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The notion concept is used in different ways within the field of mathematics education. The
aim of this study is to carry out a concept analysis of the notion concept, within some
frequently used frameworks describing conceptual understanding. Building on a
philosophical literature review resulting in distinctions that can be used for interpreting
views on concept, the study addresses the question: Which views on concept may be found in
texts using the chosen frameworks, from the perspective of the distinctions mental versus
non-mental, intersubjective versus subjective and molecular versus holistic? The design
involves a literature review in mathematics education, resulting in a selection of texts. Views
on concept, and to some extent on concept image, conception, and schema, are then interpreted
with the help of indicators, and represented in 3D matrices.

There are two categories of views on concept within the texts: a mental and intersubjective
category, and a non-mental and intersubjective category. One difference between the views
is whether conceptual structures have molecular or holistic features. Concerning the
notions concept image, conception, and schema, there are generally three different views: an
individual view and two culturally dependent views. The different views are sometimes
combined. One result is findings regarding how language is used within the texts, where
non-mental and mental arenas, and terms and meanings of terms, are not always
distinguished. The main contribution of the study is to deepen the understanding of views
on the notion concept and how terminology is used in mathematics education. This opens
the way for a discussion of how the terminology mentioned above may be used coherently
within the field of mathematics education.
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APOS is short for action, process, object and schema, which are the four stages

in the development of the cognitive structure in the APOS framework
(Dubinsky, 1991; Asiala et al., 1990)

ASI is in Chapter 6 used as a name for the article written by Asiala et al. (1990)

BIMO is in Chapter 5 used as a name for the article written by Bingolbali and
Monaghan (2008)

CICD is short for the concept image-concept definition framework (Vinner &
Hershkowitz, 1980; Tall & Vinner, 1981; Semadeni, 2008; Bingolbali &
Monaghan, 2008)

CICD? is short for the version of the CICD framework that is used in Vinner
and Hershkowitz (1980) and Tall and Vinner (1981). This version is also
referred to as the basic version of the CICD framework.

CICD" is short for the version of the CICD framework that is used in Semadeni
(2008).

CICD* is short for the version of the CICD framework that is used in
Bingolbali and Monaghan (2008).

DUB is used in Chapter 6 as a name for the article written by Dubinsky (1991).

GT is used in Chapter 6 as a name for the article written by Gray and Tall
(1994).

OS is short for the operational-structural framework (Stard, 1991).

PO is short for the process to object frameworks, which are involving the idea
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framework and the APOS framework.

SEM is used in Chapter 5 as a name for the article written by Semadeni (2008).
SF is used in Chapter 6 as a name for the article written by Sfard (1991).

TV is used in Chapter 5 as a name for the article written by Tall and Vinner
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1 Introduction

The starting point for this thesis is an interest in how concepts are described,
what they are and how they are structured, in the context of mathematics
education. This interest has arisen from noting that there are various opposing
views on the nature of coneep? in mathematics education research. The study is
of a theoretical nature and aims at comparing these views, with the goal of
increasing the understanding of the concept concept. Today, discussions about
concepts may be found in different fields, such as general educational science,
philosophy, psychology, and cognitive science. An assumption in the present
study is that these discussions can offer new perspectives in the field of
mathematics education as well. In recent years, the number of theoretical
studies in mathematics education has decreased (Inglis & Foster, 2018; Niss,
2018). However, there are issues that require theoretical approaches.
Vagueness, ambiguity and incoherence in conceptual frameworks are examples
of such issues. Today, there is a need for concept analyses in mathematics
education, with the goal of contributing to theoretical development.

In this opening chapter, I first describe the research interest and the overall
design of the project. The first sections offer a background concerning
incoherencies when it comes to the notion concept, and the methodology of the
concept analysis. This methodology is later further described in Chapters 2, 3,
and 4. Next, the study is contextualised in the field of mathematics education
and argued for on the basis of some trends in this field. The overall design is
based on an analytic philosophical approach, which is explained from different
perspectives. After the aim and research question are stated, the chapter ends
with a description of the overall structure of the thesis.

1 When a word is italicised in the thesis it refers to a concept. Here, ‘concep? is short for ‘the concept
concep? .
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THE CONCEPT CONCEPT IN MATHEMATICS EDUCATION

1.1 Incoherencies in the notion concept within
the field of mathematics education

Independently of how they regard the nature of science, most people agree that
scientific research cannot be conducted without some kind of preunder-
standing. This preunderstanding consists of experiences and common facts
about the object of study. Further, it uses a common vocabulary for describing
this object, methods for conducting research, and common norms and beliefs.
This is what some people call a paradigm or a research programme. It can also
be called a theory or conceptual framework. This preunderstanding can be
observed at different levels. It can be seen generally in science, but it can also
be seen in different fields and subfields.

In order to offer knowledge, it is important to seck coherence, and try to
avoid contrapositions claiming both 9’ and ‘not p’. To claim that light is
particles and that light is not particles, at the same time, has consequences for
people’s trust in science. Another form of incoherence is disagreement about
the meanings of terms. Our communication is full of ambiguity. The following
sentence can be taken as an example of that: ‘Petter looked at the cat with one
eye’. When Kiristina reads this sentence, she may wonder whether Petter used
one eye for looking at the cat, or whether the cat had one eye. The ambiguity
appears since the sentence has two different interpretations. The same
phenomenon appears in texts in mathematics education, and it is not unusual
that a term has different meanings in different texts. The two quotes below are
chosen to exemplify the fact that the term ‘concept’ is used with different
meanings in the field. In the first, a concept is a theoretical, non-mental,
construct, and in the second it is mental. Without any deeper reflection, it seems

as if these views? on concept are incoherent.

the word “concept” (sometimes replaced by “notion”) will be mentioned
whenever a mathematical idea is concerned in its “official” form - as a
theoretical construct within “the formal universe of ideal knowledge” (Sfard,
1991, p. 3)

These multiple mental links are necessary for the biological brain to construct
the concept of number (Tall, 2013, p. 40)

2 When I speak about the view on concepr I mean the characteristics of the concept conmcept that 1 find
in the text irrespective of which views the author or authors might have.

18



1 INTRODUCTION

It may be asked why concept is an important notion in education and especially
in mathematics education. In order to answer that, we can look at the nature of
different types of knowledge. All learning is about someone, Nils for example,
developing some kind of knowledge. When Nils was a child and learned how
to walk, he probably did not need to develop conceptual knowledge. Instead,
the knowledge of how to walk was tacit and hard to express explicitly. Compare
this learning with learning how to drive a car, which involves concepts that Nils,
15 years later, needs to understand in order to learn the traffic rules. In school,
I'would say that all subjects contain some concepts that the students must learn.
While some school subjects are based on both practical and conceptual
knowledge, such as music, other subjects concern the building of theoretical
models, involving concepts, which are used for describing the world and the
concrete objects in that wotld. Economics may be taken as an example of that.
Mathematics differs from other subjects in that all mathematical objects are
abstract, and concepts in mathematics are perhaps even more important than
in other fields. Therefore, the notion concept is important in the field of
mathematics education.

The quality of views on concept in mathematics education research differs
between different contexts. Often, the meaning of the term ‘concept’ is
underspecified and not problematized (Simon, 2017). In some research settings,
the meaning of the term ‘concept’ may be vague, imprecise and non-explicated,
and it is hard to interpret what is meant. For example, in Tall and Vinner (1981),
there is no explication of concept and, as will be seen in Chapter 5, two different
views are seen in the way terms are used. In other texts, the explication of concept
and the usage of the notion are not coherent. For example, the usage of terms
such as ‘concept acquisition’ in Sfard (1991) seems to refer to a view where
concepts are mental’, which is not coherent with the explication above of concepr
as a theoretical construct. In this case, there is ambiguity in the same text.

As another example, in Stard (2008) the notion concept is defined as a symbol
together with its uses. In that explication, the symbol is combined with its
meaning, seen as usage in communication, with a reference to Wittgenstein
(1953/1992).* Naturally, it is possible to combine elements of different nature,
but it may have the effect that this combined object becomes hard to

3 Expressions such as ‘concept acquisition’ seem to refer to the ideas in Piaget’s perspective where a
concept is a mental representation (Furth, 1969).

4 In Subsection 3.2.3.2, it is described that Wittgenstein (1953/1992) has another view on concept,
where concepts are mental representations.
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THE CONCEPT CONCEPT IN MATHEMATICS EDUCATION

understand. Further, as the explication is not in line with other explications,
where concepts are often seen as meanings of symbols, the nature of concepts
in Sfard (2008) is not similar to the nature of concepts in other views.

Here, it may be noted that if an explication of the notion concept is made
which does not fit with how concept is used in other settings in the field, then it
can be hard to manage to use one single view throughout a single text. This
occurs since conceptual frameworks are often based on the findings of others.
That is why it is important to evaluate how a framework relates to other
frameworks in the field, and how a view on comcept relates to other views on
concept, as well. Additionally, if a view on concept is specified within a framework,
then one can ask how the results based on that framework can be combined
with results based on other frameworks, using other views on concept.

In Yoon (2000), views on the related notion conceptual system, in the Models
and Modelling literature, are categorised. In this analysis, three distinct views
are found. In the first view, which is the most common one, a conceptual
system is a “mental framework that students use to interpret the world around
them” (Yoon, 20006, p. 33). Here, conceptual systems are internal objects
likened to cognitive structures, which function as cognitive lenses through
which someone may view a situation. In the second view, a conceptual system
is a “system that underlies a student’s mathematical or scientific model, and is
made up of elements, operations, relations, and patterns” (Yoon, 2000, p. 34).
These elements are mathematical components. Finally, in the third view, a
conceptual system “underlies a student’s understanding of mathematical or
scientific ideas” (Yoon, 2000, p. 35).

It is not clear how an analysis of the notion conceptual systens has a bearing on
the notion concept, even though it is reasonable to adopt the idea that these
notions are related. However, the citations above, from Sfard (1991; 2008) and
Tall (2013), show that there are different meanings of ‘concept’ within the field
of mathematics education. This may lead to unclear theoretical frameworks, if
it is not apparent whether concepts are mental or non-mental. This in turn
makes scientific results difficult to interpret and to compare. One cannot easily
combine the results from a study using concepts as mental representations with
a study using concepts as non-mental theoretical constructs. In the first case,
concepts develop in the mind of an individual. In the latter case, concepts
develop from a cultural petspective through communication between
individuals. It may be more rule than exception that different researchers have

different opinions about the meaning of a term. In order to compare results
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from different studies and generalise findings, it is necessary to specify
meanings in explications and try to achieve an agreement. The goal of obtaining
a unique meaning for every term may be utopian, but fewer specified meanings
is something to strive towards.

It might be argued that the main reason for conducting research in
mathematics education is to improve teaching about mathematics. Recently,
more and more demands for practice-based studies have been raised. At the
same time, it is necessary for mathematics education to develop as a field. In
order to be able to claim knowledge of how to improve school practice,
mathematics education needs a common mature research programme, with
common orientations. In such a field, vagueness, ambiguities and incoherencies
are fought against. This is why research has to balance between offering results
aiming at developing school practice, developing new methodologies, and being
theoretical. A contribution of theoretical research can be to offer new models
for understanding mathematical learning.

Several ways of tackling conceptual incoherencies may be found in the field
of mathematics education. One way is to stick to a single framework and use
the notions® within it. To exemplify, Simon (2017) specifies the notion
mathematical concept in a constructivist approach. As another example, Gray and
Tall (2007) introduce the notion thinkable concept, because of the many meanings
of ‘concept’ and a wish to emphasise the specific meaning in the three world
framework. This strategy of inventing new notions when the existing ones are
considered ambiguous or dependent on theoretical frameworks is not unique.
For example, Tall (2013) uses the notion &nowledge structure instead of concept image
(Tall & Vinner, 1981), conception (Stard, 1991) or schema (Asiala et al., 1996).
These notions may be similar. However, I would say that lack of precise
explications in these frameworks makes it difficult to compare them; they are
formed within different contexts, but they all claim to describe or explain
cognitive structures.

Another way of tackling incoherencies is to carry out a concept analysis to
clarify the meanings of terms in an area, both in explications and in the way
terms are used, while evaluating the consistency of undetlying assumptions
(Machado & Silva, 2007). In such a study, it is presupposed that different views

> Itis a tongue twister to say that the study is a concept analysis of the concept concept. To distinguish
between concept as the object of the study, and the usage of ‘concept’ at a meta-level, where concept,
conception, concept image etcetera are analysed, I have chosen to use the term ‘notion’ at the meta-level
of concepts. Consequently, the expressions ‘the notion wneep? and *the notion conception’ are used.
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on conecept could, and should, be compared, in order to broaden the
understandings coming from certain frameworks. The reason for doing a
concept analysis of the notion concept in this thesis is that it can offer a clearer
understanding of different views on concept in the field. Such an understanding
can build a foundation for developing conceptual frameworks.

1.2 Concept analyses in mathematics education

The purpose of concept analyses may be to solve conceptual problems, to
create new concepts, or to contribute to theory development. These analyses
can be used either for clarifying a conceptual framework for a research project,
or as studies in themselves. In the first approach, scientific method includes
three essential clusters of activities: experimentation, mathematisation and
conceptual, or theoretical, analysis (Machado & Silva, 2007). In educational
research, Petocz and Newbery (2010) argue that concept analysis should be seen
as a first step in scientific inquiry, but also as something that continues during
the whole research process. The second approach is taken by Jenkins (2008;
2014) and Yoon (2006), who conduct concept analysis as research in itself. This
is the approach taken in the current thesis, with the purpose of clarifying and
comparing views on the notion concept, categorising different views, and contri-
buting to theory development. As an example, the study can be used as a first
step in the development of a conceptual framework for analysing concepts.
(Braun & Clarke, 2006; Nuopponen, 2010a; Nuopponen, 2011)

There are few methodological texts concerning concept analyses in mathe-
matics education, and such analyses are not always explicitly described. One
common approach is to start with a literature review and then make a text
analysis, where different views on a concept are interpreted, compared and
categorised (Nuopponen, 2010b). The object of my concept analysis is the
notion concept itself. It would be an overly wide project to try to find all usages
of concept in the field of mathematics education. Instead, the focus is on some
current frameworks describing conceptual understanding. How the frameworks
and texts are selected, and a more concrete description of the methods used in
the analysis are to be found in Chapter 4.

A possible approach would have been to read the texts, interpret the views
on concept, and sort them into categories. However, in an early phase of the study
it became clear that such an approach did not offer sufficient understanding for
comparing views on concept in different frameworks, since it was hard to relate
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different views to each other. Based on that insight, I realised that some kind
of preunderstanding was needed.

Since views on concept are frequently discussed in philosophy of language, a
philosophical literature review is conducted. In addition, in philosophical texts
discussing concepts, references are often made to texts from concept research
within cognitive science. Consequently, the literature review is conducted
within the common field of philosophy of language and concept research within
cognitive science.

A result of this review is a philosophically flavoured tool for analysing views
on concept in texts in mathematics education. This tool involves three
distinctions, described in Chapter 3, between mental versus non-mental,
intersubjective versus subjective, and molecular versus holistic views on concept.
A reason for this approach is that views on comept are often more cleatly
described in philosophy than in mathematics education, and there are reasons
to believe that these have affected views in mathematics education as well, since
texts in mathematics education occasionally refer to philosophical texts. For
example, this can be seen in Sfard (1991), who refers to Frege (1952/1960), in
Tall (2001), who refers to the logicist ideas of Hilbert, Russell and Frege, and in
Semadeni (2008), who refers to both logicist and empiricist ideas.

An assumption in the study is that distinctions made within the common
field of philosophy of language and concept research within cognitive science
can contribute in the field of mathematics education. The approach taken here
will broaden, and at the same time delimit, what may be found in the analysis.
On the one hand, it will facilitate seeing philosophical aspects in the views on
concept, whether concepts are mental or non-mental, intersubjective or
subjective, and molecular or holistic. On the other hand, it can obstruct the
discovery of aspects that are not included in the analysing tool.

One procedure for finding views on concept in the educational texts consists
of interpreting explications. However, the most common procedure involves
interpreting the usage of the term ‘concept’. In order to ensure that different
texts are interpreted in similar ways, indicators are developed from the
characteristics of the analysing tool, and involve certain formulations indicating
the different views. The method then consists of searching for these indicators,
both in explications and in the way terms are used. This method used for the
concept analysis, including the indicators, is described in Chapter 4.

Having described the focus of the study and the design at an overall level, I

now want to make some reflections before specifying aim and research
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question. First, the study is placed in the field of mathematics education, from
the background of some trends that can be seen during the last few decades.
These are described in Section 1.3. Second, concept analyses have their roots in
analytic philosophy, where such studies are common. Consequently, this study
takes an analytic philosophical approach. This raises some questions about the
role of analytic philosophy in the field of mathematics education, which I
consider from three different directions, in Section 1.4.

1.3 The nature of mathematics education
research

Around 1970, the first journals for mathematics education research appeared
and the first conferences within this field were held. With those events, one can
claim that the modern field of mathematics education was established. Until
then, mathematics education had been ruled by behaviourism, where the
researcher took the role of a neutral observer. Over the next few decades,
conceptual frameworks, which could provide as an understanding of
mathematics education and build a foundation for research, were mostly
developed in a constructivist tradition. With that change, the researcher often
took the role of an interpreter, trying to understand the meaning that teaching
and learning of mathematics had for the participants. (Niss, 2018; Inglis &
Foster, 2018; Kilpatrick, 1993)

From the 1970s, one can distinguish some trends within the field of
mathematics education. A first trend concerns the subject matter of research
studies. New topics that appeared during this time were, among others, gender-
related issues, cultural issues, technology-related issues, mathematical
modelling, beliefs and affects, assessment in mathematics, and professional
development of mathematics teachers. With these new topics came new kinds
of methodological approaches. A second trend in the development is a decrease
in the use of experimental methods and a shift from quantitative to qualitative
methods. Discussions of interpretation in qualitative research resulted in a need
for new conceptual frameworks, and a third trend is an increased theoretical
diversity. In the 1980s, constructivism was the dominant approach in the field,
developed from the perspective of Piaget. The focus was on children’s
construction of personal schemas, and research was often based on interviews
in which participants were asked to reflect on their thought processes. In the
1990s, there was a change towards more sociocultural approaches. With this
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change, the focus of research became observations of interaction. Since then, a
multitude of approaches and frameworks have appeared. Nowadays, there are
constructivist frameworks, sociocultural frameworks, and many other
approaches as well. Further, it is not unusual to use different approaches for
different kinds of studies, or to attempt to find connections between
frameworks, in order to synthesise ideas. (Inglis & Foster, 2018; Kilpatrick,
2014; Niss, 2018)

Consequently, the area of mathematics education research constitutes a
diverse field, when it comes to subject, methods and conceptual frameworks.
The contemporary field of mathematics education secks inspiration from
directions such as mathematics, psychology, cognitive science, neuroscience,
philosophy, linguistics, semiotics, history, and so on (Niss, 2018). Furthermore,
the number of studies of learning in mathematics has decreased. At the same
time, the number of studies of learning in mathematics in the field of
psychology has increased, and it seems as if these kinds of studies have partly
migrated from mathematics education to the psychological field. (Inglis &
Foster, 2018)

The usage of the term ‘concept’ is more frequent in articles using
constructivist frameworks, even if the term can be seen in other frameworks as
well (Inglis & Foster, 2018). It is reasonable to assume that with the lower focus
on mathematical learning, and on constructivist frameworks, the usage of
‘concept’ in mathematics education research has declined®. Simultaneously, in
concept research within the field of cognitive science, the discussion of the
notion concept is vital (see for example Margolis and Laurence (2015)).

The term ‘concept’ is still an important one in the context of mathematics
education, both in cutricula and in teacher education. Hence, curticulum
developers, teacher educators, and students interested in concepts are mainly
directed either towards constructivist frameworks, or to the field of cognitive
science. Here, one may draw the conclusion that if we want curricula and
teacher education to build on current scientific research, it may not be enough
to focus on articles in mathematics education. We may also need knowledge
about findings in psychology and other adjacent fields. That is why Inglis and
Foster (2018) argue for more between-programme engagement and interaction

between experimental psychology and mathematics education research. In

¢ This conclusion is made from a study presented in Inglis and Foster (2018), based on an analysis of
articles in Educational Studies in Mathematics and the Journal for Research in Mathematics Education.
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addition, based on this discussion I would say that there is a need for new
frameworks in mathematics education, which offer an understanding of
concepts, and which take modern concept research into account.

A fourth trend in the development of the field of mathematics education is
“a gradually reduced spectrum of variation in the nature of ‘mainstream’
published research” Niss (2018, p. 35). From the 1970s to the late 1980s and
onward, there has been a decrease in theoretical discussions and reflections.
Formal analyses of educational issues, position or opinion papers, and papers
with an exposition of mathematical content in an educational context have
become more unusual. (Inglis & Foster, 2018; Niss, 2018)

It may be asked whether this last trend is something that is desirable in the
field of mathematics education. Naturally, one can have different opinions on
that, but I will argue here that the answer is no. First, on the website for the
Journal for Research in Mathematics Education JRME) it is claimed that

JRME publishes a wide variety of research reports that move the field of
mathematics education forward. These include, but are not limited to, vatious
genres and designs of empirical research; philosophical, methodological, and
historical studies in mathematics education; and literature reviews, syntheses,
and theoretical analyses of research in mathematics education. (NCTM, 2020)

This quote shows a willingness to publish other kinds of research, including
theoretical studies in JRME, opposing the trend in recent years. Such an attitude
is in line with the position in Niss (2010) that even though a majority of papers
and PhD theses present empirical studies, mathematics education research
should not be limited to being empirical. There are important issues and
problems in the field that require theoretical investigations. Such studies can
propose new distinctions or concepts. Further, they can be used for analysing,
comparing and linking conceptual frameworks, or presenting and analysing
research methods. (Niss, 2010)

A concept analysis of the notion concept, can be seen as an example of the
kind of theoretical research that has decreased within the field in the last few
decades. However, there seems to be a need for more such work. As seen in
Section 1.1, there are ambiguities within the field and notions may be vague and
are not always used coherently. With the trend of combining frameworks, it
may be more important than ever to be cautious since there are different views
on concept within different frameworks. In addition, when studying concepts in
mathematics education, it is essential to take concept research in cognitive

psychology, and the views and approaches in that field, into consideration. It is
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very likely that such research can be used in the development of mathematics
education.

As expressed in Section 1.2, this thesis takes an analytic philosophical
approach within the field of mathematics education, with the purpose of
contributing to theory development. The next issue to be addressed is how such
an approach can be placed within a philosophical context. Analytic philosophy
has played a significant role within the field of mathematics education, during
the 20th century. Below, I discuss this role from three different directions, all
taking a philosophical stance.

1.4 Using analytic philosophy in mathematics
education research

One way of interpreting analytic philosophy within education is by considering
that observational studies have often been grounded in a logical positivist view,
imitating methods from science. This involves setting up hypotheses and trying
to verify or falsify them in order to get justified and robust results.

Another alternative is to regard analytic philosophy as a direction within
philosophy of education, which can be considered a branch of applied philo-
sophy concerned with the nature of education. In that branch, the problems
arise from educational theory and practice. Analytic philosophy was the most
influential in philosophy of education from about 1950 to 1980, when
philosophers applied concept analysis to the field of education. The common
belief was that some problems in education arose from a misuse of language.
For a number of reasons, for example the scarcity of results with an impact on
school practice, the influence of analytic philosophy in education declined.
Today, I would say, analytic philosophy and concept analyses are more common
in other fields, than they are in educational studies. This claim is affirmed by
the fourth trend seen in Section 1.3, that there has been a decrease in theoretical
discussions and formal analyses in mathematics education in the last few
decades. However, there may today be a slight shift and an incipient trend
towards more concept analyses in educational studies as well. (Portelli, 1987;
Siegel & Callan, 2018)

Analytic philosophy within mathematics education can also be seen from
the perspective of a group of researchers currently working in philosophy of
mathematics education. That topic is based on the intersection of the fields of
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mathematics education and philosophy, including philosophical, anthropologi-
cal, historical and ethno-mathematical perspectives. Questions asked in this
group concern the nature of mathematics, how mathematics relates to society,
what learning and teaching mathematics is, and so on. Concept analyses and
analytic philosophical approaches in mathematics education can be seen under
this umbrella, but, in my experience, this group seems to be more concerned
with social issues. (Ernest, 2010)

The current study can be regarded from either one of the two last directions.
However, whete to position the study from a philosophical viewpoint is not of
primary importance. Instead, what is of importance is that the analytic
philosophical approach brings with it certain assumptions. As one example, it
brings with it the idea that different views on concept could, and should, be
compared, in order to broaden the understanding coming from a certain
framework. Further, it brings to mind the idea of reductionism that simpler
theories, including fewer concepts, are to be preferred. This idea is in the spirit
of Ockham’s razor, meaning that you should not assume more phenomena or
concepts than are needed to explain things. As stated above, you can find
several terms with similar meanings, such as ‘conception’, ‘concept image’,
‘schema’, and ‘knowledge structure’. The reason for this may be that the
meanings of the terms are dependent on the framework in which they are
found. There is therefore a need to specify a meaning in a certain context.
However, this makes texts from different frameworks hard to compare.
Further, in many texts different terms are used in parallel, especially when
relating results to findings of other studies, using other frameworks. The
consequence of this is that several terms with similar meanings are used in the
same text, resulting in blurred views. This is why I have been governed by the
principle of using a small number of general, text-independent, terms rather
than terms that are used in the texts referred to.

1.5 Aim and research question

The aim of the study is to carry out a concept analysis of the notion concept,
within some frequently used frameworks describing conceptual understanding
in mathematics education. The purpose is to influence mathematics education
research in several ways. The study makes both a theoretical and a
methodological contribution. Theoretically, it will give clearer understanding of
views on the notion concept, within the studied frameworks, examining the
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coherence of the texts. Further, it will also offer categories that can be used for
describing concepts. Methodologically, the design will contribute to the method
of making concept analyses in mathematics education. The study addresses the
following research question:

Which views on comcept may be found in texts using the chosen
frameworks, from the perspective of the distinctions mental versus non-

mental, intersubjective versus subjective and molecular versus holistic?

1.6 Structure of the thesis

It has been impossible to write this thesis in chronological order, starting with
one chapter followed by others. It began by reading texts in mathematics
education. When I realised that I could not grasp the nature of concept within the
field I started to read texts within philosophy, which led to the field of concept
research in cognitive science. The purpose of reading philosophical texts was
to try to understand views on concep? in texts in mathematics education. After
that, a first version of the analysing tool was developed. When I read the texts
in mathematics education again and made a first version of the analysis,
applying the analysing tool, I realised that I needed to change the tool, in order
to capture the essence of the educational views. After reanalysing the texts,
indicators were developed in order to ensure that the different texts were
interpreted similarly. Consequently, the indicators were developed in an
interplay between the philosophical views and the views found in the analysed
texts. The final analyses, using the indicators, were conducted in a more
rigorous way.

In this study in mathematics education, philosophy is used in two different
ways. Hirst, the study takes an analytic philosophical approach as it assumes that
a concept analysis can contribute with new perspectives in the field of
mathematics education. Second, it uses philosophy as a method, since the analy-
sing tool is developed from philosophical ideas. Consequently, this thesis refers
to discussions within the field of philosophy and uses some terminology that
may be unfamiliar for researchers in mathematics educations. In order to
establish a common philosophical background, involving terminology used for
describing views on comcept, Chapter 2 presents a historically flavoured
description of discussions about the nature of concept.
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Together, Chapters 3 and 4 describe the design of the study. In Chapter 3,
the analysing tool is developed from views on concept within philosophy of
language and concept research within cognitive science, through the lenses of a
number of texts. Again, these views have resulted in the three distinctions
mental versus non-mental, intersubjective versus subjective, and molecular
versus holistic. The chapter examines these distinctions. In Chapter 4, the
methodology of the concept analysis is described. This includes selection of
texts, how the initial analysis was made, reflections on how the analysing tool is
used, indicators used for interpreting texts in mathematics education, and the
object of study. Further, at the end of Chapter 4 a summary of the study,
including delimitations, philosophical assumptions, and some comments on the
design, is collected, based on the content in Chapters 1 to 4.

Chapters 5 and 6 present concept analyses of texts employing some
frequently used frameworks describing conceptual understanding in
mathematics education. In Chapter 5, texts using different versions of the
concept image-concept definition (CICD) framework, a basic version and some
developments of this version, are analysed. Chapter 6 contains analyses of the
process to object (PO) frameworks. This includes the operational-structural
(OS) framework, the procept framework, and the APOS (action, process,
object, schema) framework.

Chapter 7 presents a summary of the study and conclusions that can be
drawn from it, comparing the results of the analyses. This includes views on
concept, views on some related notions, and comments on how different views
relate to each other. Further, findings of how language is used in the texts are
collected. Finally, in Chapter 8 the results and the methodology atre discussed.
Additionally, the chapter includes comments on how the used philosophy may
be interpreted from the field of mathematics education. The thesis ends with
an example of how the theoretical results may be used in future empirical

research.
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In contemporary discussions of comcep?, one can discern traces of a long
philosophical tradition, from the ideas of Plato and Aristotle, via medieval
discussions of the problem of universals, with views that were later developed
within different epistemologies. Since these affect the views that are held today,
it is worthwhile to devote some pages to this history. Mostly, such discussions
have been held within a philosophical context, where there are many positions
and approaches relevant to contemporary views. This notwithstanding, there is
a risk that an overly detailed description here of this background removes focus
from the study itself. This is the reason that this chapter focuses only on major
features. The story told is a simplified, rather rough, version aiming at setting a
context for the study’. An aim is to establish a terminology that will be used
further on for describing views on concep? in mathematics education.

When conducting a study about concepts in mathematics education, the
question of the differences between mathematical concepts and other types of
concepts arises. A stance in the thesis is that the meaning of the term ‘concept’
in different fields should basically be the same, but that there are different types
of concepts, with different features. Features of different types of concepts
affect interpretation of texts within different fields. In mathematics education
texts, most often the view on comept is to be interpreted as describing
mathematical concepts. This justifies the partial focus on the nature of
mathematics in this chapter. Another reason for writing about philosophy of
mathematics is that there is a mutual exchange between mathematics education
and philosophy of mathematics, where mathematics education uses philosophy
and vice versa. Examples where philosophy is used in mathematics education
may be seen in Sfard (2008), who refers to Wittgenstein (1953/1992), in Tall
(2001), who refers to the logicist ideas of Hilbert, Russell and Frege, and in
Semadeni (2008), who refers to both logicist and empiricist ideas. In addition,
a fairly recent example of mathematics education influencing the philosophy of

7 For more extensive explanations and formal definitions, I can recommend the Stanford Encyclopedia
of Philosaphy: https:/ /plato.stanford.edu/
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mathematics is Cole (2008) discussing social constructivism as a philosophy of
mathematics.

When using views and approaches from philosophy in mathematics
education, there is a risk that the philosophical context is less known to the
reader. The texts referred to use philosophical vocabulary that is often taken
for granted. I have consciously tried to decrease the density of philosophical
terms, and different positions are exemplified rather than elaborated on in more
detail, in order to increase readability.

As the content can, to a large extent, be seen as being in the public domain
in philosophy, this lowers the requirements for referencing. I have preferred to
refer to encyclopedias with good reputations (e.g. the Stanford Encyclopedia of
Philosophy®) and compared the descriptions there with other sources. The
content of the rest of the thesis has guided the selection of ideas, which should
be seen as examples from the philosophical discussions. Note that all
classification and generalisation of ideas means simplifications of the positions:
at the same time as it offers possibilities for comparison, it restricts accuracy.
Hence, the content in this chapter, as well as in Chapter 3, should be seen as

somewhat superficial.

2.1 A story about concepts

This story begins in Athens in a dialogue between Plato and his disciple
Aristotle around 300 BCE. The discussion concerns roses, and how we can
know that roses of different kinds and colours all share the same property of
being a rose. What does it mean to be a rose? Where is this meaning situated?
And how can we have knowledge about it? One way of discussing these
questions is by looking at the nature of the concept ros¢ and other types of
concepts.

Plato and Aristotle had different ideas about what concepts are. In fact, one
might make the mistake of thinking that these ideas are completely opposite to
cach other. However, they agree that there is an abstract object called a
‘universal’, or a concept, that contains the essence of whatitis to be a rose. This
means that we as human beings are not just conscious of specific roses with
different kinds of colours and appearances, but if we have enough experiences
and if we are sufficiently intelligent we also have knowledge about the nature

8 https://plato.stanford.edu/
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of the concept rose. The reason that concepts are important is that if we did not
have concepts, then all concrete objects would be new to us and we would not
know anything about roses. (Klima, 2017; Russell, 1917/1959)

Further, according to Plato and Aristotle concepts must have some kind of
existence. The argumentation between Plato and Aristotle concerns where
these concepts exist, or are situated, and the relationship between the concept
rose and physical roses. According to Plato, concepts are ideas that exist in a
non-mental and abstract wotld. This world contains concepts that have
references including physical objects, such as the concept rose, and also
mathematical concepts, such as wre. The roses in the physical world are
imperfect copies of the concept rose and different round things are imperfect
copies of perfect circles. Aristotle disagrees with his master and refutes the idea
of an ideal world. Instead, in his view the concept rvse exists as possibilities in
the physical roses and arises in the human mind as an abstraction, where the
concept rose becomes a mental image of an ideal rose. (Klima, 2017)

One can see two undetlying distinctions in this debate. First, there is a
distinction between concrete and abstract objects. While concrete objects are
the objects of everyday life, such as roses and books, abstract objects do not
exist in space-time. Instead, they can be thoughts, either thoughts of a single
person or thoughts that are common to a group of people. An example is
redness, whetre redness as such does not exist in the real world, but is the
common property of red objects. Other examples are mathematical objects
such as numbers or functions, which do not exist in the physical world.

In the two positions above, there is an agreement that concepts are abstract
objects. What distinguishes the two views is whether concepts are mental, as in
Aristotle’s view, or non-mental, as in Plato’s view. Consequently, the discussion
acts on three different arenas. The first one is concrete, containing physical
objects. The second is a non-mental and abstract arena, where concepts exist
from a Platonic perspective. Finally, the third arena is mental and abstract, and
this is the place for concepts from an Aristotelian perspective. In brief, these

can be referred to as a concrete, a non-mental and a mental arena (Figure 2.1).
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Concrete Abstract
Non-mental Mental

Figure 2.1 Three different arenas

There are different views on the nature of these arenas. For example, in an
Aristotelian view there are no such things as abstract and non-mental objects.
Therefore, this arena does not exist in such a view. Further, a philosopher
claiming a physicalist position, which appeared in the 19th century, would say
that the only existing substance is concrete. In his or her view, concepts may be
neural structures that are part of, or use, the sensory-motor system of our
brains. (Stoljar, 2017)

However, going back to the two positions considering concepts as abstract
objects, the discussion continued over the years, and the views of Plato and
Aristotle had great impact. In a medieval and Christian version of the Platonic
position, the so called neoplatonist view, concepts wete principal, immutable
and eternal forms of things that were contained in a divine understanding of
the world. One result of the interest in Greek philosophy at this time was that
from the middle of the 12th century into the 13th century, over 42 of Aristotle’s
books were copied, translated and applied to Christian thought. Albertus
Magnus, just to mention one example, interpreted and systematised most of the
works of Aristotle in accordance with the Church’s doctrine, and his disciple,
Thomas Aquinas, wrote a dozen commentaries. This resulted in a Christian
reception of Aristotelianism in Western Europe. (Wildberg, 2019; Mclnerny &
O'Callaghan, 2018; Fuhrer, 2019)

Simultaneously with this development, the realist positions were challenged
by those claiming that such views were incoherent. The argument for this was
that an abstract object could not exist in many physical instances at the same
time, and constitute the substance of these physical objects. Unlike the two
realist views desctibed above, two non-realist positions appeared that denied
that concepts existed independently of the human mind. First, a nominalist
position appeared at the beginning of the 12th century, advocated by for
example William of Ockham and Peter Abelard. In this view, universals were
mere terms and the only things existing in the wotld were physical objects.
Consequently, there was nothing in the individual rose but the rose itself.
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According to this view, universality was not an ontological feature of the world,
but a semantic feature of language. (King & Arlig, 2018; Spade & Panaccio,
2019)

When discussing language, a distinction between syntax and semantics is
useful. Syntax, on the one hand, is the rules governing grammar, and a
syntactical issue is how we may construct sentences. Semantics, on the other
hand, concerns the meanings of terms and how terms refer. This leads us to
another distinction, the one between terms, classes of objects’ that a term can
refer to (in some views called ‘references’ or ‘extensions’) and the meaning of
terms (in some views called ‘senses’ or ‘intensions’).

In classical philosophy of language, different types of expressions get their
meanings in different ways. The noun phrase ‘this is a rose’ gets its meaning
from what it means to be a rose, referring to the class of roses. The verb phrase
‘Alma runs’, on the other hand, gets its meaning from what an individual called
Alma is doing right now, referring to situations where there is a person called
Alma who is running.

Ockham and Abelard counted the terms ‘rose’ and ‘run’ as universals, since
they referred to more than one object or situation. However, they did not think
that terms had abstract meaning, and that there were such things as senses.
Instead, in their view, the term ‘rose’ signified the roses themselves, and there
was no meaning apart from the actual roses. Consequently, all we need to
assume is that two roses are more similar to each other than either of them to,
for example, a peony, and that all flowers are more similar to each other than
any of them are to an animal, and so on. (Klima, 2017; King & Arlig, 2018;
Spade & Panaccio, 2019)

The second non-realist position accepted the existence of concepts, but not
an existence independent of the human mind. This position is called
conceptualism, or psychologism, and arose as an intermediate between realism
and nominalism. In this view, the mind has the ability to create concepts, which
are abstractions in the mind. During the 17th century, it was embraced by eatly
modern thinkers, such as John Locke, and until the 20" century, this was the

most common view on concept. (Balaguer, 2016)

I will use ’class’ throughout the thesis in an everyday way in order to avoid a context of set theory
or category theory, which would not be relevant to the study.
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Summarising the discussion of the problem of universals, we end up with
tour approaches: Platonic realism, Aristotelian realisn, nominalism and conceptualisn.
As with all categorisations and generalisations, these are simplified versions of
the different positions and a single specific view can in fact combine different
approaches.

On entering the 17th century and the current era, where the dominant
approach was conceptualism, the discussion of concepts can be regarded in the
light of an epistemological discussion between rationalists and empiricists. The
question concerned to what extent we can obtain knowledge without sense
expetience, that is if we can develop mental concepts without experience from
the physical world. According to rationalists such as René Descartes, Baruch
Spinoza and Gottfried Wilhelm Leibniz the answer is that we can. From their
petspective, knowledge exceeds the information provided by our senses and we
can create some concepts as part of our rational nature; reason can provide
additional information about the wotld and we develop some knowledge by
means of our intuition, or by deduction from already known facts. (Markie,
2017)

Empiricists such as John Locke, George Berkeley and David Hume
defended the position that sense experience is the only source for knowledge.
In their view, we do not have innate concepts and reason alone cannot give us
any new ones. The total conceptual structure can be described as a mirror
representing facts about the real world, and their relations. This mirroring
occurs because our concepts are grounded in experience of the world; concepts
either have references including physical objects, or are composed of other,
more basic, concepts with references including physical objects. This in turn
ensures that by exploring this mental structure, we can obtain knowledge of the
wortld. (Markie, 2017; Jenkins, 2008)

In a rational view, mathematics has a special position, offering a model of
rigour for rational inquiry, giving tools and foundation for other sciences, such
as physics. Mathematics differ from science in that mathematical objects are all
abstract. Numbers and circles do not exist in the physical world. In physics, on
the other hand, some concepts have references that include concrete objects
and other concepts have references that include abstract objects'’. This relates
to the distinction between analytic propositions, which are true based on the
meanings of the terms involved and on how these are related, and synthetic

10 While go/d is an example of the first kind, acceleration is an example of the second kind.
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propositions, which are true based on how the terms involved refer to the
physical world and facts about the world. Mathematics is often seen as analytic,
where mathematical knowledge is obtained by deduction from already known
facts. Consequently, it is perhaps natural to have a rationalist view on
mathematics rather than an empiricist one. A relevant question is then what the
nature of mathematics is, from an empiricist perspective. Further, how can we
develop mathematical knowledge, if all knowledge depends on sense
experience?

There are several proposed answers to these questions. One way of
answering appears to be what may be called mathematical empiricism,
advocated by for example John Stuart Mill in the 19th century, and
contemporarily by Carrie Jenkins. Consider 3 + 5 = 8 as an example. In an
empiricist view, the signs ‘3’, °5’, and ‘8’ refer to sensory data, where the mental
number-concept #hree can be developed from the experience of the amount of
three things, in different versions. The number-concepts five and eight can
similarly be developed from the amounts of five and eight things. Even the
concept addition has an empirical ground, developed from the experience of
combining different groups of things, and a child can grasp 3 + 5 = 8 by
thinking about what it means to combine three fingers with five fingers. The
statement is then knowable through examination of our empirically grounded
concepts. Consequently, in this view, there seems to be no difference between
how we acquire knowledge about roses and how we acquire knowledge about
numbers, from the perspective that the knowledge is empirical. (Jenkins, 2008)"!

Another answer to the question of how we can develop mathematical
knowledge distinguishes between different kinds of knowledge, where some
knowledge comes from sense experience and some does not. In this way, we
can be rationalists in mathematics and empiricists when it comes to science.
Immanuel Kant advocated such a solution and distinguished between empirical
knowledge, based on experience of the physical world, and knowledge a priori,
which was independent of experience and arose in pure reason'?. Mathematical

concepts are developed a priori. Further, Kant distinguishes between geometric

11 Jenkins’ theory of concept-grounding for mathematics has been criticised by e.g. Sjogren and
Bennet (2014). The criticism points out that the theory deals almost exclusively with simple
arithmetical concepts and that the conclusions therefore go too far. For instance, the empiricist view
cannot be used for extending mathematics to the areas of infinity or set theory.

12 The terms ‘a priori’ and ‘a posteriori’ describe different types of knowledge, where knowledge a
priori involves necessary conclusions and knowledge a posteriori involves conclusions based on sense
experience.
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concepts, which are based on pure intuition of space, and arithmetic concepts,
which are based on pure intuition of time. Concepts of numbers are then
developed through addition of units in time. (Markie, 2017; Kant, 1783/2004)

Hitherto, three different views on the nature of mathematics have appeared,
directly or indirectly, in this historical background. The first one is mathematical
Platonism, in which non-mental mathematical concepts exist in an ideal world,
which may be discovered by human beings. The second one is mathematical
empiricism, in which mental mathematical concepts have an empirical ground
and are built on sense experience. The third view is the one advocated by Kant,
in which mental mathematical concepts arise in reason, not depending on sense
expetience, but where mathematics is still about the physical world. For Kant,
mathematics is a priori, but synthetic.

During the 17th century, with Leibniz as a central figure, philosophy of
mathematics began to focus on the relation between mathematics and logic,
which dominated the discussions until the 20th century. In this work,
philosophers such as Gottlob Frege and Bertrand Russell had great impact. The
common challenge was the psychologism in Mill’s empiricism, which
threatened the status of mathematics as certain knowledge (Frege, 1884/1950).
In order to get rid of psychologism, Frege (1884/1950) tried to reduce
mathematics to logic and by that give mathematics a rigorous foundation.
According to him, our reason for believing that 3 + 5 = 8 is not that we have
found that an amount of 3 things and an amount of 5 things together make an
amount of 8 things. Instead, the number 3 is a sum of three ones, 1 + 1 + 1. In
line with that ‘3 + 5" and ‘8’ refer to the same object, 1 +1+1+1+1+1+
1+ 1. Stll, 3 + 5 = 8 contributes to our knowledge, since ‘3 + 5’ and ‘8 have
different senses.

Unfortunately, the logistic idea failed, since the basic conditions turned out
to be contradictory, as was shown via Russell’s paradox (Russell, 1902/1967).
The failure of logicism was one reason for David Hilbert to start a programme
for an axiomatic formalisation of mathematics, starting with a rigorous
formalisation of geometry. Parallel to the work of Frege and Russell, Richard
Dedekind had, dutring the 19th century, worked on an axiomatization of analysis
by reducing analysis to arithmetic, as a reaction to problems within differential
calculus. This work was based on the Dedekind-Peano axioms for the natural
numbers, which offered a rigorous foundation for arithmetic. Hilbert’s
programme was a continuation of that work, with the purpose of giving
mathematics as a whole a rigorous foundation. (Reck, 2017; Zach, 2016)
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Hilbert’s formalism offered a view on mathematics that may be seen as an
alternative to traditional Platonism, mathematical empiricism, and Kant’s
perspective. There are also other views regarding the nature of mathematics and
what mathematical concepts are (Horsten, 2019). One way of distinguishing
mathematical concepts from non-mathematical concepts is by describing them
as ‘well determined’ and ‘well defined’. Such views are presented below, after
some clarifications.

That a concept is not well determined may depend on vagueness or
ambiguity. If a term is vague, this means that the bounds of the extension of
the term are indeterminate. An example is the term ‘bald’. Some people are
definitely bald. Others are definitely not bald. However, one cannot tell how
much hair someone needs to have in order not to be bald and there are
borderline cases. Concepts that are not well determined can also be ambiguous.
This means that a term has different meanings. Take the term ‘dress’ that may
refer to an outfit or to a verb as an example. Most often the meaning of ‘dress’
can be understood from the context, but not always. In the expression ‘Axel
saw her dress’, it is hard to tell which meaning is intended. Further, as
mentioned in Chapter 1, ambiguity in texts in mathematics education can
appear when a term has different meanings in different parts of a text.

Explications can be used for pointing out which meaning is intended in a
text, and for replacing vague and imprecise concepts with more exact ones.
When Carnap (1947) describes explications, he describes the task of making a
vague concept motre exact, or the task of replacing a concept used in everyday
life or in an earlier stage of scientific development with a more modern scientific
concept. In defining, one often tries to find an explication that is both sufficient
and necessary (Murphy, 2004). If it is sufficient, an object that fulfils the
conditions of the explication is a member of the class of objects that is the
reference of the explicated concept. If it is necessary, an object that does not
fulfil the conditions of the explication is not a member of this class.

Some concepts are well determined, which means that they are unambiguous
and not vague. There are those who, such as Priss (2017), suggest that
mathematical concepts are well determined. Further, that a concept is well
defined means that its definition offers a unique interpretation. This requires
that the concept is well determined. In an ideal wotld, all people who have
knowledge about the concepts involved in the definition would interpret the
definition in the same way. In physics, the concept gravitation has different
definitions in Newtonian mechanics and in general relativity, and will perhaps
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be given another definition in future theories. In mathematics, however, there
are those (Sj6gren & Bennet, 2014) who argue that mathematical concepts have
often unique explications.

The notion concept is not a mathematical notion, but a notion from areas such
as philosophy, psychology and education. There are also other notions, or
concepts, used in mathematics education that are non-mathematical. Concepts
such as discourse and student are examples of that. In fact, concepts in
mathematics education may have been taken from the different fields that
mathematics education has been developed from. For example, disconrse comes
from linguistics, reffication is taken from psychology, and ¢rele is a mathematical
concept. Further, some concepts are developed within the field of mathematics
education itself. Procept (Gray & Tall, 1994) can be taken as one example of such
a concept.

Naturally, texts within mathematics education may include mathematical
concepts, which according to some views should be well determined, but also
non-mathematical concepts, which may be vague and ambiguous rather than
well determined. Further, the approach taken and the framework used in the
text affect which non-mathematical concepts appear. Hence, different types of
non-mathematical terms appear in different texts, something that is claimed by
Inglis and Foster (2018):

we would expect a research paper that reports a constructivist analysis of
geometty learning to contain words such as triangle, circle, and angle but also
words such as schema, constructivism, and interaction. (Inglis & Foster,
2018, p. 469)

Even when concepts are well determined and have unique explications in
mathematics, they may not be well defined. Note that it is not possible to define
every concept. As an example of that, there are real numbers that do not have
names, since there is a countable number of names, but an uncountable number
of real numbers. Again, the number of possible definitions, assuming a finite or
countable language, is countable. Naturally, one can give names and definitions
to numbers that lack names, but there will always be concepts which do not
have names and that are not defined. Furthermore, it can take some time before
a definition takes its final form. The concepts function and set have both had a
long and tricky history.
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The discussions of the nature of mathematics continued during the 20th
century. In the 1930s, Willard Van Orman Quine, published an axiomatic set
theory, called New Foundations. Later, in the eatly 50s, he contributed to the
epistemological discussions between rationalists and empiricists by criticising
the distinction between analytic and synthetic, described above. This criticism
is based on the observation that no satisfactory explanation of analyticity had
been given, and that one cannot distinguish between analytic and synthetic
propositions. The argument is that in order to distinguish between these two,
one must use synonymy, which can be understood as interchangeability. For
example, the statement ‘all and only bachelors are unmarried men’ holds,
because ‘bachelors’ can be interchanged with ‘unmarried men’. However, in the
statement “bachelors’ has fewer than ten letters’, ‘bachelors’ cannot be
interchanged with ‘unmarried men’. In order to explain this, one needs to use
analyticity again, and one ends up in an infinite regress. Consequently, it is
impossible to draw a line between synthetic statements, depending on sense
experience, and analytic statements. An empiricist answer to this criticism
would be to claim the idea that every statement is constructed from terms
referring to sense experience. However, Quine shows that this view is as
problematic as the distinction between analytic and synthetic, for similar
reasons. (Forster, 2018; Quine, 1951/1985)

Quine’s solution was to take the holistic stance that all statements are
interconnected and that the whole system of science is verified or falsified at
the same time. Therefore, it is misleading to consider the meaning of a single
term or sentence. A term such as ‘rose’ is connected to ‘flowet’, which in turn
is connected to ‘dandelion’, which in Sweden is connected to a political party,
and so on. By similar chains, every term is related to every other term in the
language, and the change of the meaning of one term affects the meanings of
related terms. According to Quine, meanings at the edge of the system are more
likely to be affected by sense expetience than those of the interior, with rose
being at its edge and logical concepts at its centre. Further, physical objects and
non-physical objects are not of different types; they are all sources for our
conceptions, although there is a floating boundary between concrete and
abstract. In this view, the meaning of ‘rose’ is not just determined by the class
of all physical roses and how members are pointed out by the sense, but it is
determined by how the term ‘rose’ is used in communication. (Jackman, 2017;

Quine, 1951/1985)
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Another advocator of a holistic view, active at the same time as Quine, was
Ludwig Wittgenstein who claimed that the properties of the objects included in
the reference of a concept form a complicated network of similarities, called
family resemblances, and that concepts are related to each other in many
different ways (Wittgenstein, 1953/1992). For instance, something is called a
number because it has a relationship with several other things that have
previously been called a number:

[...] this can be said to give it an indirect relationship to other things we call
the same name. And we extend our concept of number as in spinning a thread
we twist fibre on fibre. And the strength of the thread does not reside in the
fact that some one fibre runs through its whole length, but in the overlapping
of many fibres. (Wittgenstein, 1953/1992, p. 32)

The holistic idea opposed, among other things, the idea of compositionality:
that the meaning of a complex expression is determined by the meanings of the
terms included in it and the rules for combining them (Jackman, 2017). Hence,
you cannot explain the content of ‘Alma is running’ based only on the content
of the terms ‘Alma’, ‘is’, and ‘running’, if advocating a holistic view.

With these ideas and other discussions appearing during the second half of
the 20th century, the idea of mathematics as certain and immutable knowledge
was challenged. With Wittgenstein, among others, a radical constructivist view
on mathematics appeared, in which mathematical propositions did not concern
mathematical objects (Rodych, 2018). In that view, the human mind invented
mathematics and did not discover it. Later, during the early 1980s, the claim
that mathematical concepts do not depend on culture was further questioned,
and philosophers, mathematicians, and mathematics educators started to
discuss mathematical practice from a cultural perspective.

Within philosophy, Imre Lakatos’ (1976/1979) view on concept develop-
ment had an impact on views on mathematics. His position concerned how
mathematical concepts develop through history, from an intersubjective
perspective, and how new concepts are created. This may be seen as a
combination of empirical and rational development. First, the empirical
development is based on observations of the physical world. Second, the
rational development is based on proofs and refutations. By exploring
mathematical theorems and proofs, and stretching the boundaries of the
relevant concepts, mathematics can develop. This is a process of guessing about
relationships in mathematics followed by giving counterexamples. In Popper
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(1934/2002), this is formulated in terms of a context of discovery versus a
context of justification. (Lakatos, 1976/1979)

During the 1980s, mathematicians such as D’Ambrosio (1985/2004) and
Bishop (1988/2004) started to reconsider what mathematics is, based on an idea
that different cultures have different mathematical practices. In such a view,
mathematics is not merely an academic activity, given that mathematics is
practiced differently among national-tribal societies, labour groups, children of
a certain age bracket, professional classes, and so on. Hence, advocators asked
for an extended definition of mathematics. In D’Ambrosio (1985/2004),
traditional mathematics, what is learnt in school, is called academic mathematics
and the term ‘ethnomathematics’ is used for the phenomenon that mathematics
is practiced differently within different cultural groups. A broader view on
mathematics includes these aspects'®. This idea has later been developed
further, and today Skovsmose (2016) is one of many who distinguish between
different forms of mathematics as a practice, such as everyday mathematics,
engineering mathematics, academic mathematics and ethnomathematics.

In recent times, discussions about concepts have taken place within different
fields, resulting in a multitude of views on concept. First, the discussion has
continued within philosophy of language, where concepts are often seen as
some kind of senses, which again are non-mental meanings of terms. Second,
there are discussions within concept research in cognitive science, where
concepts are often seen as some kind of mental representations. Third, there
are several frameworks studying concepts within educational research, which
are based on different views on concept. Murphy (2004) describes the diversity in
the research on concepts as ranging from mathematical models tested in
artificial category-learning experiments, to anthropological studies in rain
forests, to linguistic analyses of word and phrase meaning.

Independent of field, many views are based on the assumption that people
organise the world through representation. Representation in a wide sense
means that an object in one of the three arenas described above (see Figure 2.1)
can point to an object in one of the other. For example, a mathematical circle
can be represented by x* + y* = 9, or a round physical object. As another

example, a mental image of a circle can represent the non-mental object crcle.

13 Note that it is possible to use the term ‘mathematics’ for school mathematics and the term
’mathematical practice’ for the phenomenon that mathematics is practiced differently in different
contexts. However, this is not what D’Ambrosio advocates.

43



THE CONCEPT CONCEPT IN MATHEMATICS EDUCATION

However, representation is also a concept on which there are various views. In
social representation theory (Potter & Edwards, 1999), representations are
considered primarily cognitive. In discursive psychology, on the other hand,
representations are seen as objects that people construct in speech and text
(Potter & Edwards, 1999). These two different meanings of ‘representation’ can
be referred to as ‘internal representation’* and ‘external representation’. While
internal representations of a circle are structures that enable people to perceive,
interpret and categorise the physical world, external representations are
different round objects, pictures, equations and other descriptions of circles.
These two types of representations are situated in two different arenas, a mental
arena and a concrete arena.

One conclusion that can be drawn from the history of concepts, and its
multitude of views, is that it would be naive to hope that these discussions
would end up with one single view where the notion concept is well determined.
Maybe, this is not even desirable. In addition, when discussing concepts there
are some distinctions that are important to consider. One is the distinction
between syntax and semantics, between terms and meanings of terms. A similar
distinction is the one between terms, classes of objects that the terms refer to
and the content of the terms. A third distinction is the one between a concrete,
a mental, and a non-mental arena.

Many philosophical contradictions appear because of a misuse of language
when these arenas are not distinguished. A simple example where syntax is not
distinguished from semantics is seen in the sentences:

The chapter has 42 pages.

The chapter has ten letters.

Most likely, the chapter contains more than ten letters. Instead, it is the
expression ‘the chapter’ which contains ten letters. In this example, the mistake
may not have consequences for our understanding. We can judge that it is not
reasonable for a chapter to have ten letters and we can thus conclude that it
should be written that the expression ‘the chapter’ has ten letters. In other
examples, mistakes can affect our understanding. Take the following sentences,

from a context of mathematics education, as examples of this:

14 In this thesis, internal representation is mostly called mental representation.
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The symbols have properties specified in the axioms.

The term ‘concept’ refers to geometrical figures, numbers, algebraic
expressions etc.

In the first sentence, symbols are part of syntax and should not have properties
in the sense of properties specified in axioms. Written symbols can have
properties, such as being large or small, but this is not what is meant here. What
actually have properties are concepts, but this is a semantical issue. Similarly, in
the second sentence, the term ‘concept’ may include geometrical figures and
numbers in its references. However, algebraic expressions are part of syntax. A
consequence of these category mistakes is that it is impossible to understand
the meaning of these sentences, which complicates the interpretation of the
view on concept in this part of the text.

As another example, in Section 1.1, it is mentioned that in Sfard (2008), the
notion concept is defined as a symbol together with its uses. Here, the symbol is
combined with its meaning, seen as usage in communication. If elements of
different nature are combined, then the nature of this combined object becomes
hard to understand. Further, as the explication is not in line with other
explications, where concepts are often seen as the meaning of symbols, the
nature of concepts in Sfard (2008) is not similar to the nature of concepts in
other views.

Regarding the three arenas, the mistakes are of a different kind. We do not
ask our children to go and fetch redness, but we ask them to fetch something
red. However, sometimes we can mistake the nature of the phenomenon that
we experience. When a teacher calls a parallelogram ‘a trapezoid’, it may be an
indication that in her conception, parallelograms and trapezoids are mixed up.
She does not realise that this is her own experience of mathematics, but believes
that this is mathematical truth. Consequently, mental experiences and facts
within mathematics as a field of knowledge are mixed up. As another example,
when it comes to views on concept, different views may appear in the same text.
Sometimes a sentence involving a view where concepts seem to be mental is
followed by a sentence where concepts seem to be non-mental. It may even be
the case that a mental and a non-mental view appear in the same sentence. In

such cases, a mental and a non-mental arena are combined.
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on concept

[...] although the notion of a concept has been employed in various ways,
there are not all that many precise theories of concepts. (Zalta, 2001, p. 335)

The purpose of this chapter is not to provide a philosophically precise theory
of the notion concept, but to clarify differences and similarities between different
contemporary views. These views are interpreted from texts in the common
field of philosophy of language and concept research within cognitive science,
collected from a configurative' literature review. The putrpose of this review is
to find some key references and to get an overall picture of the contemporary
discussion of concepts within philosophy. Further, this review should be seen
as separate from the literature review in mathematics education, described in
Section 4.1. It can be considered a substudy, with the purpose of elaborating a
framework for the concept analysis, facilitating interpretation of views on concept
in texts in mathematics education.

The texts have been found in different ways. First, articles, discussions and
reviews from two journals, The British Journal for the Philosophy of Science and
Philosophia Mathematica, were chosen from the time period between 2000 and
2014. These journals are highly ranked within the field, and together they offer
opportunities to compare the discussions regarding concepts in science and
concepts in mathematics. In The British Journal for the Philosophy of Science, the titles
which were selected were those of articles, discussions and reviews including

the terms ‘mathematics’ (but not applied mathematics), ‘arithmetic’, ‘number’'¢,

‘concept’, ‘conception’, ‘indispensability’"’, ‘representation’, ‘meaning’, ‘objects’,
‘cognitive’ (but not cognitive science) and other titles which I associated with
mathematics, arithmetic or concepts. The abstracts of these texts were then
read, together with some other abstracts that seemed interesting from the

perspective that it offered new insights into the nature of concepts. In

15 The distinction between configurative and aggregative literature reviews is described in Section 4.1.
16 The reason for searching for views on zumber is that the number-concept is fundamental in the
field of mathematics, underlying a wide area of mathematical domains.

17T was looking for views related to the view in Quine (1951/1985; 1960).
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Philosophia Mathematica, all abstracts and introductions of reviews were read.
When reading, my interest was in ontological views on mathematics, arithmetic
or numbers and also views on concepts and cognitive structures. My interest
was not in philosophy of arithmetic or philosophy of number, but in philosophy
of concepts and number-concepts. Bibliographical articles were avoided. This
review resulted in a list of key researchers and also some books, where some of
them were anthologies and others not'®. Reading the abstracts gave an overview
of the field of philosophy in these journals, and it also led me to the field of
concept research within cognitive science. There, I found a discussion regarding
the nature of conceprwhich started about 50 years ago. This review, together with
The Stanford Encyclopedia of Philosophy, Google searches, recommendations from
colleagues, and references that were found when reading texts, provided the
material from which the views selected in this chapter were chosen.

The views were chosen depending on how often they are referred to, how
clear the description of concept is and whether they contribute new perspectives
to the discussion”. While the purpose of Chapter 2 is to give a brief
introduction to the basic philosophical terminology used in the thesis, from a
historical point of view, the purpose here is to mirror distinctions within
contemporary views. However, in order to do that, some views from Chapter
2 have been repeated.

From my understanding of the texts, a philosophically flavoured analysing
tool is built for interpreting texts in mathematics education. As seen in Chapter
2, one dimension of the nature of concept visible in the discussions concerns two
positions, whete concepts are considered by some (Plato, 399 BCE/1997a;
Frege, 1892/1985; 1892/1951; Quine, 1960; Zalta, 2001) as non-mental and by
others (Hume, 1888/1978; Jenkins, 2008; Murphy, 2004; Carey, 2009) as
mental. A mental view, on the one hand, may either be useful when describing
the development of mathematics from an empiricist position, or when
describing how people develop concepts when learning mathematics. A non-
mental view, on the other hand, may rather be of use when describing how

concepts develop in formal mathematics from a Platonic realist position, or

18 As an observant reader may notice, none of the articles in these journals are actually referred to in
the thesis, since I found other works by the same authors, which were more appropriate for the
purpose. Further, most references have been found through the anthologies.

19 Of course, the intention here is not to give anything close to a complete overview of the
philosophical discussions about concept.
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when describing how concepts develop in a cultural context, from a linguistic
perspective.

Another dimension concerns whether concepts are subjective or inter-
subjective, or even objective. The difference between a subjective and an
intersubjective view can be shown using the example of a student, Karin, who
has a subjective concept circle. The teacher tries to compare Karin’s concept cirele
with her own concept ol in order to assess Karin’s knowledge. In that
comparison, an intersubjective common understanding among mathematics
teachers can be used. In addition, hopefully the teacher’s concept has features
that are similar to the features of the non-mental intersubjective concept
described in the curriculum.

A third dimension concerns how concepts are structured. In Figure 3.1, two
different models for the cognitive structure undetlying the current discussions
are represented. The left-hand picture represents the molecular model claiming
that concepts are hierarchically structured, where some concepts are more
complex than others and could be defined from more basic concepts. Such a
view may be represented by Katz (1972/1999) and Jenkins (2008). The right-
hand picture represents the holistic model that concepts interrelate with others
in a web-like structure, in which no concept is more basic than another. This
view may be represented by Wittgenstein (1953/1992) and Quine (1960;
1951/1985). The last model is based on the idea that concepts are related in
complicated networks, where it is not possible to cleatly delimit concepts.

Figure 3.1 Concepts considered as molecular or as holistic

In this chapter, the distinction mental versus non-mental is discussed in Section
3.1, the distinction intersubjective versus subjective is discussed in Section 3.2,
and the distinction molecular versus holistic is discussed in Section 3.3. Furthet,
in Section 3.4 the distinctions are combined in a frame, which is then used for

analysing views on concept in texts.
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3.1 The distinction mental versus non-mental

This first distinction addresses the fact that some views are concerned with
concepts as non-mental objects, and others with concepts as mental
representations. The discussion is divided into two parts. First, views
considering concepts as non-mental will be the issue in Section 3.1.1. The
diversity of examples claiming that concepts are non-mental can be regarded
from different directions; Plato, Frege, Quine and Zalta have views that differ
in many aspects, even though they all consider concepts as non-mental. Second,
views considering concepts as mental will be the issue in Section 3.1.2. These
involve different ideas about the complexity of the cognitive structure. In both
these sections, the views are presented in historical order. Finally, in Section
3.1.3, the different views are compared and commented on.

3.1.1 Views where concepts are non-mental

As seen in Chapter 2, it may be claimed that concepts are non-mental objects
from a Platonic realist position. Such a claim means that for example the
concept birthday cake is not something that is developed in our minds, but in
Plato (399 BCE/1997b) thete is an idea of an ideal wotld, including concepts,
that we learn about. When the fictive person Petter is talking with his daughter
Alma about birthday cakes, Petter shares knowledge of the concept birthday cake
that he in turn has developed from his parents, and Alma develops an
understanding about the same concept. Further, when teaching about circles,
there is a common meaning of the term ‘circle’ that can be described in an
encyclopedia or by someone who is knowledgeable in mathematics. The
teacher’s understanding of the common concept allows her to talk about circles,
so that her students can develop their own understanding of the concept.

The logicists from around 1900 are examples of philosophers having a
Platonic approach to mathematics, where Frege may be taken as an example.
He was one of those claiming that human thought cannot be understood just
from studying mental processes:

[The grasping of a thought] cannot be completely understood from a purely
psychological standpoint. For in grasping [the thought] something comes
into view whose nature is no longer mental in the proper sense, namely the
thought; and this process is perhaps the most mysterious of all. (Frege, 1979,
p. 145)
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This point has, since Frege, been further developed during the 20th century,
within the field of philosophy of language, by Quine (1951/1985; 1960), Katz
(1972/1999), Peacocke (1991) and Zalta (2001), among others, who ate all
opposed to identifying concepts with mental representations. In this section,
some different views are touched upon in order to exemplify different
philosophical positions, all considering concepts as non-mental.

3.1.1.1 Concepts as senses

The view on concept in Frege (1892/1985; 1892/1951) is based on his distinction
between sense (sinn), which is the linguistic meaning of a term, reference (bedeutung),
which is the class of objects that the term refers to, and 7mage, which is an
internal image arising in the human mind. Even though those claiming that
concepts are non-mental often assume that they are some kind of senses
(Laurence & Margolis, 1999), Frege himself did not see concepts as senses, but
rather as classes of objects, references. These are pointed out by senses in
specific ways, through definitions or descriptions. This view is represented in
Figure 3.2, where the oval represents the concept, the single lines represent
connections between term and reference, between term and sense, and between
sense and reference. The concept birthday cake is then the class of all birthday
cakes together with a sense, which is a thought about what a birthday cake is.
Another example is the mathematical concept odd number, which is the set {1, 3,
5, ...} together with the sense, which could be a number which may be written in the
Sorm 2n + 1 (where n is a natural number).

Expression

concept

Sense Reference

Figure 3.2 View on concept in Frege (1892/1985; 1892/1951)

Later, these ideas have been developed, and Peacocke (1989; 1991) is one of
those who claim that concepts are senses in a Fregean meaning, roughly
speaking. With this view we can modify Figure 3.2 to Figure 3.3.
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Expression
toncep \
Sense Reference

Figure 3.3 View on concept in Peacocke (1989; 1991)

3.1.1.2 Concepts as use in language

The view on concept described above is criticised by, among others, Quine (1960;
1951/1985) who has had a great influence in contemporary philosophy. He
abandoned Frege’s view on meaning and the idea that senses point out classes
of objects in the world. Instead, for Quine (1960) a concept is the meaning of
a term or expression, and we socialise concepts in communication, based on
our mental representations. Consequently, concepts are non-mental and social
objects. In this view, the reference no longer determines the concept. Hence,
the meaning of ‘birthday cake’ is no longer determined by the class of all
concrete birthday cakes and how members of this class are pointed out by the
sense, but is instead determined by how the term ‘birthday cake’ is used. The
idea that concepts relate to each other in many different ways, and that the
meanings of terms overlap, is central. Quine (1960; 1969) considered that
theoretical propositions get their meanings not as single expressions, but as
larger blocks of theories, and claimed the holistic idea that an expression is
meaningless except relative to a context. This indicates that it is impossible to
tell if different terms refer to the same concept, and it cannot be judged whether
the meanings of ‘the square root of 16’ and V16’ are the same, as I'rege thought.

3.1.1.3 Concepts as modes of presentation

In Zalta’s (2001) view, concrete objects such as roses exemplify properties and
are discovered in an empirical way, while abstract objects such as numbers
encode properties and are discovered with the help of logic. Both concrete
objects and abstract objects can then be grasped by the human mind. In
addition to the notion seuse, Zalta (2001) uses mode of presentation as the different
ways by which we can grasp an object, a property or a relation. While sense is
the content of a linguistic expression, mode of presentation is the content of a

mental representation”’. Using the example of the birthday cake (Figure 3.4),

20 Zalta uses ‘mental token’ or ‘mental image’.
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when Alma sees the cake she forms a mental representation of it, which is
grasped through different modes of presentation. Some of them may represent
concrete objects and substances, such as strawberry and whipped cream. Others
may represent features of the objects, such as round and red. Still others may
represent relations between the objects, such as above and next to. Further, not
every mode of presentation can be expressed with a linguistic expression.
Hence, the set of modes of presentations connected to linguistic expressions in

this experience is a subclass of the class of modes of presentations, which is
seen in Figure 3.4. (Zalta, 2001)

of presentation

< O

mental representation linguistic expressions

'\ﬁﬁf

Figure 3.4 Mode of presentation

The difference between the view on concept in Peacocke (1989; 1991) and in
Zalta (2001) is that in Peacocke (1989; 1991) concepts are senses in a Fregean
way and in Zalta (2001) concepts are modes of presentations®. These concepts
are non-mental objects encoding the content in the mental structure. What
makes the view on neept non-mental is that, according to Zalta (2001),
concepts do not exist in the individual mind even though they can be used to
classify what is in the mind.

21 In fact, Peacocke (1991) too uses mode of presentation, but in a way where mode of presentation is similar
to sense in Frege’s (1892/1985) view.
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3.1.1.4 Sunmary

In this section, three examples of views regarding concepts as non-mental are
examined:
1. 'The views in Frege (1892/1985; 1892/1951) and Peacocke (1989; 1991)
are static objective views, where concepts are independent of culture.
2. The view in Quine (1960) is an intersubjective view, where concepts are
meanings determined by how language is used.
3. In Zalta (2001), concepts are subjective contents of mental represen-
tations.

The example with the birthday cake can be used to show the different positions.
In the first position, the concept birthday cake is immutable and does not change
between different groups. In the second position, the concept birthday cake
depends on cultural aspects. In the third position, the concept birthday cake is
the content of an individual’s experience of the cake. In this description, it
sounds as if one important difference between the positions lies in the
distinction between an objective, an intersubjective and a subjective view, which
is something that will be further developed in Section 3.2.

Note that the views above are taken from contexts discussing philosophy of
language. The position where concepts are non-mental has its origin in
Platonism and has been adopted by the logicists, based on the work of Frege.

3.1.2 Views where concepts are mental

While concepts may be considered non-mental in philosophy of language, with
Wittgenstein (1953/1992) as a possible exception, the tepresentational theoty
of the mind (RTM) considers concepts as psychological entities, where thinking
takes place in an internal system of representation (Margolis & Laurence, 2019).
This position has a background in Aristotelian realism or conceptualism (see
Chapter 2), and is held by classical empiticists, such as Hume (1888/1978).
Today, contemporary empiricists, such as Jenkins (2008), psychologists, and
cognitive scientists, such as Murphy (2004) and Carey (2009), claim that

concepts are mental representations:
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If we have formed a concept (a mental representation) corresponding to that
category (the class of objects in the world), then the concept will help us
understand and respond appropriately to a new entity in that category.
Concepts are a kind of mental glue, then, in that they tie our past experiences
to our present interactions with the world, and because the concepts
themselves are connected to our larger knowledge structures. (Murphy, 2004,

p-1

When the fictive children Per and Nils, meet a dog, which happens to be a
Labrador Retriever, in the street, they maybe hear his master call him Blue.
Further, they see how Blue moves his ears, they can feel his soft fur and smell
his scent. All these sensory inputs together create representations, individual
concepts Blue. Later, they meet other dogs and recognise similarities and
differences between these new dogs and Blue. With experiences of dogs of
different kinds, in different situations, the concept dog is both formed and
refined. Further, in a classroom students are supposed to develop mental
representations of the mathematical object ¢rvle, which is abstract and hence
not directly available to the senses. The access to the mathematical objects goes
through external representations, such as pictures, graphs and written
equations.

RTM has developed over the years and this section explores some aspects
of this development. Here, views where concepts are considered as mental are
used to exemplify different philosophical positions. While the first view,
considering concepts as mental images, can be seen from a historical
perspective, later discussions concern whether mental representations have

language-like structure or not.

3.1.2.1 Representation as a mental image

In the Age of Enlightenment, views on representation only included represen-
tation of sensory impressions from the physical world. Early advocates of RTM
called mental images of sensory impressions ‘ideas’, and Descartes, as one
example, saw the relation between a physical object and the corresponding idea
as a causality relation, where such ideas were considered faint copies of physical
objects. British empiricists, such as Locke and Hume, were influenced by
Descartes and began treating concepts as images:

When I shut my eyes and think of my chamber, the ideas I form are exact
representations of the impressions I felt (Hume 1888/1978, p. 3)
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According to Hume (1888/1978), petceptions of the human mind could be
divided into impressions and ideas, which are images of the impressions used
in thinking and reasoning. In Figure 3.5, the arrows represent directions in the
development of mental representations. With the example of the dog Blue,
when Per sees Blue, he gets impressions from it, which are the sources for his
ideas. (Margolis & Laurence, 2019; Furth 1969)

mental

impressions ¢ physical objects

N
v

ideas / representations

Figure 3.5 Representations as ideas

As another example of this view, when Kajsa is participating in a competition
in sprint orienteering, she uses a mental map representing the layout of a city,
based on the map that she has in her hands. There is an inherent 1-1-
correspondence between her mental map and the concrete map, and in turn,
between both and the city itself; the mental map implies corresponding
information about the city and each house on this map represents a house on
the concrete map.

It is easy to find counterexamples to this view, since there are abstract
objects that do not represent concrete objects. For example, it is hard to explain
how we can have ideas about infinity or acceleration in this view, since infinity
and acceleration do not exist as concrete objects. Another mathematical
example is variables, which do not represent mathematical objects in a 1-1-
correspondence, but rather act as place holders or pronouns in ordinary
language. Therefore, it seems as if some concepts, such as znfinity, acceleration and
variable, do not have equivalents in the real world. Furthermore, mental
structures include ideas of properties and relations between different objects.
This is why modern versions of RTM often take into account that much
thought is not grounded in mental images (Margolis & Laurence, 2019).
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3.1.2.2 Representation as a langnage-like structure

In a wider sense, a representation could be seen as a mental structure with a
language-like syntax. Much thought is, in this position, grounded in concepts
which are word-like mental representations. These are not always based on
memories of impressions. In mathematics, some concepts, such as zfinity and
variable, are built from ecatlier concepts and are developed through an
exploration of the axiomatic system. (Furth, 1969; Laurence & Margolis, 1999)

An example of such a view is found in the mathematical empiricism of
Jenkins (2008), also described in Chapter 2, where concepts ate sub-
propositional mental representations which are related to propositional mental
representations in almost the same way as words are related to sentences.
Complex concepts are composed of more basic ones, and do not need to be
direct images of particular physical objects, but rather the total conceptual
structure represents the facts and mirrors the structure of the real world.

As an example, Faria’s individual concept five may be developed from an
expetience of an amount of five things. Further, her individual concept addition
may be developed from her experience of combining different classes of things
together with the experience of thinking about what it means to combine, for
example, three fingers with five fingers. A statement is then knowable through

examination of our empirically grounded concepts.

3.1.2.3 Representation as a non-language-like structure

In Margolis and Laurence (2019), it is claimed that the so called language of
thought hypothesis is not perfect and that the structure of thought lacks many
of the properties which are associated with natural language. In the view of
Carey (2009), a concept is a kind of mental representation, representing
concrete or abstract objects, properties or events in the concrete or abstract
wortld. The nature of these concepts can be explained relative to the mental
structures in which they are embedded.”? Here, there is a distinction between
two types of representations, sensory representations and conceptual
representations. When we come in contact with the world around us,
impressions from different types of objects (1 in Figure 3.6) cause us to develop
sensory representations (3 in Figure 3.6). These representations integrate with
the conceptual representations (4 and 5 in Figure 3.6), which are embedded in

conceptual structures. Further, conceptual representations may be divided into

22 For a deeper discussion of the conceptual structure see Section 3.3.
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theoretical conceptual knowledge (5 in Figure 3.6) and innate conceptual
knowledge called ‘core cognition’ (4 in Figure 3.6)%. Theoretical conceptual
knowledge is developed in communication and is affected by theoretical
knowledge in our cultural surrounding (2 in Figure 3.0), sensory representations
(3 in Figure 3.6) and core cognition (4 in Figure 3.0). As in Figure 3.5, the arrows
in Figure 3.6 represent directions in the development of mental representations.
(Carey, 2009)

Representations

sensory representation
< 1 physical objects

M

conceptual reptesentation {}
5
core cognition theoretical language 2
8 Eﬁconceptuaf <::I theoretical knowledge
knowledge

Figure 3.6 Different types of representations

Going back to the example with the dog Blue, the meeting with him causes the
children to develop a range of sensory trepresentations, including colours,
movements, scents, and so on. First, Nils and Per may, from their concepts
number, judge that there is one dog. Further, if Nils has theoretical conceptual
knowledge about dogs, he can conclude that Blue is a Labrador Retriever and
tell this to Per, and the younger boy may develop a similar knowledge. However,
Blue’s master can give even more information that develops both children’s
knowledge about dogs and Labrador Retrievers.

At the beginning of early childhood, the individual has access to sensory
representations and core cognition. Later, this knowledge integrates with
theoretical conceptual knowledge developed in a communicative surrounding.
According to Carey, the difficulty of acquiring mathematics is the difficulty of

acquiring the theoretical conceptual knowledge available in mathematics. Here,

23 According to Carey (2009), there are studies indicating that animals without language can have
mathematical concepts. In one such study, rats were trained to press a bar if presented with a sequence
of two tones and another bar if presented with a sequence of eight tones. Further, Carey claims that
infants have conceptual representations, before developing a language. As one of her examples,
studies with 7 months old infants have shown that they are able to discriminate between 8 dots and
16 dots. Here I do not decide either for or against whether these examples actually show conceptual
knowledge.
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the ability to acquire natural numbers relies more on sensory representation and
core cognition than other number concepts (rational numbers, real numbers,
imaginary numbers, etcetera), which require that children transcend their innately
given capacities and begin mastering culturally constructed ones. (Carey 2009)

3.1.2.4 Summary

Section 3.1.2 concerns different views on the nature of mental representations, in
this section called concepts. Roughly speaking, three positions have been described:

1. A representation is a mental image representing physical objects in the
wortld. Here, this position is exemplified by the views of Descartes and
Hume (1888/1978).

2. A representation is a mental, language-like, structure, having elements
which do not represent objects in the physical world. This position is
exemplified by Jenkins (2008).

3. A representation is a structure having elements which cannot be
described by language. This view is exemplified by Carey (2009), who
claims that there exists innate conceptual knowledge.

Using the example of the concept number, if concepts are mental images of
physical objects, then the concept 5 for a child, such as Faria, represent five
objects and 1/2 may represent half an object or half of a number of objects. In
line with that, the concept number excludes for example negative numbers,
which cannot represent concrete objects. If concepts instead have language-like
structure, then Faria develops the concept mumber over the years while
communicating with her parents and others about the properties of different
numbers, such as natural numbers and negative numbers, the relations between
them and how different operations are used in different ways. In this view,
negative numbers and complex numbers cannot refer to objects in the world,
but are developed within a discussion in the community of mathematicians. In
the third position, some of our mental representations of numbers are not
dependent on language. In this view, Faria may have had conceptual

representations before developing a language.
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3.1.3 Comments on the distinction mental versus non-
mental

In Section 3.1, different views on concept, exemplifying positions considering
concepts as non-mental or as mental, are presented. There are both similarities
and differences between these views. A similarity between the non-mental views
is that concepts as senses and concepts as modes of presentations are abstract
non-mental content of either linguistic expressions or mental representations.
A difference concerns what these senses or modes of presentations are, which
is an ontological issue, and whether they are objective, intersubjective or
subjective, which is further explored in Section 3.2. A similarity between the
mental views is that concepts are mental representations, while a difference
concerns whether these representations are mental images, if they have
language-like structure, or if they have elements that do not fit into a language-
like structure. This latter issue concerns how mental representations are
structured, which is further explored in Section 3.3.

In addition, there is a similarity between the view in Zalta (2001), claiming
that there are concepts that are not connected to linguistic expressions, and the
view in Carey (2009), claiming that children have conceptual representations
before developing a language. In both these views, concepts do not depend on
language. This indicates that the distinction between mental and non-mental
views does not divide the discussion of concepts into two distinct domains.

The non-mental views seem to appear in some philosophies of language,
but also in views relying on Platonism. The mental views seem to appear in
concept research, but also in views relying on empiricism. Mathematics
education shows influences from both mathematics and the educational field.
Further, it deals with both communication and cognitive development. This

makes the distinction between non-mental and mental views on concept relevant

in the field.
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3.2 The distinction intersubjective versus
subjective

Historically, a concept has often been considered as something that exist
independently of human beings or as something that are determined by its use,
as something intersubjective. Later, in the 20™ century, a concept has in some
views been considered as something that each of us develop, as something
subjective. Today, it is not unusual to see both an intersubjective and a
subjective view on concept within the same context. In such a context, people
may develop different subjective concepts. These can then be compared to an
intersubjective concept. In this section, a distinction is made between concepts
seen as intersubjective and concepts seen as objective, with the purpose of
exemplifying different philosophical positions. Later in the text, the term
‘intersubjective’ is used in a wide sense, including both an objective view,
independent of individuals, and an intersubjective view whete concepts are
constructed in a culture. This decision was made since the philosophical
distinction between objective and intersubjective is not judged to be of
importance for the purpose of separating different views on comcept in
mathematics education, even though this distinction may be important in
philosophical discussions.

In this section, the discussion is divided into four parts, where the first
section examines objective views, the second section examines intersubjective
views and the third section examines subjective views on concept. Finally, Section
3.2.4 presents some comparisons and comments on the different positions.

The distinction between objective, intersubjective and subjective views on
concept may appear in both a mental and a non-mental approach. Hence, the
discussions below are divided based on whether they concern a non-mental or
a mental view. One way of discriminating between when a non-mental or a
mental view is discussed is by using two different examples in this section. In
the non-mental views, an example considering Thomas who is a mathematics
teacher at upper secondary school, is used. He is about to assess the students’
knowledge about circles. Related to this task, it is relevant to ask whether
concepts are given in a social context. In that case, concepts may be contained
within a curriculum or in a formal mathematical context. Another alternative is
to claim that students have their own concepts that are to be assessed by the
teacher. In the discussion of the mental views, an example with the two fictive
children Moine and Alex is used. They have both expetiences of princesses,
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even though the experiences are different, and they have both developed
subjective representations of princess. When they talk to each other, they
together create an intersubjective representation, which is common to their
small group of two people. When talking with other people, such as friends,
parents and teachers, the representation is further developed. Consequently, in
the different views considering concepts as mental, there is a distinction
between subjective representations and intersubjective (in a wide sense)
representations, sometimes denoted by the terms ‘individual concept’ and
‘concept’ (Carey, 2009).

3.2.1 Views where concepts are objective

The first section presents views seeing concepts as objective. Below, a non-
mental view claiming that concepts are objective is followed by a mental view

claiming a similar objective position.

3.2.1.1 An objective non-mental view on concept

An objective view on concept can be found in Frege (1892/1985; 1892/1951).
His discussion concerns how expressions with different senses, but with the
same reference, may differ in informational content. For instance, the
expressions 242’ and “J16’ both refer to the number four, and the proposition
242 = 16 is an analytical truth. So how can we then explain that this
proposition carries information? According to Frege, the answer to this is that
2+2” and V16’ refer to the number four in different ways. Here, each sense has
a unique perspective on the reference, and 2+2 and V16 are different concepts,
but with the same reference. Another example of two expressions with the same
reference, but different senses is the following:

A circle with radius 7 and centre at the point (3, -1)
The graph of the equation (x — 3)* + (y + 1)> = 49

Here, there are two different expressions referring to the same object in
different ways. In fact, two concepts are identical if and only if two objects or
classes of objects, the references, are identical and are pointed out in the same
way by the same sense. This may be the case for ‘the square root of 16’ and
‘\/16’, which have the same meaning. A consequence of Prege’s view is that if

the sense of an expression is changed, the expression has different meanings at
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different times, which point out different concepts. Thus, concepts are, in this
view, static and objective.

Further, in this view there is a distinction between sezse and the associated
Zdea, which is an internal image arising from memories of impressions. Whilethe
sense is objective and non-mental, the image is subjective and mental, and
different people can have different images connected to the same sense. (Frege,
1892/1985)

3.2.1.2 An obyjective mental view on concept

An objective mental view may be found within classical empiricism. Here, there
is a causality relation between the world and mental representations of this
world. Concepts could then be said to refer to the concrete objects of which
they are representations. This means that different people who are in contact
with the same physical world develop the same mental representations, which
are therefore independent of the individual:

[...] if our concepts are somehow sensitive to the way the independent world
is, so that they successfully and accurately represent that world, then an
examination of them may not merely be an examination of ourselves, but
may rather amount to an examination of an accurate, on-board conceptual

map of the independent world. (Jenkins, 2008, p. 126)

According to this view, both Moine and Alex should develop the immutable
concept princess. This concept includes the representations of the Swedish
Crown Princess Victoria and her daughter Princess Estelle, but also knowledge
coming from different fairy tales. If Moine and Alex have different
representations, then this means that they have not yet developed the concept,
in this view.

3.2.2 Views where concepts are intersubjective

This second section concerns views seeing concepts as intersubjective. As with
the objective views, these are divided into non-mental and mental.

3.2.2.1 An intersubjective non-mental view on concept

The view that concepts are intersubjective and non-mental can be exemplified
by the ideas in Katz (1972/1999), using the distinction between concepts and
cognitions, where concepts do not belong to the experience of a particular

pCI’SOIlZ
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By a concept in this connection we do not mean images or mental ideas or
particular thoughts. These, which we will refer to collectively as cognitions,
form part of the conscious experience of some individual person, in the same
way as do sensations, feelings, memories and hallucinations. Cognitions are
individuated in part by the persons who have them. [...]| Concepts, on the
other hand, are abstract entities. They do not belong to the conscious
experience of anyone. (Katz, 1972/1999, p. 133)

Further, people can share the same concept, and concepts are “capable of being
the common property of several thinkers” (Katz, 1972/1999, p. 133). This
intersubjective view is supported by Quine (1960), who claims that every person
creates their own everyday mental representation®’. This representation deter-
mines a reference, meaning that everyone has their own specific reference of a
concept. These references are then compared through communication, where
people socialise the concept. (Quine, 1960)

In relation to the example of crele, Karin can have a mental representation
including the idea of a round figure, which has a constant radius of 7, and can
be drawn with the help of a compass. Her teacher may instead have a mental
representation which involves the idea that the same circle can be described
with the help of the equation (x — 3)* + (y + 1)* = 49. When Karin and her
teacher talk to each other, the different ideas about circles are compared and a
social understanding appears. As a result of the communication, maybe
combined with, for example, an understanding arising from study material, a

social concept cirele develops.

3.2.2.2 An intersubjective mental view on concept

In social representation theory, where Potters and Edwards (1999) can be seen
as one example, representations are cognitive structures enabling people to
perceive the world and also to construct meaning about the world. The
collective nature and roles of these representations are to enable communi-
cation in cultures. Consequently, our internal representations have two roles: in
part they are integrated into a collective understanding about the world, and in
part they are our own representations, which are used for our own thoughts
about the same world. At kindergarten, Moine’s and Alex’s different ideas about
princesses meet in communication. In that process, their mental representations

may change, becoming more akin to each other. The more they talk about

24 Quine uses ‘conceptual scheme’.
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princesses with each other and with other people, the more their own
representations will liken the common concept princess.

3.2.3 Views where concepts are subjective

The third section handles non-mental and mental views seeing concepts as
subjective.

3.2.3.1 A subjective non-mental view on concept

According to Zalta (2001), there is not one single sense of a term, but rather
the sense may vary from one person to another. While it is claimed in Quine
(1960) that the sense of ‘circle’ in Euclidean geometry is different from the sense
of ‘circle’ in analytical geometry, it is claimed in Zalta (2001) that the sense may
be different for different people and at different times. In this view, an object
0, which may be a circle, can be grasped in different ways, and three different
people can have three different mental representations, 71, 72 and 73, of the circle
0. The same person can also have different representations at different times.
These representations have different content, which can be described as three
different modes of presentation, or concepts, representing the same object 0. In
the example of erele, Karin may have different concepts e/rele at different times:

consider the property of being a circle, and let ‘C’ denote the mental token
for this property in x’s brain, and let € be an A-property that encodes one or
more of the following properties of properties [...]: being a shape that
involves no straight lines, being a shape that is always uniformly curving,
being a shape which can be inscribed with the help of a compass, being the
geometric property exemplified by this particular figure on this particular
printed page, ez. € is clearly a mode of presentation for x of the property of
being a circle. It is one of the concepts that x has for the property of being a
circle. (Zalta, 2001, p. 344)

Here, & is a concept associated with the mental representation C. In the
example where Karin talks with her teacher she may learn that a circle could be
defined by the equation (x — x0)* + (y — y0)*> = 7 C develops to C and a new
concept & is associated with the new C. Therefore, concepts are not just
dependent on person, but also on time, and Karin switches between different
concepts when learning mathematics.

25 A logic analysis of concept development in this spirit is presented in Bennet (2019).
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3.2.3.2 A subjective mental view on concept

A subjective mental view can be found in Wittgenstein (1953/1992), where it is
claimed that even if we use the same word for different phenomena, these
phenomena must not have something in common. Further, it is not possible to
delimit a reference, and a word thus has a family of meanings. To exemplify,
Moine and Alex can have different individual concepts princess. Moine, on the
one hand, may have a concept that is based on reading a lot of fairy tales about
princesses weating certain kinds of dresses, having princess crowns and living
in castles. Alex, on the other hand, may have a concept that is based on watching
the Swedish Crown Princess Victoria and her daughter Princess Estelle on
television. It is not certain that Moine know about Princess Victoria. On the
other hand, Alex may not have read any fairy tales about princesses. Their totally
different experiences may lead to totally different individual concepts.

3.2.4 Comments on the distinction intersubjective
versus subjective

Independently of whether concepts are seen as non-mental or as mental, there
seems to be a distinction between objective, intersubjective and subjective
views. We can summarise the discussion in Table 3.1.

The distinction between objective, intersubjective and subjective seems to
be independent of the distinction between non-mental and mental. In fact, an
intersubjective mental view and an intersubjective non-mental view seem to be
similar in many aspects, as both views see concepts as constructed in a cultural
context. Further, a subjective mental view and a subjective non-mental view
have many similarities as well, as concepts seen as subjective mental
representations and concepts seen as content of subjective mental represen-

tations may share features.
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Table 3.1 Objective,

intersubjective and subjective views on concept

Non-mental

Mental

Objective

Concepts are static and
independent of culture
(Plato, 399 BCE/1997a;
Frege, 1884/1950;
1892/1951)

Concepts represent
the physical world
and are independent
of culture (Jenkins,
2008)

Intersubjective

Concepts are
constructed within a
cultural context and are
something that we use
in language (Quine,
1960; Katz, 1972/1999)

Concepts are social
and are developed
by the individual in a
cultural context
(Carey, 2009)

Subjective

Concepts depend both
on time and individual
(Zalta, 2001)

Concepts depend
both on time and
individual

(Wittgenstein,
1953/1992)

Not all views fit within just one category. Carey (2009), for example,
distinguishes between different representations, where some are based on
theoretical knowledge in the community, and others are based on sensory
impressions and core cognition. She uses the distinction between concept and
individual concept (Carey, 2009), which I would say is similar to the distinction
between social and individual representation. In addition, the distinction between
concept and individual concept in Carey (2009) has a parallel in Frege’s (1892/1985;
1892/1951) distinction between concept and image, and Katz’s (1972/1999)
distinction between concept and cognition. However, these are not precisely the
same. Even though zndividual concept in Carey (2009) is similar to znage in Frege
(1892/1985) and cognition in Katz (1972/1999), since these are mental
representations, concepts in the views of Frege (1892/1985; 1892/1951) and
Katz (1972/1999) are non-mental while concepts in Carey (2009) are social

mental representations.
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There are arguments, such as the ones in Jackendoff (1989/1999), that it is
possible to have a view that includes both intersubjective and subjective

concepts®

. In mathematics education, the students may develop subjective
concepts for the intersubjective concepts inherent in mathematics. Here, clarity
may be obtained by distinguishing between intersubjective and subjective
concepts in mathematics education, and in fact in all educational research. This
can be done by using terms such as ‘concept’ and ‘conception’, or ‘concept’ and

‘individual concept™

. An objective view will from now on be seen as a special
case of an intersubjective view, since this distinction seems to be less important
for educational purposes and since it can be hard to distinguish between these
two positions, when interpreting texts. As a result, when it is claimed that a view
is intersubjective, it may or may not be objective.

Another issue in this chapter is a discussion about conceptual structures.
This can be seen in Section 3.1.1 as a question of whether it is possible to delimit
between references, or not. While Frege (1892/1985), as one example, claims
that it is possible, Quine (1960; 1951/1985) considers it in principle impossible
to draw sharp pictures of concepts. The discussion has a parallel in Section
3.1.2, where three different views on mental representation are presented. In a
classical view, such as the one in Jenkins (2008), basic concepts are
representations based on impressions from physical objects. These can then be
combined into more complex concepts. On the other hand, there are also views
where representations are regarded as more complex structures, where some
representational knowledge is innate. The view in Carey (2009) can be taken as
an example of that.

26 Jackendoff (1989/1999) argues that it is possible to have a view that includes both externalised and
internalised concepts but the argumentation holds for a view that includes both intersubjective and
subjective concepts as well.

27'This solution does not take into account the usage of the word ‘concept’ in a subjective sense.
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3.3 The distinction molecular versus holistic

The third distinction on which my analysing tool is based concerns different
views on how concepts are structured. The focus in this section is whether
structures of concepts have molecular or holistic features. To exemplify, one
may look at the concept Retriever™. In a molecular model®, Resrieveris a complex
concept that can be composed of concepts such as dog, retrieve, hunt and bird.
Each component specifies a necessary, but not sufficient, condition for being a
Retriever and together these form the concept. Consequently, a definition of
the concept may use terms such as ‘dog’, ‘retrieve’, ‘hunt’ and ‘bird’. Together,
the components in such a definition forms a condition that is both necessary
and sufficient. In a holistic model, it is not possible to specify components in
this way and the concept, which can be mental or non-mental, is rather thought
to be included in a web-like structure. A difference between the two models is
that in a molecular model, the concept Refrieveris dependent on the concept dog.
This is not the case in a holistic model. (Laurence & Margolis, 1999)

There are in fact two different structures of interest involved here. The first
structure is non-mental, consisting of classes of objects that are named, and
relations between these classes and between meanings of terms. The second
structure is a mental representation, also referred to as the cognitive structure.
In this section, non-mental and mental structures are discussed from two points
of view. First, approaches” based on the two models are described, where
Section 3.3.1 deals with approaches where concepts have molecular structure
and Section 3.3.2 deals with approaches where concepts have holistic structure.
Second, Section 3.3.3 concerns the question of whether structures are
hierarchically ordered or not. Finally, Section 3.3.4 presents comparisons and

conclusions.

28 In this paragraph, there are two interpretations of the Retriever example, one mental and one non-
mental.

2 Other names for these models are ‘the containment model” and ‘the inferential model’. The choice
of vocabulary is made from the perspective that the models are used at a superficial level that suits
an educational purpose. The term ‘model’ is used, since molecularism and holism may not be fully
expressed in a certain text, but a view on concept may rely on the two models in different ways.

30 The expression ‘approach to a concept’ is used to mean an idealised version of broad classes of
views on concept that are grouped together due to certain similarities between the views.
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The approaches used to exemplify the models are found in the area of
concept research within cognitive science, where there have been philosophical
discussions about the natute of concepts for the last 50 years or so.’! These
approaches are selected based on the criteria that they offer clear views on
structures of concepts, that they are influential in concept research, and that
they complement each other. Based on these criteria, the classical approach, the
prototype approach and the knowledge approach have been chosen. While the
classical approach can be seen within a long historical discussion in philosophy,
the other two approaches have been developed more recently within concept
research. Further, the classical approach can be used in both a non-mental and
a mental position. That is why, when describing this approach, some paragraphs
are about concepts in a mental view and other paragraphs are about concepts
in a non-mental view. I have tried to make this explicit. In the prototype
approach and the knowledge approach, on the other hand, concepts are
considered as mental representations. In the descriptions of these approaches,
concepts as non-mental objects will be dealt with, but in an indirect way using
the terms ‘word meaning’, which is interpreted as synonymous with ‘sense’, and
‘class’, which is short for ‘class of objects’. Even though concepts are
considered mental representations, Murphy (2004) claims that many properties
of concepts are also found in word meanings. This suggests that there are
connections between word meanings and concepts, and that word meanings
are mentally represented through the cognitive system. However, it is not
obvious that a cognitive structure developed by the human mind has similar
features to a non-mental structure seen in communication or formal

mathematics.

3.3.1 Views where concepts are molecular

In a molecular model, a concept may be composed of other more basic
concepts (Laurence & Margolis, 1999; Margolis & Laurence, 2019). In addition,
the idea of compositionality entails that the meaning of a complex expression
is determined by the meanings of its constituent terms and the rules combining
them. The meaning of ‘linear’ and the meaning of ‘function’ thus determine the

meaning of ‘linear function’. A related issue is whether concepts are

31 Cognitive science include different areas, such as psycholinguistics, reasoning, anthropology,
neuropsychology, problem-solving and concept research (Murphy, 2004). It is the philosophical ideas
within the area of concept research that are dealt with here.
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hierarchically ordered or not. In a hierarchical structure, a concept can be
reduced to basic ones, and sentences involving a complex concept can be
transformed into sentences involving more basic concepts.

Here, a binary relation R is transitive if, for all A, B and C, ARB and BRC
implies ARC. A typical example of a transitive relation is subset: if ACB and
Bc(, then AcC. This can be concretised with the example of the dog Blue,
which can be called a yellow Labrador Retriever, a Labrador Rettiever, a
Retriever, a dog, a mammal, a vertebrate and an animal. In this example,
retrieved and modified from Murphy (2004, p. 27), the class of yellow Labrador
Retrievers is included in the class of Labrador Retrievers, which in turn is
included in the class of Retrievers, which is included in the class of dogs, and
so on. As there atre subclass relations between the different classes, the idea of
transitivity entails that all yellow Labrador Retrievers must be dogs. Further, in
this case, the definition of Labrador Retriever may use the term ‘Retriever’ and
the content in the definition of the concept Retriever.

The idea of transitivity gives the molecular model hierarchical features.
Consequently, the molecular model may be represented in two different ways,
as a molecule or as a diagram showing hierarchy (see Figure 3.7). With the
example of the dog B/ue, the hierarchy can be represented as a tree diagram.
However, with other examples, as with the concepts rectangle and rhombus, where
the classes are not mutually exclusive and both include squates, the diagram

may have a different appearance.

Figure 3.7 Two visualisations of concepts in a molecular model

Molecularism is a model to different extents underlying some approaches to
concepts. While the classical approach™ is totally based on molecularism, the
prototype approach has abandoned some of these ideas. Below, these two
different approaches, together with a dual approach combining the two, are
described in order to exemplify how the molecular model can be expressed.

32 Another name is ‘the definitional approach’.
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3.3.1.1 The classical approach

The classical approach is based on molecularism. The idea that definitions may
be used for explicating concepts can be traced back to Aristotle and is prevalent
in most works on concepts prior to 1970 (Murphy, 2004). By those who claim
that concepts are mental representations, this approach is embraced by for
example Locke and also the contemporary philosopher Jenkins (2008). They
claim that complex concepts are built from primitive ones, which in turn are
based on sensory data (for a more detailed description of Jenkins’ view on
concept, see Section 3.1.2.2). By those who claim that concepts are non-mental
objects, this approach is held by some philosophers interested in language, such
as Frege (1892/1985; 1892/1951) and Katz (1972/1999). In Frege
(1892/1985) it is claimed that more complex expressions, such as ‘natural
number’, get their senses through the senses of more basic terms, such as
‘natural” and ‘number’, how they refer and how the more complex expression
is built. This is the principle of compositionality, claiming that the structure of
a complex expression and the meaning of its constituents determine the
meaning of the expression (Szabo, 2017). In Katz (1972/1999), this idea is
expressed by saying that semantic rules enable us to obtain the sense of an
expression as a compositional function of the senses of its parts, ultimately of
its component morphemes, and their properties and relations. The process
begins with an assignment of a sense to each of the morphemes and ends with
an assignment of a semantic interpretation of the whole expression (Katz,
1972/1999).%

In the classical approach, concepts can be represented by definitions, and
one acquires a concept (in a mental view), or learn about a concept (in a non-
mental view), by assembling its properties. Further, every object is either within
or outside of a class of objects. Things that have the properties pointed out by
the definition are members of the class, and things that do not have these
properties are not members of the class. (Murphy, 2004)

33 The classical approach, unlike the prototype approach and the knowledge approach, can be held
both by those holding that concepts are non-mental and those holding that concepts are mental.

3 The philosophy of Frege (1892/1985) is also described in Section 3.1.1.1 and the view in Katz
(1972/1999) is described in Section 3.2.1.2.
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3.3.1.2 The prototype approach

One influential argument against the classical approach relies on psychological
data, called ‘typicality effects’. Findings have shown that people rank items in a
class according to how typical they are as members of that class (Rosch &
Mervis, 1975). If you ask people to say a number, some numbers come into
their mind first. It could perhaps be natural numbers between 1 and 20. For
most people, 19 is a more typical number than 19 249. Concepts are, in the
prototype approach, complex mental representations with structures which are
not governed by definitions, but by a list of properties that the objects in the
class tend to have. The properties of the members overlap in a way that
establishes a certain space of similarities. The properties of different dogs, such
as Labrador Retrievers, Poodles and Beagles, establish a space of similarities of
dogs. What makes something a dog is that it falls within the boundaries of this
similarity space. As in the classical approach, one acquites a concept by
assembling its properties, but there is no assumption that every member in the
class shares all the properties. (Murphy, 2004; Laurence & Margolis, 1999)

Rosch (1978), drawing on Wittgenstein, claims that instead of using
boundaries to distinguish between different classes, we can use clear cases. In a
class, there is something called a prototype according to which the members in
the class are assessed. The prototype is the most typical item in a class, defined
operationally by people’s judgements. It can be a specific knowledgeable
member, or an average or ideal item that people extract from the knowledgeable
members. It can for example be an idea of a typical dog, which is of average
size, and has colours that many dogs have. Some dogs, such as Labrador
Retrievers, may have many properties in common with the prototype dog, while
other dogs, such as small Mexican hairless dogs, may have fewer properties in
common. (Murphy, 2004)

3.3.1.3 A dual approach

The prototype approach explains typicality effects, which is one argument
against the classical approach. However, a problem with the prototype
approach is that it cannot explain the phenomenon of compositionality; it is
difficult to see how the prototype of a more complex concept, such as Znear
function, can be explained as a function of the prototypes of more basic concepts,
such as /Jinear and function. Compositionality offers an explanation of how

humans develop concepts, and an approach that does not explain this
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phenomenon is not complete. In addition, many concepts have definitions, and
we can use them for developing our understanding about the world. Even
though not all dogs have fur, it is still useful to use fur as a characteristic for
identifying dogs. Consequently, categorisation cannot be understood within just
one of these approaches and there may be a need for a dual approach to
concepts that includes both a classical and a prototypical part. (Laurence &
Margolis, 1999; Murphy, 2004)

To sum up this section, three approaches have been taken as examples of
how a molecular model can be expressed. The classical approach is totally based
on molecularism. The prototype approach has abandoned some of the ideas of
moleculatism, since the characteristics described in the definition are not
considered necessary but are seen as properties that members in a class of
objects tend to have. Further, a dual approach combines a classical and a
prototype approach. As will be seen below, there are criticisms that these
approaches cannot answer, which is an argument for a holistic model.

3.3.2 Views where concepts are holistic

The holistic model is from a mental position based on the idea of Wittgenstein
(1953/1992) that concepts ate related to each other in many different ways, and
that objects that fall under a concept form a complicated network of similarities.
As an example, the mental concept Resriever may have a structure including a
relation to the concept dog, which in turn may have a structure including a
relation to the concept Resriever. Furthermore, the holistic model is connected
to a non-mental position based on Quine’s (1960; 1951/1985) idea that all
concepts are interconnected. It can be misleading to consider the content of a
single term or expression; a term such as ‘Labrador Retriever’ is connected to
‘dog’, which in turn is connected to ‘hot dog’, and so on. In fact, every term can
be related to every other term in the language, and the change of the meaning
of one term affects the meanings of related terms. As a result, there are no basic
concepts and one cannot define concepts from a delimited selection of such
basic concepts (see also the discussion in Section 3.1.1.2). (Laurence &
Margolis, 1999)

As a structure of concepts in a holistic model can be seen as a network,
where generally speaking all concepts are related, this model can be represented
as in Figure 3.8. However, it is not clear what a concept is in this picture: is it

the structure or is it a part of the structure? Further, if we zoom in, focusing on
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one of the ovals, we can see new relations and subparts that are not seen at the
general level. The structure of meaning is in a sense fractal.
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Figure 3.8 A visualisation of concepts in a holistic model

The holistic model is based on criticisms of the molecular model, which is
summarised below. After that, the knowledge approach is presented as an
example of an approach relying on holism.

3.3.2.1 Criticism of the molecular model

Laurence and Margolis (1999) claim that many of the discussions through
history have concerned non-mental concepts which have definitions in
dictionaries. For example, the concept parallel straight line has the following
definition according to Euclid:

Parallel straight lines are straight lines which, being in the same plane and
being produced indefinitely in both directions, do not meet one another in
either direction. Euclid (ca. 300 BCE/1956, Book 1: def 23)

However, some concepts are not as casy to define formally and even if a
definition can be found, it could take quite a long time before it takes its final
form. In mathematics, the idea of a function evolved in an explicit form at the
beginning of the 18th century and the development since when can be
described as an interplay between a geometric conception, an algebraic
conception and a logical conception (Kleiner, 1989). In Lakatos (1978), it is
claimed that definitions are not definitive, but develop through exploration, and
that they are dependent on the mathematical context in which they are
constructed (see Chapter 2).

There are philosophers who claim, from a non-mental position, that some
concepts cannot be defined. As an example, in Euthyphro, Plato argues that
there are concepts that cannot be defined without falling into a regress (Plato,
399 BCE/1997a). Murphy (2004) claims that with the dog example, the
property of being canine can be proposed as a characteristic for dogs. However,
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the result of using that property in the definition would be a circular definition
that does not explain anything, since canine is just a synonym for dog.

Further, one can question the assumption that concepts can be defined at
all. Wittgenstein (1953/1992) uses the concept game as an example of a concept
that is hard to define, proposing that it is not possible to delimit a reference,
and that a term must have a family of meanings. His argument consists of a
series of definitions, followed by counterexamples. For example, the proposed
definition of game as an activity that involves competition was rejected with the
counterexample of a solitaire card game.

Further, one may question a hierarchical view on concept by criticising the
idea of transitivity, that class inclusion is a logical basis for judgements about
concepts. As seen above, this idea would suggest that if the class of Labrador
Retrievers is included in the class of Retrievers and if the class of Retrievers is
included in the class of dogs, then the class of Labrador Retrievers must be
included in the class of dogs. Hampton (1982) offers counterexamples to this
idea. For instance, even though the class of chairs is commonly considered to
be included in the class of furniture, there are chairs, such as car seats, which
are not judged to be furniture. (Murphy, 2004)

Accotding to Murphy (2004), a classical view on concept may perhaps be
applied within small, closed systems that do not permit exceptions and
variations found in the natural world. The rules of chess can be taken as an
example of such a system. Note that most examples in the criticism from the
non-mental position are taken from non-mathematical domains, which
strengthens the position where mathematical concepts are considered well
determined. If it is true that mathematical concepts are well determined, then
the classical approach can be used for describing mathematical concepts.
(Laurence & Margolis, 1999)

3.3.2.2 The knowledge approach

The knowledge approach™ secks to explain so called knowledge effects,
meaning that prior knowledge influences categorisation and learning of new
objects and events. If you see a new animal that you have not seen before, you
probably use earlier knowledge to understand what kind of animal it is and what
kind of properties it has. If it looks similar to an animal that you have knowledge
about, such as a dog, you may conclude that it has similar properties. If it has

% The knowledge approach has also been called ‘the theory-theory’ or ‘the theory view’.
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visible fur, four limbs, a tail, a symmetrical face with two eyes, a nose and two
ears, then you may suspect that it is a mammal and use your knowledge about
mammals to conclude that it has a four-chambered heart, gives birth to live
young, and so on. Further, if the new animal has a property that is surprising
such as a blue tail or three eyes, then it can change your knowledge about
animals and biology in general. (Murphy, 2004)

In the knowledge approach, concepts may be identified as structured mental
representations, where the structure involves relations to other representations,
including facts and principles (Laurence & Margolis, 1999; Murphy, 2004). For
example, the concept function is built from knowledge about functions and how
functions could be used in various kinds of problem solving. Another way of
describing concepts is as constituents of representations. Carey (2009), for
example, explains concepts as constituents of thought embedded in conceptual
structures. In this view, as we already have described in Section 3.1.2.3,
impressions from concrete objects cause us to develop sensory representations,
which integrate with conceptual representations embedded in cognitive
structures (Carey, 2009).

While the prototype approach explains concept development based on
typicality effects, the knowledge approach explains knowledge effects, which
are not described within the classical approach or the prototype approach.
However, one problem is that this approach allows people to have rather
sketchy views, involving relatively little information, and the contexts in which
the concepts dog and wolf are developed, for example, are almost the same. One
could then ask how these concepts point out their respective references.
Another issue is whether two different people can develop the same concept,

when they probably have different ideas about a phenomenon.*

To conclude,
the mechanism for concept development seems to be pootly understood in the
knowledge approach. (Laurence and Margolis, 1999)

It seems clear that the knowledge approach cannot explain concept
development in full, and Murphy (2004) claims that in order to develop a
complete view on concept development, you probably have to combine the
advantages of the prototype approach and the knowledge approach. This can

be seen as an argument for combining a molecular and a holistic model.

3 One answer to that may be that people do not need to develop the same concept, but similar
concepts, where two concepts are similar when they have a sufficient number of properties in
common. In that case, concepts are subjective with intersubjective features.
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After presenting different approaches to concepts, the next section
considers some results from concept research, concerning structures of
concepts, independently of approach. Here, the issue of whether structures are
hierarchical or not, and, if so, in what aspects, is of importance.

3.3.3 Hierarchical features of conceptual structures

Some classes form hierarchical structures. The classes determined by the terms
‘Labrador Retriever’, ‘Retriever’, ‘dog’, ‘mammal’ and ‘animal’, for example,
form a hierarchy of progressively larger classes, where each class includes the
previous ones as subclasses. A hierarchy is a special kind of network. It has
nodes, which are the classes, connected by relations, which are part-whole
relations. These ate represented by lines in Figure 3.9 which is based on Figure
7.1 in Murphy (2004, p. 201). Here, the class of ‘Retriever’ is a subclass of the
class of ‘dog’, which is a subclass of the class of ‘mammal’, which in turn is a
subclass of the class of ‘animal’. Further, the class of ‘trout’ is a subclass of the
class of fish, which is also a subclass of the class of ‘animal’. The hierarchy in
Figure 3.9 forms a tree diagram. (Murphy, 2004)

Animal

Labrador
Retriever

Figure 3.9 A hierarchy of classes

Classes do not always form clear hierarchies. The example in Section 3.3.2.1
with car seats and chairs shows that there is intransitivity in the conceptual
structure; car seats do not share all features with chairs. Other classes do not
form such a structure at all. Helge could be described as ‘a man’, ‘a Norwegian’,

‘a cousin’, ‘a jogger’ and ‘a teacher’, where none of the classes of these terms
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are included in any of the others. These examples show that classes are not
always related in hierarchical ways. The requirement for the possibility of
constructing a hierarchical structure is that some classes are subclasses of other
classes (Murphy 2004). Further, the examples in Section 3.3.2 of typicality
effects and knowledge effects show that people do not form strict hierarchical
mental structures as in Figure 3.9.

In the case of mathematics, it can be discussed how hierarchical structures
can be constructed. If we try to form a hierarchy for quadrilaterals as an
example, it could be something like in Figure 3.10. One can see that the classes
in this structure are not mutually exclusive; there are items belonging to
different classes at the same level. As an example, squares are members both of
the class of ‘rectangle’ and the class of ‘thombus’ in fact squares are precisely
those objects which are both thombus and rectangle, with the consequence that
there could be more than one link from higher-level classes to the same lowet-
level class.

Quadrilateral

[ Isosceles trapezoid }

Rectangle

[ Parallellogram ]

Rhombus

Figure 3.10 A hierarchical structure for quadrilaterals

A similar phenomenon can be seen if we take number as example and try to

construct a hierarchical structure as in Figure 3.11.
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Real number

Irrational number

[ Rational number ] [ Negative number ]

N

Positive rational Negative rational
number number
Natural number ][ Even number } [ Odd number ] [

Negative integer ]

-3.111

Figure 3.11 A hierarchical structure for numbers

There is an arbitrariness in the appearance of the structure; we could choose to
consider terms where the corresponding classes form hierarchical structures,
but this does not apply to every collection of terms and classes. In addition, by
adding classes of terms such as ‘transcendental number’ to the diagram in Figure
3.11, we could get an even more complex structure, while some classes, such as
the class of the term ‘percent’, do not fit into the structure at all.

There are also different types of links between classes. The part-whole links
are the ones specifying a hierarchical structure. Other types of links may form
connections between classes related in other ways. For the concept #iangle, its
relation to trigonometric functions, which do not fit into a hierarchical
structure, may be as important as the relations to different types of triangles,
which in turn do fit into a hierarchical structure. (Murphy, 2004)

It is not clear how hierarchies such as these are mentally represented. One
possible alternative is the pre-stored view, where it is claimed that a person’s
mental concepts are structured in memory almost as in Figure 3.10 or 3.11. In
such a view, concepts are connected in hierarchical networks, and the
connections are used to make judgements about them. In this case, Figure 3.11
can illustrate concepts that a student actually has, where the lines indicate
associations of the part-whole kind. Another alternative is the computed view,
where it is claimed that the hierarchical structure of concepts is not directly
stored in memory but comes from a reasoning process at every occurrence.
Consider, for example, the fact that prime numbers are natural numbers and
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that natural numbers atre rational numbers. If someone knows that all rational
numbers can be written as a/b, then he or she may conclude from facts about
class inclusion that all prime numbers can be written as a/b. There are
indications that children store some hierarchical facts explicitly in memory. The
fact that whales are mammals is an example of a fact that is probably stored,
since whales do not look like other mammals. However, the arguments against
the classical view, based on typicality effects, intransitivity etc., also hold against
the pre-stored view. Such experimental results show that people do not organise
information in an elegant hierarchical way. This is why Murphy (2004) argues
for a model where the pre-stored view and the computed view are combined.
(Murphy, 2004)

It is easier in some domains than in others to find examples of well
determined concepts. This suggests that concepts in these domains are more
likely to form hierarchical structures. If mathematical concepts are well
determined, then there are hierarchical structures in the field of mathematics.
However, there are also other types of links between mathematical concepts.
There are connections between concepts from different mathematical domains,
as well as to concepts in other domains. For example, when Per thinks about
fractions he may relate them to geometrical figures, where eighths can be
thought of from the perspective of octagons (Figure 3.12). Such relations
cannot be represented in a hierarchical structure, since there is no part-whole

relation between eighths and octagons.

Figure 3.12 Representing fractions as geometrical figures

A conclusion from this section is that molecular and holistic featutes can show
different aspects of the conceptual structure. It is possible to choose collections
of classes that form hierarchical structures. When choosing classes that are well
determined and mutually exclusive, and where classes include more basic ones
as subclasses, the structure can be represented as a tree diagram. However, all
collections of classes do not form hierarchical structutres. Furthermore, since

there are indications that structures of mental concepts have similar features to

80



3 BUILDING A TOOL FOR ANALYSING VIEWS ON CONCEPT

structures of non-mental ones, this could be seen as an argument for a
combination of hierarchical and non-hierarchical approaches to mental
concepts as well. This implies that there may not just be molecular and holistic
views on concept, but also views that combine molecular and holistic features.

3.3.4 Comments on the distinction molecular versus
holistic

Section 3.3 concerns conceptual structures and two different models for
describing these structures. These two models, which are summarised in Table

3.2, underlie the discussions of how concepts are structured.

Table 3.2 Molecular and holistic models

The molecular model e Concepts are composed of other,
more basic, concepts

e |tis possible to define concepts from
basic concepts

¢ Relations between concepts are
transitive

e Concepts have hierarchical structure

The holistic model e No concepts are more basic than
others

e |tis not possible to define concepts

¢ Relations between concepts are not
transitive

e Concepts have non-hierarchical
structure

Returning to the example /Znear function, in a molecular model, the concept has
at least two components, function and /linearity, and a student develops /inear
function as a composition of these components. In a holistic model, the concept
cannot be separated from a cluster of nearby concepts. In this case for example
graph, point-set, ordered pair and cansality, which in turn are correlated to the
concept /near function. The individual needs the whole cluster in order to develop
both the concept /Znear function and the concept graph.

Concept research within cognitive science uses different approaches to
concepts, which are summarised in Table 3.3. In the classical approach, which

is based on molecularism, concepts encode a list of necessary and sufficient
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properties. The prototype approach has abandoned some of the molecularism
ideas, and the list contains properties that members in a class tend to have.
Finally, in the knowledge approach structures of mental concepts are holistic as
they contain various relations to other concepts and representations.

The different approaches are useful for describing concept development in
different ways. The classical approach describes the effects of compositionality
and how new concepts can be composed of already existing ones. This can be
useful for describing judgement of class membership. The prototype approach
and the knowledge approach explain results in psychological experiments
concerning concept development (Murphy, 2004). While the prototype
approach explains the identification procedure, based on typicality effects, the
knowledge approach explains concept development based on background
knowledge.

Table 3.3 Three approaches to concepts

Approach The nature of concepts Usage

The classical Concepts encode a list of Useful for describing

approach necessary and sufficient judgement of class
properties for members in a membership, based
class on compositionality

The prototype Concepts encode properties | Useful for explaining
approach that members in a class tend | the identification
to have procedure, based on
typicality effects

The knowledge | Concepts contain relations to | Useful for explaining

approach other concepts and represen- | concept development
tations based on knowledge
effects

There are advocates of a dual approach, combining the classical approach and
the prototype approach (Laurence & Margolis, 1999). Murphy (2004), in turn,
proposes a combination of the prototype approach and the knowledge
approach. This indicates that the classical approach, the prototype approach
and the knowledge approach may all be combined, in order to develop a
broader view on concept.
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Whether mental or non-mental, concepts in some domains are more likely
to form hierarchical structures than concepts in other domains. In mathematics,
it is possible to find a collection of classes and part-whole relations forming a
hierarchical structure. However, there are also collections of classes and
relations that are not hierarchical. Relations between classes in different areas
of mathematics, as an example, can hardly be put into hierarchical structures.

Through this section, one thread is an argumentation for a multiple
approach to concepts, where a molecular model and a holistic model are
combined. Consequently, molecularism and holism are not mutually exclusive
and a view on concept can have both molecular and holistic features.

3.4 Putting the three distinctions together into
a frame

The overall purpose of this chapter is to build a tool for analysing views on
conceptin mathematics education, such as they appear in texts. Three distinctions
concerning views on concept in philosophy are combined. Section 3.1 concerns
the distinction mental versus non-mental. Section 3.2 concerns the distinction
intersubjective versus subjective. Section 3.3, finally, presents the molecular and
holistic model for the conceptual structure. These distinctions can be put
together into a three-dimensional matrix, as is seen in Figure 3.13%.
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Figure 3.13 The three-dimensional matrix

37The matrices in the thesis are drawn with R (R Core Team (2016). R: A language and environment
for statistical computing. R Foundation for Statistical Computing. Vienna: Austria).
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As seen above, the philosophical discussions are complex and diverse. To
highlight three distinctions in the way that is done here is a somewhat rough
simplification. It is not always easy to tell which cell in the matrix a certain view
belongs to, and a view could slip between positions. For instance, in Section
3.3, itis shown that there are arguments for a combined molecular-holistic view.
Notably, the analysing tool is, so far, a philosophical construct, which is to be
developed into a method for analysing texts in mathematics education. This is
one of the issues in Chapter 4, where the method for my concept analysis is
established. First however, in this section, the 3D matrix is used for categorising
views on concept in philosophy. The purpose is two-fold: to show the usage of
the frame and to sum up some of the views described in the chapter.

In the first group, some classical philosophers of language can be found,
such as Frege (1892/1985; 1892/1951) and Katz (1972/1999), who consider
concepts to be non-mental, intersubjective and molecular. While it is claimed
in Frege (1892/1985; 1892/1951) that concepts ate references, pointed out by
senses, the view in Katz (1972/1999) is that concepts are just senses. One thing
that is common to these views is that concepts are non-mental and
intersubjective; they do not depend on the individual. Further, these views are
built on compositionality, where the sense of a complex expression depends on
the senses of its components. Consequently, concepts have molecular structure.
Inserting the view on concept in the analytical frame results in the matrix in Figure
3.14. Further, in Frege (1892/1985; 1892/1951), there is a distinction between
concept and image, which could be compared to Katz’s (1972/1999) distinction
between concept and cognition. Images and cognitions can be considered mental
and subjective reflections of concepts.

intersubjective

subjective

mental  non-mental

Figure 3.14 A non-mental, intersubjective and molecular view
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In a second group, we can place the ideas of Zalta (2001). In this view, concepts
are non-mental abstract contents of mental representations. These are
subjective since they depend both on the individual and on time. Further, the
idea that the mode of presentation encodes a collection of properties points at
a molecular view. So, the view on concept here is non-mental, subjective and
molecular (see Figure 3.15).

intersubjective

subjective

mental  non-mental

Figure 3.15 A non-mental, subjective and molecular view

A third group can be represented by Quine (1960; 1951/1985), where concepts
are senses that are non-mental, intersubjective and holistic (see Figure 3.16).
Senses are in this view culturally dependent constructions, that are time-
dependent and determined by how terms are used in different languages.
Further, Quine (1960) uses the notion conceptual scheme for the mental and
subjective reflection of concept. As a consequence of the Quinean ideas, even the
conceptual scheme has holistic structure, and the view on conceptual scheme would
be similar to the view on concept in Figure 3.18, below.
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intersubjective

subjective

mental  non-mental

Figure 3.16 A non-mental, intersubjective and holistic view

In the fourth group, we find views of the classical empiricists and Jenkins
(2008), where concepts are considered to be mental and intersubjective with
molecular structure. In this view, which is inserted into the matrix in Figure
3.17, concepts are mental representations. Further, basic concepts are
composed into more complex ones, and the total conceptual structure mirrors
the structure of facts about the world.

intersubjective

subjective

mental  non-mental

Figure 3.17 A mental, intersubjective and molecular view

The view on concept in Wittgenstein (1953/1992) can be placed in a fifth group,
where concepts are mental, subjective and holistic (Figure 3.18). Here, concepts
are defined as mental representations and different people can have different
concepts. Further, the properties of the things that fall under a concept form a
complicated network of similarities, where concepts are related in many
different ways, which indicates a holistic view.
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intersubjective

subjective

mental  non-mental

Figure 3.18 A mental, subjective and holistic view

Views of cognitive scientists using the knowledge approach, such as Carey
(2009), and other views considering concepts as mental, intersubjective and
holistic may be placed in the sixth group. Here, concepts are social mental
representations, with holistic structures (Figure 3.19). Further, Carey (2009)
uses the distinction between concept and individual concept, which is similar to the
distinction between social and individual representation. The view on individual concept
is mental, subjective and holistic, and hence similar to the view on concept
presented in Figure 3.18.
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Figure 3.19 A mental, intersubjective and holistic view
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Finally, a seventh group contains views using a combination of a molecular and
a holistic model. In Murphy (2004), as one example, it is claimed that concepts
are mental representations, and a combined molecular-holistic view is argued
for (Figure 3.20). Here, the terms ‘word meaning’ and ‘categories’ are used for
concepts seen as non-mental objects. If using these ideas for an intersubjective
view, then the result is the view represented in Figure 3.20.

intersubjective

subjective

Figure 3.20 A mental, intersubjective and molecular-holistic view

Note that two cells in the 3D matrix are not represented by the philosophy
presented in this chapter: a non-mental, subjective and holistic view, and a
mental, subjective and molecular view. This does not mean that such views do
not exist or are not possible, but that they are not found within the current
philosophical literature review.

3.5 Local discussion

The purpose of this chapter is to clarify differences and similarities between
views on concept, in a way that facilitates interpretation of views on concept in
frameworks in mathematics education. Three distinctions, between mental and
non-mental, between intersubjective and subjective, and between molecular and
holistic, are highlighted and then combined in a 3D matrix (Figure 3.13).
While the distinctions mental versus non-mental and molecular versus
holistic have been explicit in the texts (for example in Laurence and Margolis
(1999)), the distinction intersubjective versus subjective has been more or less
implicit. Note that the different distinctions are of different kinds. First, the
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distinction mental versus non-mental is an ontological distinction concerning
the nature of concepts. In mathematics education, a mental view may desctibe
how students develop concepts from a cognitive aspect, and a non-mental view
may describe either how concepts develop in communication or how concepts
develop in formal mathematics. However, as mentioned in Chapter 2, the
distinction mental versus non-mental can also be seen as a question of view on
mathematics, where a non-mental view is present in Platonic realism, and a
mental view is seen in Aristotelian realism or in conceptualism.

Second, the distinction intersubjective versus subjective can be used to
distinguish between a collective concept and individual’s personal concepts. In
mathematics education, the students’ subjective concepts may be assessed and
compared to an intersubjective concept that is common in a culture of teachers
or mathematicians, and can be desctibed in a curriculum. Third, the distinction
molecular versus holistic seems to undetlie the discussion about how concepts
are structured.

I have chosen to use the terms ‘molecularism’ and ‘holism’ instead of
‘containment model’ and ‘inferential model’, which are the terms used in
Laurence and Margolis (1999). This choice of vocabulary indicates that the
models are used at a superficial level that suits an educational perspective. The
ontological difference between intersubjective and objective views has also
been ignored as I have judged that it is not relevant from an educational
perspective, and that it may be difficult, or even impossible, to see the difference
in a text in mathematics education.

Regarding demarcations, I want to comment on two views that have been
omitted from the discussion. First, there are those considering concepts as
abilities. In this position, concepts are neither mental representations, nor non-
mental abstract objects. Instead, concepts are abilities connected to cognitive
agents. In this view, the number-concept mirrors, or even is, the ability to
distinguish numbers from non-numbers and, from that, draw conclusions
about numbers. This idea is based on scepticism about the existence of mental
representations, which appears in some frameworks™. This thesis, however, is
written in a context where the three different arenas and the existence of
representations are assumed. Thus, views based on scepticism about mental

representations have not been considered.”” (Margolis & Laurence, 2019)

3 An example is the inferential framework (Bakker & HuBlmann, 2017; Derry, 2017).
% According to Laurence and Margolis (1999, p. 6), the view claiming that concepts are abilities can
be criticised using the same arguments that are used against behaviourism.

89



THE CONCEPT CONCEPT IN MATHEMATICS EDUCATION

In addition, one assumption is that concepts have some kind of structure.
There are philosophers, such as Fodor, Garrett, Walker and Parkes
(1980/1999), who advocate conceptual atomism and deny conceptual struc-
tures. This atomism is opposed to the two models molecularism and holism.
However, as will be seen later, a common opinion in the chosen frameworks is
that concepts have some kind of structure, named with terms such as ‘concept
image’, ‘conception’ and ‘schema’. This is the reason why the frame includes
only molecularism and holism.

Finally, it should be noted that the selection of philosophical views is not
comprehensive. Naturally, the choices and simplifications, and the fact that
philosophical views are adapted for the purpose of analysing educational texts,
have affected the result. Here, the philosophical field and the educational field
have different characteristics. It is not certain that the view in every educational
framework fits into the matrix or contains all dimensions. How useful the
philosophical frame is will be seen in Chapters 5 and 6.

The matrix in Figure 3.13 is developed for analysing views on comcept in
domains that are of interest for educational studies. In the next chapter, the
method for the concept analysis of the notion concept in some frameworks within
mathematics education is mote thoroughly described, and indicators are
developed for interpreting texts within this field.
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The purpose of conducting a concept analysis is usually to clarify the content
of a concept, to find its relations to other concepts and its location within a
conceptual framework, to reveal synonymy and equivalence between concepts,
and, as a result, to create a basis for elaboration of explications and how terms
are used (Nuopponen, 2010a). The overall approach is to start with a literature
review and then carry out a text analysis, where different views on a concept
are interpreted, compared and categorised (Nuopponen, 2010b). The study in
Yoon (2006) can be taken as an example of a concept analysis within
mathematics education. In her study, the notions conceptual system, construct and
model are analysed within the Models and Modelling (M&M) literature. Yoon

described her process of making a concept analysis as follows:

I began by collecting a large number of excerpts from the M&M literature in
which any of the three terms were used, which I then sorted into categories
of distinct usages. This process gave me 11 distinct categories of term usage.
I then created definitions to describe each of these categories (Yoon, 2000,

p-32)

The first step in the overall approach taken in my thesis was to conduct a
literature review in mathematics education, searching for influential ideas about
the notion concept in mathematics education, and for conceptual frameworks and
texts to analyse. A second step was to interpret, analyse and compare views on
concept in these texts, using the philosophy presented in Chapter 3. Nuopponen
(2010b) claims that when systematic concept analysis constitutes the major
research method in a study, it contains the following six phases:

e goal and delimitation

e acquisition of domain knowledge, creating a general idea of the field
e compilation of the material

e claboration of a framework for the analysis

e systematic analysis of the material

e further analysis and conclusions
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Here, the process included multiple iterations, going back and forth between
the phases described above, using both deductive and inductive elements. The
tool for analysing the texts was developed as a result of a literature review within
another field, the common field of philosophy of language and concept research
within cognitive science, described in Chapter 3. In order to use this tool for
concrete analyses of texts, indicators were developed.

The first section below presents the method used for the literature review in
mathematics education. A goal of this review was to find texts to analyse, and
the selection of texts is presented in this section. The second section presents
the initial analysis, using explications in the selected texts, focusing on
explicated and non-explicated notions and how these are connected in the
frameworks. As a result of this analysis, overview concept maps were
developed. The third section describes how the analysing tool was used, and as
an operationalisation of that, indicators used for interpreting the texts are
presented in the fourth section. The fifth section contains delimitations of the
object of study. The description of the methodology, which started in Chapter
1, is then completed and Chapter 4 ends with a compiled description of the

study and some comments.

4.1 Method for the literature review

The first section in this chapter presents the grounds on which the literature
review has been carried out, the criteria that have been employed for selecting
literature and how the actual selection procedure has been conducted. Note that
the concept analysis can be seen as a kind of literature review, where views on
the notion concept are interpreted from texts using some frequently used
frameworks for conceptual understanding in mathematics education.
According to Gough, Oliver and Thomas (2012), the aim of systematic
research reviews within the social sciences can either be to aggregate, or add up,
findings from multiple similar studies, or to configure, or arrange, findings of
studies. A configurative approach, which is the approach taken in the current
study, may have open questions about meaning, with few pre-defined concepts,
that are answered with qualitative data and iterative methods. Often, the
approach taken is inductive and does not use pre-specified methods. Further,
in a configurative review, the syntheses can be seen as forming patterns, in
which the findings together form a coherent whole. These involve interpretive
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concept analysis and are associated with reviews where the concepts are the
data for the analysis. (Gough & Thomas, 2012; Gough, Thomas & Oliver, 2012)

4.1.1 How the review was conducted

Before describing in more detail how the review was conducted, the design is
here presented at an overall level. First, the review took a stance on an overall
question: Which views on concept can be found in mathematics education? A
second step in the review was to map the field. Often, such a map is the object
of the review. However, it can also be a useful stage in the review (Gough &
Thomas, 2012), which is the case in the current study. A third step consisted of
narrowing the topic, based on the insights from the second step. The result of
this narrowing was a selection including a sub-group of the frameworks found
in the second step. In the final step, texts exemplifying the selection were found,
and later analysed. The whole process, including these steps, is seen in Figure
4.1.

. Mapping the Narrowing Finding a Selecting
Question ::> field :> the topic = sub-group :> texts

Figure 4.1 Design of the literature review

The search for literature had the aim of mapping the field and finding so called
theoretical lines, describing how the conceptual frameworks had been
developed over the years. For this purpose, it was important to understand the
background of the frameworks and to include older texts, from 1968 onwards,
that could give an understanding of later ideas. Further, I did not found it
necessary to search for all articles about concepts, but the goal was to find
influential conceptual frameworks and also to find alternative aspects of
concepts. Since the concept number is central in the mathematical field, texts
about arithmetical concepts were chosen to a higher extent compared to texts
about geometrical concepts. There was also a focus on older students, at the
expense of texts describing younger children. The reason for this was my
interest in conceptual structures, and relations between concepts, which
demands more conceptual knowledge. When it comes to, for example,
arithmetic, this demands knowledge of different types of numbers. Generally,
four different stages were used in multiple iterations for searching literature.
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4.1.1.7 Stage 1

The review started with texts that I had found within teacher education and
courses for PhD students, and that were recommended by researchers. Some
of these texts (Tall & Vinner, 1981; Sfard, 1991; Duval, 2006; Vergnaud, 1998;
2009) were considered to be key texts in the field, based on how often they
appeared in discussions of concepts.

4.1.1.2 Stage 2

The initial searches were made using electronic databases. First, more general
notions, such as concept together with mathematics were used and then notions
were picked from the key texts desctribed above: concept image, concept definition,
conception, Structural, operational, dual conception, representation and conceptnal. The
searches were conducted with programmes such as SCOPUS, DIVA, and
Google during spring 2014. A text found in these searches, which was later
analysed, is Bingolbali and Monaghan (2008). In later stages, Google was used
for searches aiming at getting further understanding of some of the notions
required for the analysis. As an example, these searches led to the homepage of
David Tall, which in turn led to some of his articles.

After these searches, I had a diverse list of texts without obvious
connections between them; it was hard to see how the frameworks within the
texts were related. At that time, I was inspired by Héggstréom (2008), who used
a manual search method, browsing journals in mathematics education by
reading abstracts, comparing the results with results using search engines on
websites. In this study, more articles were generated by the manual search,
which also allowed for more informed decisions concerning which articles to
include in or exclude from the review. Based on that result, I abandoned the
method of using search engines as the main method for the literature review.

4.1.1.3 Stage 3

After the initial searches, a manual survey was conducted, similar to the
philosophical literature review described in the introduction of Chapter 3. In
this survey, all articles from the journal Educational Studies in Mathematics were
chosen from 1968 to August 2014. This journal contains theoretical discussions
and three of the key texts from Stage 1 are published in this journal. Further, it
is highly ranked within the field (Toerner & Arzarello, 2012). The reason for

the chosen time period is that since some of the references in the key texts were
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from the 1970s and the journal started in 1968, there was no reason to delimit
the literature review in time. First, all abstracts written in English or French
from the articles in the journal were read, and ideas about how conceptual
frameworks were used and how they related to each other were noted®. Even
though I did not read all the articles, these notes gave an understanding of which
frameworks were used, and how they had developed over time.

The articles that met certain criteria were selected. One such criterion was
whether the abstracts used notions such as concept, conception, concept image, number,
arithmetic, representation, meaning and cognitive. Another criterion was whether the
content of the articles seemed to meet my interest, which now was focused on
the notion concept, relations between concepts, and how concepts and cognitive
structures are developed and relate to the wotld. The focus was not on ideas
about arithmetic or numbers, but on concepts and number-concepts. Further,
bibliographical articles were avoided. There has also been a greater focus on
recent articles and articles from the 1970s were only put on the list when I had
a clear reason to believe that they would be useful. After the manual search, the
list contained 222 articles not including those found using the other approaches.
Semadeni (2008) may be taken as an example of a text found in this process.

In the second step, parts or the whole of some of the chosen articles were
read, with the purpose of obtaining essential ideas about concepts and how the
notion concept and related notions were used. For each article, the introduction
was read to see if the content in the text really met my interest, which is
described above. If so, the theoretical parts and the discussion were read. If the
conceptual framework in turn clearly described concepts, then the article was

read in full. The questions guiding the reading were:

e Is the notion concept explicated?
e Is the notion concept used, and how is it used?
e Is the text referring to the literature presented in Chapter 3 above?

4 The abstracts that were used for the study were those of articles, and not of book reviews,
comments and editorial notes, which most often lacked abstracts. If a paper lacked an abstract, the
beginning of the introduction was read instead. Smaller papers without abstracts, articles in other
languages, and replies on other articles were avoided. Overall, more than 1000 abstracts of original
papers have been read.
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When I had read a number of texts, starting with the more recent ones, using
this strategy, I chose some frameworks and began the analysis. The narrowing
of the topic and the selection is desctibed below. During this work, I started to
look for references in the texts to find the origins of the ideas in the frameworks.

4.1.1.4 Stage 4

The fourth and final stage of the review included looking for references in the
texts found in Stages 1, 2 and 3, and reading these texts based on the same
strategies as in Stage 3. For example, Dubinsky (1991) and Asiala et al. (1996)
were both found as references within Semadeni (2008).

4.1.2 Narrowing the topic

The four stages described above resulted in a diverse list of ideas and conceptual
frameworks used for describing concepts in mathematics education. This list
contained the concept image-concept definition (CICD) framework, various
frameworks using the stage models of cognitive development, such as the
operational-structural (OS) framework, the procept framework, APOS, and the
van Hiele model. Further, it contained frameworks such as the framework of
conceptual fields, the three worlds of mathematics, frameworks using semiotics,
the commognition framework, variation theory, the inferential framework,
frameworks using cognitive science of mathematics, and so on.

To catry out concept analyses of all these frameworks was judged to be an
ovetly wide project, and I realised that the topic had to be narrowed. Among
other issues, it was a question of how much background knowledge was needed,
in order to understand the frameworks. As an example, I did not want to get
into a situation where thorough interpretations of the perspectives of Piaget
and Vygotsky, and how these were related, were needed. Further, frameworks
depending on continental philosophy, such as the philosophy of Hegel, were
deselected as it was less interesting and methodologically problematic to include
such ideas in the analytical philosophical background and the analysing tool.
The final subgroup includes some frameworks with a common philosophical

background, that are related through referencing:
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o The CICD framework
e The OS framework

e The procept framework
e The APOS framewotk

These different frameworks were classified by how they relate to each other, in
a kind of historical order. Some texts that adhered to these frameworks, which
were published eatlier than the others or were frequently referred to, were
considered basic texts. The views in these basic texts and, in some cases, how
they have later been developed, were then analysed. In the next section, the
frameworks and the analysed texts are presented and described.

4.1.3 Description of the analysed texts

Chapter 5 presents a concept analysis of two eatlier texts using a basic version
of the CICD framework and two later texts using developments of that
framework. The notion concept image first appeared in Vinner and Hershkowitz
(1980) in a study of students’ understanding of geometric objects. Further, Tall
and Vinner (1981) is, it seems, the eatliest article that may naturally be placed
within a modern discussion of concepts in mathematics education, and it is still
used in current bibliographies. Consequently, the CICD framework may be
considered to be the oldest framework that is still used for analysing conceptual
understanding in mathematics education. In the later versions, the framework
has been developed in various ways. As is seen in Chapter 5 below, in Semadeni
(2008) the notions concept image and concept definition have been complemented
with deep intuition, to describe how a developed concept image can be used
instead of a concept definition. Further, in Bingolbali and Monaghan (2008),
concept image is interpreted as a social idea, which depends on the context.

The frameworks using the stage models of concept development are based
on interpretations of Piaget’s perspective, and are still common within
mathematics education. Chapter 6 contains analyses of several process to object
(PO) frameworks, and differences and similarities between the views within
them. The chosen frameworks describing the development of arithmetic
concepts are the OS framework (Sfard, 1991), the procept framework (Gray
and Tall, 1994), and the APOS framework (Dubinsky, 1991; Asiala et al., 19906).

In conclusion, the texts analysed are the ones seen in Table 4.1. As the reader
may note, the structures of Chapters 5 and 6 differ from each other. In Chapter
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5, a basic version of the framework and how it has been developed are analysed.
In Chapter 6, basic versions of the different frameworks are analysed in the

same chapter.

Table 4.1 Texts analysed in the study

Framework Texts Abbreviations
The basic version of the Vinner and Hershkowitz VIHE
CICD framework (CICD?) (1980)
Tall and Vinner (1981) TV
A version of the CICD Semadeni (2008) SEM
framework augmented with
deep intuition (CICD™)
A version of the CICD Bingolbali and Monaghan BIMO
framework used for social (2008)
studies (CICD*)
The OS framework Sfard (1991) SF
The procept framework Gray and Tall (1994) GT
The APQOS framework Dubinsky (1991) DUB
Asiala et al. (1996) ASI

In the analysis, the focus is on the content of the analysed texts, and not on the
intentions of the authors. In addition, in Chapters 5 and 6, the different texts
are given names, which are abbreviations of the names of the authors. To
exemplify, the text written by Gray and Tall (1994) is called GT. The purpose
of introducing abbreviations instead of repeating references is to facilitate
reading, when the same text is continually discussed within longer sections.
Two methods are used for the analysis. In an initial analysis, explications of
notions are used for classifying notions as explicated or non-explicated, and the
connections between the notions are classified as hierarchical or non-

hierarchical. Based on these classifications, superficial concept maps are
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constructed, representing overall conceptual structures of the frameworks in
the different texts. The purpose of making these maps is to represent the roles
of the notions, the relations between them, and how they interact in the
frameworks. After that, views on concept and related notions, seen in how terms
are used in the texts, are interpreted using the analysing tool developed in
Chapter 3. In order to use the analysing tool for interpreting texts in
mathematics education, indicators are developed (see Section 4.4).

4.2 Concept maps

It may be hard to analyse the view on concept in a text without also analysing
how concept is presented as connecting to other notions. As an example, the
notion concept image and the connection between concept and concept image are
important for the interpretation of texts using the CICD framework. This is
why, in the initial analysis, I constructed concept maps representing conceptual
structures of the frameworks in the different texts.

In this thesis, I do not use a specific theory of concept maps or a method
developed by others. Instead, I use concept maps as visual representations of
the conceptual frameworks described in the texts analysed. They contain
notions, which are enclosed in boxes, and connections between the notions are
indicated by lines. Words on these lines specify the connections. I develop the
concept maps from the content of explications of concept and notions described
as connected to concept, in the theoretical backgrounds of the texts. Together,
these notions describe conceptual structures. The purpose is to offer overall
maps of the frameworks, and not to thoroughly analyse the meanings of the
explications, or to penetrate the exact nature of the connections between the
notions.

The origin of the notion explication can be found in Carnap (1947). According
to him, the task of making a vague or not quite exact concept, used in everyday
life or in an earlier stage of scientific development, more exact can be called
explicating. An example from the analysis interpreted as an explication is shown
below:

The notion mental picture of a concept C is “the set of all pictures that have

ever been associated with C, in P’s [a person] mind” (Vinner & Hershkowitz,
1980, p. 177).
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In the analysis, notions are divided into two groups, those which have
explications in the texts and those which have not, but which appears in
explications of other notions. The reason for this division is that it says
something about the roles these notions play in the frameworks. Notions that
lack explications may be basic notions used in explications of more complex
notions, as seen in the philosophical perspective described in Section 3.3.1.
However, a notion without explication may also be a complex one, where the
explication is taken for granted. A prerequisite in the analysis for a desctiption
to count as an explication is that the notion is specified. It is not enough to give
examples of what counts as falling under the notion. Neither does a discussion
of the properties of a notion always count as an explication. Below, an example
from the analysis which I have judged not to be an explication, is shown. This
example describes what a student with a process conception can do, but the
notion is not actually specified.

An individual who has a process conception of a transformation can reflect
on, describe, or even reverse the steps of the transformation without actually
performing those steps (Asiala et al., 1996, p. 7)

After dividing descriptions of notions into explications or not, I interpret how
connections between the notions are described. These connections are divided
into hierarchical or non-hierarchical. If a notion is included in another notion,
then the connection between these two notions is judged to be a hierarchical
relation. If, however, one of the notions is not included in another notion, then
the described connection is judged to be non-hierarchical. To use the same
examples as in Section 3.3.1, the relation between dog and Labrador Retriever is
hierarchical as the class of Labrador Retrievers is included in the class of dogs.
A connection between ¢zght and octagon, however, indicating that octagons can
be divided into eights, is not hierarchical, as neither the class of eights nor the
class of octagons is included in the other. An example of a hierarchical relation
found in the analysis is the part-whole relation between cognitive structure and
concept image, where the latter is described as being part of the former (Vinner &
Hershkowitz, 1980, p. 178). An example of a non-hierarchical connection, on
the other hand, is when it is claimed that deep intuitions and concept definitions
correspond to each other (Semadeni, 2008, p. 3). Naturally, non-hierarchical
connections are of different types. However, I have chosen not to categorise
different types of connections, but rather to use the distinction between

hierarchical and non-hierarchical in a general sense.
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Based on the formulations of the explications, the explicated and non-
explicated notions, and the hierarchical and non-hierarchical connections, are
presented in concept maps representing the different frameworks. As seen in
Figure 4.2, explicated and non-explicated notions are represented by boxes.
Further, the hierarchical and non-hierarchical connections are represented by
two different types of arrows. When it comes to the hierarchical relations, the
arrows start with the higher-level notions and end with the lower-level notions,
in view of the philosophy described in Section 3.3.3. When it comes to the non-
hierarchical connections, on the other hand, the direction of the arrows is based
on how these are formulated. As an example, when it is claimed that a concept
image is associated with a concept (Tall & Vinner, 1981, p. 152), the arrow
representing the connection associated with goes trom concept image to concept.

explicated notion
. . explicated notion
__non-hierarchical

connections

non-hierarchical

explicated notion -
connection

[ non-explicated notion }

hierarchicafrelation hierakchical relation [ non-explicated notion ]

non-explicated non-explicated
notion notion

Figure 4.2 Example of a concept map
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4.3 Using the analysing tool

After the initial analysis, the views on comcept are interpreted by using the
analysing tool described in Chapter 3. To repeat, this tool makes three
distinctions, represented in the matrix in Figure 4.3, which is the same as Figure
3.13.
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Figure 4.3 The three-dimensional matrix

As stated in Chapter 1, the tool is developed through an interplay between the
philosophical literature review and the analysis of texts representing
frameworks in mathematics education. For example, after the philosophical
literature review, the preliminary analysing tool consisted only of the
distinctions intersubjective versus subjective and molecular versus holistic.
However, during the analysis of texts using the PO frameworks the distinction
mental versus non-mental was added to the tool. Further, not all distinctions
are seen in all texts. For example, when analysing Bingolbali and Monaghan
(2008), and Gray and Tall (1994), only the distinctions mental versus non-
mental and intersubjective versus subjective are used, since the distinction
molecular versus holistic is not clearly visible in the texts, and the tool is then
limited to a 2D matrix.

During the analysis, if explications of the notion concept are found in the texts,
where it is clearly stated that concepts are mental or non-mental, intersubjective
ot subjective, and molecular or holistic, then the method consists of a straight
forward interpretation of these explications. However, the most common
method is to interpret how terms are used in more involved contexts.
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Furthermore, even though there is a clear explication, one issue for the analysis
is to see whether the view on coneegpt shown in the way terms are used is coherent
with the view shown in the explication.

When interpreting views on concept in the way terms are used, the method is
to search for formulations, divided into what I call indicators, showing the
different views. These indicators, described below, have been developed
through an interplay between the characteristics of the analysing tool and the
analysis of texts using the frameworks. In the initial reading, when the term
‘concept’ was found in the texts, I made a note in the margin and underscored
the formulation where ‘concept’ was found. This formulation was then inter-
preted from the perspective of the three distinctions, to see whether it offered
an argument for a certain view. The same procedure was used for related terms,
such as ‘conception’ and ‘concept image’. Afterwards, I sorted the formulations.
As an example, if a formulation was interpreted as indicating a mental view,
then it was sorted under the heading mental, and so on. The formulations under
the respective headings were then categorised into the initial indicators.

For example, a view in a certain text could be interpreted as mental and
intersubjective. Next, there could be uncertainties regarding whether the view
is molecular or holistic, and the text was read again to see if there were
arguments for a molecular or holistic view. These new formulations were then
collected, together with the already existing ones, under the headings Molecular
and Holistic. When the formulations had been categorised in this way, I looked
at the overall picture emerging from the collected indicators to see whether they
offered a complete description of the different views, from the perspective of
the philosophy presented in Chapter 3. In some cases, the indicators were
supplemented on the basis of this philosophical perspective. Next, the texts
were read again to see whether these new indicators could be used for
interpreting the texts as well, and so on. The process consisted of an interplay
between reading, interpreting and writing, and the indicators were developed
during the whole process.

The purpose of the indicators is to clarify how the analysis is made and to
ensure that texts coming from different frameworks are interpreted in a similar
way. The indicators should be seen as arguments for a text to be seen as
belonging to a particular view. Clear arguments strengthen the position for that
view, while an unclear argument diminishes the position.
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An overall principle in the analysis is that if a text, in a description of
concepts, refers to another text, then the references, in the shape of specific
terms or formal references, indicate that the more recent text has a view on
concept similar to the view in the text referred to. One example, referring to the
perspective of Piaget, can be seen in the quote below. Here, the term ‘schema’
is naturally understood from a Piagetian perspective, and a concept is then a
kind of schema. This makes the view on concept mental in this context.

the duality between concept and schema is based on the same fundamental
idea in which a named concept has rich internal links that reveal it to be a
schema (Tall, 2013, p. 80)

To sum up, the procedure for finding views on concept in the educational texts
consisted primarily of searching for explications and for references to texts that

have already known views on concept, and using the indicators.

4.4 Indicators for interpreting views on concep?

In this section, the indicators of the analysing tool are listed in three sections,
based on the three different distinctions.

4.4.1 Concepts seen as mental or as non-mental

As mentioned in Chapter 3, mental views on concep? are common in contem-
porary empiricism and concept research in cognitive science. Consequently,
frameworks building on psychological ideas may have mental views. As was also
mentioned in Chapter 3, non-mental views on concept are common in
philosophies of language, where concepts may be senses in a Pregean view,
which are independent of the mind, forming the meanings of words and other
expressions. In texts in mathematics education, frameworks building on
linguistic ideas may have non-mental views. Further, non-mental views can be
seen in logicist approaches. Hence, frameworks using such ideas, taking the

nature of mathematics into account, may have non-mental views as well.
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4.4.1.1 Concepts seen as mental

In the analysis of texts in mathematics education, the mental position is
concretised in formulations that can be separated by three indicators, at a
general level.

[1] The first indicator for a mental view concerns formulations explicitly
claiming that concepts are mental representations, e.g. ‘concepts are part of
mental structures’ and ‘a concept is an internal representation’. One example
from the analysis can be found in Gray and Tall (1994), where it is stated that
concepts are included in mental structures:

The successful mathematical thinker uses a mental structure which is an
amalgam of process and concept (Gray & Tall, 1994, p. 1)

This indicator is also used for formulations where concepts include mental
elements. One example of a mental view on the notion concept image can be seen

below, where concept images include mental attributes:

all mental attributes associated with a concept, whether conscious or
unconscious, should be included in the concept image (Tall & Vinner, 1981,
p. 152)

Here, the indicator is used for analysing concept image, which is a notion used for
the cognitive structure. That the indicators are used for other notions related to
concept is discussed in Section 4.5 below.

[2] The second indicator for a mental view concerns formulations claiming
that we have concepts or use concepts in our thinking, since the only way in
which we can use something in our thinking is that this something is part of
our thinking, and hence is mental. One example from the analysis can be found
in the quote above, from Gray and Tall (1994), where it is stated that a
mathematical thinker uses a structure that includes concepts. Consequently
different indicators may be used to interpret the same quote. Further, in the
quote below, concepts can be mentally manipulated, which is also an example
of where this indicator can be used:

the concept is given a symbol or name which enables it to be communicated
and aids in its mental manipulation. (Tall & Vinner, 1981, p. 151)

[3] The third indicator for a mental view concerns formulations claiming that
individuals build, develop, construct or acquire concepts. The terms ‘build’,

‘develop’ and ‘construct’ are not enough to judge views as mental, since a non-
pl
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mental concept may be developed in a cultural sense, or constructed
theoretically. In the chosen texts, I have found that if it is claimed that an
individual develops concepts, then there probably is a mental view present in
the text. However, if it is claimed that several individuals together develop
concepts, then the view can be either mental or non-mental. The following
quotes are two examples from the analysis, where the view on comeept is
interpreted as mental:

The concept can develop in the mind of an individual (Asiala et al., 1996, p.
9

How students actually might go about constructing the concept (Dubinsky,
1991, p. 96)

In the first quote, the formulation ‘develop in the mind’ is the reason for judging
the view as mental. In the second quote, the term ‘constructing’ is interpreted
based on the observation that the framework relies on Piaget’s perspective
(Asiala et al., 1996, p. 5; Dubinsky, 1991, pp. 95-107), and hence the view is
judged as mental.

4.4.1.2 Concepts seen as non-mental

In the analysis, a non-mental view is concretised in formulations that can be
separated by the following four indicators:

[4] The first indicator for a non-mental view concerns formulations claiming
that concepts are building blocks in formal mathematics, since concepts then
appear in mathematics outside of the individual mind. These can be
formulations claiming that concepts are something that can be constructed or
analysed theoretically. Two examples of formulations showing non-mental

views, based on this indicator, are seen below:

the word “concept” (sometimes replaced by “notion”) will be mentioned
whenever a mathematical idea is concerned in its “official” form - as a
theoretical construct within “the formal universe of ideal knowledge” (Sfard,
1991, p. 3)

conceptual understanding implies that the relationships inherent in all of the
different components that form 3 are also available (Gray & Tall, 1994, p. 8)
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In the second quote, the judgement of a non-mental view relies on the
observation that in another part of the text (Gray & Tall, 1994, p. 118), a
distinction is made between mathematics and cognition, where mathematics as
a field should not be considered to be cognitive.

[5] The second indicator for a non-mental view concerns formulations
claiming that concepts appear in the culture of mathematicians, or others, and
may be seen in texts or other types of language. The following quote constitutes
one example where the view is judged to be non-mental, based on this indicator,

as the curriculum concerns concepts:

The requirements of this curriculum distinguish between the skills or
procedures that individuals need to have acquired in order to do things, and
the concepts or basic facts, which they are expected to know, on which they
operate with their skills. (Gray & Tall, 1994, p. 117)

Below, if propositions are non-mental objects, constructed in language, then a

non-mental view on schema is indicated, as schemas include these propositions:

According to this analysis, the objects in the propositional calculus schema
are the propositions. (Dubinsky, 1991, p. 112)

[6] The third indicator for a non-mental view concerns formulations indicating
that concepts ate separate from the individual. One example can be seen in the
expression “thoughts about a concept” (Dubinsky, 1991, p. 114), since in a
mental view we use concepts in our thinking: we do not, at least not normally,
think about them. Another example is seen in the formulation “[m]any concepts
we meet in mathematics” (Tall & Vinner, 1981, p. 151), since something that
you meet is not something that is included in existing mental representations.
Further, formulations such as “a student is presented with concepts”
(Dubinsky, 1991, p. 117) indicate a non-mental view as well.

4.4.2 Concepts seen as intersubjective or as subjective

An intersubjective view can be used to describe the idea that concepts are
developed in a community of people, such as mathematicians. It may either be
non-mental and something that several people share through the usage of
language, or a mental representation partly integrated into a collective
understanding. In both cases, our personal understanding can be evaluated
against the intersubjective concept. Further, a subjective view on concep? can be
used to describe concepts developed by individuals.
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4.4.2.1 Concepts seen as intersubjective

In the analysis, the intersubjective view is concretised in formulations that can
be separated by the following four indicators:

[7] The first indicator for an intersubjective view concerns formulations
indicating that concepts are developed within a particular culture. An example
of such a formulation appears in the quote exemplifying Indicator [5] above,
and in fact the formulations referring to concepts in the curriculum indicate
both a non-mental and an intersubjective view. This is the reason why Indicator
[5] and Indicator [7] are often connected. Another example of an intersubjective

view, using the formulation ‘standard academic presentation’, is seen below:

the standard academic presentation, based on set theory, of the concepts of
‘ordered pair’, ‘relation’, ‘function’, ‘sequence’ consists of the following six
steps (Semadeni, 2008, p. 10)

[8] The second indicator for an intersubjective view concerns formulations
showing that concepts are developed in mathematics, since mathematics as a
field is often not seen as a subjective construction, but as something that is
shared in a culture. An example is seen in the formulation “the mathematical
concepts as formally defined” (Tall & Vinner, 1981, p. 151), indicating that
concepts ate something that are developed in the community of
mathematicians.

Note that Indicator [8] often is connected to Indicator [4], and that Indicator
[4], which is used for views where concepts are part of formal mathematics,
implies that Indicator [8] can be used. However, as mathematics can be seen as
a mental construction, Indicator [8] does not always imply Indicator [4].

[9] The third indicator for an intersubjective view concerns formulations
indicating that there is a unique concept of a certain phenomenon, such as “the
concept of an altitude” (Vinner & Hershkowitz, 1980, p. 182), and formulations
indicating that concepts ate culturally dependent, such as “a concept is
presented in an ‘official’ form” (Sfard, 1991, p. 3). Further, formulations
claiming that concepts ate something that can be studied or formulated
axiomatically, requiring that there is a unique concept of a phenomenon,
indicate an intersubjective view. The same holds for formulations claiming that
there is a necessity, when something necessarily leads to the development of a

concept.
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The idea that a cognitive structure may be incorrect and that it is possible to
judge whether someone has reached a certain level of development points to an

intersubjective view as well:

It [the concept image] is a dynamic entity that develops, differentially over
students, through a multitude of experiences. Some of these will, from a
mathematical viewpoint, be incorrect, e.g. squaring a number could be
defined as “multiplying a number by itself” and an associated property of
squaring, grounded in students’ experiences natural numbers, might be
“squaring makes the number bigger”. (Bingolbali & Monaghan, 2008, pp. 20—
21)

In the quote above, there is something intersubjective, a concept or a culturally
dependent concept image, that the subjective concept image can be judged
against.

[10] The fourth indicator for an intersubjective view concerns formulations
claiming that through communication, a conception or the meaning of a term
obtains a shared reality and becomes an intersubjective concept. Further, an
example of the usage of this indicator can be found when terms such as
“reification” (Semadeni, 2008, p. 5) are used, referring to Piaget’s perspective,
where a schema is developed into an intersubjective concept through certain

stages. Another example is seen below:

At the stage of interiorization a learner gets acquainted with the processes
which will eventually give rise to a new concept (like counting which leads to
natural numbers, subtracting which yields negatives, or algebraic
manipulations which turn into functions). (Sfard, 1991, p. 18)

4.4.2.2 Concepts seen as subjective

In the analysis, the subjective view is concretised in formulations that can be
separated by the following two indicators:

[11] The first indicator for a subjective view concerns formulations indicating
that people develop their own concepts. An example where this indicator can
be used for the notion concept image is seen in the formulation “an individual’s
concept image” (Tall & Vinner, 1981, p. 153), where an individual has his or
her own concept image. Further, a subjective view on concept image is seen in the
same quote as is used in Indicator [9], where students develop different concept
images, which can be incorrect. Here the students’ individual concept images

can be judged compared to an intersubjective view:
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[The concept image| is a dynamic entity that develops, differentially over
students, through a multitude of experiences. Some of these will, from a
mathematical viewpoint, be incorrect, e.g. squaring a number could be
defined as “multiplying a number by itself” and an associated property of
squaring, grounded in students’ experiences natural numbers, might be
“squaring makes the number bigger”. (Bingolbali & Monaghan, 2008, pp. 20—
21)

[12] The second indicator for a subjective view concerns formulations
indicating that different students have different concepts. As an example, the
formulation “revealing the concept images of our students” (Vinner &
Hershkowitz, 1980, p. 180) points to a subjective view on concept image. Further,
the idea that students’ concepts or concept images change may point to a

subjective view as well:

it was designed to access students’ concept image of the derivative over time
(Bingolbali & Monaghan, 2008, p. 27)

Here, the concept image depends both on time and the individual.

4.4.3 Concepts seen as molecular or as holistic

In a molecular view, concepts are hierarchically structured. Here, some
concepts are mote basic than others and complex concepts could be defined
from basic ones. In a holistic view, on the other hand, concepts interrelate with
each other in a web-like structure, in which no concept is more basic than
another.

4.4.3.1 Concepts seen as molecular

In the analysis, the molecular view on concept is concretised in formulations that
can be separated by the following indicators:

[13] The first indicator for a molecular view concerns formulations claiming
that concepts can be defined, including some formulations about composition,
and, for example, formulations claiming the importance of realising in geometry
that the class of squares is a subclass of the class of rectangles. This indicator

can be used in relation to the following quote:
If we take a scrutinizing look at any mathematical concept, more often than

not we shall find that it can be defined - thus conceived - both structurally
and operationally. (Sfard, 1991, p. 5)
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An example where some concepts are more basic than others, thus indicating a

molecular view, is seen below:

Why mathematicians themselves needed several centuries to arrive at fully
structural versions of the most basic concepts, such as number or function?
(Sfard, 1991, p. 30)

[14] The second indicator for a molecular view concerns formulations
claiming the importance of understanding definitions for conceptual
understanding. It can also be formulations claiming that students develop
concepts in a logical order, where some concepts are more basic than others.
The following quote is an example, where this indicator may be used:

Both psychologically and mathematically, multiplication is the addition of
additions. (Dubinsky, 1991, p. 100)

The difference between Indicator [13] and Indicator [14] is that the first of these
indicators is used for interpreting non-mental views on concept and that the
second is used for interpreting mental views. In the quote above, both Indicator
[13] and Indicator [14] may be used, as the formulation considers both mental
and non-mental concepts.

[15] The third indicator for a molecular view concerns formulations about
hierarchical structures, since hierarchy is one aspect of the molecular model.
This indicator can be used both for mental and non-mental views. In the
following, a molecular mental view is shown by the idea that a conception is
developed partly by new layers being added to the structure:

formation of a structural conception means reorganizing the cognitive
schema by adding new layers - by turning sequential aggregates into
hierarchical structures. (Sfard, 1991, p. 28)

Further, in the next quote, individuals’ knowledge is hierarchical, since the
knowledge of D may entail the knowledge of A, B and C:

In such a group we will not find people who know D without knowing also
A, B and C or people who know C without knowing also A and B and so on
(Vinner & Hershkowitz, 1980, p. 182)

An example where this indicator is used in a non-mental context is when the
historical development of mathematics is presented as a hierarchy in a figure in
Stard (1991, p. 13), where natural numbers are more basic than reals, which in

turn are more basic than complex numbers.
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4.4.3.2 Concepts seen as holistic

In the analysis, the holistic view on concept is concretised in formulations that
can be separated by the following three indicators:

[16] The first indicator for a holistic view concerns formulations indicating
that the cognitive structure uses relationships that are not hierarchical. An
example can be seen below:

Deep intuition may be thought of as a kind of conceptual synthesis or mental
blend which includes the meaning of X, its basic properties derived from
relationships with other objects, both mathematical and non-mathematical,
in real life and in physics [...] (Semadeni, 2008, p. 9)

Here, relationships between mathematical objects and objects from real life and
physics must be non-hierarchical, as the extension of a mathematical concept
cannot be included in the extension of a concept describing real life and vice
versa. In this quote, the view on the structure of deep intuition affects the view
on the structure of concepts as well. Thus, the view on deep intuition as a kind of
conceptual synthesis indicates a holistic view on concepr. Note that this indicator
is used for mental views on the cognitive structure. The fact that information
other than definitions is used can be seen as a knowledge effect (see Section
3.3.2.2).

[17] The second indicator for a holistic view concerns formulations pointing
to a complexity in a non-mental structure of concepts. As an example, it can be
used for interpreting the following quote, where no schema is more basic than
others:

For example, there will be a proof schema, which can include a schema for
proof by induction. This latter in turn could include a schema for proposition
valued functions of the positive integers [...]. Hence, there would be a
relation with the schemas for number, for function, and for proposition. On
the other hand, there is a sense in which a proof is an action applied to a
proposition, so that the proof schema might be one of the processes in the
proposition schema. (Dubinsky, 1991, p. 102)

[18] The third indicator for a holistic view concerns formulations criticising
the idea that concepts have definitions, as in the following:

For some of our concepts we also have concept definition in addition to the

concept image. For many other concepts we do not. (Vinner & Hershkowitz,
1980, p. 177)
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Here it may be noted that just the fact that every concept cannot be defined is
not an argument for a holistic view. Even in a molecular view, there are basic
concepts that are not defined, but used in definitions of more complex
concepts. However, the fact that it is pointed out that there are concepts that
cannot be defined, I would say, is a criticism against a definitional approach and
an indication of a holistic view. Further, in Vinner and Hershkowitz (1980),
examples of concepts without definitions are house and orange. Here, it would be
possible to argue that these concepts actually have definitions. Hence, the quote
above can be seen as an indication of holistic features.

4.5 The object of study

The main object of the analysis is the notion concept. However, there are other
notions related to concept, which affect the analysis. It is in fact hard to interpret
concept without describing or analysing these other notions as well, and the
connections between the notions seem to be important for understanding views
on concept. That is why an initial analysis of explications in the different texts
focuses on which notions are explicated and which are not, and on connections
between the notions. In that pre-analysis, whether a notion has an explication
or not indicates the role the notion has in the framework, and whether the
notion is considered a notion that needs to be theotised. Furthermote, a reason
for not explicating a notion may be that the notion is taken for granted. In
addition, some of the notions have features that enable an analysis from the
perspective of the three distinctions, using the indicators. Which notions are
analysed depends on the chosen framework. As an example, in the CICD
framework the notion concept image is analysed, which is not the case in the OS
framework. Further, some notions affecting the interpretation are discussed,
but not analysed with the analysing tool. Table 4.2 offers a list of the notions,
in addition to the notion concept, analysed in the different parts of the study.
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Table 4.2 Notions analysed in the study

Framework Notions analysed | Notions discussed

with indicators without indicators
The CICD concept image concept definition
framework

The OS framework | conception

The procept procept
framework

The APOS schema
framework

4.6 A summary of the study

The first four chapters in the thesis form the methodology of the study. In
Chapter 1, the initial interest and the methodology are presented at a general
level, the study is placed in a context within mathematics education, and aim
and research question are presented. Chapter 2 contains a historical background
to the study and a brief introduction to the basic philosophical terminology.
Chapter 3 contains a philosophical literature review, aiming at finding some key
references and at giving an overall picture of the contemporary discussion of
concepts in philosophy of language and concept research within cognitive
science. F'rom this review the distinctions in the analysing tool are extracted.
Finally, in the current chapter, methodological issues are presented, including
delimitations of the object of study and methods used both for the literature
review in mathematics education and for the analysis of the texts. This includes
the development of the indicators. Before presenting the analyses in Chapters
5 and 6, I summarise below what is said about the study in the initial chapters.
This includes different descriptions of goals and purposes, delimitations and
underlying assumptions. Further, I make some comments on the methodology.
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4.6.1 The nature of the study

The aim of the study is to carry out a concept analysis of the notion concept, in
some frequently used frameworks for analysing conceptual understanding in
mathematics education. The design is developed for answering the following

research question:

Which views on comcept may be found in texts using the chosen
frameworks, from the perspective of the distinctions mental versus non-

mental, intersubjective versus subjective and molecular versus holistic?

The concept analysis involves a configurative literature review, searching for
influential ideas in mathematics education from 1968 onwards. Among other
things, there is a focus on the background of current views in order to further
understand views on concep? that are held today. A particular interest is taken in
the concept number and texts about arithmetic concepts are chosen to a greater
extent compared with texts on geometric concepts. Further, texts focusing on
older students and adults are prioritised, as the focus is on conceptual
structures. As described in Section 4.1.2, the final selection contains some
frameworks having a common philosophical background, which are related
through referencing.

The purpose is to influence mathematics education research in several ways.
Theoretically, the goal is to clarify, categorise and compare views on concept in
the studied frameworks, in order to increase the understanding of different
views on concept, to find possible incoherencies, and to contribute to theory
development in the field. From a wider perspective, the study can be seen as a
first step in the development of a conceptual framework for analysing concepts.
Methodologically, the goal is to contribute to the method of making concept
analyses in the field. There are not many descriptions of how to conduct
concept analyses, especially not in educational research, and the experiences
from the current study may hopefully be of use for further development of such
methods. The approach taken includes a tool for analysing views on concept in
mathematics education. This tool includes three distinctions: mental versus
non-mental, intersubjective versus subjective, and molecular versus holistic.
There are reasons to believe that this method will both broaden and at the same
time delimit what may be found in the analysis, since it may facilitate seeing
philosophical aspects in the views and at the same time hinder the detection of
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aspects that are not in the analysing tool. In the analysis of the texts, explicated
views are compared to the way terms are used, and one issue is whether the
explications of the notion comeept and the usage of the term ‘concept’ are
coherent. Further, views on the notion concept are compated to views on concept
image, conception and schema, listed in Table 4.2. Views on these notions are in turn
analysed, and explicated views are compated to the way terms are used.

4.6.2 Philosophical assumptions

Undetlying a study, there are always assumptions governing design and imple-
mentation. Below, assumptions expressed in other parts of the thesis are
collected, and complemented with reflections that are unique to this section.
These are divided into an overall ideal of research and assumptions underlying
the design of the study.

The ideal of research involves the idea that it is important to seck coherence
in a research field, in order to offer some kind of knowledge. One form of
incoherence is disagreement about the meanings of terms, which may appear as
vagueness or ambiguity. As a consequence of that, there is a need for theoretical
research with the purpose of fighting such incoherence.

This study has not been governed by a predetermined template for how to
conduct mathematics education research, or by methods developed by other
rescarchers. Instead, the study has been problem-driven, where my own
decisions have determined the process, even though inspired by ideas coming
from other studies of various kinds. Further, no theoretical perspective coming
from mathematics education has been assumed, but the study relies on an
analytic philosophical approach. The study has been governed by philosophy in
two different ways. First, the study takes an analytic philosophical approach as
it assumes that a concept analysis may contribute new perspectives in the field
of mathematics education. Second, it uses philosophy as a method, since the
analysing tool is developed from philosophical views.

An overall assumption in the thesis is that it is possible to combine
approaches and views. This can be concretised in the idea that it is possible to
combine results from the field of concept research within cognitive science with
results from the field of mathematics education. Further, it is possible to
compare ot combine different conceptual frameworks. As a third example, it is
possible to combine different views on concept. Such combinations may require

some theoretical work, where combining different approaches and perspectives
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demands an understanding of the notions in the original contexts, that the
notions are clearly explicated in the new context, and a coherent usage of terms.
However, the result of such work may be a framework that better suits the
purpose of a particular study.

In addition to the overall research ideal, there are other assumptions
governing the design. One such assumption is that distinctions made in the
common field of philosophy and cognitive science can contribute by offering
new perspectives in the field of mathematics education. Further, there are
certain assumptions that accompany the analytic philosophical approach of the
study, which are described below.

First, this approach brings with it the idea of reductionism in the spirit of
Ockham’s razor, claiming that simpler frameworks, including fewer concepts,
are to be preferred. I have been governed by the principle of using few general
text-independent terms, rather than terms that are used in the texts referred to.
Further, I have tried to decrease the density of philosophical terms, in order to
avoid certain connotations that these terms may bring and also to increase
readability. A consequence of the idea of general text-independent terms is that
different views on concept could and should be compared in order to broaden
the understanding coming from a certain framework. Another consequence is
the assumption that the meaning of the term ‘concept’ in different fields should
basically be the same, but that there are different types of concepts, with
different features. In this study, the view on comcept is interpreted in texts
describing mathematical concepts. Thus, the distinction between features of
mathematical concepts and features of other types of concepts is relevant. This
is seen in the development of the indicators, where Indicators [4; 8] atre
specifically used for mathematical concepts and the others are not. Further,
even those that are not specifically used for mathematics may be formulated in
other ways, when used in other fields.

Second, the analytic philosophical approach brings the assumption of the
three different arenas: the concrete arena, the mental arena, and the non-mental
arena. This does not mean that I take a particular ontological stance concerning
the existence of these arenas, but rather that I claim that these can be used for
interpreting views on concept. Other distinctions are the one between
intersubjective and subjective, and the one between molecular and holistic.
Further, from the perspective of classical philosophy of language, the
distinction between syntax, which may be seen as the form of language, and
semantics, which may be seen as the content of language, and the distinction
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between terms, objects and classes of objects (ot situations) that the terms refer
to, and the content of the terms, are important.

Third, the study includes only views assuming the existence of represen-
tations, where an object in one of the three arenas can point to an object in one
of the others. Without this assumption, the mental view in the distinction
mental versus non-mental becomes irrelevant. As above, this does not mean
that I assume an existence of a particular type.

Even though I have tried to not take a stance when it comes to what a
concept is, it may be asked what it indicates about my own view when I claim
that it is necessary to analyse related notions, and how these are related, in order
to analyse the view on comcept in a text. This, I would say, presupposes a view
where concepts have structure, which is also in line with the fact that an
atomistic view on concept is not included in the analysing tool. Further, I divide
connections into hierarchical and non-hierarchical ones, which presupposes a
view where molecular and holistic features may be combined.

4.6.3 Comments on the methodology

Naturally, the study’s theoretical nature has consequences for the methodology.
For example, the configurative literature review has a different role compared
with an aggregative literature review aiming at setting a theoretical background
for an empirical study. The purpose of the current review is not just to map the
field. Rather, the mapping is a step towards the goal, and the final selection of
frameworks can be seen as a subgroup within this map, containing examples of
common frameworks for conceptual understanding in mathematics education.
As a result, the analyses offer examples, rather than a complete description, of
views on concept in the field. That the used methods are not pre-determined, but
developed during the work is a consequence of the configurative approach. The
same can be said about the object and delimitations of the study, which are not
set beforehand, but during the review.

The 3D matrix with its three distinctions has been developed through an
interplay between the philosophical literature review and analyses of texts in
mathematics education. The indicators in turn have been developed through an
interplay between the 3D matrix (Figure 3.13 or 4.3) and the analyses. The
purpose of the indicators is to clarify how the analyses are made and to ensure
that texts from the different frameworks are analysed in similar ways. The

indicators are used as arguments for specific views, where more and clearer
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arguments strengthen a claim that there is a certain view on comcept in a text.
Further, even though the indicators are developed for analysing views on concept,
they can also, as will be seen in the following chapters, be used for analysing
the notions presented in Table 4.2: concept image, conception and schema.
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5 Concept analysis of texts using the
concept image-concept definition
framework

The concept image-concept definition (CICD) framework emerged in a
tradition in mathematics education, in the seventies and early eighties, based on
a belief that if teachers offered correct definitions, the students would more or
less automatically assimilate the concepts. The framework, which was used for
studies of the cognitive structures that students developed, offered an
understanding of the observation that even though the teacher’s definition
could evoke the right associations for some students, others may develop
unintended associations. (Bingolbali & Monaghan, 2008)

In the original version of Vinner and Hershkowitz (1980), the CICD
framework was used for studies of students’ understanding of concepts in
geometry, such as the concepts angle and #rzangle. In this version, concept images
were mental images of geometric figures. Instead, in Tall and Vinner (1981) the
focus is on limits and continuity. In the 1980s and early 1990s, the framework
was used, for example, for studies of how students understand infinitesimals,
differentiation, integration and differential equations. Since then, the
framework has been used by mathematics educators interested in advanced
mathematical thinking (AMT), where the ideas grew in discussions in a group
that met at PME conferences, as well as by those interested in early learners.
Today, it is used for studies of the understanding of concepts in different areas
of mathematics. (Bingolbali & Monaghan, 2008)

Below, I first describe and analyse what I call a basic version of the CICD
framework, CICD", represented by Vinner and Hershkowitz (1980) and Tall
and Vinner (1981), with the help of references to later texts (Tall, 2001; 2004,
Vinner, 1997). Next, two examples showing how the framework has been
developed into contemporary versions are analysed. Semadeni (2008), on the
one hand, combines the original framework with constructivist ideas, in a
version that I call CICD". Bingolbali and Monaghan (2008), on the other hand,
uses the framework in a study focusing on social aspects, in a version that I call

CICD*. In order to refer to the analysed texts in a way that facilitates reading,
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I use abbreviations. In the following, VIHE is short for Vinner and
Hershkowitz (1980), TV is short for Tall and Vinner (1981), SEM is short for
Semadeni (2008), and BIMO is short for Bingolbali and Monaghan (2008). In
the analysis, the intent is not to find a possible or even a reasonable
interpretation, but to interpret the texts from the philosophical perspective
described in Chapters 1 to 4 above. Further, the analysis concentrates on the
content of the texts and not primarily on the intentions of the authors.

As stated in Section 4.5, the notion concept is the main object of the analysis.
However, it is hard to analyse how concept is used without also analysing how it
is presented as relating to other notions. As an example, the notion concept image
and the connections between concept and concept image are important for the
interpretation. Further, the view on concept definition affects the view on concept as
well. Which of these may be analysed with the help of the analysing tool is an
issue that will become apparent further on.

5.1 The CICD" framework

As stated above, two texts using the CICD" framework, VIHE and TV, are
analysed in this section. The analysis starts with examples of explicated and non-
explicated notions, and of hierarchical and non-hierarchical connections, in the
theoretical backgrounds of the texts. The connections described in Section 5.1.1
are the ones that the explications are based upon, not including connections
that are used in other descriptions in the texts. Some of these other connections
are commented on in later sections. Based on the formulations of the
explications, the different notions and connections are presented in concept
maps representing the different frameworks.

Next, the notion concept is analysed with the help of indicators from the
perspectives mental versus non-mental and intersubjective versus subjective.
After this, the notions concept image and concept definition are analysed, before
looking at whether the structure of concepts has molecular or holistic features.
As claimed in Section 3.3.2, there are several views on the structure of concepts,
where concepts can either be seen as elements in a structure, or as structures in
themselves. Consequently, the molecular and holistic features may either apply
to the concepts, or to the relations between them. Here, it may be noted that
concept images are seen as cognitive. Hence, one may ask how concept images
are connected to concepts and what the difference is between concept images
and structures in which mental concepts are embedded. In addition, in Section
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3.3.3, different models for relations between mental and non-mental structures
are described. Mental and non-mental structures do not necessarily have the
same features, and the analysis distinguishes between whether mental structures
have molecular or holistic features, and whether non-mental structures have
these features. The following sections addresses these issues.

5.1.1 Concept maps of the CICD" framework

Below, notions with and without explications in the theoretical backgrounds of
VIHE and TV, and the connections between these notions, atre first described.
Again, a notion without explication may be seen as a basic notion in the sense
of the philosophical perspective described in Section 3.3.1. Similarly, a notion
with explication may be seen as a complex notion. However, it may also be the
case that a notion without explication is seen as a complex one, where the
explication is taken for granted. Further, I distinguish between hierarchical and
non-hierarchical connections. From the explicated and non-explicated notions,
and the connections between them, concept maps are constructed representing
the texts.

5.1.1.1 A concept map of notions in Vinner and Hershkowitz (1980)

The notion concept is not explicated in VIHE. However, as the notions having
explications, mental picture, concept image and concept definition, directly or indirectly
are connected to concept, one can see concept as an important notion in the text.
e The notion mental picture of a concept C is explicated as “the set of all
pictures that have ever been associated with C, in P’s [a person| mind”
(VIHE, p. 177).
o Concept image is explicated as the mental picture together with the set of
properties associated with the concept in a person’s mind (VIHE, p.
177).
o Concept definition 1s explicated as a verbal definition that accurately explains
the concept in a non-circular way (VIHE, p. 177).

In addition to the explicated notions, cognitive structure, formal definition and informal
definition are examples of non-explicated notions in VIHE. Regarding the
described connections, the relations between concept image and mental picture and
between concept image and set of properties, where both the mental picture and the
set of properties are included in the concept image (VIHE, p. 177), are
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hierarchical. Further, there are hierarchical relations between cognitive structure
and concept image and between cognitive structure and concept definition, as concept
images and concept definitions are cells in cognitive structures (VIHE, p. 178).
The connection between concept definition and concept, on the other hand, where
concept definitions explain concepts (VIHE, p. 177), may be seen as non-
hierarchical. The fact that mental pictures and sets of properties ate associated
with concepts may be interpreted as non-hierarchical connections as well.

In Figure 5.1 the explicated and non-explicated notions, and the hierarchical
and non-hierarchical connections, are represented in a concept map, as a way
of describing the conceptual framework in the text.

concept |«

cognitive structure

associated with

explains

set of properties

concept definition

mental picture

[ formal definition ] [ informal definition ]

explicated notion — hierarchical relation
- - —— non-hierarchical connection
non-explicated notion

Figure 5.1 Concept map of Vinner and Hershkowitz (1980)

After analysing the explications of notions in VIHE, a similar analysis can be
made of the notions in TV, offering a way of comparing the two texts.

5.1.1.2 A concept map of notions in Tall and Vinner (1981)

As in VIHE, the notion concept is not explicated in TV. However, here again,
the notions having explications are, directly or indirectly, connected to concept.
e The notion concept image is explicated as “the total cognitive structure that
is associated with the concept, which includes all the mental pictures and
associated properties and processes” (TV, p. 152).
e The notion evoked concept image is explicated as “the portion of the concept
image which is activated at a particular time” (T'V, p. 152).
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e The notion concept definition is explicated as “a form of words used to

specify [a] concept” (TV, p. 152).

Other explicated notions atre personal concept definition, formal concept definition, concept
definition image, potential conflict factor and cognitive conflict factor. Examples of non-
explicated notions are mental picture, property and process. When it comes to
connections, the relations between concept definition and formal concept definition and
between concept definition and personal concept definition are examples of hierarchical
relations, as formal concept definitions and personal concept definitions
obviously are different types of concept definitions (TV, p. 152). There are also
hierarchical relations between concept image and potential conflict factor and between
concept definition and potential conflict factor, as a potential conflict factor is a part of
either a concept image or a concept definition (TV, p. 153). The connection
between concept definition and concept, on the other hand, where concept
definitions specify concepts (TV, p. 152) can be taken as an example of a non-
hierarchical connection.

After interpreting the connections between the notions, this initial analysis
results in a concept map that looks something like the one in Figure 5.2. In this
map, the explicated and non-explicated notions, and the connections between
them, in a sense represent the conceptual framework in TV.

concept

associated with specifies

concept definition

generates
¥

process

concept formal concept
definition definition
image

personal concept
mental picture definition

evoked
concept image

potential
conflict factor

cognitive
conflict factor
explicated notion — hierarchical relation
- - —+ non-hierarchical connection
non-explicated notion

Figure 5.2 Concept map of Tall and Vinner (1981)
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One difference between the concept maps in Figures 5.1 and 5.2 is that the
notions in Figure 5.2 are not mutually exclusive, as a potential conflict factor
may either be a part of the concept image or a part of the concept definition.
Other comments on the analysis are given below.

5.1.1.3 Comments concerning the concept maps

From the above desctiptions and concept maps, one can conclude that concept
image and concept definition are the most connected notions, which justifies more
thorough analyses of these notions. These are to be found below in later
sections. Further, non-explicated notions can be basic notions that are used in
explications of more complex notions. As an example, in VIHE the basic
notion sez of properties is used in the explication of concept image. Similatly, in TV
the basic notions mental picture, property and process are used in the explication of
concept image. Notably, a difference between the explications of concept image in
the two texts is that processes are included in concept images in TV, which is
not the case in VIHE.

It may be asked why the notion concept lacks explication in the texts. Here,
there is a possibility that there was a clear view on comcept in the field of
mathematics education, at the time when the analysed texts were written. In
that case, such a view was perhaps taken for granted, and thus was not
explicated in the texts. However, today it is necessary to be able to read and
interpret the texts without understanding the conceptual context in which the
texts were actually written. That justifies a text analysis based on the actual

content in the written texts.

5.1.2 Views on concept in the CICD" framework:
mental vs non-mental and intersubjective vs
subjective

To understand how these processes occur, both successfully and erroneously,
we must formulate a distinction between the mathematical concepts as
formally defined and the cognitive processes by which they are conceived.
(TV, p. 151)

In the above quote, a dualism is expressed between formally defined concepts
and cognitive processes conceiving them, pointing to a dualism regarding a non-
mental and a mental arena in the framework. This also implies a dualism

concerning a non-mental and a mental view on concept, as will be seen below. As
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noted in Section 5.1.1, the notion concept is not explicated in neither VIHE nor
TV. However, the way in which terms are used suggests that the main view is
non-mental, which may also be seen from the number of formulations pointing
to such a view. In VIHE, examples of such formulations are “learning of
concepts” (VIHE, p. 178) and “the knowledge of [...] concepts” (VIHE, p.
179), both pointing to a view where concepts are separated from the thoughts
of an individual (Indicator [6]*"). In TV, the non-mental view is seen in
formulations such as “[m]any concepts we meet in mathematics” (TV, p. 151),
where concepts are separated from the thoughts of an individual (Indicator [6]),
and in the following quote, where formal mathematics is based on concepts
(Indicator [4]):

mathematics is usually regarded as a subject of great precision in which
concepts can be defined accurately to provide a firm foundation for the
mathematical theory (TV, p. 151)

In addition to this non-mental view, there are also formulations indicating a
mental view. In VIHE, this can be exemplified by the formulation “acquiring
certain type [sicl] of concepts” (VIHE, p. 177) (Indicator [3]), where something
that we acquire is mental. In TV, a mental view may be seen in the quote below,

where concepts can be mentally manipulated (Indicator [2]):

the concept is given a symbol or name which enables it to be communicated
and aids in its mental manipulation. (T'V, p. 151)

Also, in TV (pp. 151, 167), there are two formulations claiming that concepts
can be evoked:

a complex cognitive structure exists in the mind of every individual, yielding
a variety of personal mental images when a concept is evoked. (TV, p. 151)

for a small number [of students| there is an evoked concept of “a single
formula” and for a minority there are other images (T'V, p. 167)

As in other parts of the same text it is segments of the cognitive structure that
are evoked (see the next section), both these formulations may point to a mental
view on concept, where concepts are equated with some kind of cognitive
structures. However, an alternative interpretation of these formulations is that
there is a writing error here, and that ‘concept’ in these formulations should be

41 Numbers of indicators refer to Section 4.4.
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exchanged for ‘concept image’. This may be a more reasonable interpretation,
for which I will argue in Section 5.1.6.

Regardless of how to interpret these formulations, there are both a mental
view and a non-mental view on concep? in the framework. In both these views,
concepts are mostly seen as intersubjective. In VIHE, this is seen in formu-
lations such as “they atre asked to identify the concepts” (VIHE, p. 179) and
“the concept of an altitude” (VIHE, p. 182), both pointing to a view where
there is a unique concept of a certain phenomenon (Indicator [9]). In TV, the
intersubjective view is seen in formulations such as “the concept of complex
number” (TV, p. 154), indicating that there is a unique such concept (Indicator
[9]). It is also seen in the formulation “the mathematical concepts as formally
defined” (TV, p. 151), indicating that concepts are something that are
developed in the community of mathematics (Indicator [8§]).

One of the quotes above may perhaps point to a subjective view on concept
as well, since different students may have different evoked concepts. However,
as noted above, there are two interpretations of this quote. Since there are
several possibilities, I have judged this indication to be a too vague argument
for a subjective view.

To conclude, there are hitherto two views on concept in the CICD’
framework, a non-mental and intersubjective view, and a mental and
intersubjective view. Later, these two views on concept will be analysed from the
petspective molecular versus holistic, to see whether the non-mental and the
mental structure of concepts have molecular or holistic features. First, however,
since the analysis of comcept depends on an analysis of the notions concept image

and concept definition, these notions will be examined in the next sections.

5.1.3 Views on concept image in the CICD’
framework: mental vs non-mental and intersubjective
vs subjective

The notion concept image first appeared in VIHE, even though a similar notion
had occurred earlier, in Vinner (1975), with the name ‘mental image’. As is seen
in Section 5.1.1.1, in this first version, concept image is defined as the set of all
mental images that have ever been associated with a concept in the individual
mind, together with the set of properties associated with the concept (VIHE,
p- 177). This notion is related to concept definition, and the concept image and the
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concept definition are seen as two different cells in the cognitive structure,
shown in a figure in VIHE (p. 178). Figure 5.3 depicts the ideas in that figure*.

cognitive structure A

Iinput .
|

Figure 5.3 Cognitive structure in Vinner and Hershkowitz (1980)

In VIHE, the notion concept image is used in a study of basic geometrical figures,
with mathematical concepts such as right angle and altitude in a triangle, where the
pictures associated with them are essential for the study. In this original version
of the framework, the notion concept image is used only for describing mental
representations of geometric concepts, but is not explicitly restricted to
geometry. (VIHE, pp. 177, 181-182)

InTV (p. 152), concept image is broadened and is defined as the total cognitive
structure associated with a concept, including all mental pictures, and associated
properties and processes. Here, the expression ‘and processes’ seems to shift
the idea from a mental image to a more general mental representation, which
could be used for studies of concepts such as /it and continuity. Note that the
definition of concept image as the total cognitive structure associated with a
concept is not in line with the usage of the terms ‘cognitive structure’ and
‘concept image’ in VIHE. There, the cognitive structure seems to include both
the concept image and the concept definition.

In both VIHE and TV, concept image is explicated as a mental notion, which
also is in line with how the term ‘concept image’ is used. In VIHE, an example

of a mental view is seen in the formulation “76% of the students have a concept

42 The model in Figure 5.3 does not really reflect practice. It is claimed in VIHE (pp. 178-179) that
many definitions do not make sense for the students and the concept definition may be inactive or
may not exist in the cognitive structure.
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image” (VIHE, p. 182), where a concept image is something that is possessed
by the individual (Indicator [2]). In TV, the following quotes indicate a mental

view:

all mental attributes associated with a concept, whether conscious or
unconscious, should be included in the concept image (T'V, p. 152)

the concept definition image that it forms in his cognitive structure may be
very weak (TV, p. 160)

In the first of these quotes, concept images contain mental attributes (Indicator
[1]), and in the second the concept definition image, which is a part of the
concept image, is formed in a cognitive structure (Indicator [3]).

Further, a subjective view on concept image appears in formulations such as
“revealing the concept images of our students” (VIHE, 1980, p. 180), indicating
that students may have different concept images (Indicator [12]), and “an
individual’s concept image” (T'V, p. 153), where an individual has his or her
own concept image (Indicator [11]). Another example is seen in the following
quote, where students may have different concept images (Indicator [12]):

What concept images do students have of continuity when they arrive at
university? (TV, p. 165)

In order to further investigate the distinction intersubjective versus subjective
concerning the notion concept image, one may look at the description in TV of
how concept images develop. It is claimed that concept images are built up
through experiences of different kinds, and that they change as individuals meet
new situations. TV (p. 152) uses the example of subtraction and describes how
a child first meets subtraction as a process involving natural numbers, in tasks
such as 7 — 3. The child could, from these tasks, get the idea that subtraction
always reduces the first term. This idea, which is included in the concept image,
may later cause problems when subtraction is applied to negative numbers; 2 —
(-3) is larger than the first term 2. Hopefully, the concept image will change
when the child learns more about mathematics and uses subtraction for other
sorts of numbers, and later on maybe even for objects such as vectors.

From this description, one can conclude that concept images have
intersubjective features, based on the fact that students may develop similar
images when participating in the same classroom, meeting the same situations.
This implies a mental and subjective view on concept image, which also has

intersubjective features. Further, there is an intersubjectivity in the fact that
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there are concept images that teachers encourage students to develop (Indicator
[10]). This implies a second view on concept image, which is mental and
intersubjective.

Note that a concept image does not need to be coherent and that sensory
impressions may activate different parts of it. An illustration here could be that
the two problems below may be solved using the same calculation, but it is likely
that different parts of the concept image are evoked during the process of
problem solving in each case.

1. Stina wants to buy a book which costs 123 SEK, but she only got 107
SEK in her wallet. She asks her brother Pentti if he could lend her some
money. How much money does she need to borrow from him, in order
to buy the book?

2. Solve the equation
107 + x =123

The different evoked concept images used in the two examples will affect how
the student thinks about and solves the mathematical problems. Note that there
are clear similarities between this view, including evoked concept images, and
Zalta’s (2001, p. 344) view where someone may have different mental
representations at different times, which in turn could be described as different
modes of presentation (see Section 3.2.3.1).

5.1.4 Views on concept definition in the CICD’
framework

With the CICD framework, one may get the impression that concept images
are more important than concept definitions. First, the term ‘concept image’ is
more frequently used than the term ‘concept definition’. Further, according to
VIHE (p. 177), people need concept images in order to understand mathe-
matics, but they do not need concept definitions. In the text, an example
concerns children developing mental concepts of an orange, without a
definition. In addition, even though we are introduced to concept definitions,
we may forget them and the understandings of the definitions may be inactive
in the concept images (VIHE, p. 177).

As seen in Section 5.1.1, the notion concept definition in VIHE (p. 177) is
explicated as a verbal definition that accurately explains the concept in a non-
circular way. One can compare this description with the explication in TV (p.
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152), whetre a concept definition is a verbal expression®, used to specify a
concept. In the latter text, it is claimed that a concept definition may be a formal
definition or a personal reconstruction of a formal definition. As the concept
image varies, the personal definition varies in a similar way. From this
description, it seems as if there are two types of concept definitions in TV, one
intersubjective concept definition and one subjective concept definition. Both
these views appear in the way terms are used in the same text. The
intersubjective view is seen in formulations such as “the correct formal
definition” (T'V, p. 153), which can be compared with an incorrect or wrong
formal definition (TV, p. 163). These formulations point to a view where the
concept definition is developed in a community (by similar arguments to those
given in Indicator [7]). A subjective view, on the other hand, is found in
descriptions of how students’ concept definitions ate classified (TV, pp. 161—
162), pointing to a view where students construct their own concept definitions
(by similar arguments to those given in Indicator [11]).

The division into these two types of concept definitions is not seen in VIHE,
neither in explications nor in how terms are used. Hence, one may see the
notion concept definition in TV as a broadened notion compared with the one in
VIHE, including personal definitions.

From the perspective that a concept definition is a verbal expression, the
claim in VIHE (p. 178) that the concept definition can be seen as a cell in the
cognitive structure, and the figure on the same page (see Figure 5.3), is
problematic. In this description, the concept definition is mental and it may be
asked how something can be an expression at the same time as it is a part of a
mental structure. To further understand this, one may look at how terms are
used in the texts. As the notion concept definition in these texts is explicated as an
expression, the indicators for the distinction mental versus non-mental,
presupposing that the analysed object is the meaning of terms or expressions,
cannot be used. Therefore, I will interpret how terms are used in formulations,
from the perspective of the distinction mental versus non-mental, without the

indicators.

41 find the formulation ‘a form of words’ strange. I have interpreted that as ‘a verbal expression’,
and will use that formulation instead.
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In the usage of ‘concept definition’ in VIHE, there are both formulations
pointing to a view where concept definitions are mental, and formulations
pointing to a view where concept definitions are non-mental*. A mental view
is seen in the formulation “[c]oncept definitions |[...] will remain inactive” (in
the cognitive structure) (VIHE, p. 177), where concept definitions are part of
the mental structure. A view where concept definitions are non-mental can be
seen in the following quote, where something that the individual gives cannot
be mental:

the concept definition might become a “part of the game”. Students are
required to give definitions. (VIHE, p. 178)

As a result, there seems to be two views on concep?t definition in this text, one
mental view and one view where concept definitions are non-mental. Here,
there seems to be a category mistake, since concept definitions are described
both as expressions and as contained in a cognitive structure that form the
meanings of the expressions, at the same time.

With this in mind, it may be studied how terms are used in TV, to see if the
same two views appear in that text. First, one can detect a mental view in the
following quote, where the concept definition is part of the cognitive structure,

in which it may be active or inactive:

the concept definition is largely inactive in the cognitive structure (TV, p.
153)

Further, a view where concept definitions are non-mental appears in formu-

lations where a concept definition is an expression, as in the following:

the concept definition of a mathematical function might be taken to be “a
relation between two sets A and B in which each element in A is related to
precisely one element in B.” (T'V, p. 153)

Furthermore, a non-mental view may be seen in formulations indicating that a
definition can be given (TV, p. 153), or that a definition is something that the
students should have an understanding of (T'V, p. 160), for the same reasons as
in Indicator [6].

4 Note that in a non-mental view on concept, concepts are often considered non-mental meanings of
terms. However, the fact that concept definitions are seen as non-mental does not presuppose that
they are considered meanings of terms. As an example, a view considering concept definitions as
expressions is non-mental.
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Consequently, the same two views on concept definition as are seen in VIHE
appear in TV, one view where concept definitions are mental, and one view
where concept definitions are non-mental. Notably, the category mistake where
expressions and cognitive structures are not distinguished appears in this text
as well, as concept definition is explicated as a verbal expression, but the notion is
also used for parts of the cognitive structure.”

At this point it is appropriate to conclude the descriptions of the notions
concept, concept image and concept definition, from the perspective of the two
distinctions mental versus non-mental and intersubjective versus subjective, in
the CICD" framework. First, thete are two views on concept in the texts, one
non-mental and intersubjective view and one mental and intersubjective view.
Further, thete are two views on concept image as well, one mental and subjective
view, with intersubjective features, and one mental and intersubjective view.
The latter is not very easy to distinguish in the text. Regarding the notion concep?
definition, there seems to be one intersubjective and one subjective view,
connected to the formal concept definition and the personal concept definition
respectively. The nature of these definitions is hard to understand from the
petspective of the philosophy described in Chapters 2 and 3, since expressions
and cognitive structures are not distinguished. Concept definition is explicated as
an expression, but there are indications in the texts of a view where concept
definitions are included in the cognitive structure.

5.1.5 Views on concept and concept image in the
CICD’ framework: molecular vs holistic

When it comes to the distinction molecular versus holistic, the analysis depends
on the distinction between mental and non-mental views on structures of
concepts. Regarding the mental view, there are both formulations pointing
towards a molecular view and formulations pointing towards a holistic view.
One indication of a molecular view in VIHE is seen in the formulation below,

claiming that there are hierarchies in the cognitive structure (Indicator [15]):

4 It may be noted that in the usage of the notion concept definition image it seems as if there is a difference
between language and the cognitive structure, between concept definition and concept definition
image. From that perspective, the formulations in the texts claiming that the concept definition is
part of the cognitive structure, and consequently a part of the concept image as it is explicated as the
total cognitive structure associated with a concept (T'V, p. 152), do not make sense.
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In such a group [of people] we will not find people who know D without
knowing also A, B and C or people who know C without knowing also A and
B and so on (VIHE, p. 182)

In the next quote from TV, the fact that concept definitions may be important
for developing concept images also points to molecular features (Indicator

[14]):

the concept image is intended [in The School Mathematics Project Advanced
Level texts] to lead naturally to the concept definition, but in practice certain
potential conflicts occur which can cause cognitive conflict for those who
later study analysis (TV, p. 155)

Here, it may be asked what students can learn from working with concept
definitions. A natural answer to that would be that definitions of complex
concepts can be built on basic concepts. That is why such formulations are
interpreted as indicating molecular features of concepts. However, even though
formulations describing the cognitive structure are somewhat hard to interpret,
it seems as if these structures have holistic features as well. The fact that
potential conflicts occur is one indication of holistic features, as such conflicts
must appear as a consequence of non-hierarchical connections. As one example
of this, when it is claimed that a child could get the idea that subtraction reduces
the first term (TV, p. 152), there is a non-hierarchical connection between
subtraction and term.

Even the non-mental structure seems to have both molecular and holistic
features. First, a molecular view is seen in formulations claiming that concepts
can be defined, and in formulations claiming the importance of definitions in
formal mathematics (Indicator [13]). Examples of this are:

In formal learning the situation might be different. Here the concept
definition might become a “part of the game”. Students are required to give
definitions. (VIHE, p. 178)

Compared with other fields of human endeavour, mathematics is usually
regarded as a subject of great precision in which concepts can be defined
accurately to provide a firm foundation for the mathematical theory (T'V, p.
151)

Additionally, a holistic view can be seen when it is claimed that not every
concept has a definition (Indicator [18]), as in the following formulation:

For some of our concepts we also have concept definition in addition to the
concept image. For many other concepts we do not. (VIHE, p. 177)
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It seems in the descriptions as if mathematical concepts can be accurately
defined and provide a foundation for mathematical theory. The examples of
concepts that do not have definitions in VIHE (p. 177) ate house and orange,
which are non-mathematical. Here, one has to distinguish between definability
and molecularity. Even in a molecular view, not every concept has a definition,
since there is a distinction between basic and complex concepts. However, in
the quotes above it is claimed that one difference between mathematics and
other subjects is that mathematical concepts can be defined. Thus, one can
argue that the view on mathematical concepts in the CICD? framework is
molecular, but that other types of concepts may have holistic features.

To sum up, there are two views on concept in the framework. The non-mental
view is intersubjective and can be described with a combination of
molecularism and holism, where it can be argued that the view on mathematical
concepts involves the idea that the structure has molecular features. I have
chosen to represent this using two different shades of grey in the left-hand
matrix in Figure 5.4, where the molecular view has a darker shade than the
holistic view. The mental view, on the other hand, is intersubjective and has a
combined molecular-holistic structure. This is represented in the right-hand
matrix in Figure 5.4.

intersubjective intersubjective

i

subjective subjective

- oy,
- E‘ouJ
ar

mental  non-mental

mental  non-mental

Figure 5.4 Views on concept in the CICD° framework

The relation between the structure of mental concepts and the concept image
of a certain concept is not explicit in the text. It is natural to adopt the idea that
the concept image of a certain concept contains other mental concepts, which
have already been developed by the individual. In that case, structures of mental
concepts and concept images must have the same features. Therefore, the two

views on concept image both use a combination of molecularism and holism, like
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the view on the structure of mental concepts. Consequently, the first view is
mental, subjective with intersubjective features, and the conceptual structure
has both molecular and holistic features. The second view is mental,
intersubjective, and the conceptual structure has both molecular and holistic
features. These can be represented as the two matrices in Figure 5.5.

intersubjective intersubjective

subjective subjective

mental  non-mental mental non-mental

Figure 5.5 Views on concept image in the CICDC framework

Since the nature of concept definition is not established, the structure of the
concept definition cannot be analysed. One can argue that if a concept
definition is an expression, then it does not have conceptual structure. It may
have syntactical structure, but that is another issue. If it instead is a part of the
cognitive structure, then it may have a structure. However, I leave this
discussion without making any conclusions, and I do not use the 3D matrix for
representing the findings regarding the notion concept definition.

To sum up, in this section explicated and non-explicated notions in VIHE
and TV, and connections between the notions, are first represented by concept
maps, describing the conceptual frameworks. Next, views on concept and concept
image in the CICD" framework are analysed with the help of indicators. Before
analysing some lines of development of the framework, there are some

comments to be made about the views in this basic version.

5.1.6 Comments on the analysis of the CICD’

framework

To conclude the analysis, there are several notions connected to concept in the
CICD" framework. The notion concept itself is not explicated and the analysis

must therefore rely on the way terms are used. The two notions concep? image and
concept definition have most connections explicated in the analysed texts (see
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Section 5.1.1), which justifies analyses of views on these notions as well. In these
analyses, it is possible to use the indicators for analysing concept image, but not
for concept definition.

As seen above, there are two views on comcept in the texts, one where
concepts are non-mental objects and one where they are mental
representations. Later, Tall (2004, p. 32) declares that the term ‘concept’ has a
dual usage; in some contexts it is used as an abstract, what I call non-mental,
object and in some contexts it is used as a mental representation. This is in line
with the views found in the analysis. Further, the fact that the non-mental view
on the structure of mathematical concepts includes molecular features is later
confirmed by Vinner (1997, p. 105), describing notions, what are here called
concepts, as molecular, since concepts are either basic concepts or defined from
basic concepts:

Every notion is a primary notion or well-defined by means of other primary
or well defined notions. The meaning of the primary notions is determined
by the axioms. (Vinner, 1997, p. 105)

Notably, there are both subjective and intersubjective views on concept image
visible in the framework. Further, it may be concluded that it is not clear what
is meant by ‘cognitive structure’. In Figure 5.3, representing the view in VIHE,
the cognitive structure is something that contains both the concept image and
the concept definition. In the descriptions in TV, on the other hand, the notion
concept image has been broadened, and the concept image is the total cognitive
structure. Here, it can be discussed whether the concept definition is included
in this structure or not. David Tall describes the different meanings given to

‘concept image’ on his website:

Shlomo’s [Vinner] definition was philosophically based and was a thought
experiment to analyse what happens when students focus in different ways
on images and definitions. My perception was more humanly based, so that
where Shlomo talked about ‘the mind’ and thought about it as separate from
‘the brain’ in a cartesian sense, I always thought of the mind as the way the
brain works, so that it is an indivisible part of the structure of the brain.
Shlomo has always written about ‘concept image’ and ‘concept definition’ as
being ‘two distinct cells” which enables him to make subtle analyses of
different ways of employing the two distinct ideas. As the concept definition
is a form of words that can be written or spoken, I regard this as part and
parcel of the total concept image in the mind/brain. (Tall, 2003)
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Consequently, there are two alternative views regarding the nature of and the
connections between concept image and concept definition. In the first alternative,
concept image and concept definition are separated. Such views are seen in the
concept maps in Figures 5.1 and 5.2, based on the explications in VIHE and
TV. Furthermore, such a view is seen in Figure 5.3, where the concept image
and the concept definition are two distinct cells in the cognitive structure. In
the second alternative, the concept definition is seen as a part of the concept
image. In such a view, the concept image may include mental pictures,
associated properties and processes, as well as strings of words and symbols, as
stated in BIMO (p. 20). This implies a denial of the distinctions made in Chapter
2 between a mental and a non-mental arena, between expressions and the
meanings of the expressions, and between internal and external representation.
Here, it may be noted that in TV (p. 152), concept image is not explicated as a
structure including strings of words and symbols, but the view where the
concept definition is included in the concept image appears in the way terms
are used.

Since concept definition is explicated as an expression, concept image in the second
alternative, explicated as a cognitive structure, includes terms and also formal
definitions of a non-mental nature according to the analysis. Since the view on
concept definition is hard to understand, when denying a distinction between
expressions and the meanings of the expressions, the view on concept image in
this alternative becomes similarly hard to interpret.

The two alternatives support the developments of the framework in
different ways. To exemplify, the first alternative is seen in a figure in Tall (2001,
p- 203), representing the relation between concept image and concept definition
in a map of the cognitive development. Figure 5.6 depicts some of the ideas in
that figure:
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Figure 5.6 Concept image and concept definition in Tall (2001)

There are many questions that can be raised about this figure. Here, however, 1
am only interested in the fact that one can see a difference between the mental
concept image and the formal concept definition, where the shape of a cloud
represents a mental conception and the shape of a rectangle represents a
theorem, which I interpret as non-mental.

The second alternative, where the concept definition is included in the
concept image, is seen on the next page (Tall, 2001, p. 204) where it is claimed
that the concept image contains a subpart called formal image, consisting of
what is formally deduced from the axioms. Here, there is a distinction between
formal and informal image, which, according to Tall (2001, p. 204), are both
contained within the same biological brain. In this description, the three arenas
(mental, non-mental and concrete) are combined.

To sum up, in the CICD framework there are two alternative views on the
connections between concept image and concept definition, where in some articles
(such as in VIHE) the concept image and the concept definition are separated,
and in others (such as in Tall (2001)), the concept definition is described as
included in the concept image. A related issue is whether the definition is an
expression, or a part of the cognitive structure. In the descriptions, it seems as
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if the concept definition is both of these. But in that case, there is a category
mistake in the texts, where expressions and the meanings of expressions are
mixed up.

In addition, on some occasions, the most reasonable interpretation of the
text seems to be that there is a writing error. As one such example, one may
again discuss the following quotes:

The identification of x + i0 = (x, 0) as the real number x is a potential conflict
factor in the concept of complex number. (TV, p. 153)

for a small number [of students| there is an evoked concept of “a single
formula” and for a minority there are other images (TV, p. 167)

In both these quotes, the term ‘concept’ should probably be replaced with
‘concept image’, since concepts as they are described in other parts of the text
do not involve conflict factors, and the expression ‘evoked concept’ does not
make sense, regarding that it is parts of concept images that may be evoked.
Since the 1980s, when the framework appeared, the ideas have been further
discussed and developed. One forum for the development has been the
advanced mathematical thinking group (AMT) of PME, which in the late
eighties began to extend cognitive theories to the construction of axiomatic
systems. The framework then grew from discussions in this informal group
(Tall, 2004; BIMO). Two examples of developments of the CICD framework

are presented below.

5.2 The CICD™ framework

In SEM, it is claimed that mathematical thinking presupposes a certain stability
of the concept images. However, it does not rely on concept definitions, and
many students are able to understand proofs without knowing definitions of
the concepts involved. According to the framework, this is because they have
developed deep intuitions. The notion degp intuition is characterised by
someone’s concept image having reached a certain level of development, where
the basic meanings are stable, context-independent and robust, even when the
situations change. With the example of subtraction, the evoked concept image
when working with tasks such as 7 — 3 may be different compared to when
working with tasks such as 2 — (-3). The deep intuition, however, is evoked
during any of these. (SEM, pp. 3, 8-9)
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It is slightly difficult to analyse this framework as a mere development of
the CICD framewortk, as the ideas in the CICD" framework are combined with,
for example, the OS framework, the procept framework and the APOS
framework, analysed in Chapter 6, together with the framework of three worlds
of mathematics (Tall, 2004).* Even so, the analysis below concentrates on ideas
that can be seen solely as a development of the CICD framework.

First, notions connected to concept, which are described as developed around
the idea of concept image, are analysed depending on whether they are
explicated or not, and how the notions connect to each other according to the
explications. As in Section 5.1.1, the connections are divided into hierarchical
and non-hierarchical ones. Based on these descriptions, the different notions
and connections are inserted into a concept map. Second, the notion concept is
analysed from the perspectives mental versus non-mental and intersubjective
versus subjective. Third, the notion concept image is analysed from the same
petspectives. As the notion concept definition is not discussed in SEM in a way
that reveals new information, this notion will be dealt with during the analysis
of concept image. Finally, the notions concept and concept image are discussed from
the point of view of the distinction molecular versus holistic.

5.2.1 Concept map of the CICD" framework

As in the CICD" framework, the notion concept is not explicated in CICD". The
notions that are mentioned below are all connected to the notion concept image,
and directly or indirectly connected to concep?. As stated above, the focus is on
notions that may be seen as included in a developed version of the CICD
framework. I have chosen to not include notions describing concept develop-
ment, which are present in the analysed text, but have an origin in other
frameworks.

e The notion concept image is explicated as “all the cognitive structure in the
individual’s mind that is associated with a given concept” (SEM, p. 4),
with a reference to TV,

e The notion evoked concept image is explicated as “[tlhe part of the concept
image which is activated at a particular time” (SEM, p. 4).

o Deep intuition is explicated as “that part of the concept image of X [a
mathematical concept] which is evoked during any reasoning concerning
X” (SEM, p. 9). It is also claimed that a concept image has reached the

4 As a consequence, the framework in SEM takes a constructivist perspective.
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level of deep intuition if “the basic meaning of X is stable, context-
independent and robust when the context or situation changes” (SEM,

p- 9.

Other explicated notions ate concept definition and formal image, and mental picture,
mental attribute and process are examples of non-explicated notions. Regarding the
connections, the relation between evoked concept image and deep intuition is
hierarchical, as a deep intuition is a part of a concept image that is included in
every evoked concept image (SEM, p. 9). Further, that a concept definition may
be contained in a concept image (SEM, p. 4)*" can be interpreted as a hierar-
chical relation between concept image and concept definition. An example of a non-
hierarchical connection, on the other hand, is the one between deep intuition and
concept definition, as it is claimed that deep intuitions and concept definitions
correspond to each other in typical cases (SEM, p. 3).

After interpreting the connections between the explicated and non-
explicated notions, this initial analysis results in the concept map in Figure 5.7.

®

associated with

specifies

concept image

mental picture
mental attribute

evoked
concept image
deep intuition |

explicated notion —— hierarchical relation
non-explicated notion — non-hierarchical connection

Figure 5.7 Concept map of Semadeni (2008)

concept definition

formal image

may correspond to
each other

47 In the text, the second alternative regarding the relation between concept image and concept
definition is used, where the concept definition is included in the concept image. In SEM (p. 4), it is
expressed that this idea follows Tall, but not Vinner (1991).
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Compared to the concept maps in Figures 5.1 and 5.2, the map in Figure 5.7
involves the idea that a concept image may contain a concept definition and
also a formal image. Here, it may be noted that even though concept definition is
explicated as an expression (literally ‘a form of words’), the explication of concept
image does not involve the idea that it may include words, and one may ask
whether the concept definition should be seen as a mental picture, a mental
attribute or an associated process.

5.2.2 Views on concept in the CICD" framework:
mental vs non-mental and intersubjective vs
subjective

As in the CICD® framewortk, there are both a2 non-mental and a mental view on
concept in the text. A non-mental view is seen in formulations such as “concepts
to be thought about” (SEM, p. 5) and “the concept was known to the students”
(SEM, p. 13), pointing to a view where concepts are separated from individual
thought (Indicator [6]). A mental view, on the other hand, is seen in

formulations pointing to a view where concepts are developed or constructed
by the individual (Indicator [3]):

an abstract concept such as permutation was then constructed by an

individual (SEM, p. 9)

three stages of concept development: znteriorization, condensation and reification

(SEM, p. 5)

The last quote is from a context referring to the OS framework (Sfard, 1991),
which is followed by references to the APOS framework (Asiala et al., 1990)
and to Piaget’s perspective. Further, there are references to the procept
framework (Gray & Tall, 1994) on page 9 in SEM. In these frameworks, a
mental concept development is described and the references point to a mental
view on concept in SEM as well.

Throughout the text, there is an intersubjective view on concept, seen in
formulations such as “the concept of addition of numbers” (SEM, p. 9),
indicating that this concept is unique (Indicator [9]). Further, the following
formulation points to a view where concepts are developed in a community
(Indicator [7]):
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the standard academic presentation, based on set theory, of the concepts of
‘ordered pair’, ‘relation’, ‘function’, ‘sequence’ consists of the following six
steps (SEM, p. 10)

Additionally, a suggested difference between the concept and the concept image
is that the concept image varies, but the concept is context-independent, which
may indicate a Platonic view on coneept, such as the one in Frege (1892/1985;
1892/1951) (SEM, p. 3). As there are no formulations pointing to a subjective
view, there are, from the perspectives mental versus non-mental and
intersubjective versus subjective, two views on concept in the text, one non-

mental and intersubjective view and one mental and intersubjective view.

5.2.3 Views on concept image in the CICD"
framework: mental vs non-mental and intersubjective
vs subjective

As seen in Section 5.2.1, the notion concept image is explicated in SEM (p. 4) as
the cognitive structure associated with a given concept, with a reference to TV.
Further, the concept image contains mental pictures, mental attributes and
associated processes (SEM, p. 4). In that explication, it is clear that the view on
concept image is mental (Indicator [1]), which is confirmed by the way terms are
used. An example is seen in the fact that parts of the concept image can be
evoked (SEM, pp. 4, 12), which, as seen in Section 5.1.2, may point to a mental
view.

In addition, the fact that concept images are subjective is seen in formu-
lations such as “her/his concept image” (SEM, p. 3), indicating that people have
their own concept images (Indicator [12]). There are also intersubjective
features in the view on concept image. This is seen in the following quote, where
it is claimed that it is possible to describe when a concept image has reached
the level of deep intuition:

The concept image reaches the level of deep intuition when the individual
can understand and follow simple Euclidean proofs (SEM, p. 12)

Consequently, what appears from the explication of concept image and the way
terms are used is a view where concept images are mental and subjective, with
intersubjective features. However, as noted in Section 5.2.1, it is claimed that
the concept image includes what is called a formal image (introduced in Tall
(2001, p. 204)), which is the part of the concept image that is formally deduced
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from axioms (SEM, p. 4). In that description, it seems as if the formal image is
of a non-mental nature, and as a result, the mental concept image contains a

non-mental formal subpart*®

. Further, the notion concept definition is explicated
as words used to specify a concept, at the same time as it is claimed that the
concept definition is included in the concept image (SEM, p. 4). Hence, the
mental concept image contains words, which usually are seen as non-mental.
Here, the nature of the concept definitions is somewhat hard to understand,
since they are to be expressions and mental at the same time.

Consequently, concept images, often described as mental, contain non-
mental elements, which makes it hard to understand the nature of the notions
concept image and concept definition. It seems as if expressions and the meanings of
expressions are mixed, and as if mental and non-mental arenas are not
distinguished®.

Further, the notion conception is used in a mental view, in parallel with the
notion concept image. This notion is not explicated, and it is hard to sece the
relation between concept image and conception. However, conception is used both for
describing mental representations of physical objects, and for describing more
general ideas. As an example, in the following quote conception seems to be a

cognitive structure, similar to concept image:

an enbodied object begins with the mental conception of physical objects (SEM,
p- )

An example where the notion is more general, an idea of a topic, can be seen

below:

Stability of meanings is indispensable in mathematical reasoning and is a critical
factor in the conceptions presented in this paper. (SEM, p. 8)

This more general usage of conception is not seen when it comes to concept image.
Consequently, there are two views on conception in the text. In one of these,
conception is similar to concept image. In the other view, conception is seen as a more

general idea.

4 Tall (2001) refers to the logicist ideas of Hilbert, Russell and Frege. Additionally, SEM refers to
empiricism as well, claiming that “[fJor centuries the fact that mathematical knowledge stems from
the senses and experience has been stressed by empirically minded philosophers” (SEM, p. 12).
Consequently, from an epistemological point of view, the framework can be seen as trying to combine
rationalism and empiricism.

4 As in Section 5.1, I do not use the indicators for analysing concept definition.
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5.2.4 Views on concept and concept image in the
CICD" framework: molecular vs holistic

When it comes to the distinction molecular versus holistic, the analysis is
divided into a discussion about the non-mental structure and a discussion about
the mental structure. Regarding the non-mental structure of concepts, a holistic
view is seen in some critical examples as opposed to a definitional approach
(SEM, pp. 10-12) (Indicator [18]). One argument used in the text is that in the
twentieth century, there was no single formal definition of #iangle accepted by
the mathematical community (SEM, p. 12). Instead, it is claimed that there were
different competing definitions. Another argument is that there are loops in
certain collections of definitions (SEM, pp. 10—11). Together, these arguments
form a criticism against a molecular view, and consequently indicate a holistic
view.

Regarding the mental structure, the analysis relies on formulations about
deep intuitions, which are included in concept images. The reason for this is
that concepts and concept images are not discussed as much as deep intuitions.
Further, from the fact that there are mental concepts and the explication of
concept image as the total cognitive structure, one can conclude that mental
concepts are included in concept images. Hence, the structure of the concept
image is the structure in which the mental concepts are included.

First, one may argue that a holistic view is indicated just by the fact that deep

intuitions are to be included in complex structures:

Deep intuitions ate not separable mental objects; they are part of vatious
heterogeneous systems and form intricate webs. (SEM, p. 9)

These deep intuitions include properties derived from relationships with objects
from mathematics, real life, and physics (SEM, p. 9). Such relationships are
holistic in nature as a connection between a mathematical concept and real life
cannot be a hierarchical relation (Indicator [16]). As it is claimed that deep
intuitions are parts of concept images (SEM, p. 3), these formulations about
deep intuitions affect the view on concept image, which in turn affects the view on
concept. Therefore, the view on concept image and the mental view on concept are
holistic as well.

To conclude, both the non-mental and the mental structures are holistic.
However, there may also be molecular features in these structures. The fact that
some concepts must be defined (SEM, p. 8) is an example of molecular features
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in 2 non-mental view. When it comes to a mental view, molecular features can

be seen when it is claimed that some properties imply other properties:

if certain properties of an embodied object of type X and related objects hold,
then other properties follow (SEM, p. 12)

To sum up the analysis, there are two views on concept in the framework, one
non-mental, intersubjective and holistic view, with molecular features, and one
mental, intersubjective and holistic view, with molecular features (Figure 5.8).

intersubjective intersubjective

subjective subjective

mental  non-mental mental non-mental

Figure 5.8 Views on concept in the CICD* framework

Regarding the notion concept image there is, generally speaking, one view where
concept images are mental, subjective with intersubjective features, and holistic
with molecular features (Figure 5.9). In order to judge this view as mental, one
has to ignore the fact that it may contain a formal image of a non-mental nature
and a concept definition defined as a form of words, which complicates the

analysis.

intersubjective

subjective

mental  non-mental

Figure 5.9 View on concept image in the CICD* framework
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5.2.5 Comments on the analysis of the CICD*
framework

In the preceding sections, the notions concept and concept image in the CICD"
framework are analysed. This section contains some comments on the
connections between these notions. From the above descriptions, one can
conclude that there are two alternatives concerning the relation between concept
image and concept. In the first, a concept is not included in a concept image. An
argument for such an interpretation can be found in the fact that concept image is
explicated as all cognitive structure that is associated with a given concept. From
that, it can be concluded that the concept itself is not a part of that structure.
However, one problem with this interpretation is that one can argue that
concepts are part of formal mathematics. This can be seen, for example, in the
formulation “concepts in formal structural theories” (SEM, p. 15). Following
this, a second alternative would be that a concept is included in a formal image,
which in turn is included in a concept image. There are, however, problems also
with this interpretation. Since concept image is explicated as the cognitive structure
associated with a given concept, one may ask how the concept image arises, if
the given concept is included in the concept image.

Here one may end in a regress, where the concept generates a cognitive
structure, which, according to the PO frameworks described in Chapter 6
(referred to in SEM), develops into a concept. This apparent regress, I would
say, is a consequence of not distinguishing between a non-mental and a mental
arena, and a non-mental and a mental view on concep?, where traditionally the
cognitive structure is seen as mental and formal mathematics is seen as non-
mental.

Further, there is a lack of a distinction between terms and the meanings of
terms, which is seen in the formulation “the basic meanings of the concepts
should be stable” (SEM, p. 3). Usually, a concept is seen as a meaning of a term,
and the distinction mental versus non-mental expresses that there are two
interpretations of the nature of that meaning: the meaning is either mental or
non-mental. The formulation ‘the meanings of the concepts’ can then be
interpreted as ‘the meanings of the meanings of the terms’, which may seem a

bit odd.
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5.3 The CICD* framework

Initially, CICD studies of students’ understanding have focused on the
individual mind. However, in BIMO (p. 32) it is claimed that the development
of the individual takes place in a context, where the concept image is influenced
by the context and by the way that individuals position themselves in this
context. In this version of the framework, concept image is used at a group level,
and focus is on how different groups of students, mechanical engineering
students and mathematics students, develop their concept images, based on
teaching practices and department perspectives in their respective discipline.

Unlike the texts analysed in Sections 5.1 and 5.2, the only relevant notion
that is frequently used in BIMO is concept image. The term ‘concept’ appears in
some formulations, which have been used here for analysing the view on concept.
However, the notion concept definition is considered less important, which is
justified by the authors using the fact that they are not purely cognitivist
theorists:

We are less interested in concept definition than we are in concept image in
this article because we are not purely cognitivist theorists, i.e. from our
standpoint factors such as students’ departmental affiliation enter into the
mix that results in students’ concept images. (BIMO, p. 20)

Further, how concepts are structured is not dealt with in the text. Consequently,
the analysis concentrates on the notions concept and concept image, from the
perspective of the distinctions mental versus non-mental and intersubjective
versus subjective. However, the section starts with a description of explicated
and non-explicated notions, and connections between them, with the purpose
of constructing a concept map of the framework.

5.3.1 Concept map of the CICD* framework

As in the other versions of the framework, the notion concept is not explicated,
but is used in the explications of other notions. Below, the notion concept inage
is taken as an example.
o Concept image is explicated as “the total cognitive structure associated with
a concept in an individual’s mind” (BIMO, p. 20). Further, a concept
image “includes mental pictures, associated properties and processes as
well as strings of words and symbols” (BIMO, p. 20).
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Other explicated notions are evoked concept image and concept definition. Mental
picture, property, process, string of words and symbols, and mathematical concept are
examples of non-explicated notions. Regarding the connections, there are
hierarchical relations between concept image and mental picture, property, process, and
string of words and symbols. As the concept definition is a form of words/symbols
(BIMO, p. 20), one may interpret the relation between string of words and synibols
and concept definition as hierarchical as well. An example of a non-hierarchical
connection is the one between concept definition and mathematical concept, whete the
concept definition is used for defining a mathematical concept (BIMO, p. 20).

As in Sections 5.1.1 and 5.2.1, the explicated and non-explicated notions,
and the connections between them, can be represented in a concept map
(Figure 5.10):

concept

mathematical concept

4

<I

associated with

string of words
and symbols

process

mental picture
mental attribute

evoked
concept image

explicated notion —— hierarchical relation

used for defining

concept definition

. X —* non-hierarchical connection
non-explicated notion

Figure 5.10 Concept map of Bingolbali and Monaghan (2008)

From the explications and the concept map, one can conclude that the view
where the concept definition is seen as a part of the concept image has affected
the explications. This is the first textanalysed here, using a version of the CICD
framework, where words and symbols are included in the explication of concept
image. Notably, strings of words and symbols are seen as included in cognitive
structures.
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5.3.2 View on concept in the CICD* framework

As claimed above, the notion concept is not frequently used in BIMO, and the
analysis becomes quite brief. What appears in the formulations is a non-mental
and intersubjective view. A non-mental view is seen in the formulation “make
sense of the concept” (BIMO, p. 34) and in the quote below, showing a view
where concepts are separated from the thoughts of an individual (Indicator [6]):

a questionnaire which sought to elicit student understanding of key
mathematical concepts including the derivative (BIMO, p. 22)

In these formulations, an intersubjective view appears, where students can study
concepts, indicating that there is a unique concept of a certain kind (Indicator
[9]). This is also seen in the formulation “the derivative concept” (BIMO, p. 20)
for a similar reason. Consequently, there is a non-mental and intersubjective

view on concept in the framework, represented in Figure 5.11.

intersubjective

subjective

mental  non-mental
Figure 5.11 View on concept in the CICD* framework

5.3.3 Views on concept image in the CICD*
framework

Again, the notion concept image is explicated in BIMO as the total cognitive
structure associated with a concept, with a reference to TV. The reason for
interpreting the following quote as an explication is that the framework is
explicitly built on the perspective in TV:

Tall and Vinner (1981) describe it as the total cognitive structure associated
with a concept in an individual’s mind. It includes mental pictutes, associated
properties and processes as well as strings of words and symbols. (BIMO, p.
20)
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Here, it may be noted that the expression ‘as well as strings of words and
symbols’ is not present in TV, but this is a formulation seemingly made to fit
the view that concept definitions are included in concept images. Hence,
concept images are mainly mental, but contain non-mental elements, such as
words and symbols.

When it comes to the distinction intersubjective versus subjective, there ate
clear indications of both subjective and intersubjective features. First, a
subjective view appears in formulations such as “it was designed to access
students’ concept image of the derivative over time” (BIMO, p. 27), indicating
that different students have different concept images, and also different concept
images at different times (Indicator [12]). Further, a subjective view is seen
below where students develop different concept images, which can be incorrect
(Indicator [11]):

[The concept image| is a dynamic entity that develops, differentially over
students, through a multitude of experiences. Some of these will, from a
mathematical viewpoint, be incorrect, e.g. squaring a number could be
defined as “multiplying a number by itself” and an associated property of
squaring, grounded in students’ experiences natural numbers, might be
“squaring makes the number bigger”. (BIMO, pp. 20-21)

Second, intersubjective features are shown when it is claimed that concept
images depend on classtoom practice (BIMO, p. 30) and departmental
influences (BIMO, p. 32). The following quote is an example of such a view:

students’ developing concept images and the way they build relationships
with its particular forms are closely related to teaching practices and
departmental perspectives (BIMO, p. 32)

Further, an intersubjective view is found when it is claimed that different groups
of students develop different kinds of concept images. The intersubjective
features are used for studying relations between teaching or departmental
affiliation and concept images that the students develop (BIMO, p. 20). In the
following quote, the concept images of mechanical engineering (ME) students
and of mathematics (M) students are different:

ME students’ concept images of the detivative developed in the direction of

rate of change orientations and M students’ concept images developed in the
direction of tangent orientations. (BIMO, p. 30)
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Consequently, both intersubjective and subjective features are shown in the
framework. In BIMO (p. 21), it is claimed that the original view, where students
develop their different concept images through experiences, is to be seen from
a contextual viewpoint. This can be seen as a greater focus on the
intersubjective features of the concept images, compared with other versions
of the framework. Note that the students are considered at group level, and that
the study in BIMO is aimed at identifying trends in the different groups of
students, even though there is an awareness that individual concept images can
vary in the groups:

We speak of students in general terms in this article, noting trends in patterns

of responses over time but are aware that some individuals do not fit with

this trend and that the developmental paths of individuals providing similar
responses will not be identical. (BIMO, p. 29)

To sum up, the main view on concept image is mental and has both subjective and
intersubjective features. Further, there are signs of an intersubjective view,
where concept images are described at group level. These two views are

represented in Figure 5.12.

intersubjective intersubjective

subjective subjective

mental  non-mental mental  non-mental

Figure 5.12 Views on concept image in the CICD* framework

Consequently, there is one non-mental and intersubjective view on concept and
two mental views on concept image in the CICD* framework. Here it may be
noted that there is a distinction between concepts, which are non-mental, and
concept images, which are mental.

Since concept image is the notion used and discussed in the text, there is no
point in commenting connections between different notions, except for what
is seen in Section 5.3.1. Hence, the comments on the analysis of the CICD*
framework are omitted, and the next section presents some conclusions and a
local discussion of the chapter as a whole.

153



THE CONCEPT CONCEPT IN MATHEMATICS EDUCATION

5.4 Comparisons, conclusions and local
discussion

From 1980, when the CICD framework first appeared, it has developed into
different versions. Below, I make some comparisons between the views on the
notions in the analysed texts and comment on some of the findings.

5.4.1 Views on concept in the CICD framework

First, it may be noted that the notion comcept is not explicated in the analysed
texts, and the reason for this may be asked for. Is concept not considered as a
notion that needs to be theorised, or is the meaning of ‘concept’ taken for
granted? Furthermore, that there are several views on concept in the texts point
to the necessity of cleatly explicating concept. As a starting point for the
comparisons between the views on concept, seen in how terms ate used in the
different versions of the framework, one may again consider the matrices in
Figures 5.4, 5.8 and 5.11 (see Table 5.1).

Table 5.1 Views on concept in the CICD framework

cicp®

intersubjective intersubjective

subjective subjective

mental  non-mental mental  non-mental

cicp*

intersubjective intersubjective

subjective subjective

mental  non-mental

CICD*

intersubjective

subjective

mental  non-mental
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Note that concepts are intersubjective in all these views. Further, in both the
CICD" framework and the CICD" framework, there are two different views on
concept, one non-mental and one mental view. In the CICD* framework, there
is only a non-mental view on concept. Also, there seems to be a shift between the
CICD" framework and the CICD" framework when it comes to whether the
conceptual structure has molecular or holistic features. In VIHE and TV, non-
mental mathematical concepts are considered molecular. In SEM, on the other
hand, there are comments that ate critical of a definitional approach, and a focus
on holistic features.

5.4.2 Views on concept image in the CICD framework

Regarding the notion concept image, there are different explications in the analysed
texts. These are seen in Table 5.2:

Table 5.2 Explications of concept image in the CICD framework

VIHE The concept image is a set of properties together with the
mental picture, which in turn is “the set of all pictures that
have ever been associated with C [a concept], in P’s [a
person] mind” (VIHE, p. 177)

TV The concept image is “the total cognitive structure that is
associated with the concept, which includes all the mental
pictures and associated properties and processes.” (TV, p.
152)

SEM The concept image is “all the cognitive structure in the
individual’s mind that is associated with a given concept”
(SEM, p. 4), with a reference to TV. Further, "[a]ll mental
pictures (pictorial, symbolic, and others), all mental attributes
(conscious or unconscious) and associated processes are
included in the concept image” (SEM, p. 4).

BIMO The concept image is “the total cognitive structure associated
with a concept in an individual’'s mind” (BIMO, p. 20), with a
reference to TV. Further, the concept image “includes mental
pictures, associated properties and processes as well as
strings of words and symbols” (BIMO, p. 20).
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One difference between the explications in VIHE and TV is that concept image
in the latter text is explicated as the total cognitive structure. This is not the case
in VIHE, where the cognitive structure contains two cells, concept image and
concept definition. Further, as suggested in Section 5.1.3, the expression ‘and
processes’ seems to shift the idea from a mental image to a more general mental
representation, including processes. The expression ‘as well as strings of words
and symbols’ also appears in the explication in BIMO, seemingly to fita view
where concept images include concept definitions.

In addition, concept image and concept definition are separated in the concept
maps in Figures 5.1 and 5.2. This may be compared with concept definition being
included in concept image in Figures 5.7 and 5.10. However, that concept definition is
included in concept image in SEM is not seen in the explication of concept image.
Such an explication is found only in BIMO, where the concept image includes
strings of words and symbols. Hence, the explication in this text seems more
coherent, from this perspective, compared with the explication in SEM.

Regarding the views on concept image in the analysed texts, interpreted with
indicators, one can compare them by considering the matrices in Figures 5.5,
5.9 and 5.12. This gives Table 5.3. Notably, concept images are mainly mental
in all these views. This is in line with the explications of concept image as a
cognitive structure. Further, the same shift as with the notion concept can be seen
between the CICD" framework and the CICD" framework, regarding
conceptual structures which are mainly holistic in SEM. It may also be noted
that different versions of the framework focus more or less on subjective and
intersubjective features. In the interpretations, I have found several aspects of
intersubjectivity in the frameworks:

e The first aspect concerns the fact that culturally dependent concept
images may be studied at group level, where students in different groups
develop different structures.

e The second aspect concerns the fact that the teacher and the context
affect individual concept images.

e The third aspect concerns the fact that concept images may be assessed,
and that it is possible to decide when the concept image has reached

different levels of development.
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Table 5.3 Views on concept image in the CICD framework

cicp®

intersubjective

subjective

mental  non-mental

mental

intersubjective

subjective

non-mental

cicp*

intersubjective

subjective

mental  non-mental

CICD*

intersubjective

subjective

mental  non-mental

mental

intersubjective

subjective

non-mental

5.4.3 Mental and non-mental arenas

When considering the view where concept images contain concept definitions,
and also formal mathematics, the problem arises that mental structures contain
elements that are non-mental. From the philosophical background described in
Chapters 2 and 3, this is a category mistake that opposes the distinction between
the three different arenas as well as the distinction between internal and external

representations. It also opposes the distinction between expressions (syntax)

and meanings of expressions (semantics).

It seems as though the alternative of concept image where concept image and
concept definition are separated has been less advocated than the alternative

where concept images include concept definitions. The CICD " framework and

the CICD* framework both advocate the second alternative.>

0 Note that later texts written by Shlomo Vinner have not been analysed.
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One thing to note is that when concept image in BIMO (p. 20) is seen as
including mental pictures, associated properties and processes as well as strings
of words and symbols, a reference is made to TV, where there is another
explication of concept image, not including words and symbols. SEM (p. 4) has
another approach, first explicating comcept image as in TV, without strings of
words and symbols, and then assuming that the concept image may contain the
concept definition, which is not in line with the explication. From this
perspective, the explication in BIMO is more in line with the view on concept
image in the text. However, neither BIMO nor SEM comment on the fact that
the explication should be changed from the one in TV, if concept definitions
are seen as parts of concept images.
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6 Concept analysis of texts using the
process to object frameworks

Stage models of concept development are common in a constructivist approach
to learning. In the PO frameworks, acquiring knowledge consists of the
construction of mental representations, which are used for making sense of
mathematics. The OS framework (Sfard, 1991), the procept framework (Gray
& Tall, 1994) and the APOS framework (Dubinsky, 1991; Asiala et al., 1996)
are three examples, focusing on concepts in arithmetic, algebra and calculus,
called computational concepts. The OS framework is known for the distinction
between operational and structural conceptions. Since it appeared in Sfard
(1991), this distinction has influenced mathematics education and is still
referred to, often in combination with other frameworks analysed in this
chapter. In Gray and Tall (1994), using what may be called the procept
framework, the two fundamentally different ways of thinking usually described
by the terms ‘procedural” and ‘conceptual’ are instead described as ‘procedural’
and ‘proceptual’, where proceptual thinking includes using procedures as well
(Gray & Tall, 1994, p. 125). Further, the APOS framework is built on an
assumption that by analysing concepts theoretically, one can obtain knowledge
of how individuals construct mental knowledge (Dubinsky, 1991, pp. 96).”' The
framework appeared during the 1990s and was used by an informal community
of researchers, Research of Undergradnate Mathematics Education Commmunity (Asiala
etal., 1996, p. 2). The concept analysis in this section concentrates on Dubinsky
(1991), presenting the initial development of the framework, and Asiala et al.
(1996), describing the framework as a whole.

All frameworks analysed in Chapter 6 contain the idea of a cognitive
structure that develops from including the idea of processes to including the
idea of an object that can be used in other processes. Hence, these frameworks
are called process to object frameworks or PO frameworks. As in Chapter 5, 1
use abbreviations when referring to the analysed texts. Thus, in the following,
SF is short for Sfard (1991), GT is short for Gray and Tall (1994), DUB is short
for Dubinsky (1991), and ASI is short for Asiala et al. (1996). In the first section,

51 It takes a stance built on an interpretation of Piaget’s perspective.
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the texts are analysed from the perspective of which notions are explicated and
which are not, and of how these relate to each other. Based on this first analysis,
notions and connections between them are represented in concept maps. Next,
in Section 0.2, views on concept in the frameworks are interpreted with the help
of the indicators. In Section 6.3, the related notions conception and schema are
interpreted similarly. Finally, compatisons between views on concept and views
on conception/ schema are made, and some conclusions from the concept analysis
are discussed.

6.1 Concept maps of the PO frameworks

In this first section, concept maps are constructed for the OS framework in S,
the procept framework in GT, and the APOS framework in DUB and ASI. The
descriptions below concentrate on notions describing cognitive structures, in
the theoretical parts of the texts, together with connections between different
notions. The connections are divided into hierarchical and non-hierarchical.

The latter may be of different types, but are not further categorised.

6.1.1 Concept map of the OS framework

In the OS framework, the notion concept is explicated as “a theoretical construct
within ‘the formal universe of ideal knowledge” (SE, p. 3). Further, the notion
conception is explicated as “the whole cluster of internal representations and
associations evoked by the concept — the concept’s counterpart in the internal,
(SE, p. 3). Other notions explicated in

29>

subjective ‘universe of human knowing
the text are structural conception and operational conception.

In addition, non-explicated notions such as wathematics, mathematical concept,
object, process, algorithm, action, definition and representation appear in the framework
in SF, described under the heading The dual nature of mathematical conceptions. This
list is a selection of the notions used, where I have chosen the ones that seem
to be the most important, in the sense that there are several connections to
other notions shown in the text.

Regarding the connections described in SF, there are hierarchical relations
between mathematics and concept, and between mathematics and conception, as
concepts and conceptions are seen as the building blocks of mathematics (SE,
p- 3). Further, there are hierarchical relations between conception and structural
conception, and between conception and  operational conception, as structural
conceptions and operational conceptions obviously are types of conceptions
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(SE, p. 4). As an example of a non-hierarchical connection, there is a connection
between concept and conception, as a conception is evoked by a concept (SF, p. 3).
After interpreting the connections between the notions, this initial analysis
results in a concept map that looks something like the one in Figure 6.1. In this
map, the explicated and non-explicated notions, and the connections between
the notions, in a sense represent the conceptual framework in SF.

mathematics

evokes

conception concept |«

[ mathematical concept ]
~~tan be conceived

can define

structural conception operational conception }

Fy . = T # =

dcomp.’emenmr}i[

- may represent
may-be interpreted-

seeing concepts sij’fheyreferm o

may represent

seeing concepts as if they refer to

explicated notion — hierarchical relation
non-explicated notion ——» non-hierarchical connection

Figure 6.1 Concept map of Sfard (1991)

From comparing the concept map in Figure 6.1 to the concept maps in Figures
5.1, 5.2, 5.7 and 5.10 describing different versions of the CICD framework, it
may be concluded that this is the first text, and actually the only text analysed
in the study, which contains an explication of concepr. In this explication,
concepts are clearly placed apart from the cognitive structure, as concepts are
theoretical constructs within formal and ideal knowledge (SF, p. 3). However,
it may still be hard to understand the connections between, for example, concept

and mathematical concept, on the one hand, and the notion object, on the other
hand.
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6.1.2 Concept map of the procept framework

In GT, the notion concept is not explicated. Rather, the focus is on the notion
procept, which is explicated in two steps. First, elementary procept is explicated as
“the amalgam of three components: a process that produces a mathematical obyect,
and a gyymbol” (GT, p. 121). Second, procept is explicated as “a collection of
elementary procepts that have the same object” (GT, p. 121). Other explicated
notions in the text are process, procedure, symbol, and proceptual thinking. Non-
explicated notions such as object, thinking, procedural thinking, and conceptual thinking
appear in the framework as well.

Regarding the connections described in GT, there is, for example, a
hierarchical relation between procept and elementary procept, as elementary procepts
are elements in procepts (GT, p. 121). Further, there are hierarchical relations
between elementary procept and process, object, and symbol, as processes, objects, and
symbols are components of elementary procepts (GT, p. 121). The connections
between symbol and process, object, and concept, however, where a symbol can
represent a process, an object or a concept (GT, pp. 119, 121), can be taken as
examples of non-hierarchical connections. After interpreting the connections
between the notions in this manner, the explicated and non-explicated notions,
and the connections between them, may be represented in a concept map
similar to the one in Figure 6.2.

procept thinking

elementary procept

proceptual thinking

= C

combination of

symbol

may represent

procedural thinking conceptual thinking

may be encapsulated
process

(i)

[

for 1mp!eimenrmg may be-encapsulated

¥
explicated notion —_— hierarchical relation

non-explicated notion — non-hierarchical connection

Figure 6.2 Concept map of Gray and Tall (1994)
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Notably, on page 119 in GT, a symbol is described as representing either a
process or an object, and on page 121, it is described as representing either a
process or a concept. In addition, a process is described on page 118 as if it may
be encapsulated into an object, and on page 119 as if it may be encapsulated
into a concept. This raises the question of the difference between concept and
object, and one can argue that these notions are used interchangeably.

It may also be noted that no clear notion used for the cognitive structure
appears in the explications. When reading the whole text, there are several
different notions used for the cognitive structure, such as mwental schema (GT, p.
1106), mental structure (GT, p. 116), conceptual structure (GT, p. 122) and conception
(GT, p. 137). However, none of these notions appear more than occasionally.

6.1.3 Concept maps of the APOS framework

Below, notions with and without explications in the theoretical backgrounds of
the two texts DUB and ASI, and the connections between these notions, atre
first described. Next, a concept map is constructed for each text.

6.1.3.1 Concept map of Dubinsky (1991)

In DUB, the notions concept and mathematical concept are not explicated. Rather,
the notion sehema is explicated as “a more or less coherent collection of objects
and processes” (DUB, p. 101). Further, it is claimed that a schema is not static,
but is a dynamic activity that may be described as a circular feedback system
(DUB, p. 105). Other notions explicated under the heading A #heory of the
development of concepts in advanced mathematical thinking are mathematical fnowledge and
process. Non-explicated notions such as action, object, mental object and physical object
appear in the text as well.

Regarding the connections described in DUB, there are, for example,
hierarchical relations between sehema and object, and between schema and process,
as a schema is a collection of objects and processes (DUB, p. 101). An example
of a non-hierarchical connection, on the other hand, may be the connection of
construction between schema and concept, as concepts are constructed by
coordinating schemas (DUB, p. 99). Also, an interpretation of the fact that
schemas can be generalised to a wider collection of phenomena (DUB, p. 101),

may be that there is a connection between the notion schezza and itself.
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The overall notion of reflective abstraction, involving the notions #nteriorization,
coordination, encapsulation, generalisation, and reversal, deserves a note. In DUB, these
are used for describing the development of cognitive structures, and for
describing how different parts of a cognitive structure connect to each other.
In the current section, I use these notions as connections between other
notions. As will be seen further on when constructing a concept map of ASI,
this approach fits with how notions are used in that text.

Interpreting DUB with a focus on connections between explicated and non-
explicated notions results in a concept map similar to the one in Figure 6.3
below:

[ mathematical knowledge ] kno_w_fedge of

{eoncor]

mathematical concept ]

construction _w[

schema |+

encapsulation

Process |1 coordination
7
reversal

performed on interiorization
action |4

“coordination

[ mental object ] { physical object }

explicated notion — hierarchical relation
non-explicated notion — non-hierarchical connection

Figure 6.3 Concept map of Dubinsky (1991)

When comparing the concept map in Figure 6.3 with the concept maps
describing the other frameworks, there is a difference regarding that in DUB
there is no clear distinction between the view on how the cognitive structure is
built and the view on concept development. Notably, in SF and GT, there is
first a description of the cognitive structure, and next a description of concept
development. However, when interpreting the connections between notions
describing the cognitive structure in DUB, I would say that it is impossible not
to use the notions describing concept development. In this framework, the view
on concept development is partly integrated with the view on cognitive

structures.
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As is seen in Figure 0.3, objects may be mental or physical (DUB, p. 102).
Similarly, it is claimed in DUB (pp. 99, 102) that an action may be mental or
physical, where a mental action is a process. In addition, there seems to be a
distinction between mental processes and other processes, as it is claimed that
“the subject may respond by constructing, in her or his mind, a mental process
relating to the function’s process” (DUB, p. 103). It is unclear how the
distinction between mental and physical objects, between mental and physical
actions, and between mental and other processes should be interpreted. In
DUB, such questions are avoided, which is seen in the formulation “the term
object will refer to a mental or physical object (avoiding any discussion of the
nature of the distinction)” (DUB, p. 102). Even so, the development explained
in DUB is mental. To exemplify, this is seen in the formulation “reflective
abstraction will be the construction of mental objects and of mental actions on
these objects” (DUB, p. 101).

6.1.3.2 Concept map of Asiala et al. (1996)

The framework in ASI is a developed version, compared with the one in DUB,
focusing more on instructional treatments and on gathering and analysing data
(ASI, pp. 3—4). However, below the focus is on Section 3.1 in ASI, with the
heading Theoretical analysis, where the notions can be compared to the notions
above describing the framework in DUB.

First, it may be noted that the notions concept and mathematical concept lack
explications. Further, the notion sehemza has the following explication: “[a]n
individual’s schema is the totality of knowledge which for her or him is
connected (consciously or subconsciously) to a particular mathematical topic”
(ASL, p. 9). Other explicated notions are mathematical knowledge, action, and process.
Non-explicated notions are, among others, object, mental object, physical object,
conception, action conception, process conception, object conception, and action concept.

Regarding the connections between the notions, examples of hierarchical
relations, on the one hand, may be seen between schema and process, object, and
action, as mathematical actions, processes, and objects are included in schemas
(ASI, pp. 5, 8). Examples of non-hierarchical connections, on the other hand,
may be secen between process and object, whetre a process may be encapsulated
into an object, and an object may be de-encapsulated back to the process from
which it was constructed (ASI, p. 8). Notably, in ASI, the different
constructions describing reflective abstraction in DUB do not have explications

and ate not really focused. The concept map in Figure 6.4 represents the
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explicated and non-explicated notions, and the connections between them, as
they are described in ASI.

[ mathematical knowledge ]

an individual’s version of -

{ schema | tan be applied to

[ mathematical concept }

action concept

berformedon interiorizatio

encapsulation

object Process |4 coordination

reversal

action process object
conception conception conception

de-encapsulation

[ mental object } [ physical object ]

explicated notion — hierarchical relation
non-hierarchical connection
non-explicated notion

Figure 6.4 Concept map of Asiala et al. (1996)

From comparing the concept map in Figure 6.4, representing the framework in
ASI, with the concept map in Figure 0.3, representing the framework in DUB,
it can be concluded that they are quite similar. One difference is that in DUB,
there is no hierarchical relation between schema and action. Further, the notion
conception and different types of conceptions are used in ASI. As the notion
conception is not explicated, it is hard to see how sehema and conception are related.
Naturally, one can interpret the connections between the notion conception, on
the one hand, and the notions action conception, process conception and object conception,
on the other hand, as hierarchical, even though these connections are not
explicated. Further, there seem to be non-explicated connections between action
conception and action, between process conception and process, and between object
conception and object.

Finally, the notion action concept is used without explication, in addition to the
notion action conception. It is unclear how the notion action concept fits into the
framework. One alternative is that there are different types of concepts: action
concepts, process concepts, and object concepts. Another possibility is that
there is a writing error here, where ‘action concept’ should be replaced with
‘action conception’.
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6.1.4 Comments on the concept maps

As an overall observation from comparing the concept maps in Figures 6.1, 6.2,
6.3 and 6.4, it seems as though the frameworks aim at explaining different
things. In SF, the concept map describes connections between the cognitive
structure, mathematics and language. In GT, there is a static view on the
cognitive structure, even if there is a description in the text of how this structure
develops. In DUB and ASI, on the other hand, the view on the structure is
intertwined with the view on the development of the structure.

Regarding the notion concept in the different maps, it seems as if the role of
concept in GT is different, compared with those in SF, DUB and ASI. In GT,
concept seems to be similar to a mental object, which is not true of the other
texts. For example, in SF, which is the only text containing an explication of
concept, concepts are theoretical constructs within formal and ideal knowledge
(SE, p. 3).

Notably, object and process are frequently seen as mental in GT, DUB and ASI,
which is not the case in SF. This makes it difficult to compare the notions
conception in SE and schema in DUB and ASI, since these are explicated using
different terms. However, one difference to be noted is that conception is a more
static notion, and that schema is more dynamic.

Regarding the notion procept, the explication does not describe a procept as
a cognitive structure, and it does not seem as if procept is similar to conception or
schema. However, when comparing the concept map in Figure 6.2, describing
the framework in GT, with the concept maps in Figures 6.3 and 6.4, describing
the frameworks in DUB and ASI, it may be noted that one main difference
between procept and schema is that a symbol is included in the procept. This may
be related to the discussion in Chapter 5, concerning whether words and
symbols are included in concept images or not. When comparing the role of
procept in Figure 0.2, representing GT, with the role of concept image in Figure
5.10, representing BIMO, one can see that these seem to be similar. However,
a main difference seems to be that the explication of concept image uses ‘mental
picture’, and that the explication of procept uses ‘object’. Consequently, the
notion procept in GT appears to be similar to concept image in BIMO. In that case,
a procept may be seen as a more developed concept image, where the cognitive
structure presupposes that a symbol may refer to either a process or a concept.
However, procept is not explicated as a cognitive structure, but as an amalgam of

three components, which contradicts such an interpretation.
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After this initial analysis of the PO frameworks, comparing explications in
the analysed texts, the following sections present analyses of concept and of the
notions conception and schema, using the indicators in Section 4.4.

6.2 Views on concept in the PO frameworks

This section presents analyses of views on concept in the PO frameworks. Below,
views in the OS framework are followed by views in the procept framework
and views in the APOS framework. After that, the different views are compared

and commented on.

6.2.1 Views on concept in the OS framework

As is seen in Section 6.1.1, there is a distinction in SE (p. 3) between concept and
the related notion conception, where a concept is presented as a theoretical idea
and a conception is the cognitive structure evoked by the concept. Views on
concept in the framework are intertwined with views on conception, especially when
it comes to the distinction molecular versus holistic. Even so, in this section,
concept is treated as a single notion, and we will return to views on conception in
Section 6.3.1. Below, views on concept are first analysed from the perspective of
the distinctions mental versus non-mental and intersubjective versus subjective,
and next analysed from the perspective of the distinction molecular versus
holistic.

6.2.1.1 The distinctions mental vs non-mental and intersubjective vs subjective

The notion concept is explicated as a mathematical idea that is presented as a
theoretical construct within formal mathematics:

the word “concept” (sometimes replaced by “notion”) will be mentioned
whenever a mathematical idea is concerned in its “official” form - as a
theoretical construct within “the formal universe of ideal knowledge” (SF, p.
3)

This description, referring to formal mathematics, indicates a view considering
concepts as non-mental (Indicator [4]). In the way terms are used, a non-mental
view is confirmed by formulations such as “to think structurally about a
concept” (SE, p. 18) and “a new concept is introduced” (SF, p. 23), where a
concept is distinguished from the thoughts of an individual thinker (Indicator

[6]). To continue, the view on concept is intersubjective since a concept is a
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mathematical idea presented in a, so to speak, official form (SF, p. 3) (Indicator
[9]). The intersubjective view on concept is also seen in formulations such as “the
concept of function” (SF, p. 5), indicating that there is a unique concept function
(Indicator [9]). The following quote is another example. Here, the formulation
‘we can take a look at any mathematical concept’ indicates an intersubjective
view, since a concept is something that we may study together and, hence, agree
upon (Indicator [9]):
If we take a scrutinizing look at any mathematical concept, more often than

not we shall find that it can be defined - thus conceived - both structurally
and operationally. (SF, p. 5)

Together, this points to a view where concepts are non-mental and intet-
subjective. However, the explication of concept and the usage of concept are not
always coherent. In fact, in the article, ‘concept’ is occasionally used to refer to
a mental representation. To exemplify, the text under the heading at page 16
forms a psychological context. Here, terms such as “concept acquisition” (SF,
pp- 17, 21) seem to refer to a view where concepts are mainly seen as mental
representations (Indicator [3]). Other examples of a mental view are seen in the
following quotes:

We shall call these three stages in concept development interiorigation,
condensation and reification, respectively. (SF, p. 18)

At the stage of interiorization a learner gets acquainted with the processes
which will eventually give rise to a new concept (like counting which leads to
natural numbers, subtracting which yields negatives, or algebraic manip-
ulations which turn into functions). (SF, p. 18)

In these quotes, the usage of the terms ‘interiorization’, ‘condensation’ and
‘reification™?, together with the fact that a learner may develop a concept, shows
a mental view on concept (Indicator [3]). The necessity indicated in the quote
above, where algebraic manipulations necessarily turn into functions, points to
an intersubjective view (Indicator [10]). Further, the formulation “the concept
of a circle” (SF p. 10), appearing in a context where concepts are seen as mental
and where the individual develops concepts, indicates that there is a unique

concept ¢rele (Indicator [9]). Hence, the mental view is intersubjective.

52 The cognitive process of forming a concept from a process has variously been called encapsulation,
entification or reification. (Gray & Tall, 1994, p. 3)
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Consequently, we have hitherto seen two views on comeept in SF, a non-
mental and intersubjective view and a mental and intersubjective view. These
views may appear as a consequence of combining a philosophical and a
psychological perspective. As an example, the following quote starts with the
philosophical understanding of concepts, which indicates a non-mental view.
Further, when the sentence forms a psychological context and it is suggested
that concepts emerge from psychological processes, a mental view is indicated.
Hence, in this quote, the non-mental and the mental views appear in the same
sentence.

It seems that the philosophical insight into the nature of mathematical
concepts is what we need in order to understand in depth the psychological
processes in which such concepts emerge. (SE, p. 2)

6.2.1.2 The distinction molecular vs holistic

When it comes to the distinction molecular versus holistic, the analysis is
divided into two parts, considering first the non-mental and then the mental
view. Regarding the non-mental view, the fact that concepts can be defined (SF,
pp- 10-10), points to a molecular view on concept (Indicator [14]). Another
indication of a molecular view is found when the historical development of
mathematics is presented as a hierarchy, where natural numbers are more basic
than reals, which in turn are placed at a lower level than complex numbers (SF,
p. 13) (Indicator [15]).

In conclusion, the non-mental mathematical structure is molecular, and
consequently the non-mental view on concept is intersubjective and molecular.
This is the view represented into the left-hand matrix in Figure 6.6. Since the
text refers to the works of Frege (SF, pp. 4, 15), this may be a static view on
concept that is similar to the one in Frege (1892/1985; 1892/1951), desctibed in
Chapter 3.

Regarding the mental view, a molecular view is indicated in formulations
claiming a hierarchical cognitive structure, such as in the following quotes

(Indicator [15]):

what is conceived purely operationally at one level should be conceived
structurally at a higher level (SF, p. 16)

170



6 CONCEPT ANALYSIS OF TEXTS USING THE PROCESS TO OBJECT FRAMEWORKS

formation of a structural conception means reorganizing the cognitive
schema by adding new layers - by turning sequential aggregates into
hierarchical structures. (SF, p. 28)>

Here, there is a connection between conception and concept, as conceptions include
mental concepts and develop into concepts at a higher level. Consequently, the
structure of the conception and the structure that concepts are embedded in
cannot be distinguished. Figure 6.5, which is strongly inspired by Figure 7 in SF
(p- 27)**, shows a hierarchical view on conceptual structures, where the
development of the structure consists of reorganising it and adding new layers,
indicating molecular features (Indicator [15]). Here, the structure develops from

unstructured to structured, with molecular features.

Structure A Structure B

A
A

Consequently, concepts in a mental view have molecular features. Now, we can

Figure 6.5 Organisations of cognitive structures

summarise the two different views on concept, the non-mental, intersubjective
and molecular one, and the mental, intersubjective and molecular one, in Figure
6.6.5

53 In this quote, the term ’schema’ is used.

5+ In this figure, the term ’schema’ is used for the cognitive structure.

% It is worth mentioning that the word ‘holistic’ is used in the text (SF, p. 7), but not in a way that
indicates a view where concepts have holistic structure. Rather, the formulation “[v]isual
representation is holistic in its nature” (SF, p. 7) means that images preserve various aspects of a
mathematical concept which may be grasped by sight.
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Figure 6.6 Views on concept in the OS framework

One can compare the views on concept resulting from analysing SEF with the help
of the indicators in this section with the concept map in Section 6.1.1. In this
concept map, which emerges from the explications, it is neither seen that
conceptions develop into concepts, nor that the conception includes mental
concepts. This is due to conception being explicated as an internal structure and
concept being explicated as a theoretical construct. The mental view on concep? is
not seen in these explications, but appears in the way terms are used later in the
text.

6.2.2 Views on concept in the procept framework

My analysis of the procept framework is concentrated only on views on concept.
The reason for not analysing the notion procept is that procept is not explicated as
a cognitive structure. A discussion concerning this issue is found in Sections
6.1.4 and 6.3.3. Further, within GT, I have not found evidence for taking a
stance regarding whether the structures of concepts have molecular or holistic
features. Hence, only the distinctions mental versus non-mental and

intersubjective versus subjective are used in the analysis.

6.2.2.1 The distinctions mental vs non-mental and intersubjective vs subjective

As is seen in Section 6.1.2, the notion concept is not explicated in GT*. In the
usage of the term ‘concept’, two different views are shown. Occasionally
‘concept’ is used in a non-mental way. Otherwise it is used in a mental way. In
the formulation “the concepts or basic facts, which they [the individuals| are

50 The notion conceptual entity is explicated as “a cognitive object that can be manipulated as the input
to a mental procedure” (GT, p. 118) (referring to Greeno (1983)). The relation between concept and
conceptual entity is not commented on.
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expected to know” (GT, p. 117) concepts seem to be something that individuals
are expected to have knowledge about, indicating a non-mental view (Indicator
[6]). Further, a non-mental view is visible when the text refers to concepts as a
basis for mathematics:

At the foundation of arithmetic is the concept of number. (GT, p. 118)

By the way in which GT (p. 118) distinguishes between cognition and
mathematics, where mathematics as a field should be considered non-cognitive,
this formulation indicates a non-mental view (Indicator [4]). Also, in this quote,
concepts are intersubjective as there is a unique concept #umber (Indicator [9]).
Hence, the view that appears is both non-mental and intersubjective.

In other parts of GT, a concept is seen as a mental structure:

Symbolism that inherently represents the amalgam of process/concept
ambiguity we call a “procept”. We hypothesize that the successful
mathematical thinker uses a mental structure that is manifest in the ability to
think proceptually. (GT, p. 1106)

In this quote, people use concepts, which are part of mental structures, in
thinking, indicating a mental view (Indicators [1; 2]). Further, references to
Piaget (GT, pp. 118-119) and the usage of the term ‘encapsulation’ (GT, pp.
118, 120, 123, 135-136) indicate a mental view as well (Indicator [3]). Through
communication, the mental meaning of the symbol gets a shared reality and
becomes intersubjective (Indicator [10]):

The word #hree (and its accompanying symbol 3) can be spoken, it can be
heard, it can be written, and it can be read. These forms of communication
allow the symbol to be shared in such a way that it has, or seems to have, its
own shared reality. (GT, p. 122)”

I have interpreted the fact that a symbol may be shared to indicate that a
concept or a process may be shared as well, since symbols represent concepts
or processes. Consequently, there are two separate views on concept in the text,
a mental view and a (not very common) non-mental view. In both cases,

concepts are intersubjective.

57 Regarding this quote, it may be asked what it means for a symbol to be shared. Instead, from my
perspective, it should be the concept that the symbol represents that is shared. This is an example
where the text does not distinguish between symbols and the meanings of symbols.
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When it comes to the conceptual structure, it is claimed that conceptual
knowledge is a connected web that is rich in relationships (GT, p. 117). As an
example, repeated addition becomes multiplication (GT, p. 135), which can be
interpreted to mean that the concept multiplication depends on the concept
addition. In this case, the conceptual structure has molecular features. However,
the text also discusses how hierarchies in mathematics can hinder a student in
their problem solving, and how more able students collapse the hierarchy into
one single level of notions (GT, pp. 135-136). Therefore, I do not see this
discussion as an argument for taking a position concerning the distinction
molecular versus holistic. Hence, using only the distinctions mental versus non-
mental, and intersubjective versus subjective, the views on concept may be
represented in matrices as in Figure 6.7, where the distinction molecular versus
holistic is omitted.

intersubjective intersubjective

subjective subjective

mental  non-mental mental  non-mental

Figure 6.7 Views on concept in the procept framework

The views on concept resulting from analysing GT with the help of the indicators,
in this section, may be compared to the concept map in Section 6.1.2. In the
concept map, concept seems to be similar to object in a mental view. The non-
mental view on concept is not seen in the concept map, but appears in the way
terms are used. This may be compared with the analysis of SF, where the non-
mental view is seen in the concept map, and the mental view is seen in the usage

of terms.
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6.2.3 Views on concept in the APOS framework

When it comes to the APOS framework, the distinction between concept and
schema seems to be similar to the distinction between concept and conception in the
OS framework. As stated in Section 6.1.4, a difference between the frameworks
is that in SF, both object and process seem to be non-mental, but in DUB and ASI,
object and process are mostly seen as mental. Hence, the notions conception in SF
and schema in DUB and ASI are explicated using different terms.

In the description of the development of a schema, one can see that there
are different levels of objects, where an object may be the input for an action
or a process, which in turn can be encapsulated into an object at a higher level.
An example taken from DUB (p. 100) is that multiplication is described as an
addition of additions, and in order to multiply, it is necessary to first encapsulate
the process of addition. Also, when objects and processes have been
constructed, they can be organised into schemas. These schemas may in turn
be treated as objects in higher-level actions and processes, and may be included
in higher-level schemas. As an example, in ASI (p. 8) it is claimed that functions
can be grouped into sets, operations can be introduced on these sets and
properties of the operations, which are now seen as objects, can be explored.
These can then be included in the construction of a schema for a function space.
Consequently, there are actions, processes, objects, and schemas at different
levels, as represented in Figure 6.8. (ASL, pp. 6-8; DUB, pp. 107, 116-117)

action,

process, object,

action; encapsulation

interiorization

process,; object,

actiong

processy

Figure 6.8 Development of cognitive structures

Below, the view on concept is first analysed from the perspective mental versus
non-mental and intersubjective versus subjective, and next from the perspective

molecular versus holistic.
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6.2.3.1 The distinctions mental vs non-mental and intersubjective vs subjective

In DUB and ASI, the notion concept is not explicated. Below, an analysis of how
terms are used in DUB is followed by an analysis of how terms are used in ASI.
In DUB, thete is both a2 mental and a non-mental view. First, a mental view is
seen in the usage of formulations such as “acquire concepts” (DUB, p. 95)
(Indicator [3]). Another example of a mental view is seen in the formulation
“the concept of number is constructed by coordinating the two schemas of
classification” (DUB, p. 99), where the mental view on scheza (see Section 6.3.2)
affects the view on concept (Indicator [1]). Further, the fact that the mental view
is intersubjective is seen in formulations such as “the concept of euclidean [sicl]
ring” (DUB, p. 97), indicating that there is a unique such concept in a context
where concepts are seen as mental (Indicator [9]). Further, it is seen in the
following quote:

One of our goals in elaborating the general theory is to isolate small portions
of this complex structure and give explicit descriptions of possible relations
between schemas. When this is done for a particular concept, we call it a
genetic decomposition of the concept. We should also point out that
although we only give, for each concept, a single genetic decomposition, we are
not claiming that this is the genetic decomposition, valid for all students.
Rather it represents one reasonable way that students might use to construct
a concept. (DUB, p. 102)

Here, it is clear that a concept is intersubjective, since a concept is something
that can be analysed, and the students are supposed to develop the same
concept, even though there are several ways of developing it (Indicator [9]).

In addition to the view where concepts are mental and intersubjective, there
are, in DUB, formulations such as “thoughts about a concept” (DUB, p. 114)
and “a student is presented with concepts” (DUB, p. 117), indicating a second
non-mental view where a concept is separated from the thought of an individual
(Indicator [6]). This non-mental view is seen in the following quote where a
concept is being explained to the student:

To say that the student does not understand could mean that the student has
not and does not construct an appropriate schema for the concept being

explained. (DUB, p. 117)

8 A genetic decomposition is a description of a mathematical topic and how an individual can create
constructions for understanding this topic. (DUB, p. 96)
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In this quote, there is a distinction between the non-mental concept being
explained and the mental schema, which is the cognitive structure that the
student constructs. Further, the non-mental view is intersubjective, since
formulations such as ‘thoughts about a concept’ indicate that there is a unique
concept of a certain phenomenon (Indicator [9]). Hence, there is a dual view
on concept in the text, including both a mental and intersubjective view and a
non-mental and intersubjective view. An example where the two views are
combined can be found in the two sentences below, where the formulation
‘description of any concept’ points to a non-mental view (Indicator [6]) and the
formulation about students ‘constructing the concept’ points to a mental view

(Indicator [3]):

Together these two are enough to obtain a description of any concept but
the result would be far too ex post facto to expect it to have any relation to how
students actually might go about constructing the concept. (DUB, p. 906)

The dual view on concept is cleatly supported by the way terms are used in ASI.
In this usage, a mental view is seen in formulations such as “the concept can
develop in the mind of an individual” (ASI, p. 5) (Indicator [3]). A non-mental
view, on the other hand, is seen in the following quote, where the concept first
is something that may be analysed theoretically, indicating a non-mental view
(Indicator [4]), and then the understanding of the concept can be constructed
by the learner. Note that even this fact indicates a non-mental view, since in a
mental view, it is the concept itself that is constructed and not the
understanding of the concept.

Research begins with a theoretical analysis modeling the epistemology of the
concept in question: what it means to understand the concept and how that
understanding can be constructed by a learner. (ASI, p. 4)

Hence, there are two different views on concept in both DUB and ASI, a mental
and intersubjective view and a non-mental and intersubjective view. The non-
mental concepts and the mental concepts are somehow connected in the
framework, since one can study a non-mental concept theoretically in order to
tind indications for how to plan lessons that allow students to construct mental
concepts. However, the non-mental and the mental concepts may not share the
same features, as it is claimed that the theoretical analysis is not to be seen as a
correct description of how the human mind actually constructs concepts (ASI,

p. 20).
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6.2.3.2 The distinction molecular vs holistic

Since there are several views on concept in the texts, the analysis from the
perspective molecular versus holistic is divided into two parts™. First, the view
on the structure of mental concepts is analysed. Here the mental view on scherza,
which is seen later in Section 0.3.2, affects the mental view on concept, since
mental concepts are included in schemas, which in turn develop into concepts
at a higher level. In the second part, the view on the structure of non-mental
concepts is analysed.

Regarding the mental structure, it is claimed that objects and processes are
interconnected in various ways. The formulation “through composition or in
other ways” (ASI, 1996, p. 8) indicates a view combining a molecular and a
holistic perspective. Here, a molecular view is seen when composition of
processes and objects are described. The following quote can be taken as one
example where such compositional features of both the mental and the non-
mental structure are seen (Indicators [13; 14]):

Both psychologically and mathematically, multiplication is the addition of
additions. (DUB, p. 100)

The fact that it is claimed that there are processes and objects at different levels
(DUB, p. 104) confirms a molecular view, where structures are hierarchical
(Indicator [15]). On the other hand, a holistic view is seen when a mental
schema is described as a circular feedback system. In the description below,
none of the schemas mentioned are more basic than others, which points to a
view with holistic features (Indicator [17]).

For example, there will be a proof schema, which can include a schema for
proof by induction. This latter in turn could include a schema for proposition
valued functions of the positive integers [...]. Hence, there would be a
relation with the schemas for number, for function, and for proposition. On
the other hand, there is a sense in which a proof is an action applied to a
proposition, so that the proof schema might be one of the processes in the
proposition schema. (DUB, p. 102)

Furthermore, it is claimed that ““we cannot expect students to learn mathematics
in the logical order in which it can be laid out” (ASI, p. 9). Hence, it can be
concluded that the mental schema has holistic features. Consequently, the

mental structure has both molecular and holistic features.

% In this section, the views in DUB and ASI are not separated, but are analysed together.
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Above, it was claimed that even though mathematics can be presented in a
logical order, we do not learn mathematics in that way. This may indicate a view
where the non-mental mathematical structure is seen as molecular. Other argu-
ments for such a view are that multiplication is the addition of additions (DUB,
p- 100) (Indicator [14]) and that there are levels in the mathematical structure
(DUB, p. 101) (Indicator [15]), indicating a hierarchical and hence molecular
view. Whether the non-mental structure is completely molecular or whether it
could be described with a combination of molecular and holistic features is not
clearly seen, since it is the mental structure that is discussed and not the
structure of non-mental concepts. Here, the formulation “[cJombining formal
structures is a natural extension of the development of thought” (DUB, p. 99),
and the suggestion that mental and non-mental development are intertwined,
contradicts a view where the cognitive structure and the mathematical structure
have different features. This, in turn, may also indicate a view where the non-
mental structure has both molecular and holistic features. On the other hand,
it is claimed that the theoretical analysis is not to be seen as a correct description
of how the human mind actually constructs concepts (ASIL, p. 20), which
indicates that non-mental and mental concepts may not share the same features.

In summary, there are indications of both molecular and holistic features in
the view on the mental structure, which affects the mental view on concept. When
it comes to the non-mental structure, the picture is not clear. The fact that
mathematics can be laid out in a logical order and that multiplication is the
addition of additions indicate molecular features of the mathematical structure.
To conclude, there are two different views on concept in the texts, a mental and
intersubjective view, with both molecular and holistic features, and a non-
mental and intersubjective view, with at least molecular features. These are
represented in Figure 6.9.

intersubjective  FSCZ7717" intersubjective

subjective < subjective

mental  non-mental

mental  non-mental

Figure 6.9 Views on concept in the APOS framework
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This result may be compared to the concept maps in Figures 6.3 and 6.4,
representing the frameworks in DUB and ASI. In such a comparison, it may be
noted that in the concept map in Figure 6.3, there is both a connection of
knowledge of between mathematical knowledge and concept, pointing to a non-mental
view on concept (Indicator [0]), and a connection of construction between schema
and concept, pointing to a mental view on concept (Indicator [3]).

6.2.4 Comparisons between views on concept

In this section, views on concept in texts using the PO frameworks are analysed.
Below, the different views are compared to each other, and similarities and
differences are discussed. To sum up, in all the frameworks analysed in this
chapter there are two different views on concept, a mental and intersubjective
view and a non-mental and intersubjective view, as represented in Table 6.1. A
difference between the frameworks is how prominent the different views are in
the texts. In SF, the non-mental view is the explicated one, and the mental view
is shown by the way terms are used. In the explications in GT, however, as is
commented on in Section 6.1.4, concept seems to be similar to mental object. In
this text, the non-mental view is shown by the way terms are used. In DUB and
ASI, both views appear in explications of other notions.

Also, the views differ when it comes to whether concepts ate seen as having
molecular or holistic features. The OS framework has views where both the
non-mental and the mental structures have molecular features. In the APOS
framewotk, the mental structure has holistic features as well, in addition to the
molecular structure. In the procept framework, however, it is not clear whether
the structures have molecular or holistic features.
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Table 6.1 Views on concept in the PO frameworks

The OS
framework

- intersubjective

subjective

intersubjective

subjective

The
procept
framework intersubjective

subjective

mental  non-mental

mental

intersubjective

subjective

non-mental

The APOS
framework

intersubjective

subjective

mental  non-mental

mental

non-mental

intersubjective

subjective

6.3 Views on conception, schema, and procept in the

PO frameworks

Three notions seem to be important for interpreting views on concept in the
frameworks. First, the notion conception appears in the OS framework for
describing conceptual structures. Second, the notion schema appears in the
APOS framework and seems to be similar to comception. Third, the notion procept
appears in the procept framework. Below, the two related notions conception and

schema are first analysed, followed by a discussion of the notion procept.
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6.3.1 Views on conception

As is seen in Section 6.1.1, conception in SE is explicated as “the total cluster of
internal representations and associations evoked by the concept” (SF, p. 3).
Further, there are two types of conceptions. If the conception consists of ideas
of a concept as a process, an algorithm or an action, then it is called an
operational conception. If instead it consists of ideas of a concept as an object,
then it is called a structural conception. In the latter case, a conception is a
structure that could be manipulated as a whole. For example, 3/4 could be
either seen as operational (as 3 divided by 4) or structural (as 3 fourths). (SF,
pp- 3-4)

6.3.1.1 The distinctions mental vs non-mental and intersubjective vs subjective

In the explication above, it is clear that the view on conception is mental, since it
contains mental representations (Indicator [1]). The mental view is also seen in
the way terms are used, as in the formulation “the operational conception is,
for most people, the first step in the acquisition of new mathematical notions”
(SE, p. 1), using the term ‘acquisition’ (Indicator [3]). The fact that the term
‘structural conception’ is sometimes replaced with “structural thinking” (SF, p.
4) indicates a mental view as well (Indicator [2]).

In addition, the formulation claiming that a conception is “the concept's
counterpart in the internal, subjective ‘universe of human knowing™ (SF, p. 3)
shows a subjective view on conception. However, when it is claimed that a
structural conception is static or “timeless” (SI, p. 4), with a reference to Frege
(1952/1960), an intersubjective view appears. Here, the interpretation depends
on the view on concept development, including the idea that an operational
conception develops into a structural one. In the beginning, the conception is
unstructured and subjective. As the conception develops towards a mental
intersubjective concept, one can argue that the conception must have
intersubjective features as well. Hence, it develops from a subjective
unstructured  representation  towards an  intersubjective  structured
representation.

In addition to the view on conception described above, there is also a view,
seen in the way terms are used, where conceptions are seen as culturally
dependent. This is the case in the section starting at page 10. The following
quote can be taken as an example where intersubjective conceptions are

described as developing from operational to structural:
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the history of numbers has been presented here as a long chain of transitions
from operational to structural conceptions (SE, p. 14)

In definitions, culturally dependent operational conceptions can be seen as
explicating ideas of computational processes. Similatly, culturally dependent
structural conceptions can, again in definitions, be seen as explicating ideas of

60

objects.”” In the following, this is exemplified with the concepts function and

ratio:

Function can be defined not only as a set of ordered pairs, but also as a certain
computational process (SE, p. 4)

For instance, a ratio of two integers was initially regarded as a short
description of a measuring process rather than as a number. (SF, p. 11)

Consequently, there are several views on conception, in the text. The first one is
an individual, mental and subjective view, involving the idea that conceptions
take on intersubjective features during development. The other one is a
culturally dependent, intersubjective view. From the quotes above, it can be
concluded that the culturally dependent conception is the meaning of a term,
such as ‘function’ or ‘ratio’, as it is explicated in a definition. This meaning can
change through history. Now, it may be asked whether this meaning is a
culturally dependent mental understanding of mathematicians, or if it is a non-
mental linguistic meaning connected to descriptions and definitions. As I
interpret the text, a culturally dependent conception may be either mental or
non-mental. It may be a collective mental understanding of mathematicians, but
when a definition is presented it also acquires a non-mental meaning. Therefore,
there are two culturally dependent, intersubjective, views on conception, a mental
view and a non-mental view. Consequently, there are three views on conception,
a mental and subjective view, a mental and intersubjective view, and a non-

mental and intersubjective view.

6.3.1.2 The distinction molecular vs holistic

When it comes to the distinction molecular versus holistic, the structure of a
conception is the structure that concepts are embedded in: a conception
involves concepts, and develops into a concept at a higher level (SF, pp. 10—
14). Further, to say that a view on concept has molecular features is to say that

% Not only conceptions might be operational or structural. Also definitions and descriptions may be
considered operational or structural (SF, pp. 5, 10).
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the relations between concepts are hierarchical. And to say that a view on
conception has molecular features is to say that the relations within a conception,
between concepts, are hierarchical. Hence, a view on concept and the corre-
sponding view on comception must take the same positions regarding the
distinction molecular versus holistic. Consequently, if the non-mental structure
has molecular or holistic features, this affects both a non-mental view on concept
and a non-mental view on conception. The same holds for mental structures.

As is seen in Section 6.2.1.2, both the non-mental and the mental views on
concept in SF have molecular features. From this it may be concluded that the
three views on conception mentioned above have molecular features as well. A
non-mental molecular view is indicated by the fact that culturally dependent
conceptions are meanings of expressions used in definitions (SF, pp. 10-16)
(Indicator [14]). When it comes to the mental view, a molecular view is seen in
the fact that the development of a conception consists of organising it and
adding new layers into a hierarchical structure (SF, p. 27) (Indicator [15]).

Consequently, the individual conception is mental, develops from subjective
to intersubjective, and develops towards a molecular structure. Further,
culturally dependent conceptions are intersubjective and develop towards
molecular structures. These may be either mental or non-mental. In Figure 6.10,
the initial states are represented with 2D matrices and the final states are
represented with 3D matrices. That the distinction molecular versus holistic is
omitted in the initial states indicates that the conceptions are unstructured. The
arrows symbolise development between the initial and final states.
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Figure 6.10 Views on conception in the OS framework

Here, it may be interesting to compare the results of the current section with
the explication of conception, where a conception is seen as a cluster of internal
representations and associations (S, p. 3). Further, conceptions are explicated
as subjective. Notably, both culturally dependent views, the non-mental one
and the mental one, appear in the way terms are used.
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Additionally, the notion schema is used in SF, besides the notion conception, as
a consequence of that the framework uses cognitive schema theory (SE, p. 1).
That is explicitly seen in Figure 7 in SF (p. 27) (Figure 6.5, this text). However,
the difference between conception and schema is not commented on, which makes
the connections somewhat hard to understand.

6.3.2 Views on schema

Instead of ‘conception’, the term ‘schema’ is used in the APOS framework. The
reason for this may be that the framework takes an explicit stance in Piaget’s
petspective and that terms are chosen based on that background. Below, the
analysis of views on schema in the two texts, DUB and ASI, is presented.

6.3.2.1 The perspectives mental vs non-mental and intersubjective vs subjective

In DUB, as is seen in Section 6.1.3.1, a schema is explicated as “a more or less
coherent collection of objects and processes” (DUB, p. 101). A student
constructs a schema for the non-mental concept being explained, and the
tendency to invoke the schema for understanding or dealing with a problem
situation is the student’s knowledge of the mathematical concept (DUB, pp.
101, 119).

A mental view on schema is seen when it is claimed that a student constructs
a schema (Indicator [3]). Further, formulations such as “the subject’s schemas”
(DUB, p. 100) indicate a subjective view, where the individual has their own
schemas (Indicator [12]). However, the following quote indicates intet-
subjective features as well, since it discusses what a schema should contain
(Indicator [7]). Notably, just the fact that schemas are sometimes named
indicates intersubjectivity.

within a schema for a topological space there should be a schema for the
concept of continuous function and within a vector space schema there

should be a notion of linear function (DUB, p. 106)

In addition to this individual view, there is also a culturally dependent view on
schema, where schemas are included in formal mathematics. In the following
quotes, the objects in the schema of propositional calculus are claimed to be
propositions, which in turn are formed using standard logical operations, which
seems to point to a non-mental view.
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The predicate calculus schema appears to be obtained through a
reconstruction of a schema resulting from coordinating a schema for first
otrder propositional calculus with a function schema [...] According to this
analysis, the objects in the propositional calculus schema are the propositions.
(DUB, p. 112)

the formation of new propositions by the standard logical operations such as
conjunction, disjunction, implication and negation (DUB, p. 112)

In DUB (p. 116), there is a distinction between formal mathematics and
cognitive development, which is seen when it is claimed that the nature of
mathematics and psychology are not similar. A non-mental view on
mathematics can be seen in formulations such as “understanding mathematical
ideas” (DUB, p. 119), where mathematics is separated from the thoughts of an
individual. However, the fact that there is an explicit stance in radical
constructivism in ASI is an argument against such an interpretation, even
though this stance is not explicit in DUB. Further, when it is claimed that “the
result becomes a proposition which is a mental object” (DUB, p. 114), a view
where propositions are mental is indicated, which in turn may indicate that
mathematics as a whole is mental. However, in that case it is difficult to
understand the role of the non-mental concepts in the framework, and I would
say that there is an implicit second view where schemas are non-mental.
Consequently, there are two different views on schemza in DUB: one individual,
mental view with both subjective and intersubjective features, and one culturally
dependent, non-mental and intersubjective view.

In ASI (p. 9), a schema is described as the totality of knowledge that is
connected to a mathematical topic for a student. This is in line with the
individual view in DUB. Further, it is claimed that the meaning of ‘schema’ is
similar to the meaning of ‘schemata’ from Piaget’s perspective, which in turn is
claimed to be similar to the meaning of ‘concept image’ in Tall and Vinner
(1981):

Our use of the term in this paper is close to what Piaget calls schemata in [22)"
where his meaning appears to be in some ways similar to the concept image of

Tall and Vinner [31]” (ASL, p. 7)

1 Reference to Piaget and Garcia (1989)
02 Reference to Tall and Vinner (1981)
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In these descriptions, schema seems to be similar to concept image and conception.
Furthermore, there is an ambiguity where scherza is partly seen as the cognitive
structure that develops, which is seen in the quote above, and is partly seen as
the fourth stage in the development, which is seen in Figure 6.8.

Since sehema in ASI (p. 101) is a collection of objects and processes which
are mental, the view on schema is mental. Further, it is claimed that:

An individual’s schema for a concept includes her or his version of the
concept that is described by the genetic decomposition, as well as other
concepts that are perceived to be linked to the concept in the context of
problem situations. (ASI, p. 8)

Here, a schema has subjective features, since it is the student’s own version of
the concept (Indicator [7]). Hence, the view on schema is both mental and
subjective. However, when the term ‘schema’ is referring to the last stage in the
development, then the notion may have intersubjective features as well. The
fact that schemas contain mental concepts, which are intersubjective, is one
argument for schemas having intersubjective features. Also, an intersubjective
view is seen in the following quote, where there is an indication of some
mathematical schemas being included in others (Indicator [8§]).

The schema can then be included in higher level schemas of mathematical
structures. For example, functions can be formed into sets, operations on
these sets can be introduced, and properties of the operations can be checked.
(ASI, p. 8)

In this quote, it is not really clear whether schemas are mental or non-mental.
However, generally I would say that the view on schema in ASI is mental with
both subjective and intersubjective features.

Comparing the views on sehezza in the two texts may result in the conclusion
that there is a mental view with both subjective and intersubjective features
within the framework. Further, in DUB there is a second view that is
intersubjective and non-mental. In addition, in ASI there are two different
interpretations, where a schema is either a cognitive structure that develops or

the fourth stage in the development of a cognitive structure.
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0.3.2.2 The perspective molecular vs holistic

As with the notion conception, a schema is a structure that contains concepts.
This may be concluded from the suggestion that an individual’s schema is the
totality of knowledge connected to a topic (ASI, p. 9), and that there is a mental
view on concept. If there are mental concepts, these must be included in the total
knowledge of the individual in question, and hence be included in mental
schemas. Further, in 2 non-mental view on schema, schemas include non-mental
concepts. Consequently, the view on concept and the view on schema take the
same position regarding whether the structure has molecular or holistic features.
As is seen in Section 6.2.3.2, the mental structure has both molecular and
holistic features and the non-mental structure has molecular features. A
molecular view, on the one hand, is seen when composition is discussed (DUB,
pp- 100, 103) and when it is claimed that there are processes, objects and
schemas at different levels (DUB, p. 104), indicating a view where schemas are
hierarchical (Indicator [15]). A holistic view, on the other hand, is seen when it
is claimed that no mental schema is more basic than others (DUB, p. 102)
(Indicator [17]). Further, both the mental and the non-mental schemas begin as
unstructured, arising from the experience of actions (ASI, pp. 6-8). During the
development, this experience is organised into structures. In the later stages of
this development, the schemas become structures with features that are
molecular or holistic.

Consequently, there are two different views on schema in the framework, as
is seen in Figure 6.11. The first view is mental, with both subjective and
intersubjective features. In this view, concepts develop from unstructured to
structured, with both molecular and holistic features. The second view is
intersubjective and non-mental. Here, concepts develop from unstructured to
structured, with at least molecular features. This second view appears only in
DUB.
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Individual view on schema

intersubjective intersubjective

subjective subjective

mental  non-mental

mental  non-mental

Culturally dependent view on schema

intersubjective intersubjective

subjective N subjective

mental  non-mental

Figure 6.11 Views on schema in the APOS framework

In addition to schema, the notion concept image is used in DUB (p. 120) for the
cognitive structure. Further, in ASI (pp. 6-8) the notion conception is used for
the cognitive structure that contains ideas of actions, processes, objects or
schemas, in different phases. In this usage, there seems to be an intension to
distinguish between the cognitive structure that develops, the conception, and
the fourth stage in the development, the schema.

190



6 CONCEPT ANALYSIS OF TEXTS USING THE PROCESS TO OBJECT FRAMEWORKS

6.3.3 Views on procept

The notion procept is introduced in GT as it is claimed that professional
mathematicians often use the same symbol to represent both a process and a
concept which is the product of that process (GT, pp. 119-120). As an example,
the symbol ‘3/4” denotes both the process of dividing 3 by 4 and the rational
number that is the product of that division. The role of the procept is to allow
the symbol to evoke either the process of calculating a particular value, or the
concept.

A procept is defined as a collection of elementary procepts having the same
object, where an elementary procept is an amalgam of three components: a
process, an object and a symbol (GT, p. 121). To exemplify, the procept 6
consists of a number of elementary procepts, all having the number 6 as the
object. In this description, the procept contains a concept (or an object®) and
can be seen as a concept (or an object). Further, the procept contains a process
and can be seen as a process.

Here, there are two different interpretations of what a procept is. In the first
interpretation, following the explication literally, a procept is just an amalgam
of three components. In a second interpretation, a procept may be seen as a
developed concept image. An argument for such a view can be seen in Section
0.1.4, where the concept map of BIMO, in Figure 5.10, is compared to the
concept map of GT, in Figure 6.2, pointing out that there are similarities
between the alternative of concept image containing symbols and words, and the
view on procept. However, a main difference is that concept image is explicated as
a cognitive structure, and procept is not. Below, I give some arguments for not
analysing the notion procept with the help of my analysing tool.

The elements of a procept have different characteristics. For example, the
notions concept and symbol are of different kinds. If comcept has the property of
having a structure, §y7zbo/ may not share this property. Here, the concept 3 may
have a structure including relations between different mathematical objects,
such as 7 + 2 = 3 or the number of angles in a triangle is 3. The symbol 3’ does not
have such a structure. Therefore, it may be asked what it means when it is
claimed that a procept, defined as an amalgam of a process, an object and a

symbol, “starts out with a simple structure and grows in interiority” (GT, p.

03 Comparing formulations including the term ‘object’ and formulations including the term ‘concept’
in the text has led to the conclusion that object and concept are similar. An argumentation for this
conclusion is given in Section 6.1.2.
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122). In this quote, no distinction is made between symbols and cognitive
structures, which can be seen as meanings of symbols.

It is some kind of category mistake to combine symbol and concept into one
common notion, and use this notion as though it inherits the nature of the
different elements. Here, the notion procept does not inherit the nature of the
notion concept, as a procept contains a symbol. As a symbol normally is not a
mental or a non-mental meaning of a symbol, it is not possible to use the
indicators for the distinction mental versus non-mental for analysing views on
procept. In addition, as the symbol cannot have conceptual structure, it is not
possible to use the distinction molecular versus holistic. Consequently, the
indicators cannot be used for analysing views on procept.

Naturally, it is possible to reason in a similar way about the notion concept
image, within the alternative where concept images include words and symbols.
However, the difference is that concept image is explicated as a cognitive structure.
Further, in the explications in the CICD’ framework (Vinner & Hershkowitz,
1980; Tall & Vinner, 1981), concept images do not include words and symbols.
This is why I analyse concept image, but not procept, with the help of the indicators.

6.3.4 Comparisons between views on conception and
schema

Note that the frameworks analysed here use at least three different terms for
the cognitive structure: ‘conception’, ‘schema’, and ‘concept image’. In this
thesis, I suppose that the meanings of these terms are similar at a general level.
Further, as shown in Table 6.2, both ‘conception’ in SF and ‘schema’ in DUB
are used with several meanings. A first meaning seems to indicate an individual
view, where the cognitive structure is given subjective features in an initial state.
In this view both conceptions and schemas are mental and develop from being
unstructured to becoming more structured. A difference is that while the
individual view on conception involves the idea that the cognitive structure
develops from subjective to intersubjective, the individual view on schezza has
both subjective and intersubjective features, in both the initial and final state.
Another difference is that while the more developed conception in the OS
framework has molecular features, the more developed schema in the APOS
framework has both molecular and holistic features. A second meaning seems
to indicate a culturally dependent view. In this view, both conceptions and

schemas are non-mental and intersubjective, and develop towards structures
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with molecular features. There is also a third view on conception, which is also
culturally dependent. In this view, conceptions are mental and intersubjective,
and develop towards structures with molecular features.

Table 6.2 Views on conception and schema in the PO frameworks

Conception Schema

Individual

view

mersubjective. [T ntersubjective mtersubjective

—

subjoctive ., &S S subjective subjecne
o :

e e =
Haige
mental  non-mentsl mentsl  nos-mentsl

Culturally
dependent

mental

mtersubjective . ntersubjective

view —_

mental  non-mental

Culturally
dependent
non-

intersubjective mersubjective.

mental

view subjective

subjective

mental  non-meatal

In addition to these views on conception, there are both operational and structural
conceptions in SF. Notably, what is claimed about procepts in GT may be
compared to these two different types of conceptions. It seems as though an
operational conception, according to SEF (pp. 3—4), is similar to what is meant
in GT (p. 7) when a symbol is described as evoking a process. Further a
structural conception, according to SF (pp. 3—4), seems to be similar to what is
meant when a symbol is desctibed as evoking a concept (GT, p. 7). Finally, the
two different views on schema, seen as the cognitive structure or as the fourth
stage of development in the APOS framework, can be compared to conception
and structural conception, in the OS framework.
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6.4 Comparisons, conclusions and local
discussion

In the previous sections, views on the notion concept, on the one hand, and on
conception and schema, on the other, have been analysed, compared and
commented on. In this section, the views on concept are compared to the views
on conception and schema, in order to be able to draw some conclusions. What can
the analyses of views on conception and schema tell about views on concep?? This
comparison is made from the perspective of the analysing tool. Next, the
chapter ends with some comments on how the different arenas are seen in the

frameworks.

6.4.1 Comparisons between views on concept, and
views on conception and schema

Below, the frameworks are first commented on one by one, regarding how
views on concept and views on conception and schema relate to each other. Next, in

Section 6.4.1.4, some general comments regarding the connections are made.

6.4.1.1 The OS framework

We begin the discussion with a comparison between the different views on
conception and concept in S (Figures 6.6 and 6.10), seen in the table below. First,
it may be noted that the matrix representing the more developed individual
conception and the matrix representing the mental view on concept are similar.
Here, the difference between the structural conception and the mental concept
is not evaluated in the text. Further, both the historical development of
mathematics and the cognitive development of the individual are described as
concept formation. From that perspective, it is natural to conclude that the
historical development concerns formation of both mental and non-mental
concepts. The culturally dependent mental conceptions of mathematicians
develop in time into mental concepts, which are the concepts that we in turn
want students to develop. Further, the non-mental meanings seen in the content
of descriptions and definitions develop into non-mental concepts that form the
basis of formal mathematics. The more developed non-mental conception may

then be similar to a concept in a non-mental view. Note that the non-mental
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concept can either be a static timeless object or a non-static culturally dependent
object that changes through history.®*

Table 6.3 Views on conception and concept in the OS framework

View on conception View on concept
Mental
intersubjective e intersubjective intersubjective
subjective -~ =17 S subjective subjective
>,
oy, s
mental non-mental "t ‘mental non-mental
Mental
intersubjective e intersubjective intersubjective
subjective %’\| o subjective subjective
“'hl,n,, . S
™ S S
mental  non-mental S el nonemental
Non-
mental
intersubjective intersubjective intersubjective
subjective b = R subjective subjective
“upy, N -
oy, =S =N ol = =
mental non-mental "stie mental non-mental e mental  non-mental

6.4.1.2 The procept framewortk

In GT, there are two different views on concept, one mental and intersubjective
view, and one non-mental and intersubjective view. As the notion procept is not
explicated as a cognitive structure, I do not compare the views on concept with
views on procept. However, it may again be noted that there are two different
interpretations of procept. In one of these, procepts are amalgams of three
different elements: a process, a concept (or an object), and a symbol. In the
other, a procept may be seen as a more developed concept image. In such an
interpretation, the concept image develops from including the idea of a symbol
as a process, to including the idea of a symbol as dually representing a process
or a concept. However, this interpretation of a procept as a more developed
concept image is not explicitly found in GT.

6 Tt may be noted that there are references to both Frege (1952/1960) and Piaget (1952) within SF,
which may be one cause for the two different views on concept.
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6.4.1.3 The APOS framework

The comments on the APOS framework concern connections between views
on concept and views on schema in the texts. In order to compare the different
notions, the views from Figures 0.9 and 6.11 are inserted into a common table

(Table 6.4).

Table 6.4 Views on schema and concept in the APOS framework

View on schema View on concept
Mental
intersubjective infersubjective intersubjective
subjective n subjective subjective
>
oy -
‘mental non-mental i mental  non-mental
Non-
mental
intersubjective intersubjective intersubjective
subjective y R subjective oy subjective
lecy,, lecy,, ~ .
o — — o ’
mental  non-mental mental  non-

mental  non-mental mental

In the mental view, a schema is regarded as a cognitive structure that starts out
as unstructured. The more developed schema can be compated to the mental
view on concept, which is intersubjective. Here, the fourth stage is also called
schema, which creates ambiguity as there are in fact two different views, one
view whete schema is the cognitive structure that develops and one view where
schema is the fourth stage of development. In the first view, sehema is similat to
conception and concept image. In the second view, I would say that it is hard to see
a difference between a schema and a mental concept. However, if comparing
the matrices in Table 0.4, it seems as if the more developed mental schema has
subjective features, but that the mental view on comcept is intersubjective. The
result of the analysis is a hierarchical view, seen in the helix in Figure 6.8, where
there are objects, processes, schemas and concepts on different levels. In such
a view, a concept may be included in a schema that develops into a concept at
a higher level.

Regarding the non-mental views, the non-mental and intersubjective schema
develops and obtains molecular features. Here, the view on the developed
schema and the view on concept are similar. Again, the question arises regarding
the difference between a more developed schema and a concept.
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6.4.1.4 General comments

It is clear that there is a hierarchical view here, seen explicitly in SF, DUB and
ASI, where a concept is included in a structure, which in turn develops into a
higher-level concept. This is why concepts are included in a conception or a
schema, which in turn develops into a new concept. This holds regardless
whether the development described in the texts is mental or non-mental. A
general comment can be made regarding the mental view on concept. According
to the PO frameworks, mental concepts appear in the development of
conceptions (or schemas) when a conception has reached a certain level. A
similar line of reasoning holds regarding non-mental views on conception (ot
schema) and concept, where non-mental concepts appear in the development of
non-mental conceptions. Here, one can ask whether a concept in fact is a more
developed conception or if it is something else which appears in the develop-
ment.

The analysis in this chapter shows that it is possible to use the analysing tool
in the analysis of conception and schema as well, as these notions are mental or
non-mental, intersubjective or subjective, and as they are structures that may
have molecular or holistic features. Here, a difference between concepts and
conceptions (or schemas) may be that a concept develops from an unstructured
conception. That is why two matrices are used for the views on conception and
schema, one for the initial state and one for the final state. When it comes to the
notion procept, the analysing tool cannot be as easily used, since a procept
contains an element, a symbol, which is not the meaning of a term and hence
cannot have the property of being mental or non-mental. Further, the symbol
does not have a structure in the sense of a structure of concepts.

6.4.2 Mental and non-mental arenas

Within the analyses, concept and conception, ot schema, are described in a mental
context where the individual develops concepts, or where the culturally
dependent mental understanding develops historically, or else in a non-mental
context where mathematics as a system develops historically. This may be what
is meant in SF when it is claimed that two different contexts, a philosophical

context and a psychological context, are combined:
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But up to now, not enough has been done in the direction of unified theory
which would address philosophy and psychology of mathematics
simultaneously, and would take an equal care of mathematical thinking and
of mathematical thought (SF, p. 2)

The different contexts are clearly separated in the text, and transitions between

them are seen in formulations such as:

In the remainder of the present part I shall restrict myself to the preliminary
problem: is the proposed model of concept formation in force also when
individual learning is concerned? (SF, p. 16)

In this quote, there is a shift from a historical to a psychological context.
Simultaneously, there is also a shift between the two views on concepr. However,
the view on concept is not coherent within either the philosophical or the
psychological context. As an example, the formulation “to think structurally
about a concept at hand” (SF, p. 18) points to a non-mental view, where
concepts are separated from the thoughts of an individual (Indicator [7]) in a
context where concepts are mostly seen as mental. Regarding the notion
conception, there may be an awareness in SF of the different views, since it is
claimed that conception has a combined ontological — psychological nature (SE,
p- 8). Even so, the different views on conception are not explicated or commented
on.

Within the APOS framework, the mental concepts and schemas are
discussed within a mental arena, and the non-mental concepts and schemas are
discussed within a non-mental arena. Here, the same notions are used for
describing both the cognitive development and the intellectual development
during history, and similar stages appear within these two developments.
Sometimes, the different arenas make it hard to interpret the notions as they
describe two types of structures, with different types of entities and relations.
Consequently, the notions appear in different versions.
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7 Summary and conclusions

The methodology of the study is presented in Chapters 1 — 4, and Chapters 5
and 6 present concept analyses of the chosen frameworks and texts. In this
chapter, I summarise the results and draw some conclusions. There are three
types of results involved. The first section concerns views on concept, the second
section concerns views on concept image, conception and schema, and the third
section concerns findings of how terms are used in the analysed texts. The

chapter ends with a short summary of the study.

7.1 Views on concept

From the perspective of the analysing tool, it can be concluded that there are
in fact, at an overall level, two common views on concep? in the analysed
frameworks, a non-mental and intersubjective view and a mental and inter-
subjective view. Both views are seen in the CICD' framework, the CICD"
framework, the OS framework, the procept framework, and the APOS
framework. In fact, the only framework involving only one view is the CICD*
framework in Bingolbali and Monaghan (2008).

It is a simplification to say that all non-mental and intersubjective views, or
all mental and intersubjective views, are similar. The non-mental views differ in
a multitude of ways. One difference is whether conceptual structures have
molecular or holistic features. Consequently, ‘non-mental and intersubjective’
and ‘mental and intersubjective’ may be seen as two categories including
different views that are clustered based on the distinctions mental versus non-
mental, and intersubjective versus subjective. Below, the views in these two

categories are compared to each other.

7.1.1 Non-mental and intersubjective views

As a starting point for the comparison of the different non-mental and
intersubjective views, one may regard the matrices describing the non-mental

views in the different frameworks.
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Table 7.1 Non-mental and intersubjective views on concept

cicp®

intersubjective

subjective

mental  non-mental

cicp*

intersubjective

subjective

mental  non-mental

CICD*

intersubjective

subjective

mental  non-mental

The OS
framework

intersubjective

subjective

K

A -
st
mental  non-mental

The

procept —
framework ’

subjective

mental  non-mental

APOS

intersubjective

subjective

mental  non-mental

When comparing the matrices, it may be noted that they differ concerning
whether non-mental structures have molecular or holistic features. In the
procept framework and in the CICD* framework, there is no clear view on
whether the structure is molecular or holistic. In the OS framework and the
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APOS framework, there is a view including that the structure has only
molecular features. In the CICD’ framework, thete is a view including that
mathematical concepts have only molecular features, but other concepts may
have holistic features as well. Finally, the view in the CICD" framework is
unique in the aspect that mathematical concepts have holistic features.

The views above can be compared to the groups of philosophical non-
mental views presented in Section 3.4 (see Figure 7.1). The first group includes
views of some classical philosophers of language, such as Frege (1892/1985;
1892/1951) and Katz (1972/1999), who consider concepts to be non-mental,
intersubjective and molecular. Further, the third group can be represented by
the view in Quine (1960; 1951/1985), whetre concepts are non-mental, intet-
subjective and holistic. Notably, the non-mental views found in the analysis can
be explained based on these two groups. No view considering concepts as non-
mental and subjective has been found in the analysed texts.

intersubjective intersubjective

i

subjective N
N e,
- Uy,

subjective

mental  non-mental

mental  non-mental

Figure 7.1 The 1st and 3rd groups of philosophical views

Further, the analyses have revealed two variants of a non-mental view in
mathematics education. In the first variant, concepts are seen as context
independent and may be included in formal mathematical structures. In the
second variant, concepts are seen as culturally dependent, and may be seen
through language, described in texts and other forms of communication. These
two variants can be described as a static view and a non-static view. A static
view is, for example, seen in Section 5.2.2 where concepts are seen as indepen-
dent of context. Further, a non-static view is seen in Section 6.2.1 where a view
including a historical development of concepts is seen.

Additionally, non-mental views on concept depend on a non-mental view on
mathematics. If building a framework on an empiricist view on mathematics,

then as a consequence concepts become mental. For example, from a radical
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constructivist position, such as the one in Asiala et al. (1996), individuals
construct mathematics in their mind, and hence concepts are considered
mental. Consequently, that there are two views in that text, where one of these

is non-mental, may be seen as an incoherence.

7.1.2 Mental and intersubjective views

A comparison between the mental and intersubjective views may also start with
the different matrices.

Table 7.2 Mental and intersubjective views on concept
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intersubjective

subjective
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As with the non-mental views, the mental views take different positions
regarding whether structures have molecular or holistic features. A framework
that does not take a position is the procept framework. In the OS framework,
there is a view where concepts have molecular features. In the CICD?
framework and in the APOS framework, formulations indicate that concepts
have both molecular and holistic features. Finally, in the CICD" framework
there is an argumentation for a view where all types of concepts have holistic
features.

Further, there are two variants of the mental views, which either desctibe
concepts from the perspective of an individual development from an
unstructured mental idea to a mental concept, or from the perspective of a
development of culturally dependent understandings, shared by several people.

The views above can be compared to the groups of philosophical mental
views presented in Section 3.4 (see Figure 7.2). In the fourth group, we find
views of empiricists such as Jenkins (2008), considering concepts as mental,
intersubjective and molecular. The sixth group includes views which consider
concepts as mental, intersubjective and holistic, such as the one in Carey (2009).
Also, as is seen in Section 3.4, there are combinations of different positions
regarding mental views. For example, the seventh group contains a combination
of molecularism and holism. Here, it may be noted that all these views are found
in the analyses.

intersubjective

Figure 7.2 The 4th, 6th and 7th groups of philosophical views

7.1.3 Comparisons between views on concept

In the above descriptions, both non-mental and mental views are
intersubjective, and no subjective view appears in the analysis. Consequently,
the second and fifth group of philosophical views in Section 3.4 cannot be used
for describing the views in the analysed frameworks. If also taking the
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distinction molecular versus holistic into account, there are different views on
concept 1n different texts, both in texts using the same framework and in texts
using different frameworks.

In some texts, there is a focus on molecular features, and in others, there is
a focus on holistic features. For example, in Sfard (1991) both mental and non-
mental views on concept are molecular, and in Semadeni (2008) both mental and
non-mental views are holistic. In other texts, there is a position where mental
structures and non-mental structures have different features. In some of the
analysed frameworks, there seems to be a view where non-mental structures are
molecular, but mental structures may have holistic features as well. One reason
for this may be that non-mental structures in the analysed texts are often formal
axiomatic systems, including concepts as building blocks. For example, in
Dubinsky (1991) and Asiala et al. (19906), non-mental structures have only
molecular features, and mental structures have both molecular and holistic
features. As another example, in Vinner and Hershkowitz (1980) as well as in
Tall and Vinner (1981) mental structures have both molecular and holistic
features and there are different positions regarding non-mental structures. Here
there is a difference between mathematical and non-mathematical concepts,
where mathematical concepts seem to have solely molecular structure, while
non-mathematical concepts have both molecular and holistic features. Based
on this analysis, mathematical concepts are molecular, meaning that they have
hierarchical structure and that it is possible to define them, but non-
mathematical concepts may have holistic features and it is not always possible
to define them. Furthermore, in Bingolbali and Monaghan (2008) as well as in
Gray and Tall (1994) there are no clear views regarding whether concepts have
molecular or holistic features. The conclusion that can be drawn from the
perspective of the distinction between molecular and holistic views is that there
is no clear position regarding whether conceptual structures have molecular or
holistic features.

7.2 Views on concept image, conception and schema

During the concept analysis, it has been possible to use the analysing tool for
some other notions than the notion concept. These notions can all be regarded
as meanings of expressions. Further, they can be regarded as intersubjective or
subjective, they are related in a structure and may be categorised as molecular
ot holistic. Clear cases of such notions are concept image, conception and schema. In
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the analysis of these notions, all distinctions have been used, considering that
there is a developmental view on conception and schema. In an unstructured phase,
these do not have molecular or holistic features, but these appear in later phases
of the development.

Other notions cannot be analysed with the help of my tool. One such
example is the notion procept which includes a symbol that is not the meaning
of a symbol, but the symbol itself. Hence, the distinction mental versus non-
mental cannot be used. Further, a symbol does not have conceptual structure,
so the distinction molecular versus holistic cannot be used either. The same
holds for the notion comcept definition which can be analysed with neither the
distinction mental versus non-mental nor the distinction molecular versus
holistic. So, if analysing symbol, procept and concept definition, only the distinction
intersubjective versus subjective can be used. To conclude, the tool cannot be
used for analysing symbols, terms, expressions and concept definitions, but just
for analysing entities that are the meanings of these.

The notions concept definition and procept are discussed in Section 7.3 which
presents category mistakes concerning syntax and semantics, between terms
and meanings of terms. In the current section, however, a compatison is made
between the notions concept image, conception and schema. On a supetficial level,
these seem to be used similarly. Below, the notions ate first discussed one by
one and next discussed together, in order to show similarities and differences
between the notions, from the perspective of the analysing tool. The
comparison intends to create a general understanding of views on the cognitive
structure and to see how similar these notions are. Several of the frameworks
have two different views on cognitive structures, one individual view and one
culturally dependent view. Below, the individual views are compared, and so are
the culturally dependent ones.

7.2.1 Views on concept image

As a starting point for the discussion of the notion concept image, the different
views in Table 5.3, which is here called Table 7.3, may again be considered.
First, it may be noted that there are two views in the CICD" framework and in
the CICD* framework, and just one view in the CICD" framework.
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Table 7.3 Views on concept image in the CICD framework

Individual views Culturally dependent views

cicp®

intersubjective intersubjective

subjective subjective

b
iy

mental  non-mental

menial  non-mental

cicp*

intersubjective

subjective

CICD*

intersubjective intersubjective

subjective subjective

mental  nonemental mental  non-mental

Notably, individual views are mental and have subjective features, but may have
intersubjective features as well. Concept images ate subjective in CICD" and in
CICD", and in CICD* they have both subjective and intersubjective features.
Culturally dependent views appear in CICD" and in CICD*. Common for these
frameworks is that concept images are mental and intersubjective.

When it comes to the distinction moleculat versus holistic, in CICD* there
is not enough indications of either a molecular or a holistic view, in CICD"
concept images have both molecular and holistic features, and in CICD" they
have just holistic features. Additionally, there are two variants of concept image,
due to the fact that concept definitions sometimes are considered included in
the concept image. This is further commented on in Section 7.3.

7.2.2 Views on conception

When looking at the notion conception, it may be noted that it appears in the OS
framework, where an unstructured conception develops into a structured one.
Further, it is used in the CICD" framework, the procept framework and the
APOS framework, in parallel with the notions concept image and schema. Below,
the views in the OS framework are inserted into Table 7.4.
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Table 7.4 Views on conception in the OS framework

Individual view Culturally dependent views

mtersubjective mtersubjective intersubjective intersubjective

—

subjective subjective subjective. subjective.

mental  non-mental mental  non-mental € meatal  non-mental

imersubjective T imersubjective:

subjoctive subjoctive.

mental  non-mental

As is seen in this table, the individual conception is mental, develops from
subjective to intersubjective and from unstructured to structured with mole-
cular features. Further, there are two culturally dependent views. In the first
view, the culturally dependent conception is intersubjective and mental, and
develops from unstructured to structured with molecular features. In the
second view, the culturally dependent conception is intersubjective and non-
mental, and develops from unstructured to structured with molecular features.

The claim that conceptions in the beginning are unstructured is a
simplification, since there are levels within the structure. In the development of
conceptions, structural conceptions may be included in conceptions at a higher
level. Consequently, operational conceptions of a higher-level concept may
include structural conceptions of lower-level concepts.

7.2.3 Views on schema

The notion schema appears in the APOS framework, but also in the procept
framework and the OS framework, in parallel to the notion conception. As is seen
in Table 7.5, schemas develop from unstructured to structured in both the
individual and the culturally dependent views found in APOS. In the individual
view, schemas are mental, have both subjective and intersubjective features, and
develop from unstructured to structured with both molecular and holistic
features. In the culturally dependent view, schemas are non-mental and
intersubjective, and develop from unstructured to structured with molecular
features.
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Table 7.5 Views on schema in the APOS framework

Individual view Culturally dependent view

intersubjective intersubjective intersubjective intersubjective

—

subjective. subjective subjective subjective

Mol

KD =
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 hog; o = S
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© mental mental  non-mental

mental  non-mental ‘non-mental mental  non-mental

As with the notion conception, there are levels within schemas and it is a
simplification to say that schemas are unstructured. Here, a schema is both seen
as a structure that develops and as a stage in the development, where schemas
may be included in higher-level structures. With the notion conception, the same
duality does not exist since the term ‘conception’ is not used for one of the
stages. It is only used for the structure that develops.

7.2.4 Comparisons between views on concept image,
conception, and schema, and views on concept

After comparing different views on concept and different views on concept image,
conception, and schema, it may be asked whether there are similarities between
views on cognitive structures and views on concept in the different texts. In this
section, I make some such comparisons of the different frameworks. I compare
views on concept with views on concept image in the CICD framework, views on
concept with views on conception in the OS framework, and views on concept with
views on schema in the APOS framework.

When comparing views on concept image, conception, and schema, described in
Section 7.2, with views on concept, described in Section 7.1, it may be noted that
views on concept image, conception and schema are more often mental, and that they
may have subjective features.

Within the CICD framework, on the one hand, views on concept do not have
obvious connections to views on concept image. First, in the CICD? framework
and the CICD" framework the subjective views on concept image are mental while
the mental views on concept are intersubjective. As there is no description of how
concept images develop into concepts, there is no reason for making
connections of similarity between these views. The intersubjective view on
concept image in the CICD framework, however, is mental with a combined

molecular-holistic structure and may be similar to the mental view on concept.
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Secondly, in the CICD* framework, both views on concept image are mental, and
the view on concept is non-mental. Hence, these are not similar.

Within the PO frameworks, on the other hand, views on more developed
conceptions or schemas seem to be similar to views on cncept. As seen in
Section 6.4.1, the view on the more developed individual conception is similar
to the mental view on concept. The view on the more developed culturally
dependent mental conception is also similar to the mental view on comcept. In
addition, the view on the more developed culturally dependent non-mental
conception is similar to the non-mental view on concept. An analogous result is
found when comparing the view on the more developed mental schema with
the mental view on concept. These seem to be similar, even though the more
developed mental schema has subjective features and the mental view on concept
involves the idea that concepts are intersubjective. Finally, the view on the more
developed non-mental schema seems to be similar to the non-mental view on
concept. To conclude, in the PO frameworks it is hard to see a difference between
a more developed conception or schema and a concept. Here, I would say that
the ideas of development within these frameworks have consequences, as
concepts ecither are seen as more developed cognitive structutes or as
constructed in the development of cognitive structures.

7.2.5 Comparisons between views on concept imagse,
conception and schema

From the analyses, it may be noted that the notions concept inage, conception, and
schema are often used in parallel®. It is relevant to ask in what aspects these
notions are similar. Below, I make some comparisons.

When comparing views on conception seen in Table 7.4 with views on concept
image, seen in Table 7.3, it may be noted that concept images are mainly mental
in all views; there is no non-mental view on concept image. However, there is both
an individual and a culturally dependent view, which may be compared to the
two mental views on comception. In addition, in the CICD" framework concept
images have holistic features, which is not the case for any view on conception.

When comparing views on scheza, seen in Table 7.5, with views on conception,
seen in Table 7.4, the individual view on schema may be compared to the

individual view on conception. A difference is that the individual view on schera

% These notions may perhaps be similar to the notions cognition, individual concept and image, which are
used in the philosophy presented in Chapter 3.
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includes the idea that schemas have holistic features, besides the molecular
ones. Another difference is that in the individual view on schemza, both the initial
and the final state of the schema includes both subjective and intersubjective
features. In addition, the culturally dependent view on schesa, which is non-
mental, is similar to the non-mental culturally dependent view on conception.

In Asiala et al. (1996, p. 7), it is claimed that schema is similar to concept image.
However, when comparing the views in Table 7.3 and Table 7.5, it can be
concluded that a difference is that there is a developmental view on schema,
where schemas develop from unstructured to structured. Further, in the
concept maps in Section 6.1, a difference seems to be that the view on concept
development is integrated with the views on schema, which is not the case with
the views on concept image presented in Chapter 5, or with the views on conception.

If we generalise the findings, there are three different views on the cognitive
structure:

1. The individual view is mental and subjective, but may have
intersubjective features as well. In this view, the cognitive structure may
be seen as an individual’s understanding of a mathematical content.

2. The first culturally dependent view is mental and intersubjective. In this
view, the cognitive structure may be seen as a culturally dependent
mental understanding.

3. The second culturally dependent view is non-mental and intersubjective.
In this view, the cognitive structure may be seen as a non-mental
understanding, to be found in descriptions, definitions and formal

mathematics.

However, a main difference between the CICD framework and the PO
frameworks is that in the PO frameworks conceptions or schemas, which
include mental concepts, develop into higher-level concepts. In this develop-
ment, conceptions and schemas develop from unstructured to structured.
Further, in the PO frameworks, there are non-mental views on the cognitive
structure, which is not the case with the CICD framework. The analysed
frameworks also have different ideas on whether cognitive structures have
molecular or holistic features. Finally, as seen in Section 7.2.4, there is a clearer
difference between cognitive structures and concepts in the CICD frameworks
than in the PO frameworks. In the PO frameworks, it is hard to see a difference

between a more developed conception or schema, and a mental concept.
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The notions concept image and schema seem to be more theory-impregnated
than conception. Further, from the perspective that both the OS framework and
the APOS framework is based on cognitive schema theory, conception and schema
seem to be more similar to each other than any of them to the notion concept
image. However, the term ‘schema’ is clearly used in a Piagetian tradition and
‘conception’ is used in a more classical philosophical way, distinguishing
between ‘concept’ and ‘conception’ with references to Frege (1952/1960).
Here, a disadvantage with using conception is that this notion is used with many
different meanings, and often in a vague everyday meaning, in mathematics
education. For example, in Section 5.2.3 it is seen that conception is used both for
describing mental representations of physical objects, and for describing more
general ideas, in the CICD " framework. Additionally, I would say that the usage
of the term ’concept image’ may give the reader an idea of a view on mental
representation seen as mental images (see Section 3.1.2.1), through the word
‘image’. Initially, when concept images were introduced as mental images of
basic geometrical concepts, such an idea would perhaps be appropriate.
However, it is not in line with the view where processes are included in the

concept image.

7.3 Usage of language

In Section 1.1, I claimed that it is important to seck coherence in the field of
mathematics education. A type of incoherence is when a single term is used
with different meanings or allowing for different interpretations. This appears
when a term has different meanings in different texts, but also when a term has
different meanings within a single text. In this section, I collect findings of how
terms are used in the analysed frameworks, which eventually may hinder an
understanding of the notions referred to.

An underlying assumption for the concept analysis is that there are three
different arenas: 2 mental arena, 2 non-mental arena, and a concrete arena. The
mental and the non-mental arenas are in the current study used for describing
two types of concepts, which both may be seen as meanings of expressions. In
Section 7.3.1, I discuss formulations where these different arenas are not
distinguished, together with formulations where the distinction between syntax
and semantics is not respected. These formulations may be seen as examples of
category mistakes. That we use different notions for the same phenomenon
may, on the one hand, not be a problem of incoherence, but may, on the other
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hand, blur the meanings of terms. This is discussed in Section 7.3.2. Section
7.3.3 presents findings of how different views atre scen in the texts, if they are
shown in explications or in the way terms are used. Finally, I describe how the
indicators may be used for ensuring that there is but one single view on concep?
within a text, from the perspective of the distinctions in the analysing tool.
Thereby, one can avoid mixing views.

7.3.1 Category mistakes

From the analysis, it may not only be concluded that there are several views
present in the frameworks. The different views are also combined, which has
consequences for how the reader may understand the notions involved. This
appears when some formulations become incomprehensible by the fact that
two different views on the same notion are found in the same paragraph, or
even in a single sentence. This is for example seen when a formulation using
‘thinking about a concept’ is followed by a formulation claiming that a concept
is a mental entity. Another example is seen in the quote below, discussed in
Section 6.2.1, where concepts in a non-mental view is indicated from the
perspective of a philosophical understanding of concepts, and concepts in a
mental view is indicated from a perspective where concepts emerge from

psychological processes:

It seems that the philosophical insight into the nature of mathematical
concepts is what we need in order to understand in depth the psychological
processes in which such concepts emerge. (Sfard, 1991, p. 2)

Further, elements of different nature are sometimes combined. An example
from the analysis is the construction of the notion procept which includes both
a symbol and a concept. Regardless whether a concept is seen as mental or as
non-mental, the symbol and the concept live on different arenas. Here, it is hard
to point out properties of the notion procept. Procepts do not have conceptual
structures, as symbols do not have structures. Further, the notion procept does
not inherit properties from the notion symbol that are not shared by the notions
concept and process. The two different variants of concept image, in the CICD
framework, can be taken as another example. In one of these, concept
definitions are included in cognitive structures, which gives definitions mental
nature. When definitions are both expressions and mental at the same time the

view becomes hatrd to understand.
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The construction of the notion procept and the variant of concept image where
concept definitions are included in cognitive structures may be interpreted as if
the distinction between syntax and semantics is not respected. Another example
is seen when it is claimed in Gray and Tall (1994, p. 122) that a symbol starts
out with a simple structure that later links both procedural and conceptual
aspects, when a symbol cannot have such a structure. A third example not
distinguishing between expressions and meanings of expressions is the
formulation “the basic meanings of the concepts should be stable” (Semadeni,
2008, p. 3). In this context, concepts are meanings of terms and ‘meanings of
concepts’ becomes incomprehensible.

In addition, from the analyses it can be concluded that notions sometimes
are mixed up. This may be seen when the difference between concept and
conception is not respected, when conception is used instead of concept, and vice
versa. An example of that may be when both ‘an action concept’ and ‘an action
conception’ is used in Asiala et al. (1996, p. 7). Here, one may perhaps interpret
‘an action concept’ as a simple writing error, since at the action stage of the
development the cognitive structure has not yet developed into a concept.
Another example is seen when it is claimed that concepts contain conflict
factors instead of that concept images contain conflict factors (Tall & Vinner,
1981, p. 153) and when the term ‘evoked concept’ is used instead of ‘evoked
concept image’ (Tall & Vinner, 1981, p. 16). Here, the term ‘evoked concept’
should probably be replaced with ‘evoked concept image’, for which I have
argued in Section 5.1.6.

A consequence of these category mistakes is that the different notions
become hard to interpret and to understand. This affects the understanding of
the frameworks, since it becomes unclear what the frameworks actually
describe. Consequently, such mistakes appearing in the analysis is an essential
part of the result.

7.3.2 Usage of different notions for the same
phenomenon

As discussed above, it may be asked whether it is a problem with different
notions for the same phenomenon. An example from the concept analysis is
that the notions conception, schema and concept image are used in parallel and that
similarities and differences between these notions are not described. As an
example, the notion conception is used in the APOS framework in parallel with
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schema. However, while schema has an explication, conception has not, and
connections between these notions are not described. Similarly, the notion
schema is used in the OS framework, in parallel with the notion conception, as the
framework presupposes cognitive schema theory. Here, the meanings of both
‘conception’ and ‘schema’ become unclear and the understanding of the
frameworks is affected.

The notions concept and object in Gray and Tall (1994) can be taken as another
example where it can be argued that different notions are used for the same
phenomenon. As is seen in Section 6.1.2, arguments for the conclusion that
object and concept are similar can be found in the text. Together with the fact that
these notions are not explicated, it becomes unclear whether concept and object
are similar or not. Again, the understanding of the notions and of the
framework is affected.

7.3.3 Explications and the way terms are used

Within the analysed frameworks, there are different approaches to explications
and the way terms are used. Table 7.6 shows which views on concept that are
present, and how they are shown, in the different frameworks.

Table 7.6 How views on concept are shown

Framework | Mental view Non-mental view
The CICD® | Used Used
framework

The CICD* | Used Used
framework

The CICD* Used
framework

The OS Used Explicated and
framework used

The procept | Used Used
framework

The APOS | Used Used
framework

To me, there seems to be several ways in which a view on concept can be shown
in a text. Some alternatives are:

e An explication and a consequent term usage

e No explication and a consequent term usage

e An explication and a non-consequent term usage

e No explication and a non-consequent term usage
q g
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It may be concluded that no text in the selection has an explication and a
consequent term usage. In fact, only Sfard (1991) has an explication of concept.
Even so, there are two different views on concept in Stard (1991), shown in how
terms are used. Hence, the term usage is not consequent. Further, in Bingolbali
and Monaghan (2008), there is a consequent usage of the term ‘concept’ without

6, In Tall and Vinner (1981) there is no clear explication, even

an explication
though the terminology in the beginning of the text indicates that concepts are
seen as non-mental. However, later in the text formulations where concepts
seem to be mental appear as well. Other frameworks without explication and a
non-consequent term usage are the procept framework and the APOS
framework.

After comparing how different views on concept are present in the different
frameworks, a similar comparison can concern how different views on the
notions concept image, conception and schema are shown. Table 7.7 shows which
views on these notions that are present, and how they are shown, in the

different frameworks.

Table 7.7 How views on concept image, conception and schema are shown

Framework | Mental view Non-mental view
The CICD® | Explicated and
framework used
The CICD* | Explicated and
framework used
The CICD* | Explicated and
framework used

The OS Explicated and Used
framework used

The APOS | Used Used
framework

From Table 7.7, it can be concluded that generally the notions are explicated as
mental. For example, the notion concept image is explicated as mental, without
any preference when it comes to the distinction subjective versus
intersubjective. However, in the way terms are used two views are shown, a
subjective view with intersubjective features and an intersubjective view. These
views may be called an individual view and a culturally dependent view. There
are two different mental views on conception as well. In Stard (1991), conception is

% Here, it may be noted that the term ‘concept’ is not frequently used in this text, which may have
affected the result.
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explicated as mental and subjective, but in the way terms are used an
intersubjective view appears. Here, the culturally dependent view may be seen
as opposing the explication. Finally, in the APOS framework the explication of
schema expresses the idea that schemas are subjective in Asiala et al. (19906), but
not in Dubinsky (1991). As the culturally dependent view on schema appears in
Dubinsky (1991), this view does not oppose an explication.

Furthermore, there is a tendency in the PO frameworks to use conception and
schema in a non-mental view as well, describing a non-mental knowledge
structure. This tendency connects to a view where the mental development of
an individual is parallel to the development of mathematics throughout history,
and the fact that the same notions are used for describing these two develop-

ments.

7.3.4 Usage of the indicators

The indicators have been developed in an interplay between the analysing tool
and the analysis, and can be seen as part of the result. They can be used for
interpreting texts, but also for ensuring that the way formulations are used is
coherent with the explication of concept.

As an example, assume that we explicate concept as non-mental, intersubjec-
tive and molecular. Then, formulations claiming that concepts exist within
mathematics, within a curriculum or in a community of mathematicians can be
used (Indicators [4; 5]). Further, formulations such as ‘thinking about concepts’,
‘knowing concepts’ and ‘describing concepts’ can be used for describing
students’ knowledge of concepts (Indicator [6]), since such formulations are
used for a non-mental view on concept. Many of the formulations indicating a
non-mental view indicate an intersubjective view as well. This holds for the
formulations claiming that concepts exist in mathematics or in a culture
(Indicators [7; 8]). Formulations indicating that there is a unique concept of a
certain kind, or that concepts are determined by its use, whetre concepts are
intersubjective, can also be used (Indicator [9]). Additionally, a molecular non-
mental view is described with formulations indicating that concepts can be
defined, that there are concepts that are more basic than others, and that there
are hierarchies within structures of concepts (Indicators [13; 15]).

On the other hand, with our example of a non-mental, intersubjective and
molecular view, formulations appearing in Indicators [1; 2; 3; 10; 11; 12; 14; 16;
17, 18], indicate mental, subjective or holistic views and should be avoided in
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the text, since they oppose the explicated view. That formulations are used that
oppose an intended view is a source for incoherence and may be an obstacle
for readers to interpret the text.

7.4 A summary of the study

In Section 1.5, it is expressed that the study intends to make both a theoretical
and a methodological contribution. Theoretically, the intention is to give clearer
understanding of views on the notion comcept, within the studied frameworks,
examining the coherence of the texts. The intention is also to offer categories
that can be used for describing concepts. These categories are the positions in
the analysing tool. Methodologically, the design is meant to contribute to the
method of making concept analyses in mathematics education.

As a result of the literature review in mathematics education, the selected
texts were taken from a subgroup of frameworks for conceptual understanding.
These had a common philosophical background and were related through
referencing. Both the frameworks and the selected texts are described in Section
4.1. The purpose of making concept maps was to, in an initial analysis, represent
the roles of the notions, the connections between them, and how they interact
in the frameworks. After the construction of these maps, views on concep? and
related notions, seen in how terms are used in the texts, were interpreted using
the analysing tool developed in Chapter 3. During the analysis, the object of
study turned into also including views on the notions concept image, conception and
schema in the analysed texts (see Section 4.5). When analysing the different texts,
a need for indicators emerged in order to ensure that the texts were interpreted
similarly. The indicators described in Section 4.4 may be scen as part of the
method, but also, as claimed in Section 7.3.4, as a result, since they can be used
for ensuring that a usage of formulations is coherent. This is one example where
the methodology and the results are interacting with each other, and there is no
strict border between methods and results.

Conclusions from the concept analysis are presented in this chapter. As a
short answer to the research question, there are, as seen in Section 7.1, mainly
two views on concept, one mental and intersubjective view, and one non-mental
and intersubjective view. Most texts include both these views and they are not
always distinguished within a single text. In fact, Bingolbali and Monaghan
(2008) is the only text which contains one single view on concept, where concepts

are non-mental and intersubjective.

217



THE CONCEPT CONCEPT IN MATHEMATICS EDUCATION

If also taking the distinction molecular versus holistic into account, there are
different views on concept in different texts, both in texts using the same
framework and in texts using different frameworks. In some texts, there is a
focus on molecular features, and in others, there is a focus on holistic features.
Some frameworks take a position involving the idea that non-mental structures
are molecular, but that mental structures have holistic features as well. From
the analyses of these frameworks, one might get the idea that it is more common
with holistic features in views on mental structures than in views on non-mental
structures. However, in other frameworks non-mental and mental structures
have similar features. From these frameworks, one might get the idea that the
cognitive structure likens the formal structure of mathematics. Consequently,
the conclusion that can be drawn from the perspective of the distinction
between molecular and holistic views is that there is no clear position regarding
whether conceptual structures have molecular or holistic features.

In Section 7.2, it is claimed that in order to use the tool for analysing views
on different notions, it must be possible to regard these notions as meanings of
signs, terms or expressions. Further, it must be possible to regard them as
intersubjective or subjective, and they must have structures, or be included in
structures, with relations that can be judged as molecular or holistic. As is seen
in the same section, the notions conception, concept image and schema are all used for
cognitive structures. There are generally three different views on such
structures, one individual view and two culturally dependent views.

In the CICD framework, there is a clear distinction between concept images
and concepts. However, within the PO frameworks, views on more developed
cognitive structures seem to be similar to views on concept. The view on the more
developed individual conception is similar to the mental view on concept, and the
view on the more developed culturally dependent mental conception is also
similar to the mental view on concept. Finally, the view on the more developed
culturally dependent non-mental conception (or schema) is similar to the non-
mental view on concept. Consequently, it is hard to see a difference between a
more developed conception or schema, and a concept.

There are some differences between the notions concept image, conception, and
schema. A main difference is that in the development described in the PO
frameworks, conceptions and schemas develop into higher-level concepts,
while an analogous description is not found in the CICD framework. In this
development, conceptions and schemas develop from unstructured to

structured. Here, the view on sehema seems to be more theotry impregnated,
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dependent on cognitive schema theory and the perspective of Piaget, than the
view on conception. Another difference is that within the PO frameworks, there
are non-mental views on the cognitive structure, which is not the case within
the CICD framework.

In addition to the different views, one part of the result is the analysis of
how terms are used in the frameworks. In Section 7.3 it is discussed how
different views and different arenas sometimes are combined, and that there
sometimes seems to be a confusion regarding terms, on the one hand, and the
meanings of terms, on the other. Occasionally different notions also seem to
be mixed up and there are examples where several notions are used for the same
phenomenon.

The usage of formulations is not always coherent with how notions have
been explicated in the texts. However, in Section 7.3.4 it is seen that different
views interpreted from the way terms are used do not always oppose a view
seen in an explication. Notably, the notion concept lacks explication in all texts
except in Sfard (1991), where the mental view opposes the view in the
explication of concept as a theoretical construct. In the other texts, the views
found in the way terms are used cannot be compated to a view in an explication,
as there is none.

Furthermore, in the OS framework the notion conception is explicated as
mental and subjective, and the two culturally dependent views, the mental and
intersubjective one and the non-mental and intersubjective one, oppose the
explicated view. However, in the CICD framework the notion concep? image has
an explication that does not take a stance regarding whether concept images are
subjective or intersubjective. In this case, the different mental views cannot be
said to oppose the explication.

The philosophical assumptions that underlie the study are presented in
Section 4.6.2. Besides the idea of the three arenas and the distinction between
terms and meanings of terms, mentioned above, the study has been governed
by the overall ideal that it is important to seck coherence within a field of
research. An assumption that undetlies the design is that the distinctions made
in the common field of philosophy of language and concept research within
cognitive science can contribute through offering new perspectives in the field
of mathematics education. Additionally, an idea of reductionism claims that
simpler frameworks, including fewer concepts, are to prefer. Consequently,

different views on cneept may be compared in order to broaden the
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understanding based on a certain framework, and the meaning of the term
‘concept’ in different fields and frameworks could basically be the same.

Finally, the study includes only views assuming the existence of represen-
tations, where an object in one of the three arenas can point to an object in one
of the other. Without this assumption, the mental position, regarding concepts
as mental representations, becomes irrelevant. As is claimed in Section 4.6.2,
this does not mean that such an existence is assumed in the study, but that only
texts based on this assumption are used and analysed.
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Considering the long history of philosophical discussions of concepts and the
different views on concept in mathematics education that can be found through
an initial reading of texts describing conceptual understanding, it is perhaps an
ambitious project to carry out a concept analysis of the notion concep?. In an
early stage of the study, it became clear that an approach based on just reading
texts, interpret views on concept and sort them into categories, would not give
sufficient understanding of the different views. I'rom that insight, the
philosophical approach emerged. As claimed in Section 1.6, the study uses
philosophy in two different ways. First, the study takes an analytic philosophical
approach as it assumes that a concept analysis can contribute in general and in
mathematics education in particular. Second, it uses philosophy as a method,
since the analysing tool, with its three distinctions mental versus non-mental,
intersubjective versus subjective, and molecular versus holistic, is developed
from philosophical ideas.

From this, the aim of the study became to carry out a concept analysis of
the notion concept, within some frequently used frameworks for analysing
conceptual understanding in mathematics education. The purpose was to
influence mathematics education research, both theoretically and methodo-
logically. Theoretically, it was to give clearer understanding of views on the
notion concept, within the studied frameworks, examining the coherence of the
texts. The aim was also to offer categories that can be used for describing
concepts. Methodologically, the design intended to contribute to the method
of making concept analyses in mathematics education. The research question
became:

Which views on comcept may be found in texts using the chosen
frameworks, from the perspective of the distinctions mental versus non-

mental, intersubjective versus subjective and molecular versus holistic?

In this final chapter, I discuss both the theoretical and the methodological
contribution. It may be hard to distinguish between results and methodology in
the study, since the analysing tool is developed in an interplay between the
philosophical literature review, resulting in perspectives from which the texts
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could be analysed, and the analysed texts. Even so, the discussion is divided
into a discussion of results and a discussion of methodology. After that, the
philosophy used in the study is discussed from the perspective of mathematics
education. The final section considers consequences of the results for future
empirical research.

8.1 Discussion of results

The main result of the concept analysis is that different views on concep? and
different views on concept image, conception, and schema are found in the different
texts. There are both different views within several of the texts, and different
views in different texts. Additionally, an unexpected result turned out to be
findings of how language is used within the texts. These findings are gathered
in Section 7.3. These findings involve that the same term is used with different
meanings or allowing for different interpretations, and that the distinction
between different arenas or between terms and meanings of terms are not
respected.

In the beginning of the study it was hard to understand the views in the
different texts. From that background, it was surprising that there were so many
similarities between them. Similar views appeared in the different frameworks.
In fact, if ignoring the distinction molecular versus holistic, there are generally
only two views on concept: a mental and intersubjective view, and a non-mental
and intersubjective view. Further, there are similarities between the views on
concept image, conception, and schema as well. This may be due to different views
having a common origin in psychology, philosophy of language and mathe-
matics, and that the frameworks are related through referencing. An alternative
explanation is that the similarities arise as a consequence of the usage of the
analysing tool. This may be due to a too rough simplification of aspects of views
on concept in the developing of the analysing tool described in Chapter 3.

It may be asked whether, and if so why, there is need for two types of
concepts in mathematics education, where one type is mental and another type
is non-mental. Notably, these two types of concepts may be used for describing
different aspects of learning. In the analysed frameworks, a mental view on
concept is often used for describing individual development and a non-mental
view is often used for describing the nature of mathematics. However, when
mathematics develops through history, there is both a development of
individuals’ mental representations and a development of definitions and
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formal mathematics. For example, in Sfard (1991) there is first a description of
a historical development of concepts. This historical description can be seen as
a non-mental development, where conceptions ate seen in definitions and other
descriptions. It can also be seen as a historical development of how people
develop mental conceptions. After this description, there is also a desctiption
of how people develop mental conceptions, from an individual perspective.
Naturally, mental and non-mental views on concept can be connected to different
views on learning, where some frameworks focus on mental concepts and other
frameworks focus on non-mental concepts. If I allow myself to speculate, a
non-mental view would perhaps be more common in texts using a socio-
cultural perspective, while the texts analysed in this study have an interest in
mental structures.

Mental and non-mental concepts have different nature, and it becomes
confusing when the same term ‘concept’ is used both for the mental
representation and for the non-mental object. When the same term is used for
two different phenomena, there is an obvious risk that these different views are
mixed up by the reader. There are in the literature ways of describing mental
and non-mental arenas without using two different views on concept. As
suggested in Section 3.3, the terms ‘word meaning’ and ‘class’ can be used for
describing non-mental concepts, and the term ‘concept’ may in that case be
used only for mental representations. Another alternative is to use a term such
as ‘conception’ for mental concepts, and exclusively use ‘concept’ for non-
mental objects. Such an alternative is advocated by philosophers such as Frege
(1892/1951), and may be what is requested for example in the explication in
Sfard (1991), referring to Frege (1952/1960). In spite of the explication, a
mental view appears in the usage of terms in Sfard (1991), when results from
psychology and Piaget’s perspective are used. One can draw the conclusion that
it is hard to use findings and ideas coming from another framework without
adopting a view on concept that is present in this framework.

As another alternative, a terminology using both ‘mental concept’ and ‘non-
mental concept’ may be used for distinguishing between different types of
concepts that a framework may describe, and to keep track of these issues. Such
a usage could reduce the risk for unclearness and the risk that different types of
concepts are combined. If not distinguishing between them, however, there is
a risk that different ontological views on the nature of concepts, and hence of
the nature of knowledge, are not distinguished.
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As seen in Section 4.6.2, an undetlying assumption in the study is that it is
beneficial to compare and combine knowledge from different frameworks, in
order to obtain a deeper understanding. On the other hand, that there are
similar notions for the mental representation, such as concept inzage, conception and
schema, compared in Section 7.2, may be a consequence of combining ideas from
different frameworks, still using the notions from the original texts.
Furthermore, that there are similar notions for the mental representation may
both affect the understanding of these notions, and of the framework at whole.
This shows that when combining frameworks, a consciousness of different
views, and translations between terms and notions, is needed. I would say that
most often we do not need different terms for the same phenomenon in
scientific contexts. However, if using similar notions within a text, I would say
that clear explications, desctiptions of the connections between the notions,
and a term usage that is consistent with the explications is necessary. When the
explications are presented, ideally one needs to be consistent and stick to the
same meanings during a text, and avoid other similar notions. In a coherent
text, different views are also distinguished by the way terms are used. Here, the
indicators in Section 4.4 can be used to obtain a consistent term usage that fits
the intended view on concept.

With the example of the OS framework in Sfard (1991), instead of saying
that the individual develops concepts and that concepts emerge in psychological
processes, a formulation claiming that conceptions develop and become
structural is more in line with the explication. An alternative approach, using
both ‘mental concept’ and ‘non-mental concept’, is to say that individuals
develop mental concepts and that a non-mental concept is a theoretical
construct that develops through history.

The distinctions non-mental versus mental, intersubjective versus subjec-
tive, and molecular versus holistic offer categories that can be used for
describing views on concept. Above, I have discussed the distinction non-mental
versus mental, and below I will make some comments on the other two.

From the perspective of the distinction intersubjective versus subjective,
there is an agreement in the analysed frameworks that concepts ate
intersubjective. Hence, the subjective views on concept found in the philosop-
hical review in Chapter 3 (see Section 3.2.3), are not represented in the analysed
frameworks. However, subjective views on the notions concept image, conception,
and schema are found in the analysis. Notably, when analysing individual views
on these notions, intersubjective features appear as well. This might be a
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presumption for people to communicate with each other, as we need a common
understanding in our communication.

The distinction molecular versus holistic has shown to be the hardest one
to use, since it has not always been clear in the texts whether conceptual
structures have molecular or holistic features. In some cases, I have chosen to
omit this distinction from the 3D matrix. Further, even if there is a view mainly
focusing on holistic features, the conceptual structure may have molecular
features as well, and vice versa. The findings show that there is no agreement
between the frameworks, but the texts have different views on whether
structures have molecular or holistic features. To generalise the findings from
the analysis of texts representing the CICD" framework and APOS, it seems as
though mental structures have more holistic features than non-mental ones.
From the analysis of the CICD" framework, it also seems as if mathematical
concepts are molecular. This can be compared to the analysis of the CICD"
framework, where mathematical concepts are holistic.

Additionally, within the construction of the concept maps, hierarchical and
non-hierarchical connections may describe different features of the structure in
a framework. Consequently, molecular and holistic features should perhaps not
be held as mutually exclusive, but may be used in combination for describing
conceptual structures. This is in line with the position in Murphy (2004), argued
for in Section 3.3.

That different views on concept are combined may generate unclearness
regarding what the framework actually describes. Consequently, it becomes
hard to see how a framework can be used together with other frameworks and
concept research within other fields. This may in turn generate more
incoherencies in the future. Further, it may be asked whether the usage of
several notions, such as concept image, conception and schema, depends on notions
being underspecified in mathematics education, and that the meanings of the
terms are so unclear that we do not want to use them. Instead, we invent new
ones to specify a meaning in a certain framework. An alternative explanation
may be that notions are understood as theory-dependent, bringing connotations
that we want to avoid. For example, the notion sehezza may bring the idea of
cognitive schema theory. With another view on concept development, the
notion sechemza would perhaps give the reader wrong associations.

To conclude, clearer views may be requested in the field of mathematics
education, and, as seen in Section 4.6.2, an assumption in the study is the idea

of reductionism that few notions are to prefer. In order to get more coherent
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frameworks, explications of concept and other notions, are needed. Finally, as
seen in Section 7.3, the distinction between syntax and semantics, between
terms and meanings of terms, is not always respected. Here one can discuss
which requirements are to be followed within the field of mathematics
education, from a philosophy of language perspective. Can we always demand
of the frameworks to be coherent? Here, I would say, that to not distinguish
between terms and meanings of terms affects the understanding of the text. A
questioning of how language is used, of unclear notions, and of usage of many
notions, on the other hand, may be a driving force for theory development.

8.2 Methodological discussion

As claimed in Section 1.5, the study intends to make a methodological
contribution to how concept analysis may be conducted in the field of
mathematics education. The chosen design includes an analysing tool which is
developed from philosophical views. Notably, two different literature reviews
are used in this design. When it comes to the philosophical review, the used
method is described in the introduction to Chapter 3. Any selection of
philosophical texts is to some extent arbitrary. Even so, the delimited selection
has offered enough content for creating an analysing tool, and consequently the
purpose of the philosophical review has been fulfilled. When it comes to the
review in mathematics education, this method is described in Section 4.1, and
can be seen as a refined version of the method used in the philosophical review.
The conceptual frameworks analysed in the study shall be seen as examples and,
again, the purpose of the concept analysis is not to offer a complete picture of
views on concept in mathematics education. Naturally, with the knowledge of
which frameworks that actually was included in the study, it would be beneficial
to redoing the literature review, searching for the chosen frameworks, aiming
at finding texts that could complement the picture. However, as the analysed
texts may be seen as essential in the field in the sense that they are frequently
referred to, the concept analysis points to a fundamental problem.

In an initial analysis, concept maps were used as visual representations of
the frameworks. The purpose was to offer overall pictures and not to go into
detail about how notions are connected. This is the reason why connections ate
not categorised. Further, the connections used in the maps should be seen as
examples, and I cannot claim that the chosen ones are the most important.
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In an early phase, as is described in Section 4.5, I concluded that the
connections between concept and concept image, conception, and schema were
important for interpreting views on concept. Since cognitive structures in some
frameworks are described as developing into concepts, and since cognitive
structures include concepts, it became necessary to analyse views on these
structures, in order to judge whether a view on concep? is molecular or holistic.

The found views may not give an altogether fair picture of the views in the
frameworks, considering that I have chosen a limited selection of texts and have
made interpretations which highlight aspects of the notions from the perspec-
tive of the philosophical background. The less written and the more unclear
content, the harder it became to interpret the texts and the higher risk for
misinterpretation. For example, it may be asked whether the holistic view found
in the CICD" framework (see Section 5.2.4) should instead be interpreted as a
combined molecular-holistic view. Here, the judgement depended on that if
there were molecular features in the text they were not clearly seen. The
decision, however, became somewhat arbitrary, depending on how I as a reader
interpreted the formulations. In order to make clear how the interpretations
were made, and to ensure that the different texts were interpreted similarly, the
indicators offered guidelines to how formulations could be interpreted.

As claimed before, in Section 1.2, the approach with the analysing tool both
broadened and delimited what might be found in the analysis. On the one hand,
it facilitated seeing philosophical aspects in the views on concept. On the other
hand, it might have obstructed the discovery of aspects that were not included
in the analysing tool.

I would like to end this section with some remarks about how the analysing
tool can be used. Notably, the tool is developed for analysing the notion concept,
and notions such as concept image, conception and schema. 1t is also developed from
the perspective that it should be used in the field of mathematics education, and
specifically for frameworks based on some assumptions regarding the distine-
tion mental versus non-mental, and the existence of representations. Further,
the tool is designed to be used for text analysis. In order to be used in other
kinds of studies, there might be a number of aspects that have to be considered.
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8.3 The analytic philosophical approach

The current study analyses the notion concept within mathematics education,
from a philosophical perspective. In this section, I turn the perspectives around
and discuss the analytic philosophical approach from the perspective of
mathematics education. Notably, the concept analysis depends on the analysing
tool, deciding what aspects of the notion comcept are considered when
interpreting the different texts. The three distinctions have been, so to speak,
fetched from philosophy, based on that they should be useful for interpreting
texts in mathematics education. Hence, it may be relevant to reflect on the roles
of the distinctions within mathematics education, what they can tell about the
field.

The distinction non-mental versus mental is ontological and concerns the
nature of the relation between the human mind and the world. This distinction
is related to the distinction between a Platonic and an Aristotelian view on
concept, as presented in Section 2.1, and between rationalism and empiricism.
Further, as is seen in Chapter 3, a non-mental view is frequently found in
philosophy of language, and a mental view is frequently found in concept
research within cognitive science. From the perspective of mathematics
education, it may be asked whether a concept is developed mentally by a child,
or if it exists within communication in a classroom or in a text, in a semantical
meaning, or perhaps in an ideal world of mathematics. If considering a child
learning mathematics, it is one thing to claim that the child develops concepts,
and another thing to claim that the same child learns about concepts. Learning
mathematics becomes different things in these alternatives.

Philosophically, a static view could be held against a non-static view. To
exemplify, a static view is seen in the Platonic realist position in Frege
(1892/1985; 1892/1951), whete concepts are classes of objects, and in the
empiricist view in Jenkins (2008), where there is a causality relation between
concepts and the world. A non-static view, on the other hand, is seen in Katz
(1972/1999), where a concept may be the common property of several
individuals, in Quine (1960; 1951/1985), whete concepts are meanings that are
determined by how terms are used, and in Potter and Edwards (1999), where
concepts may be integrated in a culturally dependent understanding of the
wortld. The distinction between static and non-static can be expressed as a
distinction between objective and intersubjective views. In the categorisations
used in the concept analysis, however, these are not distinguished. The reason
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is that the views on concept in the analysed texts has not been expressed in a way
enabling such an analysis.

It may not always be clear whether an intersubjective view is mental or non-
mental. In formulations discussing the properties of the concept number, for
example, the view may either be mental and intersubjective or non-mental and
intersubjective. Further, if denying that concepts are intersubjective as is done
in Wittgenstein (1953/1992) and Zalta (2001), then you end up in a subjective
view, but such a subjective view on concept is not seen in the analysed texts.
There are, however, subjective views on concept image, conception och schema in
these texts, and, with these notions, perhaps there is no need for subjective
views on concept. Notably, in the philosophical views it is possible to have an
object including both intersubjective and subjective concepts. In Carey (2009),
for example, there is a distinction between concept and individnal concept. However,
as seen above, when combining different types of concepts, explications and
term usage become important issues.

The third distinction, between molecular and holistic views on concept, can
be seen as a distinction between a classical view on concept, using composi-
tionality, and criticism against such a view, based on the ideas in Quine (1960;
1951/1985) and Wittgenstein (1953/1992). This distinction is in a way
empirical, as concept research can show whether a structure has molecular or
holistic features. However, whether a structure has molecular or holistic
features depends on how the structure of concepts is explicated. As shown in
Section 3.3.3, if building the structure from part-whole relations, then it is
possible to define the structure such that concepts get molecular features. The
question then, from the perspective of mathematics education, concerns
whether it is possible to define mathematical concepts, from basic ones.
Another alternative, also expressed in Section 3.3.3, is to add other types of
connections to the structure, between different types of mathematics, between
mathematics and other subjects, and between mathematics and the everyday
wortld. Naturally, if so the structure gets holistic features. This points to the
importance of cleatly explicating the type of structure, and what kinds of
connections that are included. Here, explications of notions such as conception
become important, as conceptions are in fact structures of concepts. For
example, in the analysis in Section 6.1.1, it is seen that conception is explicated as
“the total cluster of internal representations and associations evoked by the
concept” (Sfard, 1991, p. 3). In this description, it seems as if conceptions have
holistic features as all connections are included. However, in the analysis of the
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way terms are used in the same text (Sections 6.2.1 and 6.3.1) it is found that
undeveloped conceptions are regarded unstructured and more developed
conceptions are regarded structured with molecular features. Consequently, in
this case the explication is not enough for judging the view as molecular or
holistic.

Notably, the analysed texts do not always involve views focusing on
structure from the perspective molecular versus holistic. For example, this is
the case with the procept framework (Section 6.2.2). This raises some questions
regarding similarities and differences between the frameworks. In Section 6.3.4,
it is claimed that the description of an operational conception in the OS
framework is similar to the desctiption of a symbol evoking a process in the
procept framework. Here, however, it may be noted that one difference
between these two frameworks is that in the OS framework there is a focus on
conceptual structures, and connections between concepts, which is not seen in
the procept framework.

Furthermore, in the analysis of some frameworks, I have used a terminology
including molecular or holistic views on concept, and in the analysis of other
frameworks, such as the APOS framework, I have instead used a terminology
including molecular and holistic features of the structure. It may be asked about
the difference between these two ways of expressing structures, using the terms
‘molecular’ and ‘holistic’. In the analysis, I have used ‘molecular view” for a view
that mainly have molecular features, which also may be described as hierarchical
connections between notions. However, when there is a combined moleculat-
holistic view on concept, I have used expressions such as ‘molecular and holistic
features of the conceptual structure’.

Notably, the CICD" framework has a view where mathematical concepts ate
molecular, but non-mathematical concepts have holistic features (see Section
5.1.5). This can be compared to the position presented in Section 2.1 where
mathematical concepts are distinguished from non-mathematical concepts by
the fact that they are well determined and may have unique explications. For
example, Priss (2017) suggests that mathematical concepts are well determined
and Sj6gren and Bennet (2014) argue that mathematical concepts have unique
explications. Consequently, the view in the CICD" framework, where both
mathematical and non-mathematical concepts are holistic, can be regarded as
critic against such a philosophical position.
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Finally, the claim in Chapter 3 that the positions as to the distinctions are
not to be considered incommensurable can be commented on. In this chapter,
it is suggested that it is possible to have a dual view, including a combination of
a non-mental and a mental view, including a combination of an intersubjective
and a subjective view, or including a combination of a molecular and a holistic
view. This can be done by using different types of concepts and a consequent
terminology, clearly distinguishing between the different types. However, in the
concept analysis it is seen that there is a risk with combining different views, if
these are not clearly distinguished in explications and term usage.

8.4 Consequences for future research

The importance of a theoretical foundation for empirical research was pointed
out in Chapter 1. Again, it is of importance that theories of learning are based
on a theoretical sound conceptual apparatus, without incoherence, which can
describe and explain classroom practice. In order to know how concept
formation can be studied, the object of study must first be clarified. For
example, the object of study may be mental concepts that are developed by
individuals, or it may be individuals’ understanding of a mathematical concept
that is described in a textbook. It may also be a culturally dependent concept
which is developed through communication by a group of individuals. Different
approaches for studying concept formation may be taken in the three
alternatives.

In the concept analysis, it is shown that the analysed texts have often vague
descriptions of cognitive structures and that there is no agreement between the
texts concerning whether these structures are molecular or holistic.
Consequently, there is a possibility for theory development taking this
perspective into account.

Exactly how the results of this study may affect future empirical research is,
of course, hard to tell. Some indications, however, may be seen in a future
research project that I have planned, with the intention to study concept
formation. Here, my overall project is to develop a framework for analysing
conceptual understanding. The concept analysis presented in this thesis can be
seen as the theoretical foundation for such a project. The next step is to
interpret these theoretical findings in an empirical study about how students
reason, using their individual concepts.
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The planned study is based on a view which distinguishes between mental
and non-mental structures, and between individual concepts and concepts.
Further, as seen in Section 3.3, there are arguments from concept research
within cognitive science for a view where mental concepts have both
hierarchical and non-hierarchical features. In mathematics education, however,
few existing studies about cognitive structures ate looking at hierarchical and
non-hierarchical features in combination.

Success in mathematics corresponds to an awareness of structure (Juter &
Sriraman, 2011). While high achievers fluently can make connections between
concepts, individual concepts of low achievers are often disconnected
(Mulligan, 2011). Even so, there are few studies about how high achievers in
mathematics make these connections (Szabo, 2017). The reason for focusing
on high achievers is that if individual concepts of low achievers do not have a
more developed structure, then it can be hard to see molecular and holistic
features. This is also an experience from a smaller pre-study that I conducted
in spring 2019, which used a questionnaire in a class in grade four. In addition,
one of my assumptions is that if we can gain knowledge of how high achievers
develop cognitive structures, then this knowledge can be used for developing
models for how mathematics can be taught.

From that background, the aim of the planned study is to explore how
molecular and holistic features of the cognitive structure can be detected in
conversations with high achieving students. The study is hoped to increase
knowledge of how high achievers make connections in mathematics, and aims

at answering the following research question:

How can high achievers’ cognitive structures be described, from the
perspective of the distinction between molecular and holistic features?

The mathematical content in the study is planned to be fractions. Naturally,
there are connections between fractions and geometry, and research emphasises
translation between different representations when teaching fractions (Cramer,
2003; Chahine, 2011). Further, in the pre-study, it was shown that questions
about fractions could reveal both hierarchical and non-hierarchical connections.

As described above, the results presented in this thesis is a theoretical
foundation for the planned study. Consequently, this is an example of how the
theoretical results can be used in future empirical research. Simultaneously,

findings of how molecular and holistic features of the cognitive structure can
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be detected in conversations may affect how cognitive structures can be
described. Consequently, the empirical results of such a future study can also
be used for theory development.

I end this thesis by commenting the trend in mathematics education, which
is seen in Section 1.3, with a decrease of theoretical discussions and reflections.
From that trend, it is natural to ask what theoretical research, such as the
concept analysis in this study, can offer. From the above discussion, I would
conclude that a meta-analysis of research in the field of mathematics education
simplifies and affects interpretation of theories of learning, which in the
extension may affect models of explanation for classtoom practice.

233



Svensk sammanfattning

Otrdet ’begrepp’ anvinds med olika betydelser inom matematikdidaktik och det
kan vara svart att forstd olika synsitt pa vad begrepp dr, hur begreppsférstaelse
kan studeras och i férlingningen ocksa hur lirare kan undervisa for att frimja
elevers begreppsbildning 1 matematik. Det finns idag ingen systematisk
undersokning av hur begreppet begrepp anvinds. Mitt avhandlingsarbete bottnar
1 ett intresse for begreppet begrepp (eller snarare det engelska begreppet concep?)
som det anvinds i texter i matematikdidaktik och jag valde att géra en
begreppsanalys. Denna analys forde mig till det filosofiska filtet och senare
ocksa till begreppsforskning inom kognitionsvetenskap. Genom att ldsa
filosofiska texter fick jag en djupare férstaelse av olika synsitt pa begrepp och
denna forstielse bidrog senare i analysen av matematikdidaktiska texter. Hir
nedan gors forst en beskrivning av min studie, som inte foljer samma struktur
som den som finns i avhandlingen. Denna beskrivning syftar till att férklara vad
jag har gjort och varfor, och ocksa vad en sidan hir typ av studie kan bidra
med. Avslutningsvis féljer ett kortare avsnitt dir avhandlingens olika kapitel
beskrivs.

Begreppet  begrepp  inom  matematikdidaktik:  En
begreppsanalys

Sedan mitten av 1900-talet har begreppet begrepp varit vanligt f6rekommande
inom det matematikdidaktiska filtet. Det anvinds i kursplaner och ocksd i
studier om hur elever forstdr olika matematiska fenomen. Det dr dock otydligt
vad begreppet begrepp innebir och det finns idag flera olika synsitt. I avsnitt 1.1
framgar att vissa matematikdidaktiker ser begrepp som bestandsdelar i formella
matematiska system, medan andra ser begrepp som mentala representationer
som konstrueras av individer. I ytterligare ett synsitt dr begrepp symboler
tillsammans med hur dessa symboler anvinds. Aven utan en djupare forstielse
av de olika teorierna dr det litt att inse att de olika synsitten inte gar att
kombinera.

Att det finns olika synsitt pa begrepp skulle jag sdga beror pd att det
matematikdidaktiska filtet himtat inspiration bade fran psykologi, dir begrepp
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kan betraktas som mentala representationer, och fran sprakfilosofi och formell
matematik, dir begrepp vanligen betraktas som ickementala objekt som kan
ingd 1 en spraklig kontext eller en axiomatisk struktur. I kapitel 2 gbrs en
historisk beskrivning av hur begrepp har diskuterats inom filosofin, som tar sin
utgingspunkt i Platons och Aristoteles idéer. Historien besktivs sedan via en
distinktion mellan rationalism och empirism, en kort redogérelse f6r det
logicistiska projektet, Willard Van Orman Quines och Ludwig Wittgensteins
idéer och en forindrad syn pa matematikens natur. Syftet med kapitlet 4r att
skapa en filosofisk bakgrundskontext f6r studien, samtidigt som det
introducerar en terminologi som senare anvinds for att beskriva olika synsitt
pa begrepp inom matematikdidaktik.

Nir olika synsitt pd begrepp kombineras mellan, eller till och med inom ett
och samma, ramverk fir det konsekvensen att det blir svart att forstd vad som
beskrivs eller studeras i olika undersékningar. I férlingningen kan det leda till
att det dven blir svart att forstd vad ldrare ska goéra nir de undervisar. Dirfor
behodver anvindningen av ordet ‘begrepp’ i matematikdidaktiska sammanhang
problematiseras. Mot den hir bakgrunden blev mitt syfte att gbra en
begreppsanalys av begreppet begrepp, 1 ndgra vanligt férekommande ramverk
som anvinds for att beskriva begreppslig forstaelse i matematikdidaktik. Vidare

undersoks koherensen i de analyserade texterna. Forskningsfragan som stalls dr:

Vilka synsitt pa begrepp finns i texter som anvinder de valda ramverken,
utifrin distinktionerna mentalt relativt ickementalt, intersubjektivt
relativt subjektivt och molekylirt relativt holistiskt?

Min avsikt 4r att bidra till forskningen inom matematikdidaktik, bade teoretiskt
och metodologiskt. Teoretiskt bidrar studien med en forstaelse av olika synsitt
pa begreppet begrepp 1 de studerade ramverken. Metodologiskt bidrar studien
med erfarenheter kring hur begreppsanalyser kan goras.

Fore resultatet presenteras kridvs ndgra ord om vad de tre distinktionerna
innebir. Nir det giller mentalt relativt ickementalt, handlar det om i vad man
ett begrepp betraktas som en mental representation eller som ett ickementalt
abstrakt innehdll 1 en representation eller i betydelsen hos ett ord. Hir handlar
det alltsi om vilken typ av objekt begrepp ir, nigot som knyter an till
ontologiska fragor. Nir det giller intersubjektivt relativt subjektivt handlar det
istillet om ifall begrepp ér nidgot som en grupp av individer har gemensamt eller
om olika individer har olika begrepp. Slutligen handlar distinktionen molekylirt
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relativt holistiskt om olika synsitt pa hur begrepp ir strukturerade. Enligt den
molekyldra modellen har begrepp en hierarkisk struktur dir komplexa begrepp
definieras utifran enklare begrepp. Enligt den holistiska modellen gar det inte
att avgrinsa eller definiera begrepp och den begreppsliga strukturen ir
ickehierarkisk.

Analysen visar att det 1 huvudsak finns tva olika synsitt inom filtet. Enligt
det forsta dr begrepp mentala representationer som enskilda personer utvecklar.
Det finns en intersubjektiv aspekt av dessa begrepp. Nir jag har utvecklat ett
begrepp #riangel sa liknar det 1 allt visentligt andra personers begrepp #riangel. Att
olika personer utvecklar liknande begrepp skulle en empiristiskt sinnad person
kunna forklara med att det finns ett kausalt samband mellan virlden och vira
begrepp, dir begreppen bildar en mental karta som speglar virlden. Enligt det
andra synsittet 4r begrepp ickementala abstrakta objekt och utgdr innebérden
1 symboler, ord och uttryck. Dessa objekt kan antingen ses utifran en spraklig
kontext, dir de anvinds i kommunikation, eller utifrdn att de ar bestindsdelar i
formell matematik. Inte heller i det hir synsittet dr begrepp beroende av
individen, utan de utgdr nigot som vi har gemensamt. Att begrepp ir
gemensamma gor att de kan beskrivas i till exempel en kursplan.

I avsnitt 4.1.3 besktivs de texter som analyseras 1 studien:

e Vinner och Hershkowitz (1980): Concept image and common cognitive
paths in the development of some simple geometrical concepts.

e Tall och Vinner (1981): Concept image and concept definition in
mathematics with particular reference to limits and continuity.

e Semadeni (2008): Deep intuition as a level in the development of the
concept image.

e Bingolbali och Monaghan (2008): Concept image revisited.

e Sfard (1991): On the dual nature of mathematical conceptions:
Reflections on processes and objects as different sides of the same coin.

e Gray och Tall (1994): Duality, ambiguity, and flexibility: A “proceptual”
view of simple arithmetic.

e Dubinsky (1991): Reflective abstraction in advanced mathematical
thinking.

o Asiala mfl. (1996): A framework for research and curriculum

development in undergraduate mathematics education.
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De forsta fyra texterna, som analyseras i kapitel 5, anvinder det ramverk som
utvecklats utifrin begreppen begreppsbild och begreppsdefinition. Analysen visar att
i Bingolbali och Monaghan (2008) finns ett synsitt pa vad begrepp ir, dir
begrepp ir ickementala och intersubjektiva. I Vinner och Hershkowitz (1980),
Tall och Vinner (1981) och Semadeni (2008) finns istillet tvd olika synsitt pa
begrepp, ett dir begrepp ir ickementala och intersubjektiva och ett dir begrepp
ir mentala och intersubjektiva. De sista fyra texterna (Sfard, 1991; Gray & Tall,
1994; Dubinsky, 1991; Asiala m.fl., 19906), som analyseras i kapitel 6, anvinder
tre olika ramverk. I vart och ett av dessa aterfinns de tva olika synsitten pd
begrepp, det ickementala och intersubjektiva och det mentala och intersubjektiva.

Vidare férekommer olika idéer om samband mellan begrepp. Som framgir
iavsnitt 3.3 och som jag redan har beskrivit ovan innebir ett molekyldrt synsitt
att begrepp ingar i hierarkiska strukturer dir komplexa begrepp dr uppbygeda
av enklare begrepp. Till exempel kan begreppet /injar funktion sigas vara
uppbyggt av begreppen fiunktion och linjaritet. Dessutom finns det en hierarkisk
relation mellan exempelvis kvadrater och rektanglar dir en kvadrat dr ett
specialfall av en rektangel. Denna uppbyggnad kan uttryckas i definitioner.
Enligt ett holistiskt synsitt dr inga begrepp enklare eller mer grundliggande dn
andra och definitioner 4r svarare att uttrycka. Det gar inte att tydligt avgrinsa
ett begrepp frin ett annat, vilket gor det svart att definiera begrepp utan att
hamna i cirklar. Medan det molekylira synsittet bygger pa ett klassiskfilosofiskt
synsitt pa begrepp, med representanter som Gottlob Frege och klassiska
empirister, bygger det holistiska synsittet pa idéer utvecklade av Quine och
Wittgenstein. Distinktionen mellan ett molekylart och ett holistiskt synsitt finns
ocksa 1 nutida begreppsforskning inom kognitionsvetenskap, dir olika
empiriska studier har gjorts for att underséka hur individer bygger upp
kognitiva strukturer.

En vanlig filosofisk stindpunkt som beskrivs 1 kapitel 2 dr att begreppsliga
strukturer i matematik dr molekyldra och att matematikens begrepp ir
vilbestimda och gér att definiera. Huruvida begrepp dr molekylira eller holis-
tiska kan dock bero pa vad som riknas som samband mellan begrepp, vilket
diskuteras i avsnitt 3.3.3. Att en kvadrat dr ett slags rektangel visar att det finns
en hierarkisk relation mellan begreppen kvadrat och rektangel. Att ett barn som
arbetar med brak associerar det rationella talet 1/8 med en oktagon som tydligt
kan delas in i dtta "tartbitar’ kan istéllet ses som ett ickehierarkiskt samband som

gOrs av barnet sjilv.
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I de matematikdidaktiska artiklar som jag har analyserat finns inget entydigt
synsitt pa hur begrepp ér strukturerade, vilket blir tydligt i kapitel 7. En del
artiklar har ett storre fokus pa hierarkiska relationer och andra har ett stérre
fokus pa ickehierarkiska relationer. I Sfard (1991), till exempel, 4r bide mentala
och ickementala begrepp molekylira, vilket kan jimféras med att i Semadeni
(2008) dr bade mentala och ickementala begrepp holistiska. Vidare finns i en del
texter en position dir mentala och ickementala begrepp ir strukturerade pa
olika sitt. En sidan position kan ses i Dubinsky (1991) och i Asiala m.fl. (1990),
dir mentala begrepp har bide molekylira och holistiska drag, medan
ickementala begrepp ér enbart molekylira. Ett annat exempel pd att mentala
och ickementala begrepp ir strukturerade pé olika sitt kan ses om Vinner och
Hershkowitz (1980) och Tall och Vinner (1981) analyseras tillsammans. Aven
hir har mentala begrepp bade molekylira och holistiska drag. Nir det giller de
ickementala begreppen finns en distinktion mellan matematiska och
ickematematiska begrepp, dir matematiska begrepp verkar vara molekylidra
medan ickematematiska begrepp kan ha biade molekylira och holistiska drag.

En slutsats som jag har dragit utifrin analysen av Vinner och Hershkowitz
(1980) och Tall och Vinner (1981) dr att matematiska begrepp i dessa texter har
molekylir struktur, att de 4dr hierarkiskt uppbyggda och att de gar att definiera,
men att andra typer av begrepp kan ha holistisk struktur och inte gir att
definiera. Utifrdn vissa av de analyserade ramverken verkar det ocksé finnas ett
synsitt ddr ickementala strukturer 4r mer molekylira dn mentala strukturer.
Orsaken kan vara att de ickementala strukturerna i de matematikdidaktiska
texterna ofta dr formella axiomatiska system, med begrepp som bestindsdelar.

Det finns dock inte alltid ett tydligt synsitt nir det giller om begrepp ir
molekyldra eller holistiska, vilket visar sig i analyserna av Bingolbali och
Monaghan (2008) och Gray och Tall (1994). D4 de analyserade texterna ger en
otydlig och négot spretig bild har jag dragit slutsatsen att det inte finns nidgon
tydlig position utifran distinktionen mellan molekylira och holistiska synsitt.

Forutom begteppet begrepp forekommer tre andra begrepp i de analyserade
texterna: begreppsbild (pa engelska concept image), begreppsuppfattning (pa engelska
conception) och schema. Dessa begrepp beskriver begreppsliga strukturer och ir
lika pa manga sitt. Till exempel finns bade ett individuellt synsitt pd
begreppsliga strukturer, didr begreppsbilder, begreppsuppfattningar och
scheman dr individers forstielse av ett fenomen, och ett kulturberoende synsitt,
dir samma begrepp besktiver den gemensamma forstielse som finns inom en

kultur. Det individuella synsittet innebdr att begreppsliga strukturer dr mentala
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och subjektiva, men att de ocksa kan ha intersubjektiva drag. Vidare finns tva
varianter av det kulturberoende synsittet. I den f6rsta varianten ir begreppsliga
strukturer mentala och intersubjektiva och ir da integrerade i en gemensam
forstdelse av virlden. I den andra varianten 4r strukturerna ickementala och
intersubjektiva. Hir dr begreppsliga strukturer den fOrstdelse som visar sig i
beskrivningar, definitioner och formell matematik.

Det finns ocksi vissa skillnader, bide mellan de olika ramverken och mellan
begreppen begreppsbild, begreppsuppfatining och schema. En skillnad idr att i de texter
som anvinder begreppsuppfattning (Sfard, 1991) och sehema (Dubinsky, 1991,
Asiala m.fl., 1996) beskrivs en utveckling dir kognitiva strukturer innehaller
mentala begrepp samtidigt som de utvecklas till begrepp pa hégre nivaer. 1
denna utveckling gar begreppsuppfattningar och scheman frin att vara
ostrukturerade till att fi en hierarkisk struktur. I Dubinsky (1991) och Asiala
m.fl. (1996) finns en tydlig utgangspunkt i Piagets syn pé lirande dir begreppet
schema anvinds. Hir dr synen pd begreppsutveckling integrerad med synen pé
begrepp. Detta gOr att synsittet 4r mer dynamiskt jAimfoért med det som finns i
Sfard (1991), trots att dven denna text bygger pd Piagets perspektiv. Dock
verkar det som om ordet ’schema’ dr mer teoretiskt forankrat i Piagets synsitt
in ordet ’begreppsuppfattning’ som anvinds i en mer klassiskfilosofisk
betydelse, med en distinktion mellan begreppsuppfatining och  begrepp och med
referenser till Frege. I en jaimforelse mellan de ramverk som anvinder begrepps-
uppfattning och schema och de ramverk som anvinder begreppsbild kan jag se att i
de forsta ramverken finns ickementala synsitt pa begreppsliga strukturer. Det
finns dock inget ickementalt synsitt pa begreppsbilder. En annan skillnad 4r att
det inte stdr i texterna att begreppsbilder utvecklas till begrepp.

Forutom att det finns olika synsitt pd vad begreppet begrepp dr visar analysen
att de olika synsitten ibland kombineras eller blandas ihop. Att ett synsitt ddr
begrepp dr mentala representationer kombineras med ett synsitt dir begrepp it
ickementala abstrakta objekt gOr att texterna ibland blir svéra att ldsa och forsta.
Ett exempel dir ett ickementalt synsitt f6ljs av ett mentalt dr nir det forst
hivdas att det gir att ha kunskap om ett begrepp (som da 4r nagot som till
exempel kan beskrivas i en kursplan) och sedan hivdas att individen sjilv
konstruerar ett begrepp (som di dr mentala representationer). Hir finns i
avhandlingen ett antagande om tre olika arenor: en mental arena, en ickemental
arena och en konkret arena. I en koherent text behéver dessa arenor héllas isér.

I avsnitt 7.3 presenteras resultat gillande hur spriket anvinds i de

analyserade texterna. Hir finns exempel pa kategorimisstag. Ett sidant dr nir
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otrd och betydelsen av ord blandas ihop. I analysen av begreppet begreppsbild i
avsnitt 5.1 har jag till exempel sett att det finns tva olika synsitt pa relationen
mellan begreppsbild och begreppsdefinition. Enligt det ena synsittet sirskiljs
begreppsbilder och begreppsdefinitioner. Enligt det andra ingar begrepps-
definitionen i begreppsbilden. En konsekvens av att begreppsbilder innehiller
begreppsdefinitioner 4r att mentala representationer innehaller ord, som
vanligen inte brukar ses som mentala. Utifran ett filosofiskt perspektiv blir det
di problematiskt att blanda en mental och en ickemental arena. Ett annat
exempel dir mentalt och ickementalt blandas ér 1 konstruktionen av begreppet
procept som presenteras i avsnitt 0.3.3. I definitionen besktivs ett procept som
en sammanslagning av tre olika element: en process, ett begrepp och en symbol.
Hir dr det ett slags kategorimisstag att kombinera begreppet symbo/ och
begreppet begrepp och anvinda begreppet procept som om det drver egenskaper
frin de ingdende elementen. Till exempel kan begreppet procept inte ha
begreppslig struktur, da symboler inte har sidan struktur. Dessutom kan ett
procept inte vara mentalt eller ickementalt d4 en symbol inte dr en mental eller
ickemental mening hos en symbol.

Vidare kan det bli svirt att forstd nir ord som ’begreppsbild’, *begrepps-
uppfattning’ och ’schema’ anvinds parallellt utan att det klargdrs om dessa r
synonymer eller vad som skiljer dem at. Ibland anvinds ocksa ord i fel
sammanhang, dir till exempel ordet begrepp’ anvinds istillet f6r ’begrepps-
uppfattning’. Denna ordanvindning 4dr antagligen en felskrivning, men
konsekvensen blir att det blir oklart vad ramverket beskriver.

Metodologiskt bidrar avhandlingen med en metod f6r att gora
begreppsanalyser av matematikdidaktiska texter. I kapitel 4 skriver jag att
begreppsanalysen utgir fran en konfigurativ litteraturstudie med syftet att hitta
inflytelserika idéer i det matematikdidaktiska filtet. I denna litteraturstudie finns
ett fokus péd bakgrunden till de synsitt pd begrepp som anvinds idag, f6r att bittre
kunna forstd dem. Litteraturstudien har ocksa fokuserat pa aritmetiska begrepp
och pa dldre barn och vuxna. Orsaken till det senare ér intresset f6r begreppsliga
strukturer, som forutsitter att individer har utvecklat viss begreppslig forstielse.
Det slutliga urvalet av texter har en gemensam filosofisk bakgrund och de ir
beslidktade genom att de refererar till varandra.

Nir begreppsanalys anvinds som den huvudsakliga metoden i en studie, kan
foljande sex faser anvindas: 1) sitta mal och gora avgrinsningar, 2) skapa en
allmin forstaelse av filtet, 3) sammanstilla materialet, 4) utarbeta ett ramverk

for analysen, 5) systematiskt analysera materialet, och 6) gora ytterligare analyser
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och dra slutsatser. I min begreppsanalys ingar tvd olika litteraturstudier, dir den
ena anvindes for att hitta matematikdidaktiska texter att analysera och den
andra gjordes inom sprakfilosofi och begreppsforskning inom kognitions-
vetenskap, med syftet att ta fram ett analysverktyg £6r begreppsanalysen.

Nir urvalet av texter hade gjorts pabdrjades analysen. I en inledande analys
klassificerades olika begrepp utifrin om de hade explikationer eller inte. 1
avhandlingen anvinds ordet ’explikation’, med utgiangspunkt hos Rudolf
Carnap, i betydelse av en beskrivning som syftar till att gbra ett vagt begrepp
mer exakt. Sedan klassificerades ocksa samband mellan begrepp, utifran hur de
beskrevs i texterna, som antingen hierarkiska eller ickehierarkiska. Utifrdn dessa
klassifikationer konstruerades begreppskartor for att representera de olika
ramverken pa en Gvergripande niva och de roller som olika begrepp spelar i
ramverken. Begreppskartorna anvindes som en bakgrundskontext till den
egentliga begreppsanalysen, som gjordes med hjilp av det analysverktyg som
presenteras i kapitel 3.

I studien anvinds filosofi pd tvd olika sitt. For det forsta har den en
analytiskfilosofisk utgingspunkt med antagandet att en klassisk begreppsanalys
kan bidra med nya perspektiv inom det matematikdidaktiska faltet. Fér det
andra utvecklas ett analysverktyg, baserat pa en litteraturstudie i sprakfilosofi
och begreppsforskning inom kognitionsvetenskap. Som jag redan har nimnt
bygger analysverktyget pa tre distinktioner: mellan mentala och ickementala
synsitt, mellan intersubjektiva och subjektiva synsitt, samt mellan molekylira
och holistiska synsitt pa begrepp. Hir nedan foljer en kort beskrivning av den
filosofi som distinktionerna bygger pa.

Distinktionen mellan ickementala och mentala synsitt presenteras i avsnitt
3.1. Dir representeras den ickementala positionen av sprikfilosofiska idéer.
Medan ett begrepp hos Frege, Quine, Jerrold Katz och Christopher Peacocke
ir den abstrakta betydelsen hos ett ord eller uttryck, dr ett begrepp enligt
Edward Zalta det abstrakta innehéllet i en mental representation. Idén att
begrepp dr ickementala objekt kan jimforas med idén att begrepp dr mentala
representationer, som representeras av Wittgenstein, empirister som David
Hume, John Locke och Carrie Jenkins, samt kognitionsvetare som Gregory
Mutrphy och Susan Carey. Bland tidiga féresprikare f6r denna position, som till
exempel Hume, var representationer mentala bilder som uppstod fran
sinnesintryck och anvindes i tinkande och resonemang. Bland senare
foresprakare kan mentala representationer istillet antas ha en spraklig struktur.
I ett sidant synsitt, som till exempel finns hos Jenkins, dr begrepp ord-lika
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mentala representationer som antingen baseras pa minnen av sinnesintryck eller
byggs upp utifrin redan utvecklade begrepp. Idag anser dock miénga att
hypotesen att vira mentala representationer har en sprakliknande struktur har
en del brister, och att sidana representationer saknar manga egenskaper som
finns hos ett naturligt sprak. Till exempel menar Carey att vi har medfédd
begreppslig kunskap.

Distinktionen mellan intersubjektiva och subjektiva synsitt pa begrepp
presenteras i avsnitt 3.2. Hir finns egentligen tre olika positioner: en dir
begrepp dr objektiva, en dir begrepp ir intersubjektiva och en dir begrepp ér
subjektiva. Den objektiva idén representeras av Frege som menar att tva olika
begrepp ir identiska om och endast om de klasser av objekt som begreppen
refererar till 4r identiska och pekas ut av samma betydelse. Vidare menar en del
empirister att olika personer utvecklar samma begrepp nir de kommer i kontakt
med samma vitld. I den meningen dr begreppen oberoende av individen. Den
intersubjektiva positionen representeras av Katz och Quine, som menar att
begreppen utvecklas nir vi jamfor vara erfarenheter genom kommunikation.
Det finns ocksa de som anser att vira mentala representationer delvis innebir
en gemensam forstaelse av virlden. Denna gemensamma forstdelse dr det som
gor att vi kan kommunicera med varandra. Slutligen representeras den
subjektiva positionen av Zalta som menar att begrepp, som i hans synsitt dr det
abstrakta innehillet i en mental representation, kan variera fran person till
person. Begrepp kan ocksé variera 6ver tid. Den subjektiva positionen finns
ocksa hos Wittgenstein, som menar att om olika personer anvinder samma ord
for olika fenomen si behover dessa fenomen inte ha nigot gemensamt.
Tillsammans bildar dessa filosofiska idéer grunden for distinktionen mellan
intersubjektiva och subjektiva synsitt pd begrepp. Da det inte alltid dr ldtt att
avgbra om ett synsitt pa begrepp i matematikdidaktiska sammanhang ér objektivt
eller intersubjektivt har den objektiva positionen fitt ingé i den intersubjektiva
positionen i det analysverktyg som anvinds i avhandlingen.

Den tredje distinktionen mellan molekyldra och holistiska positioner
presenteras 1 avsnitt 3.3. En molekylir position kan forstds utifran ett klassiskt
filosofiskt synsitt, ddr komplexa begrepp kan definieras utifrin enklare
begrepp. I en holistisk position gar det inte att avgrinsa ett begrepp. Det finns
samband mellan i stort sett alla begrepp och inga begrepp dr mer enkla dn andra.
Dirfor blir det svért att tydligt definiera begrepp utan att hamna i cirklar.
Molekylarism och holism kan ocksa ses som tvd modeller som anvinds pa olika
sitt 1 nutida teorier om begrepp inom kognitionsvetenskap. Inom
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kognitionsvetenskapen fors en teoretisk diskussion utifran forskning kring hur
individer utvecklar begrepp. Forutom den klassiska positionen anvinds
prototypteorin och den inferentiella teorin f6r att exemplifiera idéer om hur
begrepp dr strukturerade. Utifrin den forskning som gors gir det att sluta sig
till att ingen av de teorier som anvinds kan helt och hillet f6rklara hur individer
bygger upp sina begreppsliga strukturer och det finns argument £6r att de olika
teorierna behéver kombineras. Dessa argument kan dven anvindas f6r en
staindpunkt ddr begreppsliga strukturer har bide molekyldra och holistiska drag.

Dessa tre distinktioner sattes sedan samman till en tredimensionell matris
som kan anvindas for att analysera text (figur 3.13 i avhandlingen). Denna
matris utvecklades i ett samspel mellan den filosofiska litteraturstudien och
analysen av de texter som valdes ut i den matematikdidaktiska litteraturstudien.
I ett inledande skede innehdll analysverktyget endast distinktionerna mellan
intersubjektiva och subjektiva synsitt, och mellan molekylira och holistiska
synsitt. Det visade sig dock i analysen av de texter som analyseras i kapitel 6 att
distinktionen mellan mentala och ickementala synsitt var viktig. Alla
distinktioner anvindes dock inte i alla analyser. I Bingolbali och Monaghan
(2008) och Gray och Tall (1994) syns inga tydliga positioner nir det giller om
begrepp har molekylira eller holistiska drag. Dirfor reducerades analysverktyget
till en tvddimensionell matris, dir distinktionen mellan molekyldra och
holistiska synsitt togs bort.

For att de olika texterna skulle tolkas pa liknande sitt tog jag fram
indikatorer. Dessa anvinds har for att tolka texter, men de kan ocksa anvandas
vid textproduktion for att préva om en text dr koherent och haller sig till ett
enda synsitt nir det géller vad begrepp it. Indikatorerna togs fram i ett samspel
mellan analysverktyget och de analyserade texterna. I den f6rsta lisningen strok
jag under formuleringar innehéllande ordet ’begrepp’ och gjorde noteringar i
marginalen. Sedan tolkade jag formuleringarna utifran om de kunde anvindas
som argument fOr positionerna i de tre perspektiven. Samma tillvigagangssitt
anvindes f6r ord som *begreppsbild’, ’begreppsuppfattning’ och ’schema’. Nir
den forsta tolkningen var gjord sorterades formuleringarna férst utifran de olika
positionerna och sedan i underkategorier. Dessa kategorier bildade den forsta
versionen av indikatorerna. Efter denna procedur kunde ett synsitti en viss text
till exempel kategoriseras som mentalt och intersubjektivt. Om det da fanns en
osidkerhet kring om begrepp var molekylira eller holistiska ldste jag texten igen
for att se om det fanns textavsnitt som kunde bidra med ytterligare argument.
Nir jag hade samlat ihop alla formuleringar under de olika indikatorerna tittade
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jag pa dessa utifrin den filosofiska litteraturstudien. I ndgot fall kompletterades
indikatorerna med argument som kom frin den filosofiska diskussionen.
Processen blev ett samspel mellan lisning, tolkning och skrivande och
indikatorerna utvecklades under hela denna process.

Avhandlingen bidrar med en férdjupad forstaelse av synsitt pa begreppet
begrepp och hur olika termer anvinds i det matematikdidaktiska forskningsfiltet.
I resultatdiskussionen stills fraigan om det behévs tva olika typer av begrepps-
begrepp i matematikdidaktik, ett dir begrepp dr mentala representationer och
ett dir begrepp dr ickementala objekt. I sa fall behdvs ocksi en terminologi som
tydligt skiljer pd ett mentalt och ett ickementalt synsitt. Vidare for jag en
diskussion kring hur texter inom det matematikdidaktiska filtet kan bli mer
koherenta. For att fa en stérre koherens behévs explikationer, nagot som ér
extra viktigt da det finns olika synsitt pa begreppet begrepp och begreppen
begreppsbild, begreppsuppfattning och schema som alla beskriver kognitiva strukturer.

Den metodologiska diskussionen fokuserar pa nigra aspekter i utformandet
av studien. Till exempel fors en diskussion kring hur ett ytterligare steg i
litteraturstudien hade kunnat bidra med ett mer systematiskt urval av texter,
utifran kunskap om vilka ramverk som faktiskt skulle analyseras. I ett sidant
steg hade jag kunnat gbra en mer systematisk sokning efter texter som anvinde
de utvalda ramverken. Pa sd vis hade jag kunnat fa en bittre forsticlse av synsitt
inom dessa ramverk. Dessutom f6rs en diskussion kring hur anvindningen av
analysverktyget paverkat analysen. Samtidigt som det har bidragit med en
fordjupad forstaelse av olika synsitt finns det en risk att det har begrinsat vad
som kunnat komma fram i analysen. Vidare har det ibland varit svart att
analysera texterna med hjilp av analysverktyget. Sirskilt giller detta tolkningen
av olika positioner utifrin distinktionen mellan molekylira och holistiska
synsatt.

Utifran att filosofiska idéer anvinds i matematikdidaktik 4r det intressant att
tolka dessa idéer utifran vilken roll de spelar i matematikdidaktik. Distinktionen
mellan mentala och ickementala synsitt pa begrepp verkar da handla om ifall
begrepp utvecklas mentalt av individen eller om begrepp uppstir i en
kommunikation 1 ett klassrum eller 1 en text, i en semantisk mening. Den
ickementala positionen kan ocksa innebira att begrepp finns i en matematisk
idévirld. De olika positionerna hinger ihop med olika syner pd vad lirande ir,
da det dr en sak att hivda att barn konstruerar begrepp och en annan sak att
hivda att de far kunskap om begrepp. Nir det giller distinktionen mellan
intersubjektiva och subjektiva synsitt pa begrepp dr det moijligt att kombinera

244



dessa. Filosofiska teorier skiljer ibland mellan individuella begrepp och begrepp
som vi har gemensamt. I de analyserade texterna anvinds dock inte begrepp i
ett sadant subjektivt synsitt, vilket kan bero pa att begreppen begreppsbild,
begreppsuppfatining och schema anvinds istillet. Nir det giller frigan om ifall
begrepp har molekylira eller holistiska drag verkar det delvis handla om hur den
begreppsliga strukturen beskrivs. Om denna struktur definieras utifrin del-
helhets-relationer, si fir den begreppsliga strukturen molekylidra drag. Om
strukturen istillet innehaller andra typer av samband, som till exempel samband
mellan begrepp inom olika matematiska omraden, mellan matematiska begrepp
och begrepp inom andra vetenskaper, eller mellan matematiska begrepp och
vardagliga begrepp, s far den begreppsliga strukturen holistiska drag.
Avslutningsvis dr det rimligt att stilla fragan hur resultaten frin denna
teoretiska studie kan paverka empirisk forskning. For att svara pa denna fraga
beskrivs idéer kring ett framtida forskningsprojekt for att studera
begreppsbildning. I den planerade studien ar syftet att utforska hur molekylidra
och holistiska drag i den kognitiva strukturen kan analyseras via samtal med
elever. Studien kommer att fokusera pd hégpresterande elever da det finns
forskning som visar att en skillnad mellan hégpresterande och lagpresterande
elever dr att hogpresterande elever kan konstruera samband mellan begrepp,

men att den mentala representationen hos liagpresterande ofta dr ostrukturerad.

Avhandlingens olika delar

Det har varit omoijligt att skriva denna avhandling i en kronologisk ordning.
Processen startade med att jag liste matematikdidaktiska texter. Nir jag insdg
att jag hade svirt att f6rstd vad begrepp var bérjade jag ldsa filosofiska texter,
nagot som sedan ledde mig tll begreppsforskning inom det
kognitionsvetenskapliga filtet. Syftet med att ldsa filosofi var att férséka forsta
synsitt pa begrepp inom matematikdidaktik. Utifran den filosofiska litteratur-
studien utvecklades en férsta version av analysverktyget, och sd var processen
igang.

Kapitel 1 innehaller en beskrivning av forskningsintresset, vilket inbegriper
en bakgrund med exempel pa inkoherens nir det giller anvindandet av
begreppet begrepp. Sedan gbrs en beskrivning av utformningen av studien pa en
Overgripande nivd, som senare utvecklas 1 kapitlen 2, 3 och 4. Studien placeras
ocksa i en kontext utifrin det matematikdidaktiska féltet, dér jag argumenterar

tor att det behévs mer teoretisk forskning. Vidare beskrivs den
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analytiskfilosofiska utgangspunkten utifrin ndgra olika perspektiv. Slutligen
presenteras syfte, forskningsfriga och avhandlingens struktur.

Eftersom studien anvinder sig av filosofi beh6vs en filosofisk bakgrund till
de teorier som analyseras. D4 avhandlingen gbrs inom matematikdidaktik kan
ocksa viss terminologi vara okind f6r den tinkta ldsaren. Dirfor innehaller
kapitel 2 en férenklad historisk beskrivning av filosofiska diskussioner om
begrepp.

I kapitel 3 beskrivs resultatet av den filosofiska litteraturstudien och det
analysverktyg som senare anvinds for att tolka texter. Detta analysverktyg
utformas utifrin olika synsitt pa begrepp inom sprikfilosofi och begrepps-
forskning inom kognitionsvetenskap. Som jag redan har beskrivit si innehaller
analysverktyget de tre distinktionerna mellan mentala och ickementala synsiitt,
mellan intersubjektiva och subjektiva synsitt, samt mellan molekyldra och
holistiska synsatt pa begrepp.

Metodologin beskrivs sedan i kapitel 4, vilket bland annat inbegriper hur
litteraturstudien genomférdes och urvalet av texter. Kapitlet innehéller ocksa
en beskrivning av den inledande analysen, hur analysverktyget har anvints, de
indikatorer som tagits fram for att tolka texterna och av studieobjektet. Sedan
avslutas kapitel 4 med en sammanfattning av metodologin, med filosofiska
antaganden och nagra kommentarer kring studiens utformning.

Kapitel 5 och 6 bestir av begreppsanalyser av de valda texterna. I kapitel 5
analyseras olika versioner av det ramverk som utvecklades av Vinner och
Hershkowitz (1980) och av Tall och Vinner (1981) och som baseras pa
begreppet begreppsbild. Forst analyseras det ursprungliga ramverket. Sedan
analyseras en version som anvinds i Semadeni (2008) och en version som
anvinds i Bingolbali och Monaghan (2008). Efter att ramverken presenterats
via begreppskartor diskuteras begreppen begrepp, begreppsbild och begreppsdefinition.
I kapitel 6 analyseras de ramverk som anvinds i Sfard (1991), Gray och Tall
(1994), Dubinsky (1991) och Asiala et al. (1996). Aven i denna analys beskrivs
ramverken forst via begreppskartor innan begreppen begrepp, begreppsuppfattning,
procept och schema undersoks.

Sedan sammanfattas resultaten av analyserna i kapitel 7, som ocksé
innehaller slutsatser. Forst jamfors olika synsitt pa begreppet begrepp. Sedan
jamfors olika synsitt pa begreppen begreppsbild, begreppsuppfattning och schema. Nar
detta dr gjort £f6rs en diskussion kring hur terminologin anvinds i de olika
texterna. Till exempel presenteras kategorimisstag som gors nir en mental, en

icke-mental och en konkret arena blandas ihop, eller nir ord och betydelsen av
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ord kombineras. Vidare beskrivs hur indikatorerna kan anvindas for att
sikerstilla att endast ett synsitt pa begrepp anvinds 1 en text, och hur en
kombination av olika synsitt dirmed kan undvikas. Kapitlet avslutas med en
kort sammanfattning av studien.

Slutligen innehaller kapitel 8 en diskussion kring studiens resultat och
metodologi. Vidare fors en diskussion kring hur den filosofi som anvinds i
studien kan tolkas utifrin ett matematikdidaktiskt perspektiv och hur de
teoretiska resultaten kan anvindas i framtida empirisk forskning.
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Technologies in Educational Practices. Studies in the Contexts
of Compulsory Education, Higher Education, and Fighter
Pilot Training. Géteborg 2004

216. MIA KARLSSON A#n ITiS Teacher Team as a
Community of Practice. Géteborg 2004

217. SILWA CLAESSON  Larares levda kunskap.
Goteborg 2004

218. GUN-BRITT WARVIK _Ambitioner att firindra
och artefakters verkan. Grinsskapande och stabiliserande
praktiker pa produktionsgolvet. Goteborg 2004




219. KARIN LUMSDEN WASS  Vaxenutbildning i
omvandling. Kunskapshyflet som ett sdtt att organisera
Sfornyelse. Goteborg 2004

220. LENA DAHL _Awmningspraktikens villkor. En
intervjustudie av en grupp kvinnors forestallningar pa och
erfarenheter av amning. Goteborg 2004

221. ULRIC BJORCK  Distributed Problem-Based
Learning. Studies of a Pedagogical Model in Practice.
Goteborg 2004

222. ANNEKA KNUTSSON  “To the best of your
knowledge and for the good of your neighbour”. A study of
traditional birth attendants in Addis Ababa, Ethigpia.
Goteborg 2004

223. MARIANNE DOVEMARK' Ansvar — flexibilitet
— valfribet. En etnografisk studie om en skola i forandring.
Goteborg 2004

224. BJORN HAGLUND  Traditioner i mite. En
kvalitativ studie av fritidspedagogers arbete med samlingar i
skolan. Goteborg 2004

225. ANN-CHARLOTTE MARDS]O  Larandets
skiftande innebirder — uttryckta av forskollirare i
vidareutbildning. Goteborg 2005

226. INGRID GRUNDEN _A# dtererivra kroppen. En
studie av livet efter en ryggmargsskada. Goteborg 2005

227. KARIN GUSTAFSSON & ELISABETH
MELLGREN  Barus skriftsprakande — att bli en
skrivande och lisande person. Géteborg 2005

228. GUNNAR NILSSON At dga 7. Praxisnéra
studier av lirarstudenters arbete med geometrilaborationer.

Géteborg 2005.

229. BENGT LINDGREN Bi/d, visualitet och vetande.
Diskussion om bild som ett kunskapsfilt inom ntbildning.
Goteborg 2005

230. PETRA ANGERVALL Jamstalldbetsarbetets
pedagogik. Dilenman och paradoxer i arbetet med
Jamstilldhet pa ett foretag och ett universitet. Géteborg 2005

231. LENNART MAGNUSSON ' Designing a
responsive support service for family carers of frail older people
using ICT. Goteborg 2005

232. MONICA REICHENBERG  Gymnasieelever
samtalar kring facktexter. En studie av textsamtal med goda
och svaga lisare. Goteborg 2005

233. ULRIKA WOLFFE  Characteristics and varieties of
poor readers. Goteborg 2005

234. CECILIA NIELSEN  Mellan fakticitet och projekt.
Ldis- och skrivsvarigheter och strivan att dvervinna dem.
Goteborg 2005.

235. BERITH HEDBERG  Decision Making and
Communication in Nursing Practice. Aspects of Nursing

Competence. Géteborg 2005

236. MONICA ROSEN, EVA MYRBERG & JAN-
ERIC GUSTAFSSON  Ldskompetens i skolir 3 och 4.
Nationell rapport fran PIRLS 2001 i Sverige. The IEA
Progress in International Reading Literacy Study. Goteborg
2005

237. INGRID HENNING LOEB  Umeckling och
fordndring i k vuxcenutbildning. En yrkeshistorisk
ingang med berdttelser om lararbanor. Géteborg 2006.

238. NIKLAS PRAMLING  Minding metaphors: Using
Sfigurative language in learning to represent. Géteborg 2006

239. KONSTANTIN KOUGIOUMTZIS
Ldrarkulturer och professionskoder. En komparativ studie av
idrottslirare i Sverige och Grekland. Goteborg 2006

240. STEN BATH Kualjfikation och medborgarfostran.
En analys av reformtecter avseende gymnasieskolans
sambdillsuppdrag. Géteborg 2006.

241. EVA MYRBERG Fristiende skolor i Sverige —
Effekter pa 9-10-driga elevers lisformaga. G6teborg 2006

242. MARY-ANNE HOLFVE-SABEL _Attitudes
towards Swedish comprebensive school. Comparisons over time
and between classrooms in grade 6. Géteborg 2006

243. CAROLINE BERGGREN  Entering Higher
Education — Gender and Class Perspectives. Goteborg 2006

244. CRISTINA THORNELL & CARL
OLIVESTAM  Kulturmite i centralafrikansk kontext med
kyrkan som arena. Goteborg 2006

245. ARVID TREEKREM A leda som man lir. En
arbetsmiljipedagogisk studie av toppledares ideologier om
ledarskapets taktiska potentialer. Géteborg 2006

246. EVA GANNERUD & KARIN
RONNERMAN  Innehdll och innebird i kirares arbete i
Jorskola och skola — en fallstudie ur ett genusperspektiv.
Goteborg 2006

247. JOHANNES LUNNEBLAD  Forskolan och
mdngfalden — en etnografisk studie pa en forskola i ett
multietniskt omride. Goteborg 2006

248. LISA ASP-ONSJO Atgardsprogram — dokument
eller verktyg? En fallstudie i en kommun. Géteborg 2006

249. EVA JOHANSSON & INGRID PRAMLING
SAMUELSSON ' Lek och laroplan. Mdten mellan barn och
ldrare i forskola och skola. G6teborg 2006

250. INGER BJORNELOO  Innebirder av héllbar
utveckling. En studie av lirares utsagor om undervisning.
Goteborg 2006

251. EVA JOHANSSON  Efiska dverenskommelser i
forskolebarns vérldar. Goteborg 2006

252. MONICA PETERSSON At genuszappa pa siker
eller oséiker mark. Hem- och konsumentkunskap ur ett
konsperspektiv. Goteborg 2007

253. INGELA OLSSON  Handlingskompetens eller
inlérd bjilplishet? Lirandeprocesser hos
verkstadsindustriarbetare. Géteborg 2007



254. HELENA PEDERSEN  The School and the
Awnimal Other. An Ethnography of human-animal relations
in education. Goteborg 2007

255. ELIN ERIKSEN ODEGAARD  Meningsskaping
7 barnebagen. Innbold og bruk av barns og voksnes
samtalefortellinger. Gteborg 2007

256. ANNA KLERFELT Barns multimediala
berdttande. En link mellan mediakultnr och pedagogisk
praktik. Géteborg 2007

257. PETER ERLANDSON  Docile bodies and
imaginary minds: on Schin's reflection-in-action. Géteborg
2007

258. SONJA SHERIDAN OCH PIA WILLIAMS
Dimensioner av konstruktiv konkurrens. Konstruktiva

konkurrensformer i forskola, skola och gymnasium.
Goteborg 2007

259. INGELA ANDREASSON  Elevplanen som text -
om identitet, genus, makt och styrning i skolans
elevdokumentation. Goéteborg 2007
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260. ANN-SOFIE HOLM Relationer i skolan. En
studie av feminini och mas, iar9. Goteborg
2008

261. LARS-ERIK NILSSON  But can't you see they are
bying: Student moral positions and ethical practices in the wake
of technological change. Goteborg 2008

262. JOHAN HAGGSTROM  Teaching systems of linear
equations in Sweden and China: What is made possible to
learn? Goteborg 2008

263. GUNILLA GRANATH Milda makter!
Utvecklingssamtal och logghicker som disciplineringstekniker.
Goteborg 2008

264. KARIN GRAHN  Flickor och pojkar i idrottens
liromedel. Konstruktioner av genns i
stranarnthildni Goteborg 2008.

265. PER-OLOF BENTLEY  Mathematics Teachers and
Their Conceptual Models. A New Field of Research.
Goteborg 2008

266. SUSANNE GUSTAVSSON  Motstind och mening.
Innebird i blivande lirares jesamtal. Goteborg 2008

267. ANITA MATTSSON  Flexibel utbildning i
praktiken. En fallstudie av pedagogiska processer i en
distansutbildning med en dppen design for samarbetslirande.
Goteborg 2008

268. ANETTE EMILSON  Def inskvarda barnet.
Fostran uttryckt i vardagliga ikationshandli
mellan lirare och barn i forskolan. Goteborg 2008

269. ALLI KLAPP LEKHOLM Grades and grade
assignment: effects of student and school charachterisites.
Goteborg 2008

270. ELISABETH BJORKLUND A erivra
litteracitet. Smd barns kommunikativa miten med berittande,

bilder, text och tecken i forskolan. Géteborg 2008

271. EVANYBERG O livets kontinnitet. Undervisning
och lirande om véxters och djurs livscykler - en fallstudie i
arskurs 5. Goteborg 2008

272. CANCELLED

273. ANITA NORLUND Kritisk sakprosaldsning i
gymnasieskolan. Didaktiska perspektiv pa lirobicker, lirare
och nationella prov. Géteborg 2009

274. AGNETA SIMEONSDOTTER SVENSSON
Den pedagogiska samlingen i forskoleklasen. Barns olika sitt
att erfara och hantera svarigheter. Géteborg 2009

275. ANITA ERIKSSON O teori och praktik i
lararntbildningen. En etnografisk och diskursanalytisk studie.
Goteborg 2009

276. MARIA HJALMARSSON  Lararprofessionens
genusordning. En studie av lirares uppfattningar om
arbetsuppgifter, kompetens och forvantningar. Géteborg
2009.

277. ANNE DRAGEMARK OSCARSON ' Se/f-
Assessement of Writing in Learning English as a Foreign
Langnage. A Study at the Upper Secondary School 1evel.
Goteborg 2009

278. ANNIKA LANTZ-ANDERSSON  Framing in
Educational Practices. 1 earning Activity, Digital Technology
and the Logic of Situated Action. G6teborg 2009

279. RAUNI KARLSSON  Demokratiska vérden i
Jorskolebarns vardag. Goteborg 2009

280. ELISABETH FRANK  Ladsfirmagan bland 9-10-
aringar. Betydelsen av skolklimat, hem- och skolsamverkan,
lirarkompetens och elevers hembakgrund. Géteborg 2009

281. MONICA JOHANSSON  Awnpassning och
motstand. En etnografisk studie av gymnasicelevers
institutionella identitetsskapande. Gdteborg 2009

282. MONA NILSEN  Food for Thought. Communication
and the transformation of work experience in web-based in-
service training. Géteborg 2009

283. INGA WERNERSSON (RED) Genus i firskola
och skola. Forandringar i policy, perspektiv och praktik.
Goteborg 2009

284. SONJA SHERIDAN, INGRID PRAMLING
SAMUELSSON & EVA JOHANSSON (RED) Barus
tidiga lirande. En tvdrsnittsstudie om forskolan som milji for
barns lirande. Géteborg 2009

285. MARIE HJALMARSSON  Lgjalitet och motstand -
anstilldas agerande i ett foranderligt hemtjanstarbete.
Géteborg 2009.



286. ANETTE OLIN Skolans mitespraktik - en studie
om skolutveckling genom yrkesverksammas forstielse.
Goteborg 2009

287. MIRELLA FORSBERG AHLCRONA
Handdockans kommunikativa potential som medierande
redskap i forskolan. Géteborg 2009

288. CLAS OLANDER  Towards an interlangnage of
biological evolution: Exploring students” talk and writing as
an arena for sense-making. Géteborg 2010
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289. PETER HASSELSKOG S/jdlirares
Jorhallningssatt i undervisningen. G6teborg 2010

290. HILLEVI PRELL Promoting dietary change.
Intervening in school and recognizing bealth messages in
commercials. Géteborg 2010

291. DAVOUD MASOUMI Quality Within E-learning
in a Cultural Context. The case of Iran. Géteborg 2010

292. YLVA ODENBRING Kramar, kategoriseringar och
bjdlpfroknar. Konskonstruktioner i interaktion i forskola,
Jforskoleklass och skolar ett. Géteborg 2010

293. ANGELIKA KULLBERG What is tanght and
what is learned. Professional insights gained and shared by
teachers of mathematics. Géteborg 2010

294. TORGEIR ALVESTAD Barnehagens relasjonelle
verden - sma barn som kompetente aktorer i produktive
Jorhandlinger. Géteborg 2010

295. SYLVI VIGMO New spaces for Langnage 1_earning.
A study of student interaction in media production in English.
Goteborg 2010

296. CAROLINE RUNESDOTTER [ ofakt med tiden?
Folkhigskolorna i ett forinderligt falt. Goteborg 2010

297. BIRGITTA KULLBERG En etnografisk studie i en
thailindsk grundskola pa en o i sodra Thailand. I sokandet
efter en framtid da nuet har nog av sitt. Géteborg 2010

298. GUSTAV LYMER The work of critique in
architectnral education. Géteborg 2010

299. ANETTE HELLMAN Kan Batman vara rosa?
Farhandlingar om pojkighet och normalitet pa en forskola.
Goteborg 2010

300. ANNIKA BERGVIKEN-RENSFELDT
Opening higher education. Discursive transformations of
distance and higher education government. G6teborg 2010

301. GETAHUN YACOB ABRAHAM  Education for
Democracy? 1ife Orientation: Lessons on Leadership
Qualities and 1 oting in South African Comprebensive
Schools. Goteborg 2010

302. LENA SJOBERG Bt i klassen? Ldrare och elever i
svenska och enropeiska policytexter. Géteborg 2011

303. ANNA POST Nordic stakeholders and sustainal
catering. G6teborg 2011

304. CECILIA KILHAMN Making Sense of Negative
Numbers. Goteborg 2011

305. ALLAN SVENSSON (RED) Ussirdering Genom
Uppfolning. Longitudinell individforskning under ett
halvsekel. Goteborg 2011

306. NADJA CARLSSON [ kamp med skriftspriket.

Vnxcenstuderande med lis- och skrivsvarigheter i ett
livsvarldsperspektiv. Gteborg 2011

307. AUD TORILL MELAND _Awsvar for egen leering.
Intensjoner og realiteter ved en norsk videregéende skole.
Goéteborg 2011

308. EVA NYBERG Folkbildning for demokrati.
Colombianska kvinnors perspektiv pa kunskap som
fordndringskraft. Goteborg 2011

309. SUSANNE THULIN  Ladrares tal och barns
nyfikenhet. K ikation om naturvetenskapliga innehall i
Jorskolan. Géteborg 2011

310. LENA FRIDLUND Interkulturell undervisning —
ett pedagogiskt dilemma. Talet om nndervisning i svenska som
andrasprak och i forberedelseklass. Géteborg 2011

311. TARJA ALATALO Skicklig lis- och
skrivindervisning i ak 1-3. Om lirares mijligheter och hinder.
Goteborg 2011

312. LISE-LOTTE BJERVAS  Samtal om barn och
pedagogisk do jon som bedonmingspraktik i
Jorskolan. En diskursanalys. Goteborg 2011

313. ASE HANSSON _Ausvar fir matematiklirande.
Lffekter av undervisningsansvar i det flersprakiga
Fklassrummet. Goteborg 2011

314. MARIA REIS At ordna, frin ordning till ordning.
Yngre forskolebarns matematiserande. Goteborg 2011

315. BENIAMIN KNUTSSON  Curriculum in the Era
of Global Development — Historical 1 egacies and
Contemporary Approaches. Géteborg 2011

316. EVA WEST Undervisning och larande i
naturvetenskap. Elevers lirande i relation till en
Jorskningsbaserad undervisning om ljnd, hirsel och halsa.
Goéteborg 2011

317. SIGNILD RISENFORS  Gymnasienngdomars
livstolkande. G6teborg 2011

318. EVA JOHANSSON & DONNA
BERTHELSEN (Ed.) Spaces for Solidarity and
Individualism in Educational Contexts. Géteborg 2012

319. ALASTAIR HENRY L3 Motivation. Goteborg
2012

320. ANN PARINDER  Ungdonmars matval —
erfarenheter, visioner och miljoargument i eget hushall.

Géteborg 2012

321. ANNE KULTTL Flersprakiga barn i forskolan:
Villkor for deltagande och lirande. G6teborg 2012



322. BO-LENNART EKSTROM Kontroversen om
DAMP. En kontroversstudie av vetenskapligt gransarbete och

dversattning mellan olika kunskapsparadigm. Géteborg
2012

323. MUN LING LO Variation Theory and the
Improvement of Teaching and 1 earning. Géteborg 2012

324. ULLA ANDREN  Selfawareness and self-knowledge
in professions. Something we are or a skill we learn.
Goteborg 2012

325. KERSTIN SIGNERT  Variation och invarians i
Maria Montessoris sinnestrinande materiel. Goteborg 2012

326. INGEMAR GERRBO  Idén om en skola for alla
och specialpedagogisk organisering i praktiken. Goteborg
2012

327. PATRIK LILJA  Contextualizing inquiry.
Negotiations of tasks, tools and actions in an upper secondary
classroom. Goteborg 2012

328. STEFAN JOHANSSON  On the 1V alidity of
Reading Assessments: Relationships Between Teacher
Judgements, External Tests and Pupil Self-assessments.
Goteborg 2013

329. STEFAN PETTERSSON  Nutrition in Olympic
Combat Sports. Elite athletes’ dietary intake, hydration status
and experiences of weight regulation. Géteborg 2013

330. LINDA BRADLEY Language learning and
technology — student activities in web-based environments.
Goteborg 2013

331. KALLE JONASSON ' S$port Has Never Been
Modern. Goteborg 2013

332. MONICA HARALDSSON STRANG Yazgre
elevers lirande om natur. En studie av kommunikation om
modeller i institutionella kontexter. Goteborg 2013

333. ANN VALENTIN KVIST Immigrant Groups and
Cognitive Tests — Validity Issues in Relation to 1 ocational
Training. Géteborg 2013

334. ULRIKA BENNERSTEDT Knowledge at play.
Studies of games as members’ matters. Géteborg 2013

335. EVA ARLEMALM-HAGSER  Engagerade i
virldens bésta? 1drande for hallbarhet i forskolan.
Goteborg 2013

336. ANNA-KARIN WYNDHAMN  Tanka fritt,
tanka ratt. En studie om virdedverforing och kritiskt
tankande i gymnasieskolans undervisning. Goteborg 2013

337. LENA TYREN L7 fir ju inte riktigt
[forutsattningarna for att genomfora det som vi vill.” En studie
om lirares majligheter och hinder till forandring och forbattring
i praktiken. Goteborg 2013

Editors: Jan-Eric Gustafsson, Ake Ingerman and
Pia Williams

338. ANNIKA LILJA Fortroendefulla relationer mellan
lirare och elev. Goteborg 2013

339. MAGNUS LEVINSSON  Evidens och existens.
Evidensbaserad undervisning i [juset av lirares erfarenbeter.
Goteborg 2013

340. ANNELI SCHWARTZ Pedagogik, plats och
prestationer. En etnografisk studie om en skola i fororten.
Goteborg 2013

341. ELISABET OHRN och LISBETH LUNDAHL
(red) Kon och karridr i akademin. En studie inom det
utbildningsvetenskapliga filtet. Géteborg 2013

342. RICHARD BALDWIN  Changing practice by
reform. The recontextualisation of the Bologna process in
teacher education. Géteborg 2013

343. AGNETA JONSSON At skapa liroplan for de
yngsta barnen i forskolan. Barns perspektiv och nuets
didaktik. G6teborg 2013

344. MARIA MAGNUSSON ' Skyita med kunskap. En
studie av hur barn urskiljer grafiska symboler i hem och
Jorskola. Goteborg 2013

345. ANNA-LENA LILLIESTAM _A#ktir och struktur
7 historieundervisning. Om utveckling av elevers historiska
resonerande. Goteborg 2013

346. KRISTOFFER LARSSON  Kritiskt tankande i
grundskolans sambillskunskap. En fenomenografisk studie
om manifesterat kritiskt tankande i sambdillskunskap hos
elever i arskurs 9. Goteborg 2013

347. INGA WERNERSSON och INGEMAR
GERRBO (red) Differentieringens janusansikte. En

logi frin Institutionen for pedagogik och specialpedagogik
vid Goteborgs universitet. Gteborg 2013

348. LILL LANGELOTZ VVad gir en skicklig lirare?
En studie om kollegial handledning som utvecklingsprakiik.
Géteborg 2014

349. STEINGERDUR OLAFSDOTTIR  Television
and food in the lives of young children. Gteborg 2014

350. ANNA-CARIN RAMSTEN  Kunskaper som
byggde folkh En fallstudie av firutsittningar fir kirande
vid teknikskiften inom processindustrin. Géteborg 2014

351. ANNA-CARIN BREDMAR  Ldrares arbetsglidje.
Betydelsen av emotionell narvaro i det pedagogiska arbetet.
Goéteborg 2014

352. ZAHRA BAYATL "den Andre” i lirarutbildningen.
En studie om den rasifierade svenska studentens villkor i
globaliseringens tid. Gteborg 2014

353 ANDERS EKLOF Pryject work, independence and
critical thinking. G6teborg 2014

354 EVA WENNAS BRANTE Mate med multimodalt
material. Vilken roll spelar dyslexi for uppfattandet av text
och bild? Goteborg 2014

355 MAGNUS FERRY Idrottsprofilerad utbildning — i
spdren av en avreglerad skola. Goteborg 2014



356 CECILIA THORSEN  Dimensionality and Predictive
validity of school grades: The relative influence of cognitive and
socialbehavioral aspects. Goteborg 2014

357 ANN-MARIE ERIKSSON  Formunlating
knowledge. Engaging with issues of sustainable development
through academic writing in engineering education.
Goteborg 2014

358 PAR RYLANDER  Trinares makt dver spelare i
lagidrotter: Sett ur French och Ravens maktbasteor:.
Géteborg 2014

359 PERNILLA ANDERSSON VARGA
Skrivundervisning i gymnasieskolan. Svenskanmmets roll i den
sociala reproduktionen. Goteborg 2014

360 GUNNAR HYLTEGREN Vaghet och vanmakt
- 20 ar med kunskapskrav i den svenska skolan.
Goteborg 2014

361 MARIE HEDBERG Idrotten séitter agendan.
En studie av Riksidrottsgymnasietranares handlande utifrin
sitt dubbla uppdrag. Goteborg 2014

362 KARI-ANNE JORGENSEN  What is going on ont
there? - What does it mean for children's experiences when the
kindergarten is moving their everyday activities into the nature -
landscapes and its places? Goteborg 2014

363 ELISABET OHRN och ANN-SOFIE HOLM
(red) At lyckas i skolan. Om skolprestationer och kin i
olika undervisningspraktiker. Géteborg 2014

364 ILONA RINNE Pedagogisk takt i betygssamtal.
En fe ogisk hermenentisk studie av gymnasielarares och
elevers forstaelse av betyg. Géteborg 2014

365 MIRANDA ROCKSEN Reasoning in a Science
Classroom. Goteborg 2015

366 ANN-CHARLOTTE BIVALL Helpdesking:
Knowing and learning in IT support practices.
Géteborg 2015

367 BIRGITTA BERNE Naturvetenskap miiter etik. En
klassrumsstudie av elevers diskussioner om sambdillsfragor
relaterade till bioteknik. Goteborg 2015

368 AIRI BIGSTEN Fostran i forskolan.
Goteborg 2015

369 MARITA CRONQVIST Yrkesetik i lirarutbildning
- en balanskonst. Goteborg 2015

370 MARITA LUNDSTROM Firskolebarns strivanden
att kommunicera matematik. Goteborg 2015

371 KRISTINA LANA Makt, kin och diskurser.
En etnografisk studie om elevers aktirsskap och
positioneringar i undervisningen. Gteborg 2015

372 MONICA NYVALLER Pedagogisk utveckling
genom kollegial granskning: Fallet 1 drande Besik utifrin
aktir-ndtverksteori. Goteborg 2015

373 GLENN OVREVIK KJERLAND

A lere & nndervise i kroppsoving. Design for ntvikling
av teoribasert nndervisning og kritisk refleksjon i
krogppsovingslarerntdanningen. Goéteborg 2015

374 CATARINA ECONOMOU [ svenska tvi vagar
Jag prata mer och sa”. En didaktisk studie om skolimnet
svenska som andrasprak. Goteborg 2015

375 ANDREAS OTTEMO Kin, kropp, begir och
teknik: Passion och instrumentalitet pa tva tekniska
hagskoleprogram. Géteborg 2015

376 SHRUTI TANEJA JOHANSSON  _Autism-in-
context. An investigation of schooling of children with a
diagnosis of antism in urban India. Goteborg 2015

377 JAANA NEHEZ Rektorers praktiker i mite med
utvecklingsarbete. Mdjligheter och hinder for planerad
fordndring. Géteborg 2015

378 OSA LUNDBERG Mind the Gap — Ethnography
abont cultural reproduction of difference and disadvantage in
urban education. Géteborg 2015

379 KARIN LAGER [ spanningsfiltet nrellan kontroll
och utveckling. En policystudie av systematiskt kvalitetsarbete i
kommunen, forskolan och fritidshemmet. Goteborg 2015

380 MIKAELA ABERG  Doing Project Work.
The Interactional Organization of Tasks, Resources, and
Instructions. Géteborg 2015

381 ANN-LOUISE LJUNGBLAD Takt och hallning
- en relationell studie om det oberafkneliga i matematik-
undervisningen. Goteborg 2016

382 LINN HAMAN  Extren jakt pd hilsa. En
explorativ studie om ortorexia nervosa. Géteborg 2016

383 EVA OLSSON O the impact of extramural English
and CLIL on productive vocabulary.
Goteborg 2016

384 JENNIE SIVENBRING [ den betraktades igon.
Ungdomar om bedommning i skolan. G6éteborg 2016

385 PERNILLA LAGERLOF  Musical play. Children
interacting with and around music technology.

Géteborg 2016

386 SUSANNE MECKBACH M starcoacherna. Att
bli, vara och utvecklas som trinare inom svensk elitfotboll.
Goteborg 2016

387 LISBETH GYLLANDER TORKILDSEN
Bedimning som gemensam angeligenhet — enkelt 7 retoriken,
svarare i praktiken. Elevers och lirares forstaelse och
erfarenheter. Goteborg 2016

388 cancelled

389 PERNILLA HEDSTROM Hilsocoach i skolan.
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The concept concept in mathematics education:

A concept analysis

The notion concept is used in different ways within the field of mathematics
education. Here, the aim is to carry out a concept analysis of the notion concept,
within some frequently used frameworks describing conceptual understanding.
‘The main findings of the study highlight two categories of views on concept within
the texts: mental and intersubjective views, and non-mental and intersubjective
views. One difference between these views is whether conceptual structures have
molecular or holistic features. The thesis deepens the understanding of how
terminology is used in mathematics education and discusses how terminology
may be used coherently.

Lotta Wedman is a teacher educator at Dalarna University,
but has conducted her PhD studies at the Department of
Pedagogical Curricular and Professional Studies, University
of Gothenburg. Her research interests concern concept
formation and students development of conceptual
structures for understanding mathematics.
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