(AF) — NFFL =, (4.14)

The equation (4.14) is nonlinear, and we will use Newton’s method to solve it. Let us
introduce the new variable w and define

w = \*, (4.15)
Then (4.14) can be written as
Q(w) = w + Ty(w) — A = 0. (4.16)
The Newton’s method applied to (4.16) for finding the function w will be:
Wt =w" — (Q'(w") ) - Q(w"). (4.17)
Using definition of Q(w) in (4.16) we can get Q'(w™) in (4.17) as:
Q' (w") =1+ 71y (w"), (4.18)

where [ is the identity matrix and y'(w") is the Jacobian of y at w™, or J(w™) = y'(w"). In
the case when the function y is given by (4.10), the Jacobian can be computed as

oy Oy Oy On
8)\1 8)\2 8)\3 a)\4
Oy Oy Oya Oy
T = | G o o o | @ (4.19)
E))\l 8/\2 8/\3 a/\4
Oys Oys Oys Oy
O\t O0Xy ON3 0Ny

Taking into account (4.10) together with (4.15) the Jacobian in (4.19) can be explicitly
computed as

kul + —kuf 0 0
T = —(na+b) m+a+db n—1La 0 (4.20)
0 0 5§ —N& | '
kuf —kuk 0 &
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4.2 Minimization algorithms

4.2.1 The conjugate gradient algorithm

The Fréchet derivative of the Tikhonov functional is (3.31), so the gradient at the observation
point t; is

g"(t:) = (" () — 0 (8:)) — o (1) (AT () — AR (1)), (4.21)
where u™ and \™ are obtained by Newton’s method, as described above. The conjugate
gradient method (CGM) is as follows:

Algorithm 1.
0. Choose a time partition, J. of Qp, and an initial guess n°.
1. Compute the solutions to forward and adjoint problems corresponding to " on J..
2. Compute g™ on J,. according to (4.21).

mH2

3. Compute ™ = H.Iql’i*HQ'

4. Compute d™ = —g™ + ™d™ ! (or if m = 0 then d°(t;) = —¢°(t;)).
5. Set n™ Tt =nm + o™d™.

6. Stop computing new 7 if |[¢g™|| < 6, where 6 is the tolerance level, or if ||g™|| grows,
which means that we have passed the minimum, or if ||n™|| is stabilized. Otherwise go
to step 1.

The optimal step length, 0™, can be calculated according to [24] as

o = —%, (4.22)

where v is the regularization parameter, and (.,.) denotes the Ly scalar product.

4.2.2 Choice of regularization parameter ~
Lower bound for ~

We recall that the Lagrangian is explicitly

Z/ (u;i(t) —g,-(t))%g(t)dwéy/o (nct) —no(t))QdHZ/o Ai(t)(a(t) — f)dt.
- (4.23)
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In order to ensure that n™ € M,, i.e. the set of admissible functions (3.3), we must set the
regularization parameter sufficiently large, such that the regularization term, 2||n —n°||., is
of about the same order of magnitude as the other terms in the Lagrangian (4.23). Otherwise
the Tikhonov functional might be such that 7 is taken outside the set of admissible functions,
M,,, during the CGM algorithm. In the following we will derive a lower bound for . Consider
the gradient (4.21). From the first step of CGM (Algorithm 1) we will find that

nt ="+ c%auz(A — Xg). (4.24)

But if ' is supposed to be a better approximation of the exact solution, n*, than 7° was,
then we must have:

" e{n:ln—nl. <& = n' e {n:lln—n. <}, (4.25)

where 0 < €% < min{1 — n° n°} is some error estimate of the initial guess. That is,

17" = n°llze = llo%aus(Ar = Ag)l|z., < 2¢°. (4.26)
From (4.22) it follows that
1
o' ==, (4.27)
g

Thus, by combining (4.26) and (4.27), it follows that we must have for the first step of CGM
(Algorithm 1)
a
3> llua(a = ) (4.29

If 4° does not obey (4.28) the first step of the CGM would not improve the solution, but
potentially take n! outside the set of admissible functions. The reason that we use the L.-
norm here, is that we want 7" to be just sufficiently large to keep n' € M,. Other norms,
such as the Ly-norm, would make «° too large, and as a consequence the convergence rate
of the algorithm would be very poor.

Recommendation for iteratively updated ~°

We have seen that v must not be too small. On the other hand, if v is too big, minimization
of (4.23) would do little to improve the first guess. Actually, if § > 0 is the noise level of
the observations, we should have that 7(J) — 0 as 6 — 0. Therefore - assuming that each
iteration of the CGM (Algorithm 1) will lead to a better approximation of 1 - we will choose
a decreasing sequence, {7'}, of regularization parameters, according to [1], such that

’YO = %Hu%'()\lr - )\3T)HLOO7
. 0
’71 =

\/Z—Tl,iEN.

(4.29)
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4.3 Analytical determination of n at observation points

Suppose that the problem of identifying n is well-posed. Then, if one knows 7 at the entire
time domain, 27, one can simply calculate n explicitly from either the first or the third row
of (3.1) as:

1 — k
_ (Ul S+ Kujug + pug _ b) /O(’ (430)
U2
or as: . 5
n=1- w (4.31)
[6%75))

We will use the third row (4.31), since that expression involves less computations than (4.30).
The derivatives, u; in (4.31), can be approximated by central finite differences
u(t+7)—ult—1)

alt) ~ = . (4.32)

However, we need to be careful, because numerical differentiation is one of the most well-
known examples of potentially ill-posed problems. Thus, let us discuss (4.32) more carefully,
especially since ill-posed problems is the main subject of this thesis.

4.3.1 Error estimates for central differences

There are two factors contributing to the error in the approximation (4.32). Firstly, it is
error caused from the fact that (4.32) is only an approximation to the perfect derivative:
as 7 — 0 we approach the true derivative. So the smaller 7 is, the smaller is the error.
Secondly, it is round-off errors, which increases with decreasing 7; since we need to perform
subtraction on two almost equally large quantities much accuracy is lost due to cancellation.
Thus, the best results are obtained when 7 is small, but not too small. Let us consider these
errors more precisely in the following.

Truncation error of central differences

Let us in this section assume that u € C*(f27). Those functions are dense in C'(Q7r), so
if the solution to (3.1) is not smooth we can just approximate it by a smooth function.
Consider the Taylor series

i), (), u
u(t+7) = u() + ity + g2 Lo ey o) (4.33)

and .. DRy (4)
u(t —7) =u(t) —u(t)T + u2(1!5)7_2 — u?)(‘t) 3+ ¢ 4!(t) ™4+ O(1%), (4.34)

thus, we have
_ u(t) , 4
=u(t) + — =7+ O(17). (4.35)




Hence the approximation error in the estimate (4.32), which we will call the truncation error,

is defined as: i (1)
u(t)r
t) =

eft) =

Thus, the truncation error of (4.32) is O(7?), and is minimized if 7 and % (¢) are as small
as possible. But there is another factor also that contributes to the error, which we need to
consider.

+O(T4). (4.36)

Ill-posedness of numerical differentiation at small step sizes

Suppose that the function u is observed with noise, us, and let §(¢) be the noise at the
point ¢, so us(t) = u(t) +0(t). Let Ms = sup,cq.. |6(t)]. Then, using estimate (4.36) and the
definition of Ms, we get

le(t)] = [a(t) —us(t)] =

u(lt+71)—u(t—r1)
2T

alt) — (u(t +T)2—Tu(t —7) N St + T)Q—T(S(t - T))‘

N ‘5(t+7) —0(t—1) U(t)r?

6

M

< i - —
-

< + =+ 0(rh). (4.37)

2T

If the step size, 7, is too small, the second term in (4.37) will be very big. Thus, there exists
an optimal step size for the problem. In particular we can conclude that a requirement for
the problem to be well-posed is that % — 0 as § — 0, thus giving us the estimate 7(4) > §*
with p € (0,1). To find the optimal step-size, we set e(t,7) = %72 + % and differentiate
with respect to 7 to obtain

e(t,7) =

T

(4.38)

which has a stationary point, ¢, = 0, when

T (%Ol/g' .

If we allow the step size to change with the third derivative, we can obtain the best possible
accuracy of the derivatives. However, this requires that third derivatives are calculated
first, which is of course even more difficult than first derivatives. For the error estimates in
this study, we will simply content ourselves with using the following formula for the third
derivative, which is analogous to (4.32).

(1) ~ %[u(t 1+ 2r) — 2u(t 4+ 7) + 2ult — 7) — ult —27), (4.40)

with truncation error O(72) and round-off error O(773).
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Adaptivity

It would be interesting to compare the explicit calculation of 7 using (4.31) with results
obtained by Tikhonov regularization (i.e. Algorithm 1). To do this properly, we will differ-
entiate with near-optimal accuracy. More precisely, we will in general use a step size of 1,
but refine with optimal step size where the truncation error is estimated to be high compared
to the round-off error.

We will consider the truncation error to be high whenever

|u%(t)|72 > a, (4.41)

at the same time as
T > 1/0(1), (4.42)

where o > 0 is the error tolerance for the truncation error, which is set by the user. Note
that we only consider the third component of u, since it is the derivative of this component
that occurs in (4.31). So the following algorithm is suggested for explicit computation of 7:

Algorithm 2.
0. Choose a uniform coarse time partition, .J-, of {27, and an error tolerance level, a > 0.

1. Use (4.31) to compute 7,. Derivatives can be computed using either the central fi-
nite difference formula (4.32), or Richardson extrapolation (4.43) described in next
subsection.

2. Calculate the truncation error, e = M# (4.36) for each point of the time mesh.

Use (4.40) to compute approximate third derivatives.

3. Refine the time mesh at those points where both (4.41) and (4.42) are true. We suggest
that optimal step length is used for those points, which 7 can be computed via (4.39).

4. Compute 1 using (4.31) on the refined time-mesh.
For Inverse Problem 1, refinement of the time mesh turned out to be especially useful at

time moments where the parameter 7(¢) changes fast, or where the solution of the forward
problem (3.1) is far from equilibrium.

4.3.2 Improving accuracy of differentiation
Richardson extrapolation

The truncation error when performing numerical differentiation can be further decreased
by using Richardson extrapolation. Richardson extrapolation means that you calculate the
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central differences for both 7 and 27, and then subtract them in such a way that the O(72)-
term in their Taylor series cancels. Thus we will obtain the following estimate for the
derivative:

- u(t—27)+8u(z€+7)—8u(t—7)—u(t—l—QT)‘ (4.43)

127

Here, the truncation error is O(7%), but an analysis similar to the one above shows that
the round-off error has increased to %% Since Richardson extrapolation apparently is most
useful in reducing errors when both the noise and step size are small, we will use this method
to calculate the derivatives only when the noise level is smaller than 1%.

Smoothing noise

So far we, have only discussed how to reduce the truncation error. But if the noise level is
large, which it often is in practice, it is typically the round-off errors that dominate. Then
the step size should be large (actually the optimal step size for noisy data is often greater
than 1), and we get little help from techniques such as Richardson extrapolation. So we need
other tools than those mentioned above to deal with these kinds of problems. Many methods
have been proposed for stable numerical differentiation of noisy data over the years, see for
example [10, 14, 21, 22].

For this problem we will smooth the graphs using LOESS [9] or moving average filtering
from MATLAB'’s curve fitting toolbox, in addition spikes will be removed using the Hampel
filter [20] from MATLAB’s signal processing toolbox. Numerical studies suggested that it
was best to remove noise after n had been calculated analytically, rather than directly on the
noisy observations. Otherwise there was the risk that the filters smoothed out the solution
trajectories too much at the initial time steps. We used moving average smoothing for
time-adaptive methods and LOESS smoothing otherwise.
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Chapter 5

Computational results

In the computational studies we set 2 = [0, 500], and partition it into a uniform time mesh,
J., with step length 7 = 1. The forward and adjoint problems are solved using Newton’s
method on the time partition 7., with maximum number of iterations set to 1000.
Observations are simulated by defining an n(7) on J, and then computing the forward
solution g, for this 7., additive uniform noise is simulated according to

95i = gi +0X,9,
ie{1,2,3,4}, (5.1)

where 0 is the noise level, and X; are uniformly distributed pseudo-random numbers in
[—1,1].

The computations were performed on a computer with AMD E2-1800 APU (1.70 GHz),
64-bit system, 4.00 GB RAM.

5.1 Numerical study of the forward problem

An initial guess for n° can be obtained by formula (4.31), that is

Usr + Ous,
ny=1-— 8r T TV3r 7 (5.2)
QUar
with derivatives computed according to formula (4.32). Then the forward solution can again
be computed for this particular 7., to obtain the forward solution corresponding to the
approximate 7. We can calculate the relative errors as

||z — ]2
ey(r) = —————, (5.3)
1E1P
for the 2-norm, and similarly for the co-norm
eoo(T) = llz = sl (5.4)

1] oo
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The relative errors suggest that the both the forward and inverse problems are fairly well-
conditioned. However, the forward solution is huge compared to 1, which means that we have
to be very careful when choosing the regularization parameter for the Tikhonov functional
(3.16). In fact we will see that the PIP (Inverse Problem 1) is difficult to solve by minimizing
the Tikhonov functional due to the difficulty of choosing a suitable regularization parameter.
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Figure 5.1: Computer simulations of PIP with 7(t) = 0.8¢=34/T .
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Figure 5.2: Computer simulations of PIP with n(t) = 0.94 + 0.05sin(9¢/T).
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Figure 5.3: Computer simulations of PIP with n(¢) = 0.9sin(3t/T).

5.2 Direct solution methods for the inverse problem

The inverse problem is, in fact, quite well-conditioned, and in the most cases it can easily be
solved by elementary methods. Just as before, we solve the inverse problem simply by using

(4.31) and (4.32).
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5.2.1 Sparsely distributed observations

Suppose that we only have measurements at certain discrete and sparsely distributed time
moments. This is a situation likely to occur in practice, since the physicians usually measure
the concentrations of viruses and T cells only at certain times. Computer simulations showed
that, by the use of smoothing splines one could interpolate to a finer time mesh with good
accuracy, given that n stays below the critical value.

In the following examples, we will consider two different initial values for the model
problem (3.1): the equilibrium values that would eventually have been obtained for constant
n = 0.0, i.e. no treatment, and the equilibrium values that would be obtained for n = 0.8.
For convenience, we will call these equilibrium 1 and equilibrium 2, respectively. See Table
5.1 for quantitative values. Furthermore, we will consider different 7(¢), different noise lev-
els and different number of observation points. The observations are always assumed to be
equidistributed over the time domain, 2.

Initial value U Uz U3 Uy
Equilibrium 1 (for n =0.0) | 120 22 35 3700
Equilibrium 2 (for n =0.8) | 581 44 14 1469

Table 5.1: Numerical values of the two equilibrium states considered.

In Figure 5.4, we see study reconstruction of n(t) = 0.8(1 — (%)2> The reconstruction

at 15% noise level is quite good, but reconstruction is poor at early time moments, if the
initial value for (3.1) is such that 7(t) cannot be assumed to change continuously at ¢ = 0.
Equilibrium 2 corresponds to a smooth decay in drug efficacy over time, whereas equilib-
rium 1 corresponds to an abrupt change of drug efficacy from 0.0 to 0.8 at ¢ = 0, and then
a smooth decay to 0.

It is clear that the optimal number of observation points depend on the properties of 7.

For the exponential function (Figure 5.5), it seems that only 5 points on the time interval
Qr = [0,500] are quite sufficient for good accuracy. For the sine function observations at 10
different time moments is much better than at 5 time moments, and if the data are noisy,
observations at 20 time moments are still better (Figures 5.6 and 5.7).
But noise and observation points have little effect on the results, compared to the smoothness
of the solution trajectories. Figure 5.8 shows reconstruction of three different n(t), with all
other factors identical. In this simulation, the initial value of (3.1) equals the uninfected
equilibrium, such that Figure 5.8 a) and b) shows a continuously increasing drug efficacy
over time; Figure 5.8 ¢) and d) shows an abrupt change from 0.0 to 4.0 at ¢t = 0 followed by
constant efficacy and Figure 5.8 e) and f) shows an abrupt change from 0.0 to 0.8 followed
by linear decay to 0.
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Initial value at equilibrium 1.

It is clear from these plots that the perhaps most important factor for accurate curve
fitting is the initial value. If the efficacy of the drug changes smoothly, interpolation with
sparsely located observations is sufficient to obtain a good reconstruction of the drug efficacy
parameter 7, even for large noise level, see Fig. 5.6 and 5.7. But if the efficacy has jumped
abruptly, for instance if the drug has been recently introduced or if the dose has been changed,
it is more difficult to reconstruct n accurately (see Fig. 5.8). In these cases measurement
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of virus and T-cell concentrations must be made at much smaller time intervals until the
concentrations of viruses and T-cells stabilize.

5.2.2 Continuous observations at a time-subinterval

This situation is perhaps less likely to occur in practice, but since this was how the problem
was originally formulated in [4], we will consider this case also. We will use the adaptive al-
gorithm for calculating derivatives. We will first consider the case that we have observations
on the entire domain, {27, which should be easier than the previous problem (Fig. 5.9). And
then we will consider observations on I = [100,400] C [0, 500] = Qr (Fig. 5.10).

If we only have observations on the subinterval I C 27, we are using linear extrapolation
to extend to the entire time domain, using 10% at each endpoint of the function graph for
fitting a straight line. In this case, it is the time moments 101-131 and 370-400 that are used.

As one can see, the reconstruction of 7 is excellent, if sufficient observations are available.
This applies even if the initial value is such that n cannot be assumed to change continuously
at t = 0; see Fig. 5.11.
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Observations at the entire time domain
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Figure 5.9: Computer simulations of PIP with n(¢) exponential (left) or quadratic (right) function.
Initial value at equilibrium 2. Observations assumed to be known at the entire time interval.
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Observation at smaller intervals
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Figure 5.10: Computer simulations of PIP with n(¢) linear (left) or quadratic (right) function. Initial
value at equilibrium 2. Observations assumed to be contained in the interval [100,400] C [0, 500].
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Effect of initial values

Calculated drug efficiency 1 Calculated drug efficiency
= = Exact = = Exact
0.8 = Optimized finite difference 08F - = Optimized finite difference

0.6
0.6

= 04 =

0.4
0.2

<
0 0.2 D\

A
\

-0.2 0
0 100 200 300 400 500 0 100 200 300 400 500
Time Time

(a) Observations in [0,500]. Maxi- (b) Observations in [100,400].
mal error: 2.83 - 1072 Maximal error: 9.24 - 1072

Figure 5.11: Computer simulations of PIP with n(t) = 0.8(1 —¢/7"). Initial value at equilibrium 1.
10% noise.

5.3 Improving the results

We will test the two methods presented in this thesis for improving the results. That is:
1. Algorithm 1: Minimization of the Lagrangian (3.18).

2. Algorithm 2: Refinement of the time mesh, such that the derivatives are computed
with optimal accuracy.

When solving inverse problems in general, the regularization parameter, 7y, is typically a
small number, but in this case it is not small. The previous results suggest that we already
can determine 7 with an error of about € ~ 1072 for continuous observations, or €% ~ 0.1 for
discrete observations. The L.,-norm of the gradient is typically of the order of magnitude
~ 10%. So, according to (4.29) we should choose 7y ~ 10%. More precisely, we will set

70 = —al[ur2(Ar1 — Ar3)||L. IV, (5.5)

where N is either 10, 100 or 1000.

Some improvements could be observed with these settings, but the Lagrangian never quite
converged to the correct value, except for one case. In fact, it turned out to be extremely
difficult to choose a proper regularization parameter: either it was too small and took n
outside of M, (leading to very peculiar results) or it was too large and did almost nothing
to improve 7.
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5.3.1 Cases when solution can be improved

As an example to demonstrate that the Tikhonov functional has potential to be useful in
some cases, consider Figure 5.12, where n = 0.9. Regularization gives an almost perfect
reconstruction of 1, much better than the direct method (Fig. 5.12 c), even if the optimal
time mesh is used (Fig. 5.12 d).

Computed drug efficiency, n Gradient of the functional

0.91 5

0.905

0.895

0.89 -10
500 500
600 600
400 400
200 200
Iteration 0 0 Time partition lteration 0 o0 Time partition
(a) Regularization of 7. (b) Gradient of Tikhonov func-
tional.
Calculated drug efficiency Calculated drug efficiency

0.902 0.902

09| ======== 09f =z === === = = = et

0.898 f 0.898
0.896

0.896

= After regularization
0.894 = Before regularization 0.894 = Optimized finite difference
Exact = = Exact
0.892 0.892
0 100 200 300 400 500 0 100 200 300 400 500
Time Time

(c) Calculated n before and after (d) Calculated n efter optimizing
regularization. Maximal error of step lengt for finite differences.
regularized solution: 1.26 - 1077, Maximal error: 3.54 - 1074

Figure 5.12: Computer simulations of PIP with n(¢) = 0.9. Both Tikhonov regularization and
optimal step-size for finite differences improves the solution, but Tikhonov regularization is better.

When considering the function 7(t) = 0.7, the good results demonstrated in Fig. 5.12
are not quite achieved, however, see Fig. 5.13. But even this time, the method based on
Tikhonov regularization delivers a more accurate reconstruction of  than the direct solution
on the adaptive time mesh. Furthermore, Algorithm 1 is several times faster than Algorithm
2.
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Calculated drug efficiency Calculated drug efficiency
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(a) Calculated 7 efter optimizing (b) Calculated n before and af-
step length for finite differences. ter regularization. Compuing time:
Computing time: 146.2 s. 3.06 s.

Figure 5.13: Computer simulations of PIP with n(¢) = 0.6. Both Tikhonov regularization and
optimal step-size for finite differences improves the solution, but Tikhonov regularization is better.
No noise is present and the initial value of (3.1) is chosen as equilibrium 1.

5.3.2 Cases when the solution cannot be improved
Noisy or sparse observations

When we consider observations of the solution to (3.1) with 10% noise, none of the methods
are better than the direct solution on the coarse time partition, J,. See Figure 5.14) for an
example, using 7(t) = 0.6¢*/T. Similar results occurs if we try to use Tikhonov regularization
to improve the smoothing splines interpolated solution from sparse observations. For the
adaptive mesh method, it is not surprising that no improvement can be seen, since the
optimal step size is quite large for such noisy observations. However, there is almost no
difference between the initial guess and the regularized solution either (Fig. 5.14 b).

06 Calculated drug efficiency Calculated drug efficiency
= = Exact 0.6 ’ = = Exact
0.5 == Optimized finite differences : ‘_ = Regularized
05} % Initial guess
0.4 Y
0.4 S
=0.3 = R,
0.3
0.2
0.2
0.1 01
0 0
0 100 200 300 400 500 0
Time Time

(a) Calculated 7 efter optimizing (b) Calculated n before and after
step lengt for finite differences. regularization. Computing time:
lle]l2 = 0.10. |le|]lz = 0.11. Com- 1.95 s.

puting time: 0.96 s.

Figure 5.14: Computer simulations of PIP with 7(t) = 0.6e*/T at 10% noise level.
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Extrapolation outside observation interval

If we try to apply Tikhonov regularization on an approximation where we have extended n
beyond the observation interval, no improvement can be observed, see Figure 5.15. Here, it
should be noted that the initial value of (3.1) is assumed known in the algorithms used in
this study. If we only have observations in an interval [T7,75] C [0,7], then we obviously
do not know the initial value. It is therefore likely that better results, in this case, could be
achieved when also the initial value is considered an unknown parameter, which should be
estimated.

Calculated drug efficiency Calculated drug efficiency
0.6 0.6 ﬁf«.‘. ,,,,,, \"'
4 A
05 0.5 P4 %,
V4 N
0.4 0.4 yd AN
= = Vi LN
0.3 0.3 A “
7 W,
0.2 II \ 0.2 ,' = = Exact ‘
, = = Exact Q‘:‘, — Regularized | y
01 ’ == Optimized finite differences 0.1 ¢ Initial guess
0 0
0 100 200 300 400 500 0 100 200 300 400 500
Time Time

(a) Calculated n efter optimizing (b) Calculated n before and af-

step lengt for finite differences. ter regularization. |le||l2 = 0.066.
lle]l2 = 0.056. |le||cc = 0.16. Com- llello = 0.14. Computing time:
puting time: 1.16 s. 2.09 s.

Figure 5.15: Computer simulations of PIP with n(t) = 0.6sin(3t/T) at 3% noise level, and obser-
vation interval [100,400].

Initial guess far from true solution

If we have not obtained a good first guess by solving for n by elementary methods, we will
not be able to obtain the correct solution by the gradient method. For an example of this,
see Figure 5.16 (a), where we have simulated Algorithm 1 with n°(¢) = 0.5, whereas the true
n(t) = 0.6sin(3t/T). Although some steps are taken in the correct direction, the algorithm
eventually terminates because n™ stops changing. An explanation is suggested if we look
at Figure 5.16 (b): the gradient is initially huge at the first few time-steps, but soon levels
out to a more moderate size (~ 10°), and since we were required to set the regularization
parameter to suit this huge gradient, little change occurs to 7 for other gradient values.

45



Calculated drug efficiency
-

~
e S
0.6 ’ AN
’ \
0.5 5 2
\
’
_o4 , \
\
'
0.3 . \
"
0.2 I' = = Exact N
’ Regularized | \
01 Initial
’ al guess
0
0 100 200 300 400 500

(a) Calculated n before and after
regularization. Computing time:
3.57 s.

%108

gradient

150
100 600

400
200

Time partition

50
Iteration 0 o0

(b) Evolution of gradient during
simulation. The 2-norm of the gra-
dient at last iteration is about 10°.

Figure 5.16: Computer simulations of PIP with n(t) = 0.6sin(3t/T). No noise, n°(¢) = 0.5.

All in all, these results suggest that the usefulness of Tikhonov regularization for recon-
struction of the drug efficacy parameter is very limited. In practice it is more advisable to
use elementary techniques to get a rough estimate of the drug efficacy, combined with some

signal processing technique, to remove noise.
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Chapter 6

Discussion and conclusion

Our numerical tests show that Inverse Problem 1 can accurately be solved by elementary
methods. Sparsely distributed observations can be interpolated to a finer time mesh by
smoothing splines. Then, the parameter 1 can be reconstructed by simply solving equation
(4.31) explicitly, using central finite differences (4.32). If desired, this can subsequently be
followed by linear extrapolation to a wider time domain.

Methods based on minimizing the Tikhonov functional (3.16) has turned out to be chal-
lenging to implement, due to the importance of both an accurate choice of an exceptionally
large regularization parameter, v, and an accurate initial guess of the drug efficacy, n°. For
most choices of 7, the methods either take 7 outside the set of admissible functions, M,
(i.e. too small regularization parameter) or fails to improve the initial guess (i.e. too large
regularization parameter).

Perhaps the Tikhonov regularization procedure could better extrapolate the parameter
7 backwards in time if also the initial value, ¢y, is considered an unknown parameter, that
should be estimated. Actually, that is a more plausible situation, since we cannot assume
that we know the initial values of (3.1), if we do not have any observations at t = 0.

Nevertheless, for low noise levels, Algorithm 1 improves the solutions obtained by the
direct methods - although it does not improve the solutions from noisy observations, and
it requires that a first guess, g, previously has been obtained by solving (4.31). Another
algorithm, Algorithm 2, based on refining the time mesh where the truncation errors of fi-
nite differences is large, also improves the results, albeit at a higher computational cost and
slightly lower accuracy than Algorithm 1. It is recommended that Algorithm 1 is used if
higher accuracy is desired, but for most applications explicit solution of (4.31) on a coarse
time partition is probably adequate. It is more likely that improved signal processing tech-
niques, to remove noise are more useful here than improved regularization techniques.

Once the efficacy, 1, has been determined, the drug dose can be optimized. In [26] a
functional is suggested which might be used in this case. The authors of [26] simultaneously
minimized the dose of chemotherapeutic and immunotherapeutic drugs at the same time as
the drug response was maximized.
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Drugs for HIV-treatment has to be taken for the rest of the life, and might cause side-
effects, and it is therefore of great interest to reduce the drug-burden of the patient, just as
it is for anti-cancer drugs. We propose that a functional analogous to functional (7) in [26]
should be minimized for this task:

I(d) = / (U}ld —f- U)QV —|— wSTpre—RT —|— w4Tpost_RT)2dx. (61)
Qp

Here, w; are weights, d is the drug dose and V, T, pre—rT and Tpgst_ rr corresponds to viruses
and pre- and post-RT infected T-cells, correspondingly. Thus, the dose will be minimized
along with viral particles as well as infected cells. To use this in practice, a model linking
dose and efficacy to the clinical response is required, such that suitable weights, wy, ws, w3, wy
can be determined.

Finally, it should be pointed out that the model of the dynamics of HIV infection under
treatment of an RT-inhibitor, suggested in [27], is only for mono-therapy with a single drug.
Usually, HIV-treatment consists of a combination of drugs to enhance the drug response and
suppress development of drug resistance of HIV. This model ought thus to be completed
with a model for several drugs simultaneously, which the authors of [27] claims that they
will work on in the future. Perhaps, that model could also be subject for the techniques
presented in this thesis.
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Appendix A

Reverse transcriptase inhibitors

The central dogma of molecular biology states that the flow of genetic information in organ-
isms goes from the storage in DNA, through mRNA (messenger-RNA) to protein synthesis
in the ribosomes. The process of converting the genetic information from DNA to mRNA is
called transcription.

Unlike non-viral organisms however, the genetic material of HIV - a virus targeting certain
cells of the immune system called T cells (more specifically CD4™ T cells) - is stored in RNA
rather than DNA. From there, it is reversely transcribed into DNA, which is incorporated
into the DNA of the infected cell. Once the genetic material of the HIV is incorporated into
the infected T cell’s genome, new viruses will be produced by the cell, together with the
cell’s own proteins [23].

To perform the reverse transcription of RNA into DNA, HIV carries an enzyme called reverse
transcriptase, that catalyzes the reverse transcription. Drugs inhibiting this enzyme will pre-
vent the virus from reproducing. Such drugs are called reverse transcriptase inhibitors and
is one of two main classes of drugs that are usually combined when HIV infection is treated
pharmacologically - the other class of drugs inhibit another viral enzyme known as protease
23].

In the ODE model discussed in this thesis, which was developed by [27], there are three
kinds of CD4" T cells considered: completely healthy and uninfected T cells, T cells that
are infected, but where reverse transcription has not yet occurred, and T cells where reverse
transcription has already occurred.

The life-cycle of HIV, including reverse transcription, is illustrated in Figure A.1.
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Figure A.1: Life cycle of HIV. The reverse transcription of viral RNA into
DNA is catalysed by reverse transcriptase. The figure was obtained from:
https:/ /upload.wikimedia.org/wikipedia/commons/5/57 /HIV-replication-cycle-en.svg
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Appendix B

Matlab programs

There will be two different main programs, used for the two cases when observations are
either sparsely distributed or continuous.

B.1 Programs used in both problems

B.1.1 7 calculator

%Creates a vector of function values for various real—valued
functions

%defined on some time mesh.

%ETA = ExactEta (SCALING,FLAG, TIMEMESH) returns a vector
containing the

%desired function values given: SCALING = a scaling factor which
should be

%between 0 and 1, TIMEMESH = the desired time mesh and FLAG = a
number

%in {0,1,2,3,4,5,6} representing the following kinds of functions:

%0. const. 1. x 2. —x 3. cxsin 4. c*xexp(—x) 5. c*x(1 — x"2) 6. 2¢ +

Yocxsin (x) .

function ext_eta = ExactEta(scaling ,flag ,time_mesh)

%Input: 1. scaling factor

%2. function flag (0. const. 1. +linear 2. —linear 3. sin 4. exp(—
x)

%5. quadratic 6. alternative sine)
Y%time = 0;
if scaling > 1 || scaling < 0
error ( 'Non—admissible values of \eta’)
end
s = zeros (1,length(time_mesh));
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36

37

38

39

for

end

end

i = l:length(time_mesh)
s(i) = 3xtime_mesh(i)/time_mesh (end);

if flag — 1
ext_eta = scaling=s/3;
elseif flag = 2
ext_eta = scalingx(1—s/3);
elseif flag = 3
ext_eta = scalingxsin(s);
elseif flag =— 4
ext_eta = scalingxexp(—s);
elseif flag = 5
ext_eta = scaling*(1—(time_mesh/time_mesh (end))."2);

elseif flag = 6
if scaling > 0.6666
error ( 'Some values of \eta are not admissible!”)
end
ext_eta = scaling + (scaling/2)*sin (3x*s);
else
ext_eta = scalingxones(1,length (time_mesh));
end

B.1.2 Forward problem solver

[

-

.

%Computes the exact solution of the model problem.

%[G,GNOISE] = ExactNewton (ETA, TIME MESH,RAND, SYST) returns both
ideal noise—

%free data, G, and noisy data, G.NOISE. Required input is the
exact value of

%the efficacy parameter, ETA, the time mesh, TIMEMESH, and the
levels of

Y%random (RAND) and systematic (SYS) error.

function [g,g_brus| = ExactNewton(eta,time mesh,6 noise_level ,
err_sys)

nodes = length (time_mesh); % Number of nodes in the time partition

ustart = [120;22;35;3700]; %Initial values for u

Y%ustart = [581;44;14;1469];

%ustart = [5;5;5;5];

%Equilibrium values without treatment are approximately
[120;22;35;3700].

52



14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

50

51

52

%Equilibrium values at eta = 0.8 is about [581;44;14;1469].

v=ustart ;
MaxIter = 1000; % maximal number of iterations in Newton method

u=zeros (4,nodes) ;
u(:,1) = ustart;

brus = zeros (4,nodes);
dt = zeros(1,length (time_mesh));
for i = 1:length(dt)—1
dt (i) = time_mesh(i+1)—time-mesh(i);  %Time step

end

for 1 = 1:nodes—1
tol=1;
iter =0;

while tol >107(—5) && iter < MaxIter  %Newton iterations
F= v—u(:,i)—dt(i)*Forwardfunc(v,eta(i));
J=eye(length (ustart)) — dt(i)*ForwardfuncJac(v,eta(i));
dv = =J\F;
v=v+dv; %The Newton iteration
iter = iter + 1 ;
tol = norm(dv,inf);
end
if iter = Maxlter %I1f the Newton meth. does not
converge
warning ('No convergence in the Newton method at time step
")
time_mesh (1)
u(:,i+1) =u
continue

(:,1);

end
i ov(1) <0 || v(2) <0 || v(3) <0 || v(4) <0
error ( 'Exact solution algorithm yields invalid solution.
Try increasing the number of nodes.”)

end

brus(1,i) = (2xrand—1)*noise_level; %Generate random noise .
brus(2,i) = (2xrand—1)*noise_level;

brus(3,i) = (2xrand—1)*noise_level;

brus(4,i) = (2«xrand—1)*noise_level;

u(:,i+1) = v; %Update u.
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end

g=u;

g_brus = g + g.xbrus + g.*xerr_sys; %Add random and systematic
error.

end

B.2 Identification of n with sparsely distributed obser-
vations

B.2.1 Main program
%% Clear variables and windows
clear all

close all

%% Create observation values

T = 500;

time_mesh = 0:T};

function_flag = 4;

%0. const. 1. +linear 2. —linear 3. sin 4. exp(—x) 5. quadratic

%6. alternative sine

scaling = 0.8; %Scaling for function.

noise_level = 0; %Random error in observations. Should be
in [0,1).

err_sys = 0; %Systematic error. Should be in (—1,1)

observation_points = 5; %Number of observation points.

eta = ExactEta(scaling ,function_flag ,time_mesh);

[g,g-brus| = ExactNewton (eta ,time_mesh, noise_level ,err_sys);

step_size = floor (length (time_mesh)/observation_points);

g_obs = g_brus(:,l:step_size:end);

t_obs = time_mesh (1:step_size:end);

noise = floor (100*xnoise_level); %For output file names

%% Interpolate to get approximate observation values
%Interpolation and smoothing of data using smoothing splines

[p_smoothl, P1] = csaps(t_obs,g_obs(1,:));
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[p_smooth2, P2] = csaps(t_obs,g_obs(2,:));
[p-smooth3, P3] = csaps(t_obs,g_obs(3,:))
[p_smooth4 , P4] = csaps(t_obs,g_obs(4,:))

Y
I

Y = zeros (4,length (time_mesh));

1,:) = ppval(p_smoothl ,time_mesh)
2,:) = ppval(p-smooth2 ,time_mesh);
3,:) = ppval(p_smooth3 ,time_mesh);
4,:) = ppval(p_smooth4 ,time_mesh)

( ;
Y( ;
%Force the interpolated solution to be nonnegative

for i = 1:T+1
if Y(1,i) <0

Y(1,i) = 0;
end
if Y(2,i) <0
Y(2,i) = 0;
end
if Y(3,i) <0
Y(3,i) = 0;
end
if Y(4,1) <0
Y(4,i) = 0;
end

end
%Visualization of the results

%Parameters for pictures

width = 3.5;
height = 2.8;
alw = 0.75; % AxesLineWidth

fsz = 8; % Fontsize

lw = 1.5; % LineWidth
msz = 8; % MarkerSize
%

figure (1)

pos = get(gef, "Position’);

set (gef, "Position’, [pos(l) pos(2) width*100, height*100]);
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103

size
set (geca, 'FontSize |, fsz, 'LineWidth’ | alw); %Set
properties

plot (time_mesh ,g, — | "LineWidth " 2)

hold on

plot (time_mesh Y, "LineWidth ™ 2)

title ('whole line = interpolated; dashed = exact’,’FontSize’ 10)

xlabel ("Time’, FontSize  ,8)
ylabel ("HIV particles’, FontSize  ,8)

set (gef, "InvertHardcopy ', ’on’);

set (gef, "PaperUnits ', “inches’);

papersize = get(gef, "PaperSize’);

left = (papersize(1l)— width) /2;

bottom = (papersize(2)— height) /2;
myfiguresize = [left , bottom, width, height|;
set (gef, "PaperPosition ', myfiguresize);

)

str_titlel = ["for—f", num2str(function_flag), ' n’, num2str(noise),
"o’ ,num?2str(observation_points) |;
print (str_titlel , '—depsc’, —r500");

%% Deduce parameter Eta, by solving this system

delta = 0.26; %Value of parameter delta.
alfa=0.4; %Value of parameter alpha.
nodes = length (time_mesh);
time_step = zeros(1,nodes—1);
for i = 1l:nodes—1
time_step (i) = time_mesh(i+1)—time mesh(i);
end %Time step for discrete
derivatives.
Y _prim = zeros (4,nodes);
eta_calec = zeros(1,nodes);

%Compute derivatives of g.
for i = 2:nodes—1
Y prim (:,1) = (Y(:,i+1)-Y(:,i—1))/(2xtime_step(i));

end
Yoprim(:,1) = (Y(:,2)=Y(:,1))/time_step (1);
Y _prim (:,end) = (Y (: end)—=Y(:,end—1))/time_step (end) ;
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10a %Compute analytic eta inside observation interval.

s for i = 1l:nodes

106 eta_calc(i) =1 — (deltaxY(3,1)+Y_prim(3,i))/(alfaxY(2,i));
w7 end

108

ws %Remove singularities by Hampel filtering

o if m1n(Y(2,)) < 0.1

1 eta_filter = hampel(eta_calc ,floor (0.1xnodes) ,2);
12 else

113 eta_filter = eta_calc;

114 end

115

16 %Perform smoothing on data
nr smoothing window = 2xround (T/20)+1;

ns eta_smooth = smooth(eta_filter ,smoothing window , loess ") ;
o eta_filter = eta_smooth;

120

121 %Force eta to belong to [0,1]
122 for i = 1:nodes

123 if eta_filter(i) < 0

124 eta_filter (i) = 0;

125 elseif eta_filter (i) > 1
126 eta_filter(i) = 1;

127 end

128 end

129

10 %% Visualize data

131

132 figure (2)

13 pos = get(gef, "Position’);

13a set (gef, "Position’, [pos(1l) pos(2) width*100, height*100]); %Set
size

135 set (gea, 'FontSize | fsz, 'LineWidth | alw); %Set
properties

136

17 plot (time_mesh , eta_filter , 'LineWidth ™ 2)

138 hold on

139 plot (time_mesh ,eta, 'LineWidth " 2)

uw title (’Solution of inverse problem’,’FontSize’ 10)

1 legend ({ ’Smoothing splines’, Exact’}, FontSize’ ,8)

2z legend (' Location’ | southeast’)

13 xlabel ("Time’,  FontSize " ,8)
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ylabel ("\eta’, FontSize’  9)

set (gef , "InvertHardcopy ', ’on’);

set (gef, "PaperUnits’, ’inches’);

papersize = get(gef, "PaperSize’);

left = (papersize(1)— width) /2;

bottom = (papersize (2)— height) /2;
myfiguresize = [left , bottom, width, height|;
set (gef, "PaperPosition’, myfiguresize);

str_title2 = [inv—f{’, num2str(function_flag), n’, num2str(noise),
"o’ ,num?2str (observation_points) |;
print (str_title2 | '—depsc’, —r500");

err = norm(eta_filter — eta’,Inf);

str_title3 = [ 'maximum error in PIP is ’ num2str(err)];
disp(str_title3)

%End of file

B.3 Identification of n with continuous observations

B.3.1 Main program

Y%%This is the main program for solving the inverse problem in this
thesis.

tic

%% Specify fixed parameter values.

clear all

%Time parameters

final_time = 500;

obs_start = 0; %Starting time for observations of true
solution .
obs_end = 500; %End time for observations of true

solution .
%Parameters from the model problem

alfa=0.4; %Value of parameter alpha.
%0Optimization parameters

%gamma_start = 10e+7; %Initial value of regularization
parameter .
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optim_maxiter = 20; YMaximum iterations of optimization alg.
%Noise

noise_level = 0.00; %Noise level of observations.

err_sys = 0; %Systematic error of measurements.

noise_flag = 0; % 0 = no noise, 1 = random noise, 2 =
additive noise.

method = 1; % 1 = CGM; 2 = Adaptive mesh FD; other =
basic.

%% Create initial time mesh, observations and starting guess for
parameter eta.

time_mesh = [0:0.001:10,10.01:0.01:20,20.1:0.1:30,31:final_time |;
% will be adaptively updated.

scaling _factor = 0.7;

function_flag = 3; %eta(t) = scaling_factorxfunction

ext_eta = ExactEta(scaling_factor ,function_flag ,time_mesh); %Exact
eta .

[eta_guess ,g] = AnalyticEta_destroyed (ext_eta ,time_mesh,obs_start ,
obs_end , noise_flag ,noise_level ,err_sys); %Observations and
first guess for eta.

eta_guess = 0.5%ones(1,length(time_mesh));

if method = 1
%Run algorithm

%modes = length (time_mesh); %
Number of nodes in the present time mesh.

eta = eta_guess;

[ul, ffail] = ForwardNewton (eta ,time_mesh) ;

%Compute initial forward sol.
[lambdal, 1fail] = AdjointNewton(eta ,ul,g,time mesh, obs_start ,
obs_end) ; %Compute adjoint sol.
g0 = —alfaxul(2,:).*(lambdal (1 ,:)—lambdal (3,:)); %
Compute grad.
gamma_start = norm (g0, Inf)«100;
bm = 1/gamma_start ;

%For
Conjugate Gradient algorithm.
gn = —g0;
dn = gn;
eta = eta + bmxdn;
eta_old = eta_guess;
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i = 0;

%gamma_start = max(noise_level ;10xeps);

while norm(gn,2) > 0.01 && i < optim_maxiter && norm(eta—
eta_old) > 0.0001
1 =14+ 1;
gamma = gamma_start/sqrt (i+1);
u = ForwardNewton (eta ,time_mesh);

lambda = AdjointNewton (eta ,u,g,time mesh,obs_start ,obs_end

Update forward and adjoint sol.

) ;

gm = gammax(eta—eta_old) — alfaxu(2,:).x(lambda(1,:)—

lambda (3 ,:));

%gamma_start = norm (gm, Inf)*10;
%gamma = gamma start/sqrt (i+1);

bs
dm
bm

if

= (norm(gm) /norm(gn)) " 2;
= —gm + bs.xdn;
= —(gmxdm’) /(gammasx (dm*dm’) ) ;

%beta

norm (gm,2) > norm(gn,2)

disp (’'Gradient grows’)
eta_new = (eta_old + eta) /2;
eta_old = eta;

%Update gradient .

—<g ,d>/gamma<d , d>

eta = eta_new;
continue
else
eta_new = eta + bmxdm;
end
eta_old = eta;
eta = eta_new;
dn = dm;
gn = gm;
end
elseif method = 2
[ref_mesh ,h_opt ,diff _error|] = mesh_refiner2 (time_mesh g,
noise_level ;obs_start ,obs_end);
ext_eta2 = ExactEta(scaling_factor ,function_flag ,ref_mesh);

else

end

[eta,g2] = AnalyticEta_destroyed(ext_eta2 ,ref_mesh, obs_start ,

obs_end ,noise_flag ,noise_level);

eta =
return

eta_guess;
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Identification of 7 using only elementary methods

%% Solves for parameter eta using elementary methods.
time_mesh = 0:500;
function_flag = 4;

scaling = 0.8;

obs_start = 0;

obs_end = 500;

noise_flag = 0;

noise_level = 0;

ext_etal = ExactEta(scaling ,function_flag ,time_mesh);

[eta_guess]l ,g obsl]| = AnalyticEta_destroyed (ext_etal ,time_mesh
obs_start ,obs_end ,noise_flag ,noise_level);

[ref_mesh ,h_opt,diff _error] = mesh_refiner2 (time_mesh, g obsl ,
noise_level ;obs_start ,obs_end);
ext_eta2 = ExactEta(scaling ,function_flag ,ref_mesh);

[eta_guess2 ;g obs2] = AnalyticEta_destroyed (ext_eta2 ,ref_mesh ,
obs_start ,obs_end ,noise_flag ,noise_level);

Gradient method

%%This is the main program for CGM simulations of the Tikhonov
functional
%%of the model problem, considered in the thesis.

9% Specify fixed parameter values.
clear all
%Time parameters

final_time = 500;

obs_start = 0; %Starting time for observations of true
solution .
obs_end = 500; %End time for observations of true

solution .
%Parameters from the model problem

alfa=0.4; %Value of parameter alpha.
%Optimization parameters

Y%gamma_start = 10e+7; %Initial value of regularization
parameter .
optim_maxiter = 100; YMaximum iterations of optimization alg.
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%Noise

noise_level = 0.03;  %Noise level

noise_flag = 1; % 0 = no noise ,

additive noise.

of observations.
1 = random noise ,

2 =

%% Create initial time mesh, observations and starting guess for

parameter eta.

time_mesh = 0:final_time; % will be adaptively updated.

scaling _factor = 0.6;

function_flag = 3; %eta(t) = scaling_factorxfunction

ext_eta = ExactEta(scaling_factor ,function_flag ,time_mesh); %Exact
eta .

[eta_guess ,g] = AnalyticEta(ext_eta ,time_mesh,obs_start ,obs_end,

noise_flag ,noise_level); %Observations and first guess for eta.

%eta_guess = 0.5xones(1,length (time_mesh));

%Run algorithm
nodes = length (time_mesh);

Number of nodes in the present time mesh.

eta = zeros(optim_maxiter+1,nodes);

Preallocation of eta (for use in for—loop).

eta(1l,:) = eta_guess;

[ul, ffail] = ForwardNewton(eta (1,:),time_mesh);

%0

%

Y%Compute initial forward sol.
[lambdal, lfail] = AdjointNewton(eta(1,:),ul,g,time_mesh,6 obs_start ,

32
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obs_end ) ; %Compute adjoint sol.

g0 = —alfaxul(2,:).*(lambdal (1 ,:)—lambdal(3,:)); %
Compute grad.

gamma_start = norm (g0, Inf)*1000;

grad_hist = zeros(optim_maxiter+1,nodes);

grad_hist (1,:) = g0; %Save

gradient for later plot.
bm = 1/gamma_start ;

%For Conjugate Gradient algorithm .

gn = —g0;
dn = gn;
eta(2,:) = eta(1,:) + bmxdn;
nodes = length (time_mesh);
test_grad = zeros(1,nodes);
for i = 2:optim_maxiter

gamma = gamma_start/sqrt (i);
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end

u = ForwardNewton (eta(i,:) ,time_mesh); %
Update forward and adjoint sol.
lambda = AdjointNewton (eta(i,:) ,u,g,time_mesh, obs_start ,
obs_end) ;
gm = gammax(eta(i,:)—eta(l,:)) — alfaxu(2,:).x(lambda(1,:)
—lambda (3 ,:)); %Update gradient .
gamma_start = norm(gm, Inf);
bs = (norm(gm) /norm(gn)) " 2;
dm = —gm + bs.xdn;
bm = min(—(gm*dm’) /(gammasx (dm«dm’) ) ,0.1) ;
%beta = —<g,d>/gamma<d , d>
grad_hist (i,:) = gm;
%Save gradient
for later plot.
if norm(gm,Inf) > norm(gn, Inf)
disp (' Gradient grows’)
eta(i+1,:) = (eta(i—1,:) + eta(i,:))/2;
grad_hist (i+1,:) = grad_hist(i,:);
%dn = dm;
%gn = gm;
continue
elseif norm(gm,Inf) < 0.01
disp ( ’Algorithm has converged.’)
eta(i+1l:end,:) = ones(length(i+1:optim_maxiter+1),1)xeta(i
i)
grad_hist (i+1l:end,:) = ones(length(i+1l:optim_maxiter+1),1)
xgrad_hist (i,:);
break
else
eta(i+1,:) = eta(i,:) + bmxdm;
end
dn = dm;
gn = gm;

While version of gradient method

%%This is the main program for OGM simulations of the Tikhonov

functional

Y%%of the model problem, considered in the thesis.

VA%

Specify fixed parameter values.

clear all
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%Time parameters

final_time = 500;

obs_start = 0; %Starting time for observations of true
solution .

obs_end = 500; %End time for observations of true
solution .

%Parameters from the model problem

alfa=0.4; %Value of parameter alpha.
%Optimization parameters

%gamma_start = 10e+7; %Initial value of regularization
parameter.

optim_maxiter = 20; YMaximum iterations of optimization alg.

%Noise

noise_level = 0.05; %Noise level of observations.

noise_flag = 0; % 0 = no noise, 1 = random noise, 2 =

additive noise.

%% Create initial time mesh, observations and starting guess for
parameter eta.

time_mesh = 0:final_time; % will be adaptively updated.

scaling _factor = 0.6;

function_flag = 0; %eta(t) = scaling_factorxfunction

ext_eta = ExactEta(scaling_factor ,function_flag ,time_mesh); %Exact
eta.

[eta_guess ,g] = AnalyticEta(ext_eta ,time mesh,obs_start ,obs_end,

noise_flag ,noise_level); %Observations and first guess for eta.

Y%Run algorithm

nodes = length (time_mesh); %
Number of nodes in the present time mesh.

eta = eta_guess;

[ul, ffail] = ForwardNewton(eta ,time_mesh); %

Compute initial forward sol.

[lambdal, lfail] = AdjointNewton (eta ,ul,g,time mesh,obs_start ,
obs_end); %Compute adjoint sol.

g0 = —alfaxul(2,:).x(lambdal (1,:)—lambdal (3,:)); %
Compute grad.
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gamma_start = norm (g0, Inf)*1000;

bm = 1/gamma_start ;

%For Conjugate Gradient algorithm .
= —g0;

gn
dn
eta

= gn;
= et

eta_old
i = 0;
while norm(gn,Inf) > 0.01 && norm(eta—eta_old) > 0.0001 && i <
optim_maxiter

end

i =

u =

a -+ bmxdn;
= eta_guess;

1+ 1;
gamma = gamma_start/sqrt (i+1);
ForwardNewton (eta , time_mesh) ; %Update
forward and adjoint sol.
lambda = AdjointNewton (eta ,u,g,time_mesh,obs_start ,obs_end

) ;
gm = gammax(eta—eta_old) — alfaxu(2,:).x(lambda(1,:)—
lambda (3 ,:)); %Update gradient .

bs = (norm(gm) /norm(gn)) " 2;

dm = —gm + bs.xdn;
bm = min(—(gm*dm’) /(gammasx (dm«dm’) ) ,0.1) ;
%beta = —<g,d>/gamma<d , d>

if norm(gm,Inf) > norm(gn, Inf)

else

end

disp (’Gradient grows’)
eta_new = (eta_old + eta) /2;

eta_old = eta;
eta = eta_new;
continue

elseif norm(gm,Inf) < 0.01
disp ("Algorithm has converged.’)

break

eta_new = eta + bmxdm;
eta_old = eta;

eta = eta_new;

dn = dm;

gn = gm;
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B.3.2 Subprograms

Forward solver

%Computes the forward solution of the model problem.
function [u, ffail] = ForwardNewton(eta ,time_mesh)
ffail = 0;

t=0; % initial time
nodes = length (time_mesh)—1;

Y%ustart = [120;22;35;3700];

Yustart = [233;36;28;2975]; %Initial values for u — write

correct values
%ustart = [300;10;10;10];
ustart = [300;0;0;50];
Yustart = [581;44;14;1469];
%ustart = [0;0;0;0];
Yustart = [—10;—10;—10;—10];
Y%ustart = [300;0;0;2];

v=ustart;

Y%mnodes = 100;

MaxIter = 1000; % maximal number of iterations in Newton

u = zeros (4,nodes+1);
u(:,1) = ustart;
%u_hist=[u]; %Save all u values for later plot

%final_time = 1000; % here we choose final time
dt = zeros(1,length (time_mesh));
for i = 1:length(dt)—1
dt (i) = time_-mesh(i+1)—time_mesh(i);  %Time step

end

for 1 = 1l:nodes % Here we define final time
tol=1;
iter =0;

method

while tol >107(—5) && iter < MaxIter  %Newton iterations

%o F= v—u(:,i)—dt«xForwardfunc(v,eta(i));

%o J=eye(length (ustart)) — dt.x ForwardfuncJac(v,eta(i));

F= v—u(:,i)=dt(i)*Forwardfunc(v,eta(i));
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J=eye(length (ustart)) — dt(i)*ForwardfuncJac(v,eta(i));

dv = =J\F;
v=v+dv ; %The Newton iteration
iter = iter +1;
tol = norm(dv,inf);
end
if iter=MaxlIter %If the Newton meth. does not converge
disp (’No convergence in the Newton method’)
break
end
%  disp ('Newton method converged at iteration:’)
% iter

if v(1) <0 |] v(2) <0 || v(3) <0 |] v(4) <0
warning ( 'Forward solution algorithm yields invalid
solution. Try increasing the number of nodes in the
time partition.’)

ffail = 1;
return
end
u(:,i+1) = v;
t=t+dt;

%u_hist=[u_hist ,u];
end

% to see only u2:
% plot (0:1/length(u(l,:)):(1—1/length(u(l,:))),u(2,:))

%here we define mesh for time
%time_mesh=0:dt: final_time ;

%figure
%plot (time_mesh ,u,’ LineWidth’,2)

%xlabel ("time interval ") ;
%ylabel (’solution ) ;

%legend ("u_1’,’u2’,’u3’,’ud’);

%str_title = ["forward solution for eta=’, num2str(eta)|;
%title (str_title)
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end

function
%The func

f=zeros (4
s=10;

mu=0.01;
k=2.4e—5;

[ £ ] = func(u,eta)

tion f in the problem: u’'=

1)

mul=0.015;

alfa=0.4;
b=0.05;
delta=0.2
c=2.4;
N=1000;

function
% The Jac
% Input:
% Output :

k=2.4e—5;
mu=0.01;
mul=.015;

6;

Nxdeltaxu(3)—c*u(4);

(1)=s—k=u(1l )*u(4)—mu*u(1)+eta>kalfa*u(
(2)=kxu(1l)=u(4)—mul*u(2)—
(3)=alfaxu(2)—etaxalfaxu(2)—deltaxu(3
(3)

alfasxu(2

[Jac | = funcJac(u,eta)
obian for our problem

u (point)

f(u)

2)
)—bxu (2
) ;

Jac (Jacobian in point u)

alpha=0.4;

b=0.05;

delta=0.26;

c=2.4;
N=1000;

Jac=[— k*u

(4) — mu, etaxalpha + b,
u(4) —(mul + alpha + b),0, kxu(

, (1— eta)xalpha,

—delta ,

68
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)

+hxu(2) ;

) ;
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0,0, Nxdelta, —c];

end

Adjoint problem solver

%Computes the adjoint solution of the model problem.

function [lambda,lfail] = AdjointNewton(eta, u, g, time_mesh,
obs_start , obs_end)

Ifail = 0;

final_time = time_mesh (end); % here we choose the final time

nodes = length (time_mesh);

t=final_time; % final time in adjoint solver, the same final

time is in the forward problem

lambdastart = [0;0;0;0]; % values for lambda(T)= 0 at the final
time

w = lambdastart ;

MaxIter = 1000; % maximal number of iterations in Newton’s method
lambda = zeros (4,nodes);

lambda (: ,nodes) = lambdastart

%dt = final_time /nodes; %Time step
dt = zeros(1,length(time_mesh));
for i = 1:length(dt)—1
dt (i) = time.mesh(i+1)—time_mesh(i);  %Time step
end
dt(end) = time_mesh (end)—time_mesh (end—1);

%i = nodes + 1;

%c = ones(10,nodes);
for i = nodes:—1:2
adjtol=1;
adjiter =0;
iter = 1;

while adjtol >10"(—5) && adjiter < MaxIter  %Newton iterations
%if low < i && high > i
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%

%

end
%pl

%x1

adjF = w — lambda (:,1) + dtxadjfunc(w,u(:,i),g(:,1i),eta(i
)
if t > obs_start && t < obs_end
adjF = w — lambda (:,1) + dt(i)=*adjfunc(w,u(:,i),g(:,1)

veta(i));
else
adjF = w — lambda (:,1) + dt(i)*adj2func(w,u(:,i),eta(i
)); %Do not include observations outside
observation interval.
end

adjJ = eye(length (lambdastart)) + dt.xadjfuncJac(u(:,i),
eta(i));
adjJ = eye(length (lambdastart)) + dt(i)*xadjfuncJac(u(:,1),
eta(i));
%c (iter ,i) = cond(adjJ);
dw = —adjJ\adjF;

w=w—+dw ; %The Newton iteration
adjiter = adjiter + 1;
adjtol = norm(dw,inf);
iter = iter + 1;
end
if adjiter=MaxlIter %I1f the Newton meth. does not
converge
Ifail = 1;

disp(’'No convergence in the Newton method for adjoint
problem ")
break
end
%disp ('Newton method for adjoint problem converged at
iteration:’)

%iter
%1 =1 — 1;
lambda (:,i—1) = w;
t=t—dt (i)

%lambda_hist=[lambda_hist ,lambda];
%time_hist = [t,time_hist |;

ot (time_hist ,lambda,’LineWidth’,2)

abel ("time interval 7);
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%ylabel (’solution ”) ;
%legend (’lambda_1’, lambda_2 ", lambda_3’, ' lambda_4’) ;

%str_title = [’adjoint solution for eta=’, num2str(eta)];
%title (str_title)

end

function [ adjf | = adjfunc(lambda,u,g,eta)

%The rhs f(lambda) in the adjoint problem: lambda’=f(lambda)

adjf=zeros (4,1);

s=10;

mu=0.01;

k=2.4e—5;

mul=0.015;

alfa=0.4;

b=0.05:

delta=0.26;

c=2.4;

N=1000;

adjf(1l)= lambda(1l)xkxu(4) +lambda(1l)+mu — lambda(2)*ksu(4) + u(1)
- g(1);

adjf(2)= lambda(2)*(mul + alfa 4+ b) — lambda(1)«(etaxalfa + b)
—(1—eta)*xalfaxlambda(3) + u(2) —g(2);

adjf(3)= lambda(3)xdelta —lambda(4)«Nxdelta + u(3) — g(3);

adjf(4)= lambda(4)xc + lambda(1)xkxu(1) —lambda(2)xkxu(1l) + u(4)
—g(4);

%adjf = adjf + [233;36;28;2975];

end

function adjf = adj2func(lambda,u,eta)
%The rhs f(lambda) in the adjoint problem: lambda’=f(lambda)

adjf=zeros (4,1);
mu=0.01;
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k=2.4e—5;

mul=0.01
alfa=0.4
b=0.05;
delta=0.
c=2.4;
N=1000;

adjf(1)=
adjf(2)=

93

I

26;

lambda (1) *k+u(4) +lambda(1)*mu — lambda (2)xk*u(4);
lambda (2) *(mul + alfa + b) — lambda(1)x*(etaxalfa + b) —

(I—eta)xalfaxlambda(3) ;

adjf (3)=
adjf(4)=

Y%adjf =

end

function
% The Ja
% Input:
% Output

lambda (3)*delta — lambda(4)*N.x delta;
lambda (4)*c + lambda(1)xkxu(1l) — lambda(2)xkxu(1);

adjf + [233;36;28;2975];

[adjJac] = adjfuncJac (u,
cobian for the adjoint problem

u (point)
. adjJac (Jacobian for

k=2.4e—5;

mu=0.01;

mul=.015;

alpha=0.
b=0.05;
delta=0.
c=2.4;
N=1000;

4;

26;

eta)

the adjoint equation in point u)

adjJac=[k*xu(4) + mu,—k=*u(4), 0, O;

end

—(etaxalpha + b), mul + alpha + b, (eta—1)xalpha, 0;

0, 0, delta, —Nxdelta;
kxu(1l), —kxu(1), 0, c;];
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Analytic 7 solver

%|eta ,eta_guess ,g obs,g prim ]
function [eta_guess,g_ obs] = AnalyticEta_destroyed(ext_eta ,
time_mesh , obs_start ,obs_end ,noise_flag ,noise_level jerr_sys)
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delta = 0.26; %Value of parameter delta .
alfa=0.4; %Value of parameter alpha
nodes = length (time_mesh) —1;

time_step = zeros(1,length (time_mesh));

for i = 2:length(time_step)—1
time_step (i) = (time_-mesh(i+1)—time-mesh(i—1))/2;

end %Time step for discrete
derivatives.

time_step (1) = time_mesh (2)—time_mesh (1) ;

time_step (end) = time_mesh (end)—time_mesh (end—1);

g_prim = zeros (4,nodes+1);

eta = zeros (1,nodes+1);

%Simulate the true values of the model problem, with and
without noise.

[g,g_brus] = ExactNewton(ext_eta ,time mesh,6 noise_level ,err_sys
)

if noise_flag =1
g_obs = g_brus;

%elseif noise_flag = 2

% g_obs = g_add;

else
g-obs = g;

end

%Compute derivatives of g.

for i = 2:nodes
g-prim(:,i) = (g-obs(:,i+1)—g-obs(:,i—1))/(2xtime_step(i))
%g-prim (:,1) = (8xg_obs(:,i+1) — 8xg_obs(:,i—1) + g_obs(:,i—-2)
— gobs(:,i42))/(12xtime_step(i));
end
g prim(:,1) = (g_obs(:,2) — g_obs(:,1))/time_step (1);
%g_prim (:,2) = (g_obs(:,3) — g.obs(:,1))/(2«xtime_step (2));
g prim (:,end) = (g_obs(:,end) — g_obs(:,end—1))/time_step (end)

%g_prim (: ,end—1) = (g_obs(:,end) — g obs(:,end—2))/(2x
time_step (end—1));
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33
34 Y%Compute analytic eta inside observation interval.
35 for i = 1l:nodes+1

36 eta(i) = 1 — (deltaxg_obs(3,i)+g_prim(3,i))/(alfaxg(2,i));
37 end

ss %Smooth noise

39 golayframe = round(length (time_mesh) /20)*2+1;
10 eta_smooth = smooth (time_mesh ,eta , golayframe , "sgolay ) ;
a eta_hampel = hampel(eta_smooth ,10) ;

42 eta_smooth = eta_hampel;

43

14 time = 0;

15 start_ind = 1;

16 while time <= obs_start

a7 time = time 4+ time_step(start_ind);

18 start_ind = start_ind + 1;

49 end

50 start_ind = start_ind — 1;

51 time = 0;

52 end_ind = 0;

53 while time <= obs_end

54 end_ind = end_ind + 1;

55 time = time + time_step(end.ind);

56 end

57

58 if noise_flag "= 0

59 eta_obs = eta_smooth(l+start_ind:end_ind);
60 else

61 eta_obs = eta(l+start_ind:end_ind) ’;

62 end

63

64 Lin_ext = floor (nodes/10);

65

66

V2 = ones(Lin_ext ,2);

67 V1 = V2;
68 x = zeros(1,Lin_ext);
69 y = X;

70

71

72

73

74

x(end) = obs_end;

y(1)
for

= obs_start ;

i = 1:Lin_ext—1

x(Lin_ext—i) = x(Lin_ext+1—i) — time_step(end_ind — i);
y(i+1) = y(i) + time_step(start_ind + i — 1);
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75

76

s

78

79

80

81

82

83

84

85

86

87

88

89

90

91

92

93

94

95

96

97

98

99

10

11

12

13

end

V2(:,2) =x';

Vl(: ’2) =y

l_ext2 = V2\eta_obs(end—(Lin_ext —1):end);
l_extl = V1\eta_obs(1:Lin_ext);

eta_guess = zeros (1,length(eta));

for i = 14+start_ind:end_ind

eta_guess(i) = eta_obs(i—start_ind);
end
1 = 0;
for i = l:start_ind
eta_guess(i) = l_extl (1) + l_extl(2)xl;
I =1 + time_step(i);
end

k = obs_end + time_step (end_ind);

for i = 14+end_ind:nodes+1
eta_guess (i) = l_ext2 (1) + l_ext2(2)x*k;
k = k + time_step (i);

end

end

Mesh refiner

function [refined ,h_opt,diff_error]| = mesh_refiner2 (time_mesh g,
noise_level ;obs_start ,obs_end)

error_tolerance = max(noise_level ,0.1);

%error_tolerance (1)

noise_level = max(noise_level ,eps);

if length (time_-mesh) "= length(g)
disp (’ERROR: length of time mesh and input function must be

equal!’”)

return

end

time_step = zeros(1,length (time_mesh));

for i = 2:length(time_step)—1
time_step (i) = (time_mesh(i+1)—time mesh(i—1))/2;
end %Time step for discrete

5



14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

derivatives.
time_step (1) = time_mesh (2)—time_mesh (1) ;
time_step (end) = time_mesh (end)—time_mesh (end—1);

time = 0;

start_ind = 1;

while time < obs_start
time = time + time_step(start_ind);
start_ind = start_ind + 1;

end

time = 0;

end_ind = 1;

while time < obs_end
time = time 4 time_step (end_ind);
end_ind = end_ind + 1;

end

Y%start_ind
%end_ind

Y%pause

time_mesh_o = time_mesh(start_ind:end_ind);
g.o = g(:,start_ind:end_ind);

time_step2 = zeros(1,length(time_mesh_o));

for i = 2:length(time_step2)—1
time_step2 (i) = (time_mesh_o(i+1)-time_mesh o(i—1))/2;
end %Time step for discrete
derivatives.
time_step2 (1) = time_mesh_o(2)—time_mesh_o(1);
time_step2(end) = time_mesh_o(end)—time_mesh_o(end—1);

third_d = zeros(4,length (time_mesh_o));

for 1 = 3:length(time_-mesh_o)—2
third_d (:,1) = (g-o(:,i+2) — go(:,i—2) + 2xg_o(:,i—1) — 2xg_o0

(:,i+1))/(2«time_step2 (i) "3);

end

third_d(:,1) = (go(:,4) — go(:,1) + 2xgo(:,2) — 2xg.o0(:,3))/(2%
time_step2 (1) "3);

%third_d (:,1)

Y%pause

third_ d (:,2) = (go(:,4) — go(:,1) + 2xg.o0(:,2) — 2xg.o(:,3))/(2%
time_step2(2) "3);

third-d (:,end—1) = (g-o(:,end) — g-o(:,end—3) + 2xg_o(:,end—2) —
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55

56

57

58

59

60

61

62

63

64

65

66

67

68

69

70

71

72

73

74

75

78

79

80

81

82

2xg_o(:,end—1))/(2+«time_step2 (end—1)"3);

)
third,d(:,end) (( o(:,end) — g.o(:,

go(:,end—1))/(2«xtime_step2(end) " 3)

third_d = abs(third_d);
%third_d (:,1)
Y%pause

diff_error = zeros(size (third_d));

diff_error (1 ,:) = third_d

time_mesh .

diff_error (2 = third_d (2
time_mesh .

diff_error (3 = third_d (3

diff_error (4 = third_d (4

time_mesh .
large_error =
%diff_error (3
%time,stepQ(l)
%error_tolerance (2)
Y%pause

"2
1)
"2
1)
time_mesh .  2;
1)
"2
7
1

)

(1

;i) .+« time_step2 /3;
i) .k time_step2 /3;
;i) .« time_step2/3;
;) .k time_step2 /3;

ros (4,length (time_mesh));

%ot
%ot
%ot

Yot

end—3) + 2xg_o(:,end—2) — 2x

noise_level ./
noise_level ./
noise_level ./

noise_level ./

if time_step2(1l) > sqrt(noise_levelxg(3,1)) && diff_error(3,1) >

error_tolerance

large_error (:,1) = ones(4,1);

end

Yosize (g)

Y%size (diff_error)
%size (error_tolerance)
Y%pause

if time_step2(2) > sqrt(noise_levelxg(3,2)) && diff_error(3,2) >

error_tolerance

large_error (:,2) = ones(4,1);

end

%error_tolerance = error_tolerance /2;

for i = 3:length(time_mesh_o)

if diff_error(1,i) > error_tolerance && time_step2(i) > sqrt(

noise_level*xg_o(1,

i))

if diff_error(2,i) > error_tolerance && time_step2(i) > sqrt(
0

large_error (1,1) 1;
end

noise_level*xg o (2,
large_error(2,i) = 1;
end

i)
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if diff_error(3,i) > error_tolerance && time_step2 (i) > sqrt(
noise_levelxg 0(3,1))
large_error (3,i) = 1;
end
if diff_error(4,i) > error_tolerance && time_step2(i) > sqrt(
noise_levelxg o(4,1))
large_error (4,i) = 1;
end
end
%large _error
Y%pause
h_opt = nthroot(6xnoise_level./third_d ,3);

refined = []; %Start refinement of time mesh
refining = [];
k =1;
r = 1;
while r < length (time_mesh_o)
if large_error (3,r+1) = 1 && large_error(3,r) = 0
refined = [refined ,time mesh o(k:1r)];
end
if large_error(3,r) = 0
r =1 + 1;
if r = length(time_mesh_o)
refined = [refined ,time mesh_ o(k:1r)];
end
continue
else
%j = i;
while large_error(3,r) = 1 && r < length(time_mesh_o)
ste = h_opt(r)+h_opt(r+1);
refining = [refining ,time_mesh_o(r):ste:
time_mesh o (r+1)];
r=r1 + 1;
if r = length(time_mesh o)
refining = [refining ,time_mesh_o(r) |;
end
end
refined = [refined , refining|;
k =r;
end
refining = [];
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122 end

123

124 refined = [time_mesh (1:start_ind —1),refined ,time_mesh(end_ind
+1:end) |;
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