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Formalizing domain models of the typed and the untyped lambda calculus in Agda
David Lidell

Department of Computer Science and Engineering

Chalmers University of Technology and University of Gothenburg

Abstract

We present a domain interpretation of the simply typed and the untyped lambda calculus.
The interpretations are constructed using the notion of category with families, with added
structure. Specifically, for the simply typed case we construct a simply typed category
with families of (a version of) neighborhood systems with structures supporting binary
product types and function types. For the untyped case, we construct a unityped category
with families of neighborhood systems, with added lambda structure.

The work is completely formalized in the dependently typed programming language and
proof assistant Agda. The categories with families with added structure are formalized
as records and then instantiated with neighborhood systems as objects and approximable
mappings as morphisms. In constructing the appropriate neighborhood system for the
untyped model, we make use of Agda’s sized types; this feature enables us to prove tran-
sitivity of the ordering relation between untyped neighborhoods.

Keywords: Agda, categories with families, domain interpretation, lambda calculus, sized
types
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1

Introduction

Martin-Lof type theory [10] is a dependent type theory designed to serve as an alternative
foundation for constructive mathematics. Due to the Curry-Howard correspondence, it
may also be viewed as a programming language [12]. Its fundamental building blocks are
types and terms, along with contexts (assignments of types to free variables). It is formally
defined in terms of judgments and inference rules, using a natural deduction-style sequent
calculus.

In order to formally study a program, it needs to be given a semantics. One of the major
approaches is that of denotational semantics, where each phrase of the language studied is
taken to denote a mathematical object. Naively, one might think of using sets and functions
as denotations. However, as was discovered while searching for a denotational semantics
of the lambda calculus, some programs simply cannot be given a denotation in such terms.

Around 1970, with the goal of assigning meaning to such programs, Dana Scott [15] laid
the foundation for domain theory, which studies very particular sets with additional struc-
ture, and functions between them, well-suited for use in denotational semantics. Scott later
presented his theory in alternative ways, first using the language of neighborhood systems
[17], and later information systems [16]. In the 1980s, Martin-Lof [11] worked on giving a
denotational semantics to his type theory, using a notion of formal neighborhoods adapted
from Scott’s neighborhood systems. This work was later expanded on by Palmgren and
Stoltenberg-Hansen [14] using Scott’s notion of domains.

Also building on Martin-Lo6f’s work, Hedberg [7][8] constructs a domain model of a frag-
ment of partial type theory (type theory extended with general recursion) inside total type
theory. He does this by formalizing a cartesian closed category of domains in a proof as-
sistant based on type theory. His PhD thesis [7] contains an overview of the construction
and some brief and informal proofs. Unfortunately, it does not contain the implementation,
and we were not able to retrieve it elsewhere.

In this thesis, we adapt Hedberg’s work and give a different domain model of the simply
typed lambda calculus using the notion of categories with families (cwfs). We go beyond
his work both by introducing a consistency relation to our neighborhood systems, and by
extending the result to a model of the untyped lambda calculus. In doing so, we take
another step toward a full model of partial type theory within total type theory.



1. Introduction

In chapter 2, we present some of the necessary background, introducing categories with
families, the prerequisite notions of domain theory, and the language in which our work
is formalized. Chapter 3 describes the sets with structure and the mappings between them
that we will use for denotations. In chapter 4 and 5, respectively, we present domain
models of the typed and the untyped lambda calculus. We end with a short summary in
chapter 6.

When discussing proofs, we will be quite informal, and refer the reader who is interested in
the details to the appendix, where the code is found. It is also available at https://github.
com/DoppeD/Consistent CwfsOf Domains. We use conventional notation in the text as
much as possible, but the notation used in the code is occasionally somewhat idiosyncratic.


https://github.com/DoppeD/ConsistentCwfsOfDomains
https://github.com/DoppeD/ConsistentCwfsOfDomains
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Background

2.1 Categories with families

A well known categorical model of dependent type theories is that given by locally carte-
sian closed categories (Icccs). An alternative model is provided by categories with fam-
ilies (cwfs), first described in Dybjer [6]. In comparison to Icccs, their syntax is closer
to that of Martin-Lof type theory. Moreover, extensional equality is not built-in, but an
optional addition, and the same is true of X-types and II-types. Clairambault and Dybjer
[5] show that the 2-category of cwfs equipped with structures supporting 2, I1, and exten-
sional identity types is biequivalent to the 2-category of lcces. At their core, cwfs provide
a foundation for basic reasoning with dependent types. For reference, we present their
definition as given in Castellan et al. [4], almost verbatim. The category Fam, of families
of sets, is first defined:

Definition 2.1.1. The objects of Fam are families (U,),cx. A morphism with source
(Uy)xex and target (V}),cy is a pair consisting of a reindexing function f/ : X — Y, and
a family (g,),ex Where for each x € X, g, : U, — V/(, is a function.

Definition 2.1.2. A category with families (cwf) consists of the following:

e A category € with a terminal object 1.
Notation and terminology. We use I', A, etc, to range over objects of €, and refer to
those as “contexts”. Likewise, we use 0, ¥, efc, to range over morphisms, and refer to
those as “substitutions”. We refer to 1 as the empty context. We write () € €I, 1)
for the terminal map, representing the empty substitution.

e A Fam-valued presheaf T : €°P — Fam.
Notation and terminology. If T(I') = (U, ),cx, we write X = Ty(I') and refer
to its elements as fypes over I' - we use A, B, C to range over such “types”. For
A e X =Ty[), we write U, = Tm4(I') and refer to its elements as terms of type
A in context I'. Finally, for y : A — T, the functorial action yields

T(y) : (TmA(F))AeTy(r) - (TmB(A))BGTy(A)

consisting of a pair of a reindexing function _[y] : Ty(I') — Ty(A) referred to

3



2. Background

as substitution on types, and for each A € Ty(I') a function _[y] : Tm,I) —
Tm Am(A) referred to as substitution on terms.

e A context comprehension operation which to a given context I' € 6, assigns a
context I" - A and two projections
pF,A . F'A—)F qr’A ETmA[pF,A](F-A)

satisfying the following universal property: forally : A — I',foralla € Tm4[y](A)
there is a unique (y,a) : A —» I' - A such that

Pr.ac° (v.a) =y QF,A[(J/, a)] = a.

We say that (I" - A, pr_4,qr 4) 18 @ context comprehension of I" and A.

The “notation and terminology”’ annotations strongly suggest how these components relate
to Martin-Lof type theory, particularly the version with explicit substitutions.

Perhaps the most mysterious looking part is the context comprehension operations. We
find the following diagram helpful for understanding the projection p:

r-A
A

Pr,a
(v,a)

I' = A

Figure 2.1: Schematic view of the projection p

The equation pr- 4 °(y, @) = y says that the morphism p acts as a projection in the expected
way, by “shaving off” the last introduced type. When replacing terms in A for the free
variables of I' - A, what results is a term in A, reflected by the substitution-on-terms-
function. The term q with its related equation can be thought of as playing the role of the
variable introduced via context comprehension.

In Dybjer [6], it is shown that cwfs can also be defined algebraically as a collection of sorts,
operations on these sorts, and rules for the operations, in what is known as a generalized
algebraic theory (GAT) - see Cartmell [3]. Using such a description is a convenient way
to formalize cwfs, since it makes all of their components explicit. As we will focus on the
simpler constructions that are the simply typed cwfs (scwfs) and unityped cwfs (ucwfs), we
will present the generalized algebraic theory of cwfs as it specializes to these constructions
in chapter 4 and 5, respectively.

4



2. Background

2.2 Domain theory

The basic idea of domain theory is to describe a (potentially infinite) computation as be-
ing the limit of a sequence of partial, finite approximating computations. In this setting,
types are interpreted as sets of elements ordered by information content, typically com-
plete partial orders'. Programs are interpreted as functions between domains, satisfying a
particular notion of continuity.

Of particular interest are those elements that represent finite data, usually called the com-
pact or finite elements. Historically, one began with choosing a domain, such as a com-
plete partial order, to represent a data type, and then defined the compact elements of that
domain. In modern formulations of domain theory, such as those using neighborhood
systems or information systems, one instead works directly with partially ordered sets of
compact elements, and with approximable mappings between them. These mappings are
functions from the elements of one set of compact elements to the ideals of another. From
such a set of compact elements a domain is generated from its ideal completion. Approx-
imable mappings similarly generate continuous functions between domains.

Definition 2.2.1. A nonempty poset (.5, C) is directed if, for any x,y € S, there exists a
z€ SsuchthatxC zand y C z.

Definition 2.2.2. An ideal of a poset (.S, C) is a directed subset I C .S that is also a lower
set: forany ye I andany x € S,if xC ytheny € I.

Definition 2.2.3. For any element x of a poset (.S, C), the smallest ideal that contains x is
the principal ideal generated by x.

Definition 2.2.4. The set of all ideals over a poset (.S, C), ordered by set inclusion, is called
the ideal completion of S.

To give some intuition for the structures we will work with, we visualize the type of natural
numbers as the following tree of partial, finite approximations:

s(s(0)) =
N S
s(0) s(s(L))
NS
s(L)

N

Figure 2.2: The (lazy) natural numbers.

nitially, Scott [15] proposed using complete lattices as domains.



2. Background

The leaves 0, s(0), s(s(0)), ... represent the corresponding natural numbers. The symbol
1 represents an element with no information content. More interesting is the partial in-
formation provided by s(1), which represents knowing that we are dealing with a natural
number greater than 0, but not which one. We take the boolean values as another example:

t \ f
1
Figure 2.3: The boolean values.

As the images indicate, the elements should be ordered in a consistent way, such that an
element x is only below an element y if x contains no information not also contained in
y. In the natural numbers example, O is not below s(0) since the two elements provide
conflicting information.

Martin-Lof’s [11] work on developing a denotational semantics for his type theory was
done in terms of formal neighborhoods; special kinds of compact elements suitable for ap-
proximating the programs of type theory. Since our thesis builds on Hedberg’s PhD thesis,
which was directly inspired by Martin-Lof’s notes and uses the neighborhood terminol-
ogy, we will follow suit and refer to the elements of our structures as “neighborhoods”. We
will refer to the structures themselves as “neighborhood systems”, due to their similarity
to those defined by Scott [17]. In defining his version of neighborhood systems, Hedberg
[7] made the simplifying assumption that every pair of neighborhoods is consistent, i.e.
has a least upper bound. The resulting structure is a pointed upper semilattice, the ideal
completion of which is a complete semilattice. This put a restriction on what data types
he could model—it excludes, for example, the natural numbers and the booleans. We will
remove this restriction by introducing a consistency relation between neighborhoods.

2.3 Agda

We carry out our formalization in the functional dependently typed language Agda [13],
developed in Gothenburg. The language is syntactically similar to Haskell. It is based
on intuitionistic type theory, and due to the Curry-Howard correspondence, it serves as
a proof assistant for constructive mathematics. It is a total language, which means that
all functions must be shown to be terminating. Nonetheless, Agda offers the option of
enabling specific features, among them one that allows non-terminating functions to be
type checked. All such features can be disabled by using the safe pragma, which every
module in our code uses.

The type of small types in Agda is Set. In order to avoid paradoxes similar to Russell’s
paradox, it is not the case that Set : Set. Instead, Agda introduces a type Set; of large types,
and defines Set : Set;. For the same reason, there is also an even larger type Set,, with
Set; : Set,, and so on. These types of types are called universes, and the subscripts their

6



2. Background

levels. We keep universe levels fixed in our code, as we consider universe polymorphism
to offer few benefits while making the code more difficult to read. The main consequence
of this choice is that it forces our formalized sets of neighborhoods to be small types.
Lifting this restriction, if desired, is completely straightforward.

Many arguments to functions in the presented formalization are missing; these are either
implicit arguments hidden through Agda’s variable generalization feature, or passed as
parameters to modules. All code is type checked with Agda version 2.6.1. No external
libraries are used.

2.4 Related work

The formalization of the abstract definitions of the different categories with families, with
related structures, is adapted from Brilakis [2]. The definitions of neighborhood systems,
approximable mappings, and the arrow neighborhood system are adapted from Hedberg
[7]. However, we have reversed the information-content ordering of neighborhood sys-
tems, so that we are working with upper semilattices, ideals, monotone mappings, and so
on. This is for intuitive considerations, and is more in line with standard domain theory.
As with the definition of cwfs in section 2.1, the definitions of scwfs, ucwfs, and related
structures are taken almost verbatim from Castellan et al. [4].
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Formalization of neighborhood systems
and approximable mappings

3.1 Neighborhood systems

We define our neighborhood systems as partially ordered sets with a least element. To
model types such as the natural numbers or the boolean values, we must introduce the
machinery needed to be able to differentiate between those neighborhoods that are con-
sistent, and those that are not. As previously mentioned, the neighborhoods 0 and s(0) of
the natural numbers are not consistent, in that they provide conflicting information about
the result of a computation. As such, the supremum operator is defined only for consistent
pairs.

We will diverge from Martin-Lo6f’s [11] work in adding a consistency relation. While he
defines formal intersections—binary suprema in our version—for arbitrary pairs of formal
neighborhoods, and then defines a consistency predicate that singles out the ones that are
consistent, we find it more natural to embed a consistency relation between neighborhoods
in the definition of neighborhood systems:

record NbhSys : Set; where
field
Nbh : Set
_C_: Nbh - Nbh — Set
Con : Nbh — Nbh — Set
_U_[_]: (xy: Nbh) - Conxy— Nbh
1 : Nbh

Con-l:V{xyz} > xCz—=>yLCz—Conxy

Crefl: V{x} >xCx

C-trans: V{xyz} = xCy—->yCz—->xCz

C-1 :V{x}—->1LCx

C-ll :Vi{xyz}>yCx—>zLCx— (con: Conyz) —
yuUzlcon])Ex

C-L-fst: V{xy} = (con: Conxy) > xC (xLly|[ conl)

C-Ll-snd : V {xy} = (con: Conxy) - yLC (xLly|[con))



3. Formalization of neighborhood systems and approximable mappings

The reader may note that this definition does not include the axiom of antisymmetry. The
reason is that the notion of equivalence of interest here is not identity. Instead, we consider
two neighborhoods x and y equivalent iff x C y A y C x. With respect to this equivalence
relation C is a partial order.

In order to access a field in a record, one must specify the particular relevant instance of
the record. This makes the syntax cumbersome for mixfix operators, in this case C and LI.
For this reason, we introduce the following short-hand:

-- Some simplifying syntax.
[_]_C_: (D:NbhSys) — (xy: NbhSys.Nbh D) — Set
[A]xCy=NbhSys. C_Axy

[_]_U_: (D :NbhSys) — (x y : NbhSys.Nbh D) — NbhSys.Nbh D
[A]xUy=NbhSys. LI_Axy

When there is risk of ambiguity in using the symbols Nbh, C, LI and 1, we will denote
them with the subscript D, where D is the neighborhood system in question.

Other structures, such as the product of neighborhood systems, will also need to be defined.
These are in our case specific to either scwfs or ucwfs, so we introduce them as needed in
the corresponding chapters.

3.2 Approximable mappings

Since domains are generated from the ideals of a neighborhood system’s neighborhoods,
we should define approximable mappings in a way such that they map neighborhoods of
one neighborhood system to ideals of neighborhoods of another. We will formalize these
mappings as binary relations.

3.2.1 Defining approximable mappings

Recall that an ideal is a directed lower subset of the target neighborhood system’s elements.
Let y denote a would-be approximable mapping. To ensure that its image is a lower set, we
require that it is downwards closed. To ensure that any two consistent elements in it have a
common upper bound, we require it to be upwards directed. Moreover, we want y to map to
the least element, which also ensures that its image is not the empty set. More informative
input should yield more informative output, which we express as monotonicity. Finally,
an approximable mapping should take consistent pairs to consistent pairs:

record Appmap (D D’ : NbhSys) : Set; where
field
-- The mapping itself.
_—_ : NbhSys.Nbh D — NbhSys.Nbh D’ — Set

-- Axioms for the mapping.
-mono : V{xyz} > [D]xCy—->x—z—oy—Z

10



3. Formalization of neighborhood systems and approximable mappings

—-bottom : V {x} — x — NbhSys.L D’
—-lclosed: V{xyz} > [D']yCzox—z—>xPYy
—-tTdirected : V{xyz} > x+—y—>x z— (con: NbhSys.Con D’y z) -
x> (D Jyuz[con])
—-con: V{xyx’'y'} >x—y—->x"—y — NbhSys.ConDxx’ —
NbhSys.Con D’y y’

In this text we will use the notation X — y to express that (X, y) is in the relation specified
by y. We will say that “y maps x to y”, and ask the reader to bear in mind that y is a relation
and may map X to other neighborhoods as well.

Note that we do not explicitly include totality as an axiom, as it follows immediately from
—-bottom:

—-total : (y : Appmap D D’) = V {x} —
2 (NbhSysNbh D) Ay = [y ]x—y
—-total {D’ =D’} y = NbhSys.L D’ , Appmap.—-bottom y

Other derived mappings one might expect, such as the composition of mappings, will come
later. The reason for this is that we soon will be working with tuples of neighborhoods,
and would rather not have to define every such derivation twice.

3.2.2 [Equivalence of approximable mappings

Working in type theory, we need to explicitly define extensional equality of approximable
mappings. In order to keep the code independent of external libraries, we adapt the for-
malization of equivalence relations from the standard library:

-- The below code is adapted from the standard library.
-- The point is to remove any dependencies on libraries.
-- For the purpose of the project, universe levels can be fixed.

Rel : (A : Set;) — Set,
Rel A=A - A — Sety

Reflexive : Rel A — Set,
Reflexive _~ =V {x} > x=~x

Symmetric : Rel A — Set;
Symmetric _~_=V{xy} >xxy—->yxx

Transitive : Rel A — Set;
Transitive _~_ =V {xyz} 2 xRy o> yRZ—o> X~

record IsEquivalence (_x_ : Rel A) : Set; where
field
refl : Reflexive =~
sym : Symmetric
trans : Transitive

~
_N_
In
_N_

11
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3. Formalization of neighborhood systems and approximable mappings

We then define:

data _<_: Rel (Appmap D D’) where
<-intro: {y 6 : Appmap D D’} —
Vixyl=lrlxmy—-[6lx=y -y=<é

data _=_: Rel (Appmap D D’) (Isuc lzero) where
~-intro: {y 6 : AppmapD D'} -y <6 -0y -y~

Showing that _~_ defines an equivalence relation is trivial.



A

A domain model of the typed lambda
calculus

An scwf is a special case of a cwf; one where the Fam-valued presheaf of types is constant,
which corresponds to types being independent of terms. We present this construction first,
and later adapt the results obtained here to the untyped version in chapter 5.

We begin with discussing a plain scwf of neighborhood systems. Plain scwfs formalize
theories of functions of several variables. We add structures supporting unit types and
binary product types in section 4.2, and a structure supporting function types in section
4.3.

The connection between scwfs with structure and cartesian closed categories - the classical
categorical model of the simply typed lambda calculus - is explored in Castellan et al. [4].

4.1 A plain scwf of neighborhood systems

We present the definition of plain scwfs, and a formalization thereof. We then present our
implementation’s types, contexts and morphisms, and the additional components needed
in a plain scwf.

4.1.1 Abstract definition
We first give the definition of a plain scwf:
Definition 4.1.1. An scwf consists of the following:
e A category € with a terminal object 1.
o AsetTy.
o A family of presheaves Tmy, : €°° — Set for o/ € Ty.
o A context comprehension operation which toI" € 6, and & € Ty assigns a context

13



4. A domain model of the typed lambda calculus

I' - o and two projections

prsﬂ I -T qr"dEde(FeQ{)

satisfying the following universal property: forall y : A — I, forall a € Tm(A),
there is a unique (y,a) : A — I' - &/ such that

Pr,« ° (v,a) =y qF,,Q{[(]/’ a)]l =a.

We will formalize a contextual scwf. These admit a length function from their contexts to

the set of natural numbers that ensures that all contexts are inductively created via context
comprehension, up to isomorphism:

record Scwf : Set, where
field
Ty : Set;
Ctx : Nat — Set,
Tm: Ctx n — Ty — Set,
Sub: Ctx m — Ctx n — Set;

~ V{I'e} — Rel (Tm {n} I &) (Isuc lzero)
&~ :V{I'A} - Rel (Sub {m} {n} I" A) (Isuc lzero)

isEquivT : V {I" & } — IsEquivalence (_~_ {n} {T'} {<})
isEquivS : V {I" A} — IsEquivalence (_~_ {m} {n} {I'} {A})

o : Ctx zero
_e_:Ctxn — Ty — Cix (suc n)

q:T:Cxn)—»(A:Ty) >TmT e ) A
L1 V{gTA} >Tm{n}Ad - Sub{m}T’'A - TmI o

id: IT:Ctxn)— SubI'T"
o :V{I'A®} ->Sub{n} {o}A®—->Sub{m}T"A—- SubI"®
O):{I': Ctxn} - SubT o

(,):V{IT'Ad} - Sub{n} {m} AT > TmA YL - SubA T e )
p:(T:Ctxn)— (A :Ty)>SubT e )"

The axioms of the generalized algebraic theory of cwfs simplify to the following:

14

dL:V{I'A} > (y: Sub{n} {m} AT') - ((dIN)y) =y

dR:V{[T'A} = (y:Sub{n} {m} AT) > (y-(idA) =y

subAssoc: V{I'AO®A} - (y: Sub {m} {n}I"A) —
(6:Sub {n} {0} A®) — (6 : Sub {0} {r} ® A) —
((026)oy)=(0(5°7))

dSub:V{I'} - (t: Tm{n} ') - [id])~¢t
compSub: V{IIT'A® I} - (t: Tm {n} A d) —
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(y : Sub{m}I"A) = (6: Sub {0} OT) —
(tlyeoD=@lyDIéD

idy : id o= ()
<>-zero: V{I'A} = (y : Sub {m} {(n} T A) = () e y) = ()

pCons : V{AT'A} - (y:Sub{n} {m} AT)—> (t: TmA ) —
(pC )y . t) =y
qCons : V{A T A} = (y: Sub{n} {m} AT) - (t: TmA A) —
QT ) [(r.t)D~t
dExt: V{d T} - (@0d(e_{mTA)=(pl'ed ., ql' A )
compExt: V{IIT'Ad} - (t: TmA ) —
(y : Sub {n} {m} AT') > (6: SubT" A) —
(r.t)e8)=(yeé.1[6])

Since we are working with more general notions of equivalence than definitional equality,
we explicitly encode that operators should take equivalent terms to equivalent terms as the
following congruence rules:

subCong : V{A T A} - {tt’: Tm{m} " A} —
{yy :Sub{n} AT’} »t~t —
yy ->@lyD=@ [y )
<>-cong:V{IT A} > {tt’: Tm{m}T" A} —
{yy :Sub{m} {njT'A} - t~¢t —
vy ->(r.0)2(r.r)
o-cong : V{I'A®} - {yoé:Sub{n} {o} AO®O} —
{y’6’:Sub{m}I'A} -y =6 —
Yy’ 26 > (yey)=(6006)

4.1.2 The types and objects

The objects of our scwf are lists of types indexed by length. They are formalized in the
usual manner, with a nil-constructor and a cons-constructor:

data List : Nat — Set; — Set; where
[]:ListOA
__:A—-Listn A — List (sucn) A

-- Types are neighborhood systems.
Ty : Set;
Ty = NbhSys

-- A context is a list of types.
Ctx : Nat — Set,
Ctx n =Listn Ty

The terminal object is simply the empty list [].

15
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4.1.3 The morphisms

Since the morphisms of a category with families represent simultaneous substitutions of
variables for terms, we need a notion of tuples of neighborhoods, and what it means for
them to be well-typed in contexts. We call tuples that are well-typed in contexts valuations.
Their definition is very similar to that of lists:

data Valuation : Ctx n — Set where
({)) : Valuation []
((_,,_)) : NbhSys.Nbh & — Valuation I' — Valuation (& :: I')

The two commas in the second constructor are there to avoid parsing errors when we
later introduce pairs. Note the usage of Agda’s variable generalization feature: the n in
Ctx n and the I" have been specified elsewhere as denoting a natural number and a context,
respectively. We use the following notation for valuations of single typed contexts:

((_)) : Y x — Valuation (& :: [])
((x ) ={x. N

In the text, we will simply omit the angled brackets when dealing with such valuations and
write X instead of ((x)).

The empty tuple is the only valuation of the empty context, and a valuation of a context I,
extended with a neighborhood x of type &, is a valuation of & :: I

By defining C, LI, 1, and consistency for valuations component-wise, we form a neigh-
borhood system. Note that the functions ctHead and ctTail serve the same purpose for
valuations as head and tail do for lists:

datalC,: (I': Ctx n) = (xy : ValuationI') —
Set where
C,-nil - &, [1{() ()
C,-cons: (I': Ctx (sucn)) = V {xy} —
[ head I" ] (ctHead x) C (ctHead y) —
C, (tail ') (ctTail x) (ctTail y) —
C,T'xy

data ValCon : (I' : Ctx n) — (xy : ValuationI') — Set where
con-nil : ValCon [] ({)) {({))
con-tup: V{I': Ctxn} - V{xyxy} —
NbhSys.Con & xy — ValConI'xy —
ValCon (¢ :: ) ((x.,x)) ((y..¥))

_U,[]:(x: ValuationI') — (y : ValuationI') - ValConI'xy —
Valuation I
L 1O (O == ()
W [T =h: ) ((x..x)) ((y..¥)) (con-tup conxy conxy)
={([h]lxuyl[conxy].,xuU,yl[conxy]))

16



4. A domain model of the typed lambda calculus

1, : Valuation I'

L AT =1} =)
1, {’'=h:_} =((NbhSys.Lh, L,))

Proving that these satisfy the neighborhood system axioms is easily done inductively, by
making use of the corresponding proofs for the underlying types. We name the neigh-
borhood system ValNbhSys. We will in the text use the notation x € Val(I') to denote
that x is a valuation of I". Note that we use boldface to differentiate between ordinary
neighborhoods x, y, z and valuation neighborhoods x, y, z.

A morphism from a context I' of length m to a context A of length #» is thus an n-tuple of
m-place approximable mappings, or in other words an approximable mapping from Val(I")
to Val(A). We use the following simplifying notation:

tAppmap : (I': Ctx m) — (A : Ctx n) — Set,
tAppmap I" A = Appmap (ValNbhSys I') (VaINbhSys A)

In the remainder of this chapter, whenever we talk about approximable mappings - or just
“mappings” - between contexts, we refer to this definition.
4.1.3.1 The terminal morphism

The morphism to the terminal object is the approximable mapping with the following
relation:

data _empty—_ : Valuation I' — Valuation [| — Set where
empty—-intro : {x : Valuation I'} — x empty— ({))

This is a rather obvious definition, since there is only one valuation of the empty context.
Proving that the above relation satisfies the required axioms is entirely trivial. We name
the mapping emptyMap.

4.1.3.2 Identity morphisms

The identity morphism for an object I" is defined as the approximable mapping that takes
a valuation x the principal ideal generated by it:

data _id~_ : Valuation I' — Valuation I" — Set where
id—-intro: V{xy} - C, I'yx—>xid—y

The proofs of the approximable mapping axioms are very simple, following immediately
from the domain axioms of the types of the underlying context. We name the mapping
idMap.

4.1.3.3 Morphism composition

Morphism composition is the usual composition of relations: if y is an approximable map-
ping from I" to A, and 6 one from A to ©, then 6 o y maps x € Val(I') to z € Val(®) if and

5
only there exists y € Val(A) such that x A yandy — z.

17



4. A domain model of the typed lambda calculus

data _e—_ (0 : tAppmap A ©) (y : tAppmap " A) :
Valuation I' — Valuation ® — Set where
o—-intro: V{xyz} > [y]x—y—[6]ly—~z—
_o—>_0YyX1Z

The proofs of most of the axioms for approximable mappings easily follow from the cor-
responding proofs for the mappings y and 6. Showing that the relation is upwards directed
is only slightly more involved:

. deoy Geoy .
For appropriate tuples X, y, z, proofs that x — y and x +— z consist of the sub-proofs,

4 !/ /5 Y / 16
X~y Y~y and x— 2z 1z b1z,

for some y’,z’ € Val(A). From the upwards directed property of y, it follows that x A
5 5
y’ U z’. From the monotonicity of 5, we gety’ Uz’ — yandy’ Uz’ — z. Finally, the

6 5 o
upwards directed property of § yields y’ Lz’ — y U z. It follows that x o y Ll z. Note
that the consistency of y’ and z’ follows from the consistency of y.

4.1.4 Presheaves of terms

The family of presheaves of terms is formalized abstractly as the function Tm in section
4.1.1. It associates to any context I" and any type & the set of terms of type &/ that are
closedunderI'. Since & contains all the information needed about these terms, it is natural
that Tm returns an approximable mapping from the context to the type. So terms, like
substitutions, are approximable mappings, and we can reuse the definitions and proofs of
section 3.2.

In order to keep using the tAppmap notation, we identify the type &/ with the context
[</], and define the terms of our implemented scwf - in pseudocode - in this way:

TmI'of =tAppmap ' [ & |

Explicit substitution on terms _[_] is defined as composition of approximable mappings.
This should make intuitive sense: consider contexts I" and A, a type &/, and an approx-
imable mapping y : I" = A. Recall that y represents a substitution of terms in I" for free
variables in A, and that performing such a substitution results in a term in I'. The more
information we have about a valuation of I', the more information we have about a cor-
responding valuation of A, related to by y. In turn, the more information we have about
this valuation, the more information we have about a corresponding term of type & in A,
which is also aterm in I

4.1.5 Context comprehension

Context comprehension is defined by list cons, sothatI'- o = &/ :: T.

Since both substitutions and terms have been defined as approximable mappings, the pro-
jections p and q and their respective proofs of the mapping axioms are almost identical.

18



4. A domain model of the typed lambda calculus

For x € Val(I') and a neighborhood a, p should act as the identity mapping for x, while q
should act as the identity mapping for a. Their underlying relations are hence defined as:

data _p—_ : Valuation (& :: I') — Valuation I — Set where
p—-intro : {x: Valuation (& :: ")} - V {y} —
C, Iy (ctTailx) = xp—y

data _g+_ : Valuation (& :: I') — Valuation [ & | — Set where
gr-intro : {x: Valuation (& :: ")} —
{y : Valuation [ & |} —
[ & ] (ctHead y) C (ctHead x) —» x gy

Proving that these relations satisfy the required axioms is done by making direct use of
the axioms for the valuation neighborhood system, and requires no further explanation.
4.1.5.1 Substitution extension

The last definition we require for our plain scwf is that of the substitution extension mor-
phism {_,_). Bearing in mind the definitions of p and q, the equations involving them and
{_,_) that must hold, and the discussion in section 2.1, we define its relation as:

data () (y : tAppmap AT") (t: tAppmap A[ & ]):
Valuation A — Valuation (& :: I') — Set where
()-intro : V {xy} — [y ] x — (ctTail y) -
[t]x~ ((ctHeady)) — () 7y txy

-- Some simplifying notation.

()] _+_:(y:tAppmap AT) — (¢: tAppmap A [ & ]) —
Valuation A — Valuation (& :: I') — Set

ry.0)Ix—y=(O—rixy

Proving the axioms is, again, straightforward.

4.1.6 Proving the axioms of the GAT of scwfs

Most of the proofs of the axioms of the generalized algebraic theory of scwfs are imme-
diately obvious. The main exception is one of the directions of compExt:

compExtLemma, : V {Xy} = [(yed,ted)]xy—
[(y,t)eb XYy

Lety = ({y,,y’)). From the assumptions we get

] Y, o t
X~z zZ—YyY and X W WkH Yy

for some z, w € Val(A). Since ¢ is a consistent approximable mapping, it follows that z
and w are consistent. From the monotonicity of y and ¢ we get

t
(zLIw)nLy’ and (zLUw) e y.
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4. A domain model of the typed lambda calculus

The definition of substitution extension then gives us

(z LIw) <|y—’t>> {y,,y'")) ie. (zuw) <'y—’t>> y.

8
Finally, we make use of the upwards directed property of 6 to get x — (zLIw), and compose
the two results.

4.2 Adding a product type

We define and show our implementation of two structures related to finite product types.
They are variants of the X- and N;-structures described in Castellan et al. [4].

4.2.1 Definition of a weak X-structure

We begin by presenting the definition of a X-structure:

Definition 4.2.1. A X-structure on an scwf € consists of, foreachI" € 6, and o/, B € Ty,
atype &/ X % € Ty and term formers

fStr"M7@(—) . dex@(r‘) s de(r)
SNy (=) © Ty gp(I) = Tmg (1)
(= =) 1 Tmy () X Tmg([T) - Tmyy, 5z )

such that, for appropriate y, a, b, ¢

fst({(a, b)) = a 4.1)
snd({a, b)) = b 4.2)
(fst(c), snd(c)) = ¢ 4.3)
(a,b)[y] = (alrl, bly1) 4.4)

Equation 4.3 is the rule of surjective pairing. We will follow Martin-Lof and introduce
a specific bottom element L, when defining the binary product type, in order to model
lazy evaluation of pairs. As a result, surjective pairing will not hold, as we differentiate
between L, and the pair (L, L ). The former neighborhood corresponds to not knowing
anything about the evaluation of a term, while the latter corresponds to knowing that it is
a pair, but nothing more. Note, however, that the rule holds when ¢ # L .. We will call
a X-structure without surjective pairing a weak X-structure. We formalize it as a record
with added congruence rules:

record Prod-scwf : Set, where
field
scwi : Scwf
open Scwf scwf public
field
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4. A domain model of the typed lambda calculus

X _ Ty ->Ty - Ty

fst:V{II'of B} >Tm {m} ' (A X RB)—>TmI o
snd: VIS B} ->Tm {m}I'(AI XAB)—>TmIl %
<, > VII'dB}->Tm{m}I'd >TmI'AB - TmTI (A X B)

fstAxiom: V{I' S B} - {t: Tm{m} T} - {u: TmI A} —
fst<t,u>=~t

sndAxiom: V{I'f B} - {t: Tm{m} T d} - {u: TmI[ B} —
snd<t,u>=~u

pairSub: V{IFrA AL B} - {t: TmT'd} - {u: TmI" B} —
{y : Sub {n} {m} AT} —
(<t,u>[yD~r<tl[y],uly]>

fstCong : V{I' B} - {tt’: Tm{m}'(I X RB)} >t=xt —
fstt ~ fstt’
sndCong : V{I'f B} - {tt’: Tm{m} (I XRB)} -txt —
sndt~sndt’
pairtCong : V{I' S B} - {tt’ . Tm {m} ' &} - {uw’ : TmI[ B} —
txt’'>u~xu —
<t,u>=~<t ,u >

4.2.2 Definition of a weak N,-structure

An N structure is defined in [4] as:

Definition 4.2.2. An N -structure on an scwf consists of a type N; € Ty, and for each I
aterm 0y € Tmy (T') such that for all ¢ € Tmy, (I'),0; = c.

In our case, we have to alter the definition somewhat. Since our type must contain one
information-carrying element in addition to the bottom element in order to be meaning-
ful, there are generally several distinct terms in Tmy (I'). The property specified in the
definition above is derived by analogy from the axioms of the X-structure, by thinking of
the N -structure as a nullary product, and removing rules 4.1 and 4.2. We further remove
rule 4.3 and arrive at the following definition:

Definition 4.2.3. A weak N;-structure on an scwf of domains consists of a type N; &€
Ty, and for each I" a term 0; € Tle(F) such that for all ¢ € Tle(F) and all y €
(g(A9 F)’ OI[Y] = Ol'

We add to the record defined in section 4.2.1 the fields of the weak N;-structure:

-- We merge the N, -structure with the X-structure.
N, : Ty
0,:V{l'} - Tm {m} ' N,
Ni-sub: V {I"A} — {y : Sub {n} {m} AT} —
O, [r D=0
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4. A domain model of the typed lambda calculus

4.2.3 Implementing the weak x-structure

To implement the weak X-structure, we must define the product of neighborhood systems
and the related morphisms, and prove that these satisfy the given axioms.

4.2.3.1 Defining the product of neighborhood systems

We define the set of neighborhoods of the product of two neighborhood systems D and D’
as consisting of the least element L and pairs of neighborhoods of D and D’ using the
ordinary definition of pairs:

data _[X]_ (A B : Set) : Set where
,A->B—->AXB

We use the unusual symbol [X] as we want to reserve the conventional X for the product
neighborhood system itself.

The domain is defined very similarly to the neighborhood system of valuations, with the
ordering relation being defined component-wise in terms of the ordering relations of the
corresponding underlying neighborhood systems, and similarly for the supremum operator
and the consistency relation. This also makes the proofs of the axioms almost identical.

data ProdNbh : Set where
1. : ProdNbh
<_,_>: NbhSys.Nbh D — NbhSys.Nbh D’ — ProdNbh

data _E,_: ProdNbh — ProdNbh — Set where
C,-intro; : V {x} = L, E, x
C.-intro, : V{xyx'y’} = [D]xCy—
[D’ ] x: E y» N
<x,x’>LC,.<y.,y >

data ProdCon : ProdNbh — ProdNbh — Set where
con,-L;:V {x} - ProdConx L
con,-1,:V {x} - ProdCon L, x
con-pair : V {x; x, x’; x’»} = NbhSys.Con D x; x’| —
NbhSys.Con D’ x5 X’y —
ProdCon < x; ,xp > <x’y,x’) >

_l,_ : ProdNbh — ProdNbh — ProdNbh

Lou L =1,

LU <x1,X%>=<Xx;,X)>

<X, Xp>U L =<x;,%xy>

<x1,x2>ux<xi,xé>
=<[D]xyuxy,[D']x,Ux)>

We visualize the product of the boolean values and boolean values below to help provide
intuition for the ordering relation of the product type:
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() . f) f>0 f, f)

X 74

(t, Lp) (Lp, 1) f. Ly Ly )

NV

(J-b, J—b)

1

X

Figure 4.1: The product of booleans. The elements are pairs of boolean neighborhoods,
ordered component-wise. The neighborhood L, represents the least element of the
boolean neighborhood system.

4.2.3.2 The morphisms

The relations for the three morphisms fst, snd, and <_,_> are defined in fairly obvious
ways. If a mapping t € Tm,, (I") maps x € Val(I', &) to the pair (y;,y,) € & X B,

fst(r) .
only then do we have that x +— y;, and similarly for snd and y,.

Fort € Tmy(I'), u € Tmg(I'), and x € Val(I', &), the pairing mapping <_,_> maps X to
t u
V1, ¥7) € I X A if and only if both x = y; and X = y,:

data <>+ (t: tAppmap ' [ &/ ]) (u: tAppmap ' [ A ]) :
Valuation I" — Valuation [ & X % | — Set where
<>-introg : V{x} - <> tux (( L, ))
<>-introy : VA{Xy; yp} = [t1x - ((y; ) —
[ulx—= () -
<S>etux((<yp,y>))

data fst— (t: tAppmap ' [ &/ X KB ]) :
Valuation I' — Valuation [ &/ | — Set where
fst-intro; : V {xy} — [ & ] y CE NbhSys.L of — fst— tx ((y))
fst-intro, : V{Xy; y} = [t]1x = (<y;, ¥, >)) —
fstm> tx ({1 )

data snd— (t: tAppmap'[ 4 X B ]) :
Valuation I' — Valuation [ % | — Set where
snd-intro; : V {xy} — [ % ] y CE NbhSys.L & — snd—~ tx ((y))
snd-intro, : V{Xy; ) = [t]1 x> ((<y;, 7 >)) —
snd— tx (( v, ))
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4. A domain model of the typed lambda calculus

As the definitions suggest, proving the mapping axioms for these relations is done directly
using those of their constituent mappings. Note that the rule of surjective pairing would
hold were it not for the distinguished least element.

In order to be able to prove the axioms of fst and snd, it is not enough to specify that they
map to the least elements of the respective domains. Instead, their first constructors state
that they map to any y such that y C L. Of course, since L C y, this means that any such
y is equivalent to L.

4.2.3.3 Proving the neighborhood system axioms

Proving fstAxiom and sndAxiom is simple. Proving one direction of pairSub is similiar
to proving that mapping composition is upwards directed:

pairSubLemma, : {y : tAppmap AT’} - V {xy} —
[<toy,uey>]XHy—
[<t,u>oy]xPy

. (teyuey)
From the assumption x =~ —> (y;, y,) we get

y u
X—2Z zZ—y and XHW WP ),

for some z,w € Val(I'). From y being consistent we get that z and w also are. Since y

. . Y .
is upwards directed, we get x — z LI w, and from the monotonicity of ¢ and u, we get

t u <t’u>
zUwr y,andzUwe y,. HencezUw = (yq,),), and the result follows.

4.2.4 Implementing the weak N, -structure

As alluded to in section 4.2.2, the unit neighborhood system consists of the bottom element
and an element with information content that we call 0;, not to be confused with the term
0; € Tmy (I') that we will define in 2 moment.

data UnitNbh : Set where
1, : UnitNbh
0, : UnitNbh

data _E;_ : UnitNbh — UnitNbh — Set where
_Ll—bOt: A {X} - ‘Ll I;l X
Ol-reﬂ: Ol E] 01

data UnitCon : UnitNbh — UnitNbh — Set where
allCon : V {x y} — UnitCon x y

_U;_[_]: (x: UnitNbh) — (y : UnitNbh) — UnitCon x y — UnitNbh
Liyl_1=y
O,upy[_1=0
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4. A domain model of the typed lambda calculus

The term 0; € Tmy (I') can only be defined in one way: it’s the mapping that maps any
valuation of I" to both the element 0; and L;:

data _Oy—_ {I": Ctx n} : Valuation I' — Valuation [ N ] —
Set where
0=V:V{xy} =>x0—Yy

The type can be visualized this way:

1

Figure 4.2: The unit type, consisting only of the least element and a canonical element
0;.

4.3 Adding a function type

We define and show our implementation of a structure supporting function types. Our par-
ticular implementation does not support #-equality. As with the X— and N;-structure, this
is because of the introduction of a distinguished least element to the related neighborhood
system.

4.3.1 Definition of a weak =-structure

The definition of a =-structure is as follows:

Definition 4.3.1. A =-structure on an scwf & consists of, for eachI" € 6, and &/, % €
Ty, a type & = 9 along with term formers

Arg.z - Top gy (B) - Tmp(d = RB)
apr gy g - Imp(d = B) X Tmp() - Tmp(B)

such that, for a € Tmp(&), b € Tmp.(RB), c € Tmp(A = B),and y € €(A,I):

Ara,aOIr] = Ap 0,50 ° Paws 98,0
apr o (¢, )yl = apa o g (cly], aly]
apr o . (Ar . (), a) = b[{(idr, a)]
Ar. o 2@Pr.g o 2 lpr.ol dr.g)) = ¢

The last rule is that of n-equality. Like we did with the product type, we will introduce a
distinguished least element to the arrow neighborhood system, which will invalidate this
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rule. The rule does hold, however, if this element is removed. We will call a =-structure
without #-equality a weak =>-structure.

Although the three structures are independent of one another, we choose to formalize an
scwf with added weak X-, N;-, and =-structures, along with new congruence rules for the
latter:

record ProductArrow-scwf : Set, where
field
prod-scwf : Prod-scwf
open Prod-scwf prod-scwf public
field
=> Ty->Ty->Ty

lam:V{I' S B} >Tm(e_{m} I A) B > TmI (A = R)
ap V{Irod B} ->Tml'(d =>RB)->Tm{m}I'ef > TmI AB

lamSub : V{I'A o B} — (y: Sub {n} {m} AT) —
t:Tm T o of) B) —
(am [y D (am (¢ [(yopAd ,qAd)])
apSub: V{I'A A B} — (y: Sub {n} {m} AT) —
(t:TmIN' (A =>RB) > (u: TmI'S) —
(aplyD@lyD)=@ptuly])

YT ABY->{t- Tm{m}T'd} > {u:Tm(T e Af) B} —
(ap(lamuw) ) ~ ([ {(idT",t)])

lamCong : V{I' f B} - {tt’: Tm (_e_{m} " A) B} —
txt — (lamt) =~ (lam¢’)

apCong : V{I' S B} - {tt': Tm {m} ' (A = B)} —
V{iuvw} -txt’' -u~u —

(aptu)=(apt’'u’)

4.3.2 The arrow neighborhood system

In order to construct a weak =-structure for our scwf, we must first define the type & =
B, for of, B € Ty. The finite pieces of partial information that we will use to approximate
terms of this type, i.e. functions from &/ to A, are finite functions.

A function can be represented as a set of input/output pairs, and so an element of &/ = X
is a finite set of pairs. A set of this kind uniquely specifies an approximable mapping: the
mapping such that all input/output pairs of the set belong to it, along with whatever else
is required for it to satisfy the approximable mapping axioms, and nothing more. Such a
mapping is the smallest approximable mapping containing a set, and we will refer to these
sets as finite functions.

Let o/, B € Ty, and f, f' € Nbh,_, 4. Let y be the smallest mapping containing f, and
v’ be the smallest mapping containing f’. Our goal is to define the information ordering
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of &/ = % such that f C f'iff

/

VxVy(x A y=>Xx ’ ¥)

Thus f’ consistently extends the information content of f in the sense that y’ maps x to
y whenever y maps x to y.

Before we present the formalization of this ordering, we will informally derive its defi-

. . . . Y
nition. Using the variables introduced above, assume that x — y. What property must

!/
. v . .
hold of ' in order for x ~ y to hold? It certainly holds if (x, y) € f'. Because of the
monotonicity axiom, it suffices that (x’,y) € f’', for some x’ C x. Morever, due to the
downwards closed axiom, we only require that (x’, y") € f', for some y’ 3 y.

Finally, since either of x" and y’ could be the supremum of neighborhoods, the upwards
directed axiom allows us to infer that there must exist some subset of f’ such that the
multiary supremum of its first components is x” and the multiary supremum of its second
components is y'. Of course, since x’ and y" are any arbitrary elements satisfying x’" C x
and y’ 1 y, we infer the following:

Definition 4.3.2. For two finite functions f and f’, we have f C f' iff there for every
(x,y) € f exists a subset

{(xlayl)’(x27 y2)a ’(xn’ yn)} g f,
such that x; LU x, U -+ Ux, and y E y; Uy, U -+ L y, exist and satisfy

XjuUxU--Ux,Ex and yEy Uy, U--Uy

ne

We will now formally define finite functions and related objects, followed by the arrow
neighborhood system itself.
4.3.2.1 Formalizing finite functions

We formalize finite functions as lists of pairs, and will often use the terminology of sets
when discussing them:

data FinFun (A B : Set) : Set where
@ : FinFun A B
. :AX B — FinFun A B — FinFun A B

The following notation is convenient:

NbhFinFun : Ty — Ty — Set
NbhFinFun & % = FinFun (NbhSys.Nbh &) (NbhSys.Nbh %)

We must place some restrictions on our finite functions to ensure that they give rise to
approximable mappings. In particular, we must be careful to ensure that the consistency
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4. A domain model of the typed lambda calculus

axiom is satisfied. As we discussed above, a mapping x iR y can be generated from a
set of pairs such that the multiary supremum of their first components is smaller than x,
and that of their second components is greater than y. We require that this latter multiary
supremum exists:

Definition 4.3.3. A consistent finite function f is a finite function such that, for any subset

{(xla y1)9 (Xz, y2)’ (xrp yn)} g f

for which the multiary supremum x; LI x, LI --- LI x,, exists, so does the multiary supremum
Yy, WUy,

Taking a cue from Hedberg [7], who calls the multiary supremum operators pre and post,
we will call a finite function for which the multiary supremum of all first or second com-
ponents exists preable or postable, respectively. We formalize these properties mutually
with the multiary supremum operators:

data Postable : NbhFinFun &/ & — Set
post : (f: NbhFinFun & %) — Postable f — NbhSys.Nbh &

data Postable where
post-nil : Postable @
post-cons : V {x y f} — (postablef : Postable f) —
NbhSys.Con & y (post f postablef) — Postable ((x,y) :: f)

post @ _ = NbhSys.L &
post ((x, y) :: f) (post-cons postablef conxpostf)
=[ A ]y U post f postablef | conxpostf ]

data Preable : NbhFinFun of &8 — Set
pre : (f: NbhFinFun & %) — Preable f — NbhSys.Nbh &/

data Preable where
pre-nil : Preable @
pre-cons : Y {xyf} — (preablef : Preable f) —
NbhSys.Con & x (pre f preablef) — Preable ((x,y) :: f)

pre @ _ = NbhSys.L o

pre ((x,y) :: f) (pre-cons preablef conxpref)
=[ & ] x U pre fpreablef | conxpref ]

We can now define consistency of finite functions:
data ConFinFun (f: NbhFinFun & &) : Set where
cff: (V{f’} - f Cf— Preable f* — Postable /") —
ConFinFun f

We define set membership, the subset relation, and the set union operator:
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4. A domain model of the typed lambda calculus

data _e_ {A B : Set} : AX B — FinFun A B — Set where
here: V{xf} - xe€x:: )
there: V{xx'f} »xef—-xex ::f)

_C_: (ff : FinFun A B) — Set
Jef=vixi-Gxef-xef)

_U_: FinFun A B — FinFun A B — FinFun A B
xHUf =x::(fuf)
@ Uf’ :fJ

We also prove a number of useful properties of the above, such as the reflexivity and
transitivity of the subset relation, that the empty set is a subset of any set, and that (x, y) €
@ is an absurdity.

4.3.2.2 Defining the neighborhood system

For types & and 3, the neighborhood system &/ = 9 consists of the bottom element L,
and of consistent finite functions of neighborhoods of & and 98. We define consistency
of pairs of finite functions as consistency of their union:

data ArrNbh : Set where
L, : ArrNbh
F: (f: NbhFinFun & %) — ConFinFun f — ArrNbh

data ArrCon : ArrNbh — ArrNbh — Set where
con,-L; :V{x} - ArrConx L,
con,-1L, : V {x} = ArrCon L, x
con-U: VY {ff’} — (conf: ConFinFun f) — (conf” : ConFinFun f”) —
ConFinFun (fU f’) — ArrCon (F f conf) (F f* conf’)

_U,_[_]: (x: ArrtNbh) — (y : ArtNbh) — ArrCon x y — ArrNbh
Lu L. [_1=1,

LU, (Ff conf) [ _1=Ff conf

(Ffeonpyu, L, [ _1=Ffconf

Ff_u,Ff _[con-U__cono]=F(fUf’)conn

We now define the relation ordering of finite functions in the way described in the begin-
ning of section 4.3.2. The ordering relation C, is defined in terms of the auxiliary record
E.-proof:

record E,-proof (f : NbhFinFun & 3) (isCon : ConFinFun f)
(x : NbhSys.Nbh &) (y : NbhSys.Nbh &%) :
Set where
field

sub : NbhFinFun of &

subCf: sub C f

preablesub : Preable sub

postablesub : Postable sub
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4. A domain model of the typed lambda calculus

yCpost : NbhSys._C_ 9 y (post sub postablesub)

preCx : NbhSys._C_ &f (pre sub preablesub) x

data _C,_: ArrtNbh — ArrNbh — Set where
C.-intro; : V{x} - L, C, x
C.-intro, : V {ff’} = (conf: ConFinFun f) — (conf’ : ConFinFun f’) —
(V {xy} = (x.y) € f— E,-proof f* conf’ x y) —
(F fconf) E, (F f conf)

4.3.2.3 Containment and smallest mappings

An approximable mapping y from &/ to & is defined to contain a finite function f if x A y
for any pair (x,y) € f:

data _€_ (f: NbhFinFun o %) (y : Appmap </ AB) :
Set where
€-intro: (Vi{xyl > (.M ef=[r]xmy -
feyr

A mapping y containing a finite function f is the smallest such mapping if, whenever

Y ) ) v .. .
x — y, either (x,y) € f or the relation x — y is required in order for y to satisfy the
axioms for approximable mappings. We define this mapping’s relation as follows:

-- A pair (x, y) is in this relation iff (x, y) € f, or if
-- it can be derived from the approximable mapping axioms.
data AppmapClosure (f: NbhFinFun & 3&) : V xy — Set where
ig-inset : V{xy} - <x,y>€f—
AppmapClosure f x y
ig-bot: V {x} —
AppmapClosure fx (NbhSys.L &)
ig-mono : V {xx’y} = [ & ] x’ E x - AppmapClosure fx’ y —
AppmapClosure fx y
ig-lclo: Vi{xyy'} > [ A ]yCy — AppmapClosure fxy’ —
AppmapClosure fx y
ig-7dir: V {xyy’} — AppmapClosure fxy —
AppmapClosure fxy’ —
AppmapClosure fx ([ B JyuUy’)

We give the mapping with this relation the name SmallestAppmap. Its axioms are easy

to prove.

We now prove that the definition of F f C, F f' is logically equivalent to the condition
that the smallest mapping that contains f’ also contains f. We note that for a mapping y

that contains a finite function f, we have pre(f) o post(f). We prove this as a lemma:

-- If f is contained in the mapping y, then y maps (pre f)
-- to (post f)
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4. A domain model of the typed lambda calculus

pre—post : (f: NbhFinFun & &) — (preablef : Preable f) —
(postablef : Postable f) — (y : Appmap & FB) —
f€y — [y ] (prefpreablef) — (post f postablef)

First, we show the implication one way;

exp=smallest : (ff” : NbhFinFun &/ %) —
V {conf conf’} —
FfconfC,Ff conf —
f € SmallestAppmap f conf’

For any (x, y) € f, we obtain the C,-proof-record given by the proof that f C, f'. Since
y contains f’, it must also contain sub, so from pre~ post we get pre(sub) N post(sub).

From this, we have a proof that pre(sub) £, x, which means that x A post(sub), since
y is monotone. Similarly, we use the downwards closed property of y and the proof that

y E4 post(sub) to obtain x o ¥, as desired.

We now contend with the other direction:

smallest=exp : (ff” : NbhFinFun &/ %) —
(conf: ConFinFun f) —
(conf’ : ConFinFun f’) —
f € SmallestAppmap f’ conf” —
FfconfC, F f conf’

To prove this, we must for any (x, y) € f construct a C,-proof-record. We make use of
pattern matching to obtain a constructor of the data type AppmapClosure f’. We take the
neighborhoods supplied by the constructor as subset, and use the accompanying relations
or equivalences to prove y C g, post(f’) and pre(f’') C, x.

For example, with the constructor ig-mono we are supplied with a neighborhood x’ and
a proof that x" C_, x. We take the singleton set {(x’, y)} as subset. That y C, (y L 1) is
immediately obvious, and that (x" U 1) £, x follows from x" £, x. The proofs are no
more difficult for the other constructors.

4.3.2.4 Proving transitivity of the arrow neighborhood system’s order

Proving most of the axioms for our arrow neighborhood system is fairly easy. One excep-
tion is proving transitivity—that x C y and y C z together imply that x C z—is difficult
when x, y, and z are not L,. We do it by making use of the following record, which is
variant of C,-proof:

-- This can be derived from F f C, F f', and makes proving
-- transitivity very simple.
record C,-proof, (ff” : NbhFinFun & 3B) (preablef : Preable f)
(postablef : Postable f) : Set where
field
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sub : NbhFinFun & &

preablesub : Preable sub

postablesub : Postable sub

pfCpost : [ A ] (post f postablef) T (post sub postablesub)
preCpf: [ & ] (pre sub preablesub) C (pre f preablef)
subCf’ : sub C f°

As stated in the comment in the above code, such a record can be derived from a C,-proof-
record. For any (x, y) € f, let ®, , denote the corresponding subset of f " obtained from
the C,-proof. The union of any number of such sets is preable; since they are bounded by
pre(f), the proof follows from the axiom Con-U of &/. Their union is also postable, since
S is consistent. We observe that, for any two pairs (x, y), (x’,y") € f, we have

(yUy") Cg post(w, , U@, )
pre(w, ,Uw,s ) Eg (xUx").

With this in mind, let

anN=J o,
x.Ef

The set Q(f) serves as the sub of our C,-proof,. We extend the above observation to
arbitrary numbers of pairs get

post(f) Eg post(Q )
pre(Q ) T pre(f).

We implement this proof using structural induction on f. For the recursive call, we need
to show the following, which is easily done:

-IffCf andf' C, ', then we can adapt the E -proof
-- of f' and f"' to one for f and f"'.
shrinkExp : V {conf conf’ conf”} —

FEf = (Ef conf)E, (Ff” conf”) —

(F feconf) T, (Ff” conf”)

For any (x, y) € f, the desired subset of f” is Q(w, ), since
y Eg post(w, ) Cg post(Q(w, )
pre(Q(a)x,y)) Cy pre(w,,) Ey x.

The proof follows from the transitivity of C as defined for &/ and 3.

4.3.2.5 Proving consistency of the arrow neighborhood system’s order

To prove Con-U for the arrow neighborhood’s system, we must for any neighborhoods
x,x’, and y, such that x C y and x" C y, show that x and x" are consistent. The proof is
trivial if any neighborhood is the bottom element, so let us assume that x = F f,x" = Ff',
andy=Ff".
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Showing that F f and F f' are consistent amounts to showing that f U f' is a consistent
finite function, which amounts to showing that any preable subset of fU f is also postable.
Much like we did when proving transitivity, we introduce a variation of £ ,-proof, and the
actual proof is similar:

record E,-proof; (f: NbhFinFun & ) (isCon : ConFinFun f)
(f’ : NbhFinFun &f &) (preablef’ : Preable f’) :
Set where
field
sub : NbhFinFun & &
subCf: sub C f
preablesub : Preable sub
postablesub : Postable sub
ybound : V{xy} = (x,y) €f — [ B ]yL (post sub postablesub)
preCpref” : [ & ] (pre sub preablesub) C (pre f” preablef”)

A finite function such that every second component has the same upper bound can be
shown to be postable, by appealing to the axiom Con-U of %. Given a preable subset
g C f U f', we will create an instance of E,-proof;, with g in place of the record’s f”.

Take two arbitrary (x,y) € gand (x',y') € g. From Ff C Ff” and Ff' C Ff", we get
preable and postable subsets sub; C f” and sub, C f” such that

pre(sub;) C x pre(sub,) C x’
y C post(sub;) y' C post(sub,)

Since pre(sub;) C x C pre(g) and pre(sub,) C x" C pre(g), we get that sub; U sub,
is preable. A union of subsets is still a subset, so from the consistency of f” we derive
that sub; U sub, is also postable. We then use Con-U of % with y T post(sub;) C
post(sub; U sub,) and y' C post(sub,) T post(sub; U sub,) to get that y and y’ are
consistent, which implies that {(x, y), (x", ")} is a postable set.

By extending this reasoning to the entirety of g using induction, we are done.

With everything in place, we name the resulting neighborhood system ArrNbhSys.

4.3.3 The mapping ap

In a context I', given a term ¢ € Tm,_, 5(I') and a term u € Tm,(I'), the mapping ap  u
is to represent applying ¢, viewed as a function, to the argument u. Of course, ap ¢ u must
also map anything to the least element of 9.

Assume that # maps a valuation x € Val(I') to f, and that u maps that same valuation to x.
Thinking of f as corresponding to a function, and of x as input to that function, we want
apfu to map X to any element that the function corresponding to f maps x to. In other
words, if the smallest approximable mapping generated by f maps x to y, then ap t u maps
x to y. We use the notation [_,_]_ap—_ so that we can write [ t, u ] x ap— y instead of
e.g. ap—~>tuxy.
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data [_,_]_apr_ (t : tAppmap I' [ ArrNbhSys o % |)
(u: tAppmapI' [ & ]) (x: ValuationT') :
Valuation [ % | — Set where
ap—-intro; : V {x} - [ & ] x € NbhSys.L & —
[t.,u]xap— ((x))
apr-intro, : V {x y f} conf conxy —
[t1x— ((Ffconf)) = [u]lxm ({(x))—
[ ArrNbhSys & & |1 (F ((x,y) :: @) conxy) C (F f conf) —
[t,u]lxap— ((y))

The more involved proofs of the mapping axioms are those involving the upwards directed
property and consistency, and they are almost identical. We remind us of the definition of
being upwards directed:

ap—-fdirected : V {xyz} —
[t,u]xap—y—[t,u]xap—2z—
(conyz : ValCon _yz) —
[t,u]xap— (YU, z[ conyz])

The proof is simple when ap—intro, is involved, so let’s assume that

x> Ff xrmx F{x,)ICFf
x> Ff xrox F{(x'.y)}C Ff’

for some x,x" € Nbh,, y,y" € Nbhg, and consistent finite functions f and f’. For the
first three (implicit) parameters of the constructor ap+-intro, we supply x LI x", y LI )/,

and f U f’, respectively. The required proofs that x > F (f U f') and x > x U x' are
consequences of 7 and u being upwards directed, and we get consistency of f and f’ and
of x and x’ from the consistency of # and u, respectively. What remains is to supply a proof
that F{(xux',yuy’)} C F(f U f'), which amounts to finding a subset g C f U f' such
that

yuy' Cg post(g)
pre(g) T, xUx'.

We take as g the union of the two subsets provided by the proofs F{(x,y)} C Ff and
F{(x',y")} C Ff’, and prove the two above equations by making use of the fact that
pre(f U f') is equivalent to pre(f)u pre(f’), and analogously for post.

Turning to the proof of consistency:

ap—~-con: V{xyx'y'}] - [t,u]xap—y—
[t,u]x ap—~y — ValCon_xx’ —
ValCon _yy’

The proof is almost identical to the above: we construct the same subset g C fU f’, which
satisfies y Cg post(g) and y' T, post(g). This, together with Con-LI for 98, gives us the
desired result.
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4.3.4 The mapping lam

A term ¢ of type B, in a context I e &/ is abstracted by the mapping lam into a term of
type &/ = A in the context I'.

Given a valuation x € Val(I'), which finite function should lam ¢ map to? Since it is to
be an abstraction of the term ¢, and as we are binding a variable term of the type & by
abstracting, we want it to map to the finite function f that contains exactly those pairs (x, y)
such that  maps ({ x,, X)) to y. Additionally, it should also map to the least element:

data [_]_lam—_ (t: tAppmap (& = T [ B ]):

Valuation I' — Valuation [ ArrNbhSys &f % | —
Set where

lam—-intro; : V {x} — [t] xlam~ (( L, ))

lam-intro, : V {x} — {f: NbhFinFun & %} —
(conf: ConFinFun f) —
Vi{xyl->x,yEf—>
[t]{(x..x)) = ((y))—
[ t]xlam— (( F fconf))

To help with proving the mapping axioms, we have the following useful lemma:

shrinkLam : V {x conf conf’} - fCf —
[t]xlam— (( Ff conf”)) —
[ t]xlam~— (( Ffconf))

Proving the downwards closed property involves some work:

lam—-|closed : V {xyz} —
C, [ ArrNbhSys o B ]y z —
[t]xlam—z — [t] xlam—y

t
The involved part is wheny = F f and z = F f'. We need to show that {{x,,x)) — y for
any (x,y) € f. To do this, we first prove a lemma similar to pre— post:

lclosedLemma : {x: ValuationI'} —
Y conf preablef postablef —
[t]xlam— (( F fconf)) —
[ t]{({ pre fpreablef ,, x )) — {{ post fpostablef ))

We now do something similar to what we did when proving exp=>smallest in section
4.3.2.2; for any (x,y) € f, we obtain the C,-proof-record given by the assumption that
Ff C Ff’. Using g to denote the corresponding subset of f’ given by the record, we

then use | closedLemma with shrinkLam to show that (( pre(g),,x)) o post(g). This,
together with the fact that 7 is monotone and downwards closed, leads us to the conclusion

t
that ({x,,Xx)) — y.
We now turn to proving the upwards directed property:
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lam—-fdirected : V {xyz} —
[t]x]lam—y — [t]x]lam— z —
(conyz : ValCon _yz) —
[t]xlam— (yU, z [ conyz ])

The more interesting part is wheny = F f and z = F f”. In this case, we make use of the
logical or operator, and a lemma:

data _V_ (A B : Set) : Set where
inl:A—>AVB
imr: B—->AVB

U-lemma, : V {x} = x € (fUuf) > xe€fNHVEXeES)

We recall that the supremum of two neighborhoods in the arrow neighborhood system is

their union. For any (x,y) € (f U f'), we pattern match on U-lemma,. If inl is matched,

lam ¢
then we get a proof that (x,y) € f. From the assumption x — F f, we get a function

that takes our proof that (x,y) € f and returns a proof that (( x,, X)) — ¥, which is
exactly what we need. Similarly, if inr is matched, we get a proof that (x,y) € f’, and

lam ¢
use the assumption X — F f' in the same way.

Finally, we prove that lam is consistent:

lam—-con: V {xyx'y'} - [t]xlam— y —
[t]x lam— y’ — ValCon _xx’ —
ValCon _yy’

As usual, the non-trivial case in wheny = Ff andy’ = Ff'. The goal is then to show
that f U f' is a consistent finite function. So let us assume that g C f U f' is a preable
set. We prove that it is postable by constructing the following record, with g in place of
the record’s f:

record E,-proofy (f: NbhFinFun &/ %) (preablef : Preable f)
(x : ValuationI') : Set where
field
postablef : Postable f
tpre—post : [ t] (( pre f preablef ., x }) — (( post f postablef })

From the assumptions we have proofs that

V(x,y)€f<((x”X>> '—t>y>

V(x,y) € f' <(<x,,X'>> '—t>y>

From the upwards directed property of ¢ and from the assumed consistency of x and x’,
we can turn this into a proof that

Vix,yye fuf’ <(<x,,qu’>>'—t>y>
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For any two (x, y), (x, y") € g, we hence have that ({ x,, x LI x’ )) AN yand ((x",, xux")) o
y'. From the fact that x C pre(g) and x" C pre(g), we get that x and x’ are consistent.
Since ¢ is consistent, we get that y and y’ are consistent, which means that {(x, y), (x’, y)}

is postable.

As usual, we extend this to the entirety of g via induction.

4.3.5 Proving the weak =-structure axioms

The proofs for the congruence axioms and apSub are very simple, so we will focus our
attention on the other two below. We will remind ourselves of their definitions as we go.

4.3.5.1 lamSub
The definition:

lamSub : V {I': Ctxn} — (y : tAppmap AI') -Vt —
(lamtoy)~lam (to((yopAel),qA sl ))

The more difficult direction to prove is the following:

lamSubLemma, : V {xy} —
[t=((ropAs).qAdl)]xlams y—
[lamtey [X—y

To help us with this proof in the case when y = F f, we define a record:

-- From a proof thatto ( (y o p A &), q A &/ ) maps
--x to (( Ff)), we can find a valuation y such that
--y maps x to y, and t maps ({ x,y )) to (( y )) for any
- (x,y) €f.
record P-Struct (y : tAppmap AT) (t: tAppmap (& :: ') [ B ])
(x : Valuation A) (f: NbhFinFun & &%) :
Set where
field
y : Valuation I
yxey iy ]lxey
My :Vixyl =, ef-[t]1 {(x.y)~{y)

Once we have such a record, the proof is trivial. For any (x,y) € f, we have from the
assumption:
op, t
x Y () (S
for some ((z,,z)) € Val(I" - &), where we have omitted the arguments to p and q for the
sake of readability. We take as the valuation of our record the supremum of all such z;
let’s denote this supremum z. That this supremum exists follows from the consistency of

y. From x <y|°—p’>q> ((z,,z)) we get

Y
y—~z yLx zLx
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for some y € Val(A). We find that x o z, since y is monotone, and y C x. From this, the

upwards directed property of y shows that x 5z,

t t
From ((z,,z)) —» yand z C x we get ((x,,z)) — y by using the monotonicity of z.

The same property, together with z C z, implies the final required part of the record: that
_ t
((x,,2)) > .

Formalizing this proof in Agda requires more effort than is indicated here, since one must
use structural induction on f. See appendix B for details.

4.3.5.2 f-equality

The definition:

f-equal : {t: tAppmapI' [ & ]} —
{u: tAppmap (& = I [ B ]} —
ap (lamu)t~ (ue (idMap I, t))

One direction is more involved to prove than the other:

f-lemma, : {t: tAppmapI' [ & ]} —
{u: tAppmap (& = 1) [ A ]} >V {xy} —
[ap(lamu) t ] X~y —
[uo(idMapI',t)]x+y

When y = Ff, we have as part of the assumption a finite function f, neighborhoods

1 t

x € Nbh, and y € Nbhg. We also have proofs that x 2 F f, that X = x, and that
F{(x,y)} E Ff. From the latter we pick out the C,-proof-record for x and y, so that we
have a preable and postable subset g C f such that

y E post(g) and pre(g)C x.

. ) id . ) t (idr,1)
It 1s immediately clear that x pa X, so combined with x — x above we get x P
({x,,x)). We then make use of ]closedLemma, defined in section 4.3.4, to show that ({
pre(g),,Xx)) o post(g), and use the monotonicity and downwards closed property of u to

get ({x,,Xx)) o y. This completes the proof.
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A domain model of the untyped lambda
calculus

By removing type information from an scwf, we obtain a unityped cwf. In a contextual
ucwf, contexts can be thought of as natural numbers, according to the number of assump-
tions they contain. Contextual ucwfs are in [4] shown to be equivalent to cartesian operads
and Lawvere theories [9].

Hedberg [7] mentions that extending his work to a domain interpretation of the untyped
lambda calculus would require solving a recursive domain equation,

D=(D=>D),

Of this, he presciently writes: “One way to construct a semilattice solution to such an equa-
tion is to use the technique employed by Scott and Martin-Lof, and interpret the equation
as an inductive definition of formal neighborhoods and of formal inclusion. The proof of
transitivity is then not a straight forward structural induction, but will depend on a measure
on neighborhoods relating to the depth of nesting constructors. The proof will also repeat
a major part of the proof of exponential transitivity.”

We will in section 5.1.2 directly construct the compact elements of & = (9 = D),
which we will call the universal type. The proof of transitivity will indeed be very much
like the proof in section 4.3.2.4, and we will make use of sized types to track the depth of
nesting constructors of a particular kind.

5.1 A plain ucwf of neighborhood systems

We present the definition of plain ucwfs, and a formalization thereof. Our implementation
will reuse most of the definitions and proofs of the plain scwf of neighborhood systems.
The key difference is that we construct a neighborhood system corresponding to the uni-
versal type in a way such that it is isomorphic to its own lifted function space.

5.1.1 Abstract definition

Definition 5.1.1. A ucwf consists of the following:
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5. A domain model of the untyped lambda calculus

e A category € with a terminal object 0.
e A presheaf Tm : €°° — Set

e A context comprehension operation which to a given context n € 6|, assigns a
context s(n) € 6, along with two projections

p, - s(n) = n q, € Tm(s(n))

satisfying the following universal property: for all y : m — n, for all a € Tm(m),
there is a unique (y, a) : m — s(n) such that

ppelr.a)=v q.[{r.a)l=a

We adapt the formalization of plain scwfs according to the above definition:
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record Ucwf : Set, where
field
Tm : Nat — Set,
Sub : Nat — Nat — Set;

_~_ : Rel (Tm n) (Isuc lzero)
_~&_ : Rel (Sub m n) (Isuc Izero)

_{n})
{m} {n})

isEquivT : IsEquivalence
isEquivs : IsEquivalence

(~
(=_
q: Tm (suc n)

[ ]:Tmn— Submn— Tmm

id: Subnn

_o_:Subno— Submn— Submo
():Subn0

(_,_):Submn — Tm m — Sub m (suc n)
p: Sub (sucn)n

idL:(y:Subnm) - (idey)=y

idR:(y:Subnm)— (yeoid) =y

subAssoc : (y : Submn) — (6 : Subn o) —
(@:Subor)—
((026)cy)=(0-(5°7))

idSub: (r: Tmn) - (t[id]) ~ ¢
compSub: (¢: Tmn) - (y: Submn) —

(6:Subom) —
(t[(yed) D@y D6
idy : id = ()



5. A domain model of the untyped lambda calculus

<>-zero: (y : Submn) = () o y) = ()

pCons: (y : Subnm) — (t: Tmn) —
(pe(y.t)=y
qCons: (y : Subnm) — (t: Tmn) —
ql(r.t) D=t
idExt: (id {sucm}) = (p,q)
compExt: (¢: Tmn) - (y: Subnm) — (6 : Submn) —
(y.t)e8)=(yeé.1[6])

subCong : {tt’: Tmm} - {yy’: Subnm} —
txt >y Ry >
ClyD=@ [y D

<>-cong: {tt’: Tmm} - {yy’ :Submn} —
trt >y Ry —
(r.t)={y.r)

o-cong : {y 6: Subno} — {y 6 : Submn} —

yROo—

Y26 = (yey)=(6°0")

5.1.2 The universal type

The difficulty of formalizing a ucwf of neighborhood systems arises from trying to con-
struct the neighborhood system that represents the universal type. What guides us in defin-
ing its neighborhoods is thinking of untyped theories of computable functions that deal
with abstraction and application, particularly the untyped lambda calculus. With this in
mind, our neighborhood system will be very similar to the arrow neighborhood system de-
scribed in section 4.3.2, but it will be isomorphic to its own lifted function space. Where
we for two types &/ and % defined neighborhoods of &/ = & as sets of pairs (x, y) for
x e d,ye 9B, we will for the universal type inductively define neighborhoods as sets of
pairs of structurally smaller elements of the universal type itself.

A first attempt to define the neighborhoods of the universal type might be the following:

data UniNbh : Set where
1, : UniNbh
A, : FinFun UniNbh UniNbh — UniNbh,

with definitions of LI, and E, analogous to those of the arrow neighborhood system. This
works well up to a point, but we encounter a problem when proving transitivity using the
same kind of proof that we used in section 4.3.2.4. There, we made use of the following
record, here shown as adapted to our attempted universal type:

record E,-proof, (ff” : NbhFinFun & 3B) (preablef : Preable f)
(postablef : Postable f) : Set where
field
sub : FinFun UniNbh UniNbh
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5. A domain model of the untyped lambda calculus

preablesub : Preable sub
postablesub : Postable sub
pfCpost : (post f) E, (post sub)
preCpf : (pre sub) C, (pre f)
subCf’ : sub C f°

Assume x = 4, f,y = A, f', z =4, f", and that we are trying to show that x C y and
y C z together imply that x C z. Recall that, for any (x,y) € f, we showed that y C
post(Q(@, ,)) and pre(Q(w, ,)) C x, where w, , C f’ and Q(w, ,) € f”, by making use
of the following:

y C post(e, ) C post(Q(w, )
pre(Q(®, ) C pre(w, ) C x,

and appealing to the transitivity of the underlying types. The underlying types in the
present case is the type we are currently trying to construct! Fortunately, we can in princi-
ple make use of recursion in our proof. Unfortunately, Agda can not infer that the recursive
call is done on structurally smaller arguments, and so does not accept the recursion as be-
ing well founded. Put another way, Agda can not see that the function terminates for all
input. To convince Agda of this, we make use of sized types [1]. These allow us to asso-
ciate to each data type a size, in an abstract sense. Agda then accepts recursive calls on
elements of smaller size.

5.1.2.1 Defining the neighborhood system using sized types

What we will use as a notion of “size” in describing the universal type is the maximum
number of nested lambda abstractions in a term, i.e. applications of the constructor 4,.
We base our formalization on the following ideas:

o If two neighborhoods x, y contain a maximum of i lambda abstractions, then so does
the pair (x, y).

e For any 7, the empty set contains a maximum of i lambda abstractions.

e If a pair of neighborhoods x and a finite function f contain a maximum of i lambda
abstractions, then so does x :: f.

e For any i, the least element L, contains a maximum of i lambda abstractions.

e Most importantly: if f is a finite function containing a maximum of i lambda ab-
stractions, then A, f contains more lambda abstractions than f. This is denoted

1i.

The above points indicate that we need to define sized versions of pairs, finite functions,
and the type’s neighborhoods, in terms of one another:
data X, : {i: Size} — Set

data FinFung : {i: Size} — Set
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5. A domain model of the untyped lambda calculus

data UniNbh : {i: Size} — Set

data X, where
_._: YV {i} = (xy: UniNbh {i}) = X {i}

data FinFung where
@ : V {i} — FinFun, {i}
_: YV {i} = %, {i} = FinFun, {i} — FinFun, {i}

data UniNbh where
1,:V {i} = UniNbh {i}
-- Note that 4, increases the size!
A, V {i} = FinFun, {i} — UniNbh {1 i}

We also define the supremum of neighborhoods, and the union of sized sets, noting that
these operations preserve sizes. We consider all elements pairwise consistent:

data UniCon : UniNbh — UniNbh — Set where
con-all : V {xy} — UniCon x y

_U,_:V {i} — FinFun, {i} — FinFun, {i} — FinFun, {i}
ouf=f
() Uf =X (UL

[L]:V{i} - (xy: UniNbh {i}) —
UniCon x y — UniNbh {i}
L, l_1=1

u

(A4, Ly (/L,f) [_1=4,(Fugf)

We define sized versions of the multiary supremum pre and post; these also preserve sizes.
Since all neighborhoods are consistent, we require no notion of preable and postable finite
functions, nor of consistent finite functions:

pre : V {i} — FinFun, {i} — UniNbh {i}
pred =1,
pre ((x,y)::f)=xu,pref

post: V {i} — FinFun, {i} — UniNbh {i}
post @ =1,
post ((x,y)::f)=yu,postf

Finally, the ordering is defined inductively:

record E,-proof {ij: Size} (f: FinFun, {j})
(xy: UniNbh {i}) : Set

data _E,_: UniNbh {i} — UniNbh {j} — Set
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5. A domain model of the untyped lambda calculus

record C,-proof f x y where
inductive
field
sub : FinFun,
yE, post : y £, (post sub)
preCC,x : (pre sub) E, x
subCf’ : sub C; f

data _C, where

C,-intro; : V {ij} — {x: UniNbh {j}} —
(L, iDE,x

C,-intro, : V {ij} = (f: FinFun, {i}) —
(f’ : FinFung {j}) —
((xy: UniNbh {i}) » (x,y) &, f—
C,-proof {i} {j} f xy)
S i (4D (A )

5.1.2.2 Proving the neighborhood system axioms

As with the arrow neighborhood system of section 4.3.2, the transitivity proof is the most
challenging. We implement the function Q in a different way, in that we make use of
equational reasoning and rewriting instead of the transitivity of the underlying types. See
the code in appendix B for details.

To recapitulate, we need to show that the assumptions x C y and y C z together imply that
x C z, and the case that requires recursioniswhenx = A, f,y = 4, f',andz = 4, f". We
need to find a subset sub” C " such that, for any pair (x, y) € f, we have y C post(sub”)
and pre(sub”) C x. For a given (x, y) € f, with definitions of @, , and Q(w, ,) entirely
analogous to those of section 4.3.2, we get,

y C post(w, ,) C post(Q(w, ,))

pre(€(w, ) C pre(o, ,) C x.
Due to using sized types and to how we have defined our data types and operators, Agda
can now infer that, if y = A, f' then w, ,, being a subset of f ', is of the same size as

f'. Moreover, so is post(w, ), since post preserves size. The same argument applies to
pre(w, ,). The proof is inductive, in the following way:

C,-trans : V {i x} — {y: UniNbh {i}} - V {z} —
xE,y—>yE,z—>xE,z

C,-trans’ : V {i} =V f— (f : FinFun, {i}) > V" —
(A HE, (A ) = (4 E, (4, ) —
vx’y’ _) (x) , y’) Esf—) Eu_prooff”x’y’

Note that we track the size of the second (explicit) arguments of both functions.
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5. A domain model of the untyped lambda calculus

From C-trans, if x = 4, f,y = 4,f',and z = 4, f", we call C -trans' with f’ as
the second argument. In turn, the function C,-trans' calls C -trans twice; once with
pre(w, ) as second argument, and once with post(w, ,). As mentioned, both of these are
of the same size as , ,, which is strictly smaller than the initial argument 4, f ’! Hence,
the recursion is recognized as being well founded by Agda. With all axioms now proved,
we give this neighborhood system the name UniType.

5.1.3 Morphisms and proofs

With the universal type in place, we define valuations over contexts in our ucwf in terms
of those in the scwf, and similarly for approximable mappings:

-- In a ucwf contexts are simply natural numbers.

-- As we want to use approximable mappings as initially

-- defined for scwfs, we define a function that ''translates'
-- natural numbers to scwf-contexts.

nToCtx : V(n) » Ctx n

nToCtx zero = []

nToCtx (suc n) = UniType :: (nToCtx n)

-- Notation for valuations of contexts in the ucwf.
uValuation : Nat — Set
uValuation n = Valuation (nToCtx n)

-- Notation for approximable mappings between
-- neighborhoods of the universal type.
uAppmap : Nat — Nat — Set,

uAppmap m n = tAppmap (nToCtx m) (nToCtx n)

We define substitutions as uAppmaps from contexts of length m to contexts of length n,
and terms as uAppmaps from contexts of length n to contexts of length 1. This allows
us to reuse the definitions of—and proofs involving—context comprehension, mapping
composition, and so on, from our scwf.

5.2 A Ap-ucwf of domains

To ucwfs we may add a structure analogous to the =-structure of scwfs. We formulate a
definition without the rule of #-equality, since adding a distinguished least element inval-
idates this rule.

5.2.1 Abstract definition

Definition 5.2.1. A Af-ucwf is a ucwf with two more operations:

A, - Tm(s(n)) = Tm(n)
ap,, : Tm(n) X Tm(n) — Tm(n)
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5. A domain model of the untyped lambda calculus

for all n € 6, and three more equations:

AB)y] = A (bICY © P> G)])
ap,(c, a)ly] = ap,,(cly], aly])
ap,(4,(b), a) = b[(id,, a)]

This leads to the following formalization:

record Ap-ucwf : Set, where
field
ucwf : Ucwf
open Ucwft ucwf public
field
lam : Tm (suc m) - Tmm
ap : Tmm —- Tmm - Tmm

lamSub : (y : Subnm) — (t: Tm (suc m)) —
(lamt[y D= dam (t[(yep,q)])

apSub: (y : Subnm) —» (tu: Tmm) —
ap(tlyD@lyD~(@ptuly]

p:{t: Tmm} — {u: Tm (sucm)} —
ap lamwu) t~ (u [ (id,t)])

lamCong : V {¢t¢’: Tm (sucm)} - t~t —
lam ¢ ~ lam ¢’
apCong : {tt’: Tmm} > V{uu'} —
IRt >uxu —

aptumapt’' u’

5.2.2 The mappings ap and lam

Given the similarity of the universal type to the arrow neighborhood system, it should come
as no surprise that the relations of these mappings are almost identical to those defined in
section 4.3.3 and 4.3.4:

data [_,_]_ap—_ (tu: uAppmap n 1) (x : uValuation n) :
uValuation 1 — Set where
ap—-intro; : [t,u]xap— (( L, ))
ap—-intro, : V {xy f} —
[tIx—= ({4, /) = [ulxm ((x))—
(A, (x, )i @)E, (4, )~
[t.u]xap— ((y))

data [_]_lam—_ (t : uAppmap (sucn) 1) :
uValuation n — uValuation 1 — Set where
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5. A domain model of the untyped lambda calculus

lam-intro; : V {x} — [t ] xlam— (( L, ))
lam~-intro, : V {x f} —
Vi{xyl =@,y f—
[t]((x..x)) = ((y)) =
[t]xlam— (( 4, f))

Notice the difference in the first constructor of the ap-relation compared to when defining
it for the =-structure; when proving the mapping axioms, Agda identifies that there is no
constructor of UniNbh that can create a neighborhood x such that x C 1.

Proving the mapping axioms and the three equations of definition 5.2.1 is done in exactly
the same way as in section 4.3.3, 4.3.4, and 4.3.5.
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6

Summary

As a step toward giving an domain interpretation of partial type theory inside total type
theory, we have constructed a simply typed and a unityped category with families of neigh-
borhood systems, which we have formalized in the dependently typed language Agda.

The project is partly an adaptation of Hedberg’s work, in which he constructed a cartesian
closed category of domains, to a version making use of the notion of simply typed cate-
gories with families. We have gone beyond his work both by introducing a consistency
relation to our formalization, so that we can model types such as the natural numbers, and
also by extending the result to a domain interpretation of the untyped lambda calculus.
We did this by directly constructing the compact elements of the universal type, and by
making use of Agda’s sized types to prove transitivity of its underlying ordering relation.

Initially, the aim of this project was to construct a full cwf of neighborhood systems. We
decided early on to formalize all results in Agda, because we find that having such a for-
malization is much more valuable than having an informal construction because of the
added confidence in its correctness it gives. Formalizing mathematics is a much more
time consuming endeavor than writing out informal mathematics, and we found it neces-
sary to limit the scope of the project and construct a simply typed and unityped cwf of
neighborhood systems.

The obvious direction in which to extend the work presented in this thesis, then, is to
extend it to a formalization of a full cwf of neighborhood systems, with extra structure
for modeling e.g. II-types and Z-types. The immediate difficulty in doing this is defining
neighborhood systems where the neighborhoods correspond to partial information about
types, and specifying the interplay between types and terms when only partial information
is available for both.
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Code

B.0.1 Appmap/Definition
{-# OPTIONS --safe #-}

module Appmap.Definition where
open import NbhSys.Definition

open import Agda.Builtin.Sigma

private
variable
D D’ : NbhSys
record Appmap (D D’ : NbhSys) : Set; where
field
-- The mapping itself.

_+>_: NbhSys.Nbh D — NbhSys.Nbh D’ — Set

-- Axioms for the mapping.

—-mono: V{xyz} > [D]XCy—>Xx—z—->yr—2Z

+—-bottom : V {x} — X — NbhSys.L D’

—-lclosed : V{xyz} > [D ]JyCz->x—z—->X—Yy

—-Tdirected : V {xyz} - x+—y— X+ z— (con: NbhSys.ConD’ yz) —

x— ([D’]Jyuz[con])

—-con: V{xyx'y'} >x—y—X =y — NbhSys.ConDxx’ —

NbhSys.Con D’y y’

-- Some simplifying syntax.
[L]_—_: Appmap D D’ — NbhSys.Nbh D — NbhSys.Nbh D’ — Set
[v Ix+=y=Appmap._—_y Xy

-- A (trivial) proof that approximable mappings are total.
—-total : (y : Appmap D D’) —» V {x} —

X (NbhSys.Nbh D) Ay = [y ] x>y
—-total {D’ =D’} y = NbhSys.L D’ , Appmap.—-bottom y
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B.0.2 Appmap/Equivalence
{-# OPTIONS --safe #-}

module Appmap.Equivalence where

open import Appmap.Definition
open import Base.Core
open import NbhSys.Definition

private
variable
D D’ : NbhSys

data _<_: Rel (Appmap D D’) where
<-intro: {y 6 : AppmapD D’} —
Vixy}=lrlx=y=[6]xmy —»y<é

-- Two binary relations are equivalent iff they contain exactly
-- the same pairs.
data _~_ : Rel (Appmap D D’) where

~-intro: {y 6 : AppmapD D’} -y <6 -6y —-y=x$6

~Reflexive : Reflexive (_~_ {D} {D’})
~Reflexive = ~-intro (<-intro 4 yxmy — yx—y)
(Z-intro 4 yx>y — yx—y)

~Symmetric : Symmetric (_~_ {D} {D’})
~Symmetric (~-intro (<-intro p) (<-intro q))
= =x-intro (<-intro q) (<-intro p)

~Transitive : Transitive (_~_ {D} {D’})
~Transitive (~-intro (<-intro p;) (<-intro q;))
(=-intro (<-intro p,) (<-intro q,))
= ~-intro (<-intro A kx=y — p, (p; kx—y))
(<-intro A kx—y — q; (q; kx—y))

~IsEquiv : IsEquivalence (_~_ {D} {D’})
~IsEquiv = record { refl = ~Reflexive

; sym = ~Symmetric

; trans = ~Transitive

}

B.0.3 Appmap/Lemmata
{-# OPTIONS --safe #-}

module Appmap.Lemmata where
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open import Appmap.Definition
open import NbhSys.Definition
open import NbhSys.Lemmata

private
variable
D D’ : NbhSys

appmapLemma, : {y : AppmapD D’} -V {xyz} —
(con : NbhSys.ConD xy) —
[yIx—z—=[y](Dlxuylcon]) —z
appmapLemma; {D} {y =y} con yx—z
= Appmap.—-mono y (NbhSys.C-LI-fst D con) yx—z

appmapLemma, : {y : AppmapD D’} -V {xyz} —
(con : NbhSys.ConD xy) —
[ylyrz—->[y](Dlxuyl[con])mz
appmapLemma, {D} {y =y} con yy—z
= Appmap.—-mono y (NbhSys.C-LI-snd D con) yy—z

appmapLemmas : {y : AppmapD D’} - Vxyzw —
(conxy : NbhSys.Con D xy) —
(conzw : NbhSys.Con D’ zw) —
[yIx—z—-[y]lyw—
[y]1(D]lxuUy[conxy])— ([D’]zUw][conzw ])
appmapLemmasy {y =y} Xy Z W conxy conzw yX—z yy—>w
= Appmap.—-Tdirected y yLi—z yLlI=>w conzw
where yUrz = appmapLemma; {y =y} conxy yx—z
yU—w = appmapLemma, {y =y} conxy yy—w

B.0.4 Base/Core

{-# OPTIONS --safe #-}
module Base.Core where

open import NbhSys.Definition
open import Agda.Builtin.Nat

private
variable
A : Setn
n: Nat

-- Standard implementation of a list.
data List : Nat — Seto — Seto where
[]: ListO A
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_i A - Listn A — List (sucn) A

-- Notation for lists with one element.
[[]: A—List]1 A
[x]=x:1]

head : List (sucn) A - A
head (x:: _)=x

tail : List (sucn) A — Listn A
tail (_ :: xs) = X8

-- Standard implementation of a tuple.
-- We reserve the symbol X for other definitions.
data _[X]_ (A B : Set) : Set where

. A->B—->AKXB

-- Logical or.
data _Vv_ (A B : Set) : Set where
inl: A—> AVB
inr: B—-AVB
-- Types are neighborhood systems.
Ty : SetO
Ty = NbhSys

-- A context is a list of types.
Ctx : Nat — Seto
Ctxn=Listn Ty

-- The below code is adapted from the standard library.
-- The point is to remove any dependencies on libraries.
-- For the purpose of the project, universe levels can be fixed.

Rel : (A : Seto) — SetO
Rel A=A - A — Setn

Reflexive : Rel A — Seto
Reflexive _~ =V {x} > x & X

Symmetric : Rel A — Seto
Symmetric _~_=V {xXy} > xry—->y=~X

Transitive : Rel A — Seto
Transitive _~_=V {Xyz} > XXy —>yRZ—>XXZ

record IsEquivalence (_=~_ : Rel A) : Seto where
field
refl : Reflexive =~
sym : Symmetric
trans : Transitive

~
_N_
InA
_N_
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B.0.5 Base/FinFun
{-# OPTIONS --safe #-}

module Base.FinFun where

open import Base.Core
open import Base.Variables
open import NbhSys.Definition

-- Finite functions are lists of pairs.
data FinFun (A B : Set) : Set where
@ . FinFun A B
_::_: AXB — FinFun A B — FinFun A B

private
variable
ff £’ £ : FinFun A B

-- Short-hand when dealing with neighborhood systems.
NbhFinFun : Ty - Ty — Set
NbhFinFun & % = FinFun (NbhSys.Nbh &) (NbhSys.Nbh &)

-- Set membership relation.

data _e_{A B :Set}: AX B — FinFun A B — Set where
here : V {xf} > xe (x::f)
there : V {xx’ f} - xef—-xex’ ::f)

-- Subset relation.
_C_: (ff : FinFun A B) — Set
fcrr=vVi{x}-xef-xef)

Crefl: fCf
C-refl xef = xef

Ctrans : fCf - Cf" > fC{
C-trans fCf’ {"Cf” xef = £ Cf” (fCf” xef)

C-lemma; : V{x} > (x:f)Cf->(x::@)Cf
C-lemma; {x = x} xf’Cf here = x{’Cf here

C-lemma, : V {x} - (x:f ) Cf—-1 Cf
C-lemma, xt’Cf yef’ = xf’Cf (there yet”)

C-lemmay : V {x} = fC (x:: 1)
C-lemma; yef = C-lemma, C-refl yef

C-lemma, : V {x} - xef-fCf—-(x::)Cf
C-lemma, x&f _ here = xef
C-lemma, xef ’Cf (there yef) = "Cf yef
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-- Set union.

_U_: FinFun A B — FinFun A B — FinFun A B
x:Huf =x::fuf)

oguf =1

-- The empty set is a subset of any set.
@-isSubset : @ C f
@-isSubset ()

U-lemma, : fCf" - Cf" - (fuf)Cf
U-lemma, {f =@} fCf’ {'Cf” yefuf’ = £'Cf” yefuf’
U-lemma; {f=x::_} fCf” £’Cf” here = fCf” here
U-lemma; {f=x:: 7} fCf” {"Cf” (there yefuf)

= U-lemma; (C-trans C-lemma; fCt”) f*Cf” yefut’

U-lemma, : V {x} = xe€e(fuf) - xefvixerl)
U-lemma, {f = @} here = inr here

U-lemma, {f = @} (there xexs) = inr (there xEXSs)
U-lemma, {f =x ::_} here = inl here

U-lemma, {f =x :: "} (there yev) with (U-lemma, yeU)
U-lemma, (there yeuv) | inl yef” = inl (there yef”)
U-lemma, (there yeuv) | inr yef’ = inr yef’

U-lemmas : V {x} - xef—-xe(fuf)

U-lemmas {f =x :: {’} here = here

U-lemmas; {f =x:: 7} {x =y} (there yef”’) = C-lemma; yef’uf’
where yef’uUf” = U-lemmasy yef”

U-lemma, : V {x} = xef" - xe(fufl)

U-lemma, {f = @} xef’ = xef’

U-lemma, {f=x:: 1"} {x =y} yef’ = C-lemma; yef’uf’
where yef”’Uf” = U-lemma, yef’

U-lemmas : fCf" - Cf” - (fuf)Cc " uf”)
U-lemmas _ _ xefuf” with (U-lemma, xefuf”)
U-lemmas {7 ="} {7 =7} fCf” _ xefuf’ | inl xef
= U-lemma; (fCf” xef)
U-lemmas _ {°Cf”” xefuf” | inr xef’
= U-lemma, (f’Cf” xef’)

U-lemmag : fC (fU L)
U-lemmag x€f = U-lemmasy xef

U-lemmao: £ C (fuf)
U-lemmano xef = U-lemma, xef

-- From a proof that a pair of neighborhoods is in the
-- empty set, anything.
xye@-abs: {p: Set} -V {xy} —
e {Al{B}x.y)@—p
XxyE@-abs ()
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B.0.6 Base/Variables
{-# OPTIONS --safe #-}

module Base.Variables where
open import Base.Core
open import Agda.Builtin.Nat

variable
mnor: Nat
I': Ctxm
A:Ctxn
®:Ctxo
A:Ctxr
g BTy
A B : Set

B.0.7 NbhSys/Definition
{-# OPTIONS --safe #-}

module NbhSys.Definition where

record NbhSys : Set; where
field
Nbh : Set
_C_: Nbh - Nbh — Set
Con : Nbh — Nbh — Set
_U_[_]: (xy:Nbh)— Conxy— Nbh
1 : Nbh

Con-L:V{xyz} »xCz—-yLz—Conxy

Crefl :V{x}—>xCx

C-trans: V{xyz} >XxCy—-yLz—>xLCz

C-1 Vi{x} > LCx

C-l :V{xyz}—->yCx—zLx— (con: Conyz)—
(yuz[con])LCx

C-L-fst: V{xy}—(con: Conxy)—xLC (xLy|[con])

C-l-snd: V {xy}—(con: Conxy)—>yL (xLy/[con])

-- Some simplifying syntax.
[_]_C_: (D:NbhSys) — (x y : NbhSys.Nbh D) — Set
[A]xCy=NbhSys. C Axy

[L]_u [_]:(D:NbhSys) = (xy: NbhSys.Nbh D) - NbhSys.ConDxy —
NbhSys.Nbh D
[A]xuUy[con]=NbhSys. LI [ ]AXycon
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B.0.8 NbhSys/Lemmata
{-# OPTIONS --safe #-}

open import NbhSys.Definition
module NbhSys.Lemmata (D : NbhSys) where

private
variable
xy zw: NbhSys.Nbh D

conRefl : V {x} — NbhSys.Con D x x
conRefl = NbhSys.Con-LI D (NbhSys.C-refl D) (NbhSys.C-refl D)

conSym : NbhSys.Con D x y — NbhSys.Con Dy x

conSym {x} {y} conxy
= NbhSys.Con-LI D (NbhSys.C-LI-snd D conxy) (NbhSys.C-LI-fst D conxy)
where xly =[ D ] x Uy [ conxy ]

conl; : NbhSys.Con D (NbhSys.L D) x
conl; = NbhSys.Con-U D (NbhSys.C-L D) (NbhSys.C-refl D)

conl, : NbhSys.Con D x (NbhSys..L D)
conl, = NbhSys.Con-LI D (NbhSys.C-refl D) (NbhSys.C-1 D)

C-U-lemma,; : (con: NbhSys.ConDyz) - [D]([D]yuz[con])Ex —
[D]yLCx
C-U-lemma; con yLIZEX =
NbhSys.C-trans D (NbhSys.C-LI-fst D con) yLIzEX

C-U-lemma, : (con: NbhSys.ConDyz) - [D]([D]yuUz[con])Ex —
[D]zCEx
C-U-lemma, con yLIZEX =
NbhSys.C-trans D (NbhSys.C-LI-snd D con) yLzEx

C-U-lemmas : (conxy : NbhSys.Con D x y) — (conzw : NbhSys.Con Dz w) —
[DIxEz—[D]yEw~—
[D](D]xuy[conxy )E([D]zuw[conzw ])
C-U-lemmas conxy conzw xEz yEw = NbhSys.C-L1 D xEzLIw yEzLIw conxy
where XxCzUw = NbhSys.C-trans D XxCz (NbhSys.C-LI-fst D conzw)
yCzlLw = NbhSys.C-trans D yCw (NbhSys.C-LI-snd D conzw)

C-U-lemma, : [D]xEy — (con: NbhSys.ConDyz) —
[DIxE(D]yuz[con])
E-U-lemmay XEy con = NbhSys.C-trans D XxEy (NbhSys.C-LI-fst D con)

C-U-lemmas : [D ] xE z — (con: NbhSys.ConDy z) —

[DIXxC(D]yuz[con]
C-U-lemmas XEz con = NbhSys.C-trans D xEz (NbhSys.C-LI-snd D con)
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Ll-assy : (conxy : NbhSys.ConDxy) —
(conyz : NbhSys.ConDy z) —
(conxyUz : NbhSys.ConDx ([D]yuz][conyz])) —
(conxuUyz : NbhSys.ConD ([ D ]xUy[conxy])z) —
[D](D]xu(D]yuz[conyz])[conxyuz])Cw —
[D][D]([D]xuy[conxy])Uz][conxUyz ] Cw
LI-ass; conxy conyz conxyLlz conxLlyz p
= NbhSys.C-LI D (NbhSys.C-L D (E-U-lemma; _ p)
(E-U-lemma,; _ (E-U-lemma, _p)) )
(E-u-lemma, _ (E-U-lemma, _p)) _

Ll-ass, : (conxy : NbhSys.ConD xy) —
(conyz : NbhSys.ConDyz) —
(conxyllz : NbhSys.ConDx ([D]yuz][ conyz])) —
(conxUyz : NbhSys.ConD ([D]x Uy [conxy])z)—
[D][D]([D]xuUy[conxy])Uz[conxUyz ]| Cw—
[D]I(D]xu(D]yuz[conyz])[conxyuz])Cw
LI-ass, conxy conyz conxyLlz conxLlyz p
= NbhSys.C-LI D (E-U-lemma,; _ (E-U-lemma; _ p))
(NbhSys.C-1 D (E-U-lemma, _ (E-U-lemma; _ p))
(E-u-lemma, _p)_) _

B.0.9 Scwf/Plain

{-# OPTIONS --safe #-}
module Scwf.Plain where

open import Base.Core using (Rel ; IsEquivalence)
open import Base.Variables

open import Agda.Builtin.Nat

record Scwf : Set, where
field
Ty : Set;
Ctx : Nat — Set,
Tm: Ctxn — Ty — Set,
Sub : Ctx m — Ctx n — Set,

~ V{I'dd} —>Rel(Tm {n} " )
_~ :V{I''A} > Rel (Sub {m} {n} " A)

isEquivT : V {I" &/ } — IsEquivalence (_

~_{n}{I’
isEquivS : V {I" A} — IsEquivalence (_~_ {m} {n

¢ : Ctx zero
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_e_: Ctxn — Ty — Ctx (suc n)

q:T:Ctxn)> (A :Ty)y >Tm T e ) A
[ ]:V{AdTA} -Tm{n)Ad - Sub{m}T’A—-TmI A

id: T:Ctxn)— SubI'T"

o :V{IT'A®} ->Sub{n} {o}A®—->Sub{m}I"A - SubI'®
O):{I': Ctxn} - SubT o

() V{IT'AA} —>Sub{n} {m} AT >TmA Y - SubA (T e )
p:(:Ctxn)— (A :Ty) > SubT e )"

dL:V{[TA} - (y:Sub{n} {m} AT') » ((id[N) ey) =y
dR:V{T'A} = (y: Sub {n} {m} AT) - (y(idA)) =y
subAssoc: V{IITA®A} - (y: Sub {m} {n}T"A) -
(6: Sub {n} {0} A®) > (#: Sub {0} {r} ®A) -
((06)ey)=(@-(5°7))

dSub: V{I'd} > t: Tm{n} ') > (t[idT])~t

compSub: V{IICAO® I} - (t: Tm{n} Ad)—
(y:Sub{m} T A)— (6:Sub{o}®OI) —
(tlyesD=(tlyDIéD

idy : id o & ()
<>-zero: V{[A} = (y: Sub {m} {n} T A) = () op) = ()

pCons : V{Z T'A} - (y: Sub {n} {(m} AT') » (t: TmA ) —
(pTe)(y.t) =y
qCons : V{4 T A} - (y:Sub {n} {(m} AT') » (t: TmA ) —
Qe [(r.t)h~t
dExt: V{g T} > @Gd(e_ {m}TA)=2(pl'd,ql'd )
compExt: V{IIT'Ad} - (t: TmA A)—
(y:Sub{n} {m} AT)— (6: SubI' A) —
(r.t)ed6)=(yed.t[6])

subCong: V{ T A} - {tt’ : Tm {m} "} —
{rv :Sub{n} AT} >trt —
yRy >@UlyD=E® [y D
<>-cong:V{AdTA} - {tt’: Tm{m} A} -
{yy :Sub{m} {njTA} >t~t —
rEy ->(r.t)=(y.t)
o-cong : V{I'A®} - {y6:Sub {n} {o} AO®O} —
{y’6’:Sub{m}T'A} > y=é—
Y RO > (yey)=(6:6")

B.0.10 Scwif/Product
{-# OPTIONS --safe #-}
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module Scwf.Product where

open import Base.Variables
open import Scwf.Plain

open import Agda.Builtin.Nat

record Prod-scwf : Set, where
field
scwi : Scwf
open Scwf scwf public
field
X_:Ty—->Ty - Ty

fst: VI B} >Tm {m}'(I XRB)—>TmI
snd: V{II'd B} >Tm{m} '(AI XRB)—>TmI A
<, >V I'd B} ->Tm{m}I'ed >TmI[ B - TmTI (A4 X RB)

fstAxiom: V{II' of B} - {t: Tm{m} "} - {u: TmI B} —
fst<t,u>=t

sndAxiom: V{I'f B} - {t: Tm{m} "} - {u: TmI B} —
snd<t,u>=~u

pairSub: V{IIrA AL B} - {t: TmI'd} - {u: TmI" B} —
{y :Sub {n} {m} AT} —
(<t,u>[yD=<tl[y].uly]>

fstCong : V{I' B} - {tt’ : Tm{m} ' (I X AB)} -txt —
fstt~ fstt’
sndCong : V{I'f B} — {tt' : Tm {m} (I X RB)} >t=t —
snd t ~ snd t’
pairCong : V{I' S B} - {tt . Tm {m} '} - {uw’ : Tm[ B} —
txt’ >uxu —
<t,u>~<t ,u >

-- We merge the N, -structure with the X-structure.
N, : Ty
0,:V{I'} = Tm {m} '\,
Ny-sub: V{I"A} — {y : Sub {n} {m} AT} —
O, [y D=0

B.0.11 Scwf/ProductArrow
{-# OPTIONS --safe #-}

module Scwf.ProductArrow where

open import Base.Variables
open import Scwf.Product
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record ProductArrow-scwf : Set, where
field
prod-scwf : Prod-scwf
open Prod-scwf prod-scwf public
field
= Ty-=>Ty->Ty

lam:V{IIT S B} >Tm(_e_{m} T A) B > TmI (A = RB)
ap V{ I B} >Tml'(d =>RB)>Tm{m} 'S > TmI[ R

lamSub: V{IT' Ao B} — (y: Sub {n} {m} AT) —
t: Tm (T e ) B) —
(lamt[y Dm(am t[{yopAd,qAd)])
apSub: V{I'A A B} — (y:Sub {n} {m} AT') —
t: TmIN' (A = RFB)>w: TmI'A) -
(aptly D@y D) =(@ptuly])

pN{TARB}->{t: Tm{m}I'd} >{u:TmT e A) A} —
(ap(lamu)t) ~ (u [ (idT,t)])

lamCong : V{I'f B} - {tt : Tm (_e_{m} ") B} —
t~t — (lamt) ~ (lamt’)
apCong : V{I'f B} — {tt' : Tm {m} ' (4 = RB)} —
Viuua'} -trxt u~ru —
(aptu)~ (apt’ w’)

B.0.12 Scwf/DomainScw{/PlainAxiomProofs
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{-# OPTIONS --safe #-}
module Scwf.DomainScwf.PlainAxiomProofs where

open import Appmap.Equivalence

open import Appmap.Lemmata

open import Base.Core

open import Base.Variables

open import NbhSys.Definition

open import Scwf.DomainScwf.Appmap.Definition

open import Scwf.DomainScwf.Appmap.Composition.Instance
open import Scwf.DomainScwf.Appmap.Composition.Relation
open import Scwf.DomainScwf.Appmap.Empty.Instance

open import Scwf.DomainScwf. Appmap.Empty.Relation

open import Scwf.DomainScwf.Appmap.Identity.Instance
open import Scwf.DomainScwf.Appmap.Identity.Relation
open import Scwf.DomainScwf.Appmap.Valuation.Definition
open import Scwf.DomainScwf.Appmap.Valuation.Instance
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open import Scwf.DomainScwf.Appmap.Valuation.Lemmata

open import Scwf.DomainScwf.Appmap.Valuation.Relation

open import Scwf.DomainScwf.Comprehension.p.Instance

open import Scwf.DomainScwf.Comprehension.p.Relation

open import Scwf.DomainScwf.Comprehension.Morphism.Instance
open import Scwf.DomainScwf.Comprehension.Morphism.Relation
open import Scwf.DomainScwf.Comprehension.q.Instance

open import Scwf.DomainScwf.Comprehension.q.Relation

private
variable
yy :tAppmap " A
006 : tAppmap A ®
0 : tAppmap ® A
tt : tAppmap A [ ]

subAssocLemma; : V {(xy} = [(Bcd)ey | Xy —
[0c(bey) Xy
subAssocLemma; (er>-intro yX—z (er>-intro 6z—>w Owry))
= or=>-INtro (er>-iNtro yX—z 6z—w) w—y

subAssocLemma, : V {(Xy} = [0 (0oy) Xy —
[(Bcb)ey]xry
subAssocLemma, (er>-intro (er>-intro yXr—>w o6W—2z) 0z—y)
= ol—>-INtro yX—>Ww (e—>-intro 6W+—z 0z—y)

subAssoc : (y : tAppmap I' A) — (6 : tAppmap A @) —
(0 : tAppmap O A) —
(B8)er)m (O (507)
subAssoc y 6 8 = ~-intro (<-intro subAssocLemma, )
(<-intro subAssocL.emma,)

pConsLemma, : V {xy} > [pT d o (y,t)]x—>y—
[y]xe—y
pConsLemma, {y =y} (e—-intro (()—-intro yx—z _) (p—-intro yEz))
= Appmap.—-|closed y yCzZ yxX—z

pConsLemma, : V {xy} = [y ]X—>y—
[prde(y,t)lxmy
pConsLemma, {y =y} {d =} {t} yx—y
= o>-intro ytx— Ly pLly—y
where tx— L = Appmap.—-bottom t
ytx—1ly = ()—>-intro {y = (( NbhSys.L & ,, _))} yx—y tx—L
pLly—y = pr—-intro (NbhSys.C-refl (ValNbhSys _))

pCons : (y : tAppmap AT') — (t: tAppmap A [ & ]) —

pLde(y.t)~y
pCons y t = ~-intro (<-intro pConsLemma; )
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(<-intro pConsLemma,)

qConsLemma,; : V {xy} > [qT A o (y,t) ] x>y —
[tIxPy
qConsLemma, {/ = o/} [t =t} {y = ((y. () )}
(er>-intro (()+>-intro _ tx—z) (q—-intro yCz))
= Appmap.—-|closed t tup-yCz tx—z
where tup-yEz = C -cons [ & | yEz C -nil

qConsLemma, : V {xy} = [t]X+—y—
[qT d o (y,t)Ixmy
qConsLemma, {o/ =/} {y =y} {y=((y.. () )} txmy =
o—~-intro ytx—yl qyLl—y
where yx— .1 = Appmap.—-bottom y
qyl—y = g—-intro (NbhSys.C-refl &)
ytx—yl = ()—-intro {y = ({(y ., 1, ))} yx—L tx—y

qCons : (y : tAppmap AT') — (t: tAppmap A [« ]) —
(@Tal)e(y.t)~t
qCons y t = ~-intro (<-intro qConsLemma, )
(<-intro qConsLemma,)

idExtLemma, : V {xy} - xid»y - ()~ pI' &) (qI' &) xy
idExtLemma,; (id—-intro (E -cons _ yEx yEX))
= ()>-intro pxx—y qxx—y
where pxxry = pr>-intro yCx
gxx—y = g—-intro yCx

idExtLemma, : V {xy} —» () (pI' &) (qT" &) xy —
Xid—y
idExtLemma, {I'=T"} {&/ = &}
({)+>-intro (p+>-intro yCx) (qr-intro yCx))
= id—-intro yyCxx
where yyExx = C -cons (& :: I') yEX yEX

idExt : idMap (& = D)~ (pl ,ql' /)
1dExt = ~-intro (<-intro idExtLemma, )
(<-intro idExtLemma,)

idLLemma, : V {xy} = [idMapTey [ x>y —
[y Ix—y
idLLemma, {y =y} (e=-intro yx—z (id—-intro yCz))
= Appmap.—-|closed y yCz yX—Z

idLLemma, : V {xy} = [y ] x— y—
[idMapTley | x>y
idLLemma, Xx—y = o—-intro X~y (id—-intro yCy)
where yCy = NbhSys.C-refl (VaINbhSys _)
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idL: (y: tAppmap AT') —» (idMap e y) x y
idL y = ~-intro (<-intro idLLemma, ) (<-intro idLLemma,)

idRLemma, : V {xy} = [y cidMap A [x—y —
[y ]xm—y
idRLemma, {y =y} (er>-intro (id—-intro ZCX) yz—Yy)
= Appmap.—-mono y zCX yz—y

idRLemma, : V {xy} = [y ]x—y—
[yeidMapA Jx—y
idRLemma, x—y
= ot—>-intro (id—-intro XCX) Xy
where XEx = NbhSys.C-refl (VaINbhSys _)

idR : (y : tAppmap AT') — (y e idMap A) ~ y
idR y = ~-intro (<-intro idRLemma,) (<-intro idRLemma,)

idjLemma, : V {xy} = xid— y — xempty— y
idgLemma,; {(())} {(())} idx—y = emptyr-intro

idjLemma, : V {xy} = xempty— y = X id—y
idgLemma, {(())} {{{))} emx—y = id—-intro C -nil

idy : idMap [] ~ emptyMap
id), = ~-intro (<-intro id,Lemma;) (<-intro idyLemma,)

<>-zeroLemma, : V {xy} = [emptyMapey [ Xy —
X empty— 'y
<>-zeroLemma, {y = (())} _ = emptyr-intro

<>-zeroLemma, : V {xy} — X empty— y —
[emptyMap ey | X =y
<>-zeroLemma, {y =y} {y = (())} empty—-intro
= o—>-intro yx— L empty—-intro
where yx— 1 = Appmap.—-bottom y

<>-zero : (y : tAppmap I' A) — (emptyMap » y) =~ emptyMap
<>-zero y = ~-intro (<-intro <>-zeroLemma, )
(<-intro <>-zeroLemma,)

idSubLemma, : V {xy} —» [teidMapl |x—y —
[t]x—y
idSubLemma,; {t =t} (er>-intro (id—-intro zEX) tz—Yy)
= Appmap.—-mono t zCX tz—y

idSubLemma, : V {xy} —» [t]x+—y —
[teidMapl'|x—y
idSubLemma, {t =t} tx—y
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= or—-intro (id—-intro XCX) tx—y
where XCx = NbhSys.C-refl (ValNbhSys _)

idSub : (t: tAppmap'[ & ]) —
(toidMap ') = t
1dSub t = ~-intro (<-intro idSubLemma, )
(<-intro idSubLemma,)

compSubLemma,; : V {Xy} = [te(yed) | x>y —
[((ey)ed]x Yy
compSubLemma, (e+>-intro (er>-intro 6X—>w yw—z) tz—y)
= oi—>-INtro 6X—>W (e—>-intro yw—z tz—y)

compSubLemma, : V {Xy} = [(tey)ed Xy —
[te(yed)Ixmy
compSubLemma, (er>-intro 6X—z (e+>-intro yz—w twey))
= oi=>-INtro (er>-intro 6X—z yz—>w) twi—y

compSub : (t: tAppmap A [ & ]) — (y : tAppmap " A) —
(6 : tAppmap®OTI') —
(te(yod)~ ((toy)od)
compSub t y § = ~-intro (<-intro compSubLemma, )
(<-intro compSubLemma,)

compExtLemma, : V {xy} = [(y.,t)ed]x—y—
[(yob,teb)]XHYy
compExtLemma, (er>-intro 6X—z (()—-intro yz—y tzry))
= ()>-intro (eF>-intro 6X—z yz>Yy) (e—-intro 6X—z tz-y)

compExtLemma, : V {xXy} = [(yod,ted)]xy—
[(7.t)ed]xy
compExtLemma, {y =y} {6 =0} {t =t}
(()r>-intro (er>-intro Xz yzZ>y) (er>-intro 6X—w twy))
= or>-intro 6X—>zLUW (y,t)—
where conzw = Appmap.—-con 6 6Xx—Zz 6x—w valConRefl

OX—zlLIw = Appmap.—-Tdirected 6 X—Z SX—>W CONZW
yzUw—y = appmapLemma; {y =y} conzw yz—y
tzLiw—y = appmapLemma, {y =t} conzw tw—y
(y,t)— = ()>-intro yzUwy tzLiw—y

compExt: (t: tAppmap A[ A ]) — (y : tAppmap AT) —
(6 : tAppmap " A) —
(7.,t)ed)m(yed, ted)
compExt t y § = ~-intro (<-intro compExtLemma,)
(<-intro compExtLemma,)

<,>-conglemma:txt - y~y - V{xy}—-> ()—ytxy—
O 7 Cxy
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<,>-conglemma (~-intro (<-intro '’x~y) _)
(~-intro (Z-intro y’xy) _) (()>-intro yx—y tx—y)
= ()-intro (y’x—y yxey) (Fx—y txe—y)

<>-cong:txt -yxy > (y,.t)yx~(y ,t)
<,>-cong tat’ yry’ = ~-intro yty’t’ y’ 'yt
where yt<y’t’ = <-intro (<,>-congLemma txt’ yxy’)
t’~t = ~Symmetric tat’
Yy’ &y = ~Symmetric yxy’
7y 'yt = <-intro (<,>-conglL.emma t’~t y’xy)

o-conglemma:yx~dé—-y =6 > V{Xy}—=>[yey ]|xX—y—
[606 x>y
o-conglemma (~-intro (<-intro t’z—y) _)
(~-intro (K-intro y’X—2z) _) (ek>-Iintro yX—z tz—y)
= ol>-intro (¥’ Xz yx—1z) ('zy tz—y)

-CcONg: Yy R —=yY X0 = (Yey )r(06)
o-cong yxo y’~6’
= A-INtro yoy’ K66’ 506’ Xyoy’
where yoy’<806’ = <-intro (e-conglLemma y=~6 y’~d4’)
o~y = ~Symmetric yxo
6’ =y’ = ~Symmetric y’x6’
006’ Xyey’ = <-intro (e-conglemma 6=~y 6’~y’)

B.0.13 Scwf/DomainScwi{/PlainInstance
{-# OPTIONS --safe #-}

module Scwf.DomainScwf.Plainlnstance where

open import Appmap.Equivalence

open import Base.Core

open import Scwf.Plain

open import Scwf.DomainScwf.Appmap.Definition

open import Scwf.DomainScwf.Appmap.Composition.Instance
open import Scwf.DomainScwf.Appmap.Empty.Instance

open import Scwf.DomainScwf. Appmap.Identity.Instance
open import Scwf.DomainScwf.Comprehension.Morphism.Instance
open import Scwf.DomainScwf.Comprehension.p.Instance
open import Scwf.DomainScwf.Comprehension.q.Instance
open import Scwf.DomainScwf.PlainAxiomProofs

domScwf : Scwf

Scwil. Ty domScwf =Ty

Scwf.Ctx domScwf = Ctx

Scwf. Tm domScewfI" &/ = tAppmap ' [ & ]
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Scwf.Sub domScwf = tAppmap
Scwf. ~ domScwf =_~_
Scwf._~ domScwf =_~

Scwt.isEquivT domScwf = ~IsEquiv
Scwf.isEquivS domScwf = ~IsEquiv

Scwf.o domScwf =]
Scwf._ e domScwfl' o/ = :: T
Scwf.q domScwf =q
Scwf._[_] domScwf = o
Scwf.id domScwf = idMap
Scwf. o domScwf = _o_
Scwf.() domScwf = emptyMap
Scwf.(_,_) domScwf =(__)
Scwif.p domScwf =p
Scwi.idL domScwf =idL
Scwf.idR domScwf =1idR

Scwi.subAssoc domScwf = subAssoc
Scwf.idSub domScwf = 1idSub
Scwf.compSub domScwf = compSub
Scwf.idy domScwf =1id,
Scwf.<>-zero domScwf = <>-zero
Scwf.pCons domScwf = pCons
Scwf.qCons domScwf = qCons
Scwi.idExt domScwf = idExt
Scwf.compExt domScwf = compExt
Scwf.subCong domScwf = o-cong
Scwf.<,>-cong domScwf = <,>-cong
Scwif.e-cong domScwf = e-cong

B.0.14 Scwf/DomainScwf{/ProdArrInstance
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{-# OPTIONS --safe #-}
module Scwf.DomainScwf.ProdArrInstance where

open import Scwf.DomainScwf.ArrowStructure.ap.Instance

open import Scwf.DomainScwf. ArrowStructure.apCong

open import Scwf.DomainScwf.ArrowStructure.apSub

open import Scwf.DomainScwf.ArrowStructure.beta

open import Scwf.DomainScwf.ArrowStructure.lam.Instance
open import Scwf.DomainScwf. ArrowStructure.lamCong

open import Scwf.DomainScwf.ArrowStructure.lamSub

open import Scwf.DomainScwf.ArrowStructure.NbhSys.DefProof
open import Scwf.DomainScwf.ArrowStructure.NbhSys.Instance
open import Scwf.DomainScwf.ProdInstance

open import Scwf.ProductArrow
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domProductArrowScwf : ProductArrow-scwf
ProductArrow-scwf.prod-scwf domProductArrowScwf

= domProdScwf

ProductArrow-scwf. = domProductArrowScwf
= ArrNbhSys

ProductArrow-scwf.lam domProductArrowScwf
= lam

ProductArrow-scwf.ap domProductArrowScwf

ProductArrow-scwf.lamSub domProductArrowScwf {&/ = o} { A}
= lamSub of A

ProductArrow-scwf.apSub domProductArrowScwf {&f = o'} {AB}
= apSub o %

ProductArrow-scwf.f domProductArrowScwf {&/ = o} {9}
= f-equal o A

ProductArrow-scwf.lamCong domProductArrowScwf {&/ = o'} {9}
= lamCong o/ &

ProductArrow-scwf.apCong domProductArrowScwt {&f = o/} { A}
= apCong o B

B.0.15 Scwf/DomainScw{/ProdInstance
{-# OPTIONS --safe #-}

module Scwf.DomainScwf.ProdInstance where

open import Scwf.DomainScwf.PlainInstance

open import Scwf.DomainScwf.ProductStructure. AxiomProofs

open import Scwf.DomainScwf.ProductStructure.fst.Instance

open import Scwf.DomainScwf.ProductStructure.NbhSys.Instance

open import Scwf.DomainScwf.ProductStructure.Pair.Instance

open import Scwf.DomainScwf.ProductStructure.snd.Instance

open import Scwf.DomainScwf.ProductStructure.Unit.Mapping.Instance
open import Scwf.DomainScwf.ProductStructure.Unit.NbhSys.Instance
open import Scwf.DomainScwf.ProductStructure.Unit.NSub

open import Scwf.Product

domProdScwf : Prod-scwf

Prod-scwf.scwt domProdScwf = domScwf
Prod-scwf._x_ domProdScwf =_X_
Prod-scwf.fst domProdScwf = fst
Prod-scwf.snd domProdScwf = snd
Prod-scwf.<_, > domProdScwf =<, >

J— U

Prod-scwf.fstAxiom domProdScwf {&f = '} {AB} = fstAxiom &/ RB
Prod-scwf.sndAxiom domProdScwf {&f = o/} { B} = sndAxiom o/ %
Prod-scwf.pairSub domProdScwf {&f = &} {AB} = pairSub o B
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Prod-scwf.fstCong domProdScwf {&f = o} {AB} = fstCong o A
Prod-scwf.sndCong domProdScwf {f = o'} {AB} = sndCong o R
Prod-scwf.pairCong domProdScwf {f = & } { B} = pairCong o A

Prod-scwf.N; domProdScwf =N,
Prod-scwf.0; domProdScwf =0,
Prod-scwf.N;-sub domProdScwf = N,-sub

B.0.16 Scwf/DomainScwi{/Appmap/Definition
{-# OPTIONS --safe #-}

module Scwf.DomainScwf.Appmap.Definition where

open import Appmap.Definition public

open import Base.Core

open import Base.Variables

open import Scwf.DomainScwf.Appmap.Valuation.Definition
open import Scwf.DomainScwf.Appmap.Valuation.Instance

-- Some simplifying notation for approximable mappings in
-- our scwf.

tAppmap : (I': Ctx m) — (A : Ctx n) — Set;

tAppmap I' A = Appmap (ValNbhSys I') (VaINbhSys A)

B.0.17 Scwf/DomainScwi{/Appmap/Composition/AxiomProofs

{-# OPTIONS --safe #-}

open import Base.Variables
open import Scwf.DomainScwf.Appmap.Definition

module Scwf.DomainScwf.Appmap.Composition. AxiomProofs
(6 : tAppmap A ®) (y : tAppmap I" A) where

open import Base.Core

open import NbhSys.Definition

open import NbhSys.Lemmata

open import Scwf.DomainScwf. Appmap.Composition.Relation
open import Scwf.DomainScwf. Appmap. Valuation.Definition
open import Scwf.DomainScwf.Appmap.Valuation.Instance
open import Scwf.DomainScwf.Appmap.Valuation.Lemmata
open import Scwf.DomainScwf.Appmap.Valuation.Relation

o—>-mono: V {xyz} -LC, I'xy—
_o—>_O0YyXZ— o—>_0yyZ
o—~>-mono {y =y} {z} XCy (er>-intro yx—y dy—2z)
= o>-intro (Appmap.—-mono y XLy yX—y) 6y—Z
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o>-bottom : V {X} = o—>_oyx .1,
o—>-bottom {x = x}
= e>-intro (Appmap.—-bottom y) (Appmap.—-bottom 6)

o>-|closed: V {xzw} - LC,O0zw—
o> _O0YXW— _o—>_0yYXZ
o—~-|closed {x = X} {z} ZCW (er>-intro yXx—y 6y—>w)
= o—-intro yx—y (Appmap.—-|closed 6 ZLw 6y—w)

o—>-Tdirected : V {XZW} > o>_0yXZ— o>_6yXW—
(con: ValCon ® z w) —
_o—>_6yXx(zU,w]con])
o—~-Tdirected (e>-intro yxX—y oy—z)
(er—>-Intro yx—y’ 6y’ W) CONZW
= ol>-intro yx—yLly’ oyLly’ —zLIw
where conyy’ = Appmap.—-con y yx—Yy yx—Yy’ valConRefl
yX—yLy' = Appmap.—-Tdirected y yX—y yx—y’ conyy
yCyuy’ = NbhSys.C-LI-fst (VaINbhSys A) conyy’
SyLly’—z = Appmap.—-mono § yCyLly’ §y—z
y’'CyLy’ = NbhSys.C-LI-snd (VaINbhSys A) conyy’
oyuy’—w = Appmap.—-mono 6 y'CyLly’ 6y’ —»w
oyuy’—zlw = Appmap.—-Tdirected 6 oyLly’ —z oyLly’ =W conzw

9

ob>-con: V{XyX y'} > o—>_SyXxy— o> _6yxXy —
ValConI'xx” — ValCon®yy’
e>-con {y = ()} {y’ = (())} __ _ = con-nil
o-con {y = ((y .y ) {y =y ..y )}
(er>-Intro yX—z 0Z—Yy) (e—>-intro yX 2z’ 62’—y’) conxx’
= Appmap.—-con é 6z—Yy 6z’ Yy’ conzz’
where conzz’ = Appmap.->-con y yX—Z yX' =2’ COnxXx’

B.0.18 Scwf/DomainScwi{/Appmap/Composition/Instance
{-# OPTIONS --safe #-}

module Scwf.DomainScwf. Appmap.Composition.Instance where

open import Base.Variables

open import Scwf.DomainScwf.Appmap.Definition

open import Scwf.DomainScwf. Appmap.Composition. AxiomProofs
open import Scwf.DomainScwf. Appmap.Composition.Relation

_o_: tAppmap A ©® — tAppmap ' A — tAppmap " ®
Appmap._—_ (6 °7) = _o—>_0y
Appmap.—-mono (6 e y) = e>-mono 6 y
Appmap.—-bottom (6 o y) = e>-bottom o ¥
Appmap.—-|closed (6 o y) = o—>-|closed 6 y
Appmap.—-Tdirected (6 o y) = o—>-tdirected 6 y
Appmap.-con (8 o y) = o>-CON 0 ¥
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B.0.19 Scwif/DomainScwi{/Appmap/Composition/Relation
{-# OPTIONS --safe #-}

module Scwf.DomainScwf.Appmap.Composition.Relation where

open import Base.Core

open import Base.Variables

open import Scwf.DomainScwf. Appmap.Definition

open import Scwf.DomainScwf.Appmap.Valuation.Definition

data _er>_ (0 : tAppmap A ©) (y : tAppmap " A) :
Valuation I' — Valuation ® — Set where
o—-intro: V{xXyz} - [y]x—y—[6]ly—~z—
o> _0YXZ

B.0.20 Scwf/DomainScwi{/Appmap/Empty/AxiomProofs
{-# OPTIONS --safe #-}

module Scwf.DomainScwf.Appmap.Empty. AxiomProofs where

open import Base.Core

open import Base.Variables

open import Scwf.DomainScwf.Appmap.Empty.Relation
open import Scwf.DomainScwf.Appmap.Valuation.Definition
open import Scwf.DomainScwf. Appmap. Valuation.Relation

empty—-mono : V {xyz} - C,I'xy — xempty— z —
y empty— z
empty—-mono {z = (())} _ _ = empty—-intro

empty—-|closed : {x: ValuationI'} - V {yz} —
C,llyz— xempty— z —
X empty— y

empty—-|closed {y = (())} _ _ = emptyr>-intro

empty—-Tdirected : {x: ValuationI'} - V {yz} —
X empty— y — X empty— z — (con : ValCon []y z) —
X empty— (y U,z [ con])

empty—-tdirected {y = ({))} {{{))} _ _ _ = emptyr>-intro

empty—-con : {x: ValuationI'} - V{yx' y'} —
X empty— y — X empty— y’ — ValConI'xx’ —
ValCon []yy’

empty—-con {y = ()} (¥’ = ()} x x| x, = con-nil
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B.0.21 Scwif/DomainScwi/Appmap/Empty/Instance
{-# OPTIONS --safe #-}

module Scwf.DomainScwf.Appmap.Empty.Instance where

open import Base.Core

open import Base.Variables

open import Scwf.DomainScwf. Appmap.Empty. AxiomProofs
open import Scwf.DomainScwf.Appmap.Empty.Relation
open import Scwf.DomainScwf.Appmap.Definition

emptyMap : tAppmap I []

Appmap._+—_ (emptyMap) = _empty—_
Appmap.—-mono (emptyMap) = empty—-mono
Appmap.—-bottom (emptyMap) = empty—-intro
Appmap.—-|closed (emptyMap) = empty—-|closed
Appmap.—-Tdirected (emptyMap) = empty+—-Tdirected
Appmap.—-con (emptyMap) = empty—-con

B.0.22 Scwf/DomainScwi/Appmap/Empty/Relation
{-# OPTIONS --safe #-}

module Scwf.DomainScwf.Appmap.Empty.Relation where

open import Scwf.DomainScwf.Appmap. Valuation.Definition
open import Base.Core
open import Base.Variables

data _empty—_ : Valuation I" — Valuation [] — Set where
empty—-intro : {x: Valuation I'} — x empty— (())

B.0.23 Scwf/DomainScwi/Appmap/Identity/AxiomProofs
{-# OPTIONS --safe #-}

module Scwf.DomainScwf.Appmap.Identity. AxiomProofs where

open import Base.Core

open import Base.Variables

open import NbhSys.Definition

open import Scwf.DomainScwf.Appmap. Valuation. AxiomProofs
open import Scwf.DomainScwf.Appmap.Valuation.Definition
open import Scwf.DomainScwf.Appmap.Valuation.Instance
open import Scwf.DomainScwf.Appmap.Valuation.Relation
open import Scwf.DomainScwf.Appmap.Identity.Relation
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private
variable
Xy z w : Valuation I

ide-mono: C,I'xy > xid»z—>yid-z
id—-mono {I'=T"} {y =y} {z} xCy (id—-intro zCx)
= id—-intro (NbhSys.C-trans (ValNbhSys _) zCx xLCy)

id—-bottom : xid— L,
id—-bottom {x = x}
= id—>-intro (NbhSys.C- L (ValNbhSys _))

id—-|closed: E, I'yz - xid—z - xid—y
id—-|closed {y =y} {x = x} yCz (id~-intro zCx)
= id—-intro (NbhSys.C-trans (ValNbhSys _) yCz zCx)

id—-tdirected : xid— y — xid~ z — (con : ValConI'y z) —
xid~ (y U, z[con])
id—-1directed {x = x} {y} {z} (id—-intro yCXx)
(id~-intro zCX) con
= id—-intro (NbhSys.C-LI (ValNbhSys _) yCx zCx con)

id—-con: xid— z — yid— w — ValConI'xy — ValCon Iz w
id—-con (id—-intro zCx) (id—-intro wCy) con
= Con-U,, zZEXLly WXLy
where zExLly = £ -trans ZEx (E,-LI-fst con)
WwLXLly = C -trans wCy (E,-LI-snd con)

B.0.24 Scwf/DomainScwi{/Appmap/Identity/Instance
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{-# OPTIONS --safe #-}
module Scwf.DomainScwf.Appmap.Identity.Instance where

open import Base.Core

open import Base.Variables

open import Scwf.DomainScwf. Appmap.Definition

open import Scwf.DomainScwf.Appmap.Identity. AxiomProofs
open import Scwf.DomainScwf. Appmap.Identity.Relation

idMap : (I': Ctxn) — tAppmap I' I’
Appmap._+—_ (idMap I = _id—~_
Appmap.—-mono (idMap I') = id—~-mono
Appmap.—-bottom (idMap I') = id—-bottom
Appmap.—-|closed (idMap I') = id—-|closed
Appmap.—-Tdirected (idMap I') = id—-1directed
Appmap.—-con (idMap I') = id—-con
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B.0.25 Scwif/DomainScwi{/Appmap/Identity/Relation
{-# OPTIONS --safe #-}

module Scwf.DomainScwf.Appmap.Identity.Relation where

open import Base.Core

open import Base.Variables

open import Scwf.DomainScwf.Appmap.Valuation.Definition
open import Scwf.DomainScwf.Appmap.Valuation.Relation

data _id—_ : Valuation I' — Valuation I' — Set where
id—-intro: V{xy} -, 'yx - xid—y

B.0.26 Scwf/DomainScwi{/Appmap/Valuation/AxiomProofs
{-# OPTIONS --safe #-}

module Scwf.DomainScwf. Appmap.Valuation. AxiomProofs where

open import Base.Core

open import Base.Variables

open import NbhSys.Definition

open import Scwf.DomainScwf.Appmap.Valuation.Definition
open import Scwf.DomainScwf. Appmap.Valuation.Relation

Con-u,:V{xyz} -C,I'xz—-C, I'yz— ValConI'xy
Con-u, E,-nil E -nil = con-nil
Con-u, {I'=o =T} {x=((x..x )} {{{y.y )}
(E,-cons _xEz xCz) (E, -cons _ yEz yCz)
= con-tup conxy conxy
where conxy = NbhSys.Con-LI & xCz yCz
conxy = Con-Ll, XEz yCz

C,refl: V{x} ->LC, I'xx
C,-refl {x = (())}=C,-nil
C,orefl {I'=o T} {x=({(x.,x))}
=L, -cons (& :: I') (NbhSys.C-refl &) E -refl

C,-trans:V{xyz}—-C I'xy—-C I'yz—-LC, I'xz
C,-trans {x = (())} {{O)} {{()} __=E,nil
Cotrans {I'=o =T} {x={(x,.x )} {z=(z.,2))}
(E,-cons _ xEy xLCy) (E,-cons _ yEz yEz)
=L, -cons (& :: I') (NbhSys.C-trans & xCy yCz)
(E,-trans XCy yCz)

C-1L:V{x}—-C,I'l, x
C,-L {x=(())} =C,nil
C-L{M=o T} (x=((x.x)))
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=L, -cons (& :: I') (NbhSys.C-1L &) (E,-1)

C,u:Vi{xyz} -, I'yx—=LC,I'zx— (con: ValConI'yz) —

E,I'(yu,z[con])x
LU (x = (O)) ({0} ()} ___=C,nil
C,-u{T=o = T) {x=((x.x )} {({y.¥y )] (({(z.2)))
(E,-cons _ yEx yEX) (C,-cons _ zEx zEX)
(con-tup conyz conyz) =
C,-cons (& :: T') yUzEX (E,-U yEX zEX conyz)
where ylzEXx = NbhSys.C-L1 & yEx zEX conyz

C,-U-fst: V {xy} = (con: ValConI'xy) - C,I'x (xU,y [ con ])

C,-u-fst {x = (())} {{())} - =LC,-nil

Cu-fst {I'=o = T} {x=((x.x )} {{{y.¥y)}
(con-tup conxy conxy)
=L, -cons (& :: I') (NbhSys.C-LI-fst & conxy) (E,-L-fst conxy)

C,-U-snd:V{xy}— (con: ValConI'xy) - C, I'y(xu,y[con])

C,-u-snd {x = (())} {{())} _=LC,nil
CoUsnd{l'=o T} {(x={x,x )} {{y-yN!
(con-tup conxy conxy)

=L, -cons (& :: I') (NbhSys.C-LI-snd & conxy) (E,-LI-snd conxy)

B.0.27 Scwf/DomainScwi/Appmap/Valuation/Definition
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{-# OPTIONS --safe #-}
module Scwf.DomainScwf.Appmap.Valuation.Definition where

open import Base.Core
open import Base.Variables
open import NbhSys.Definition

-- Valuations of contexts are tuples of appropriately
-- typed neighborhoods.
data Valuation : Ctx n — Set where
(()) : Valuation []
((_,,_)) : NbhSys.Nbh & — Valuation I' — Valuation (& :: I')

-- Notation for 1-tuples.
((_)) : YV x = Valuation (& :: [])

((x ) ={(x, O N

data ValCon : (I' : Ctx n) — (xy : Valuation I') — Set where
con-nil : ValCon [] ({)) ({))
con-tup: V{I': Ctxn} -V {xyxy} —
NbhSys.Con & xy — ValConI'xy —
ValCon (& == I') ((x..x)) ((y..¥ ))
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-- The supremum of valuations is defined component-wise.
_U,_[]: (x: ValuationI') — (y : ValuationI') - ValConI'xy —
Valuation I
W 1O (O == ()
W, [J{'=h=_}{((x.,.x)){((y.Yy)) (con-tup conxy conxy)
=(([h]xuy[conxy]. xL,yl[conxy]))

1, : Valuation I"

L AT =0} =)
1, {I'=h:_} =((NbhSys.Lh, L,))

-- Analogous to head, but for valuations.
ctHead : Valuation I' — NbhSys.Nbh (head I')
ctHead ((x,,_))=x

-- Analogous to tail for lists.
ctTail : Valuation I" — Valuation (tail I")
ctTail (( _,,x)) =X

toValCon : V {D xy} — (conxy : NbhSys.ConD xy) —

ValCon [D ] ({x)) ((y))
toValCon conxy = con-tup conxy con-nil

fromValCon : V {Dxy} — (conxy : ValCon [D ] ({x)) ({y))) —
NbhSys.Con D x y
fromValCon (con-tup conxy _) = conxy

B.0.28 Scwf/DomainScwi/Appmap/Valuation/Instance
{-# OPTIONS --safe #-}

module Scwf.DomainScwf.Appmap.Valuation.Instance where

open import Base.Core

open import Base.Variables

open import NbhSys.Definition

open import Scwf.DomainScwf.Appmap.Valuation. AxiomProofs
open import Scwf.DomainScwf.Appmap.Valuation.Definition
open import Scwf.DomainScwf.Appmap.Valuation.Relation

ValNbhSys : (I': Ctx n) — NbhSys
NbhSys.Nbh (ValNbhSys I')) = Valuation I
NbhSys._C_ (VaINbhSysI') =C,TI'
NbhSys.Con (ValNbhSys I') = ValCon I
NbhSys._ LI [ ] (ValINbhSys ') = _11,_[_]
NbhSys.L (ValNbhSys I') =1,

NbhSys.Con-LI (VaINbhSys I') = Con-L,
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NbhSys.C-refl (VaINbhSysI') =L -refl
NbhSys.C-trans (ValNbhSys I') = C -trans
NbhSys.C-L (VaINbhSysI') =LC, -1
NbhSys.C-LI (VaINbhSysI') =L, -U
NbhSys.C-LI-fst (ValNbhSys I') = C-LI-fst

NbhSys.C-LI-snd (VaINbhSys I') = E -LI-snd

B.0.29 Scwf/DomainScwi/Appmap/Valuation/Lemmata
{-# OPTIONS --safe #-}

module Scwf.DomainScwf.Appmap.Valuation.Lemmata where

open import Base.Core

open import Base.Variables

open import NbhSys.Lemmata

open import Scwf.DomainScwf.Appmap.Valuation.Definition

valConRefl : V {x} — ValCon I x x

valConRefl {x = (())} = con-nil

valConRefl {I'=f :: T} {x =(({x,,x))}
= con-tup (conRefl &) valConRefl

B.0.30 Scwf/DomainScwi/Appmap/Valuation/Relation
{-# OPTIONS --safe #-}

module Scwf.DomainScwf.Appmap.Valuation.Relation where

open import Base.Core

open import Base.Variables

open import NbhSys.Definition

open import Scwf.DomainScwf.Appmap.Valuation.Definition

open import Agda.Builtin.Nat

dataC,: (I': Ctxn) — (xy : ValuationI') —
Set where
Eu'nil . I;U [] <<>> <<>>
C,-cons: (I': Ctx (sucn)) = V {xy} —
[ head I" ] (ctHead x) C (ctHead y) —
C, (tail I') (ctTail x) (ctTail y) —
C,Ixy
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B.0.31 Scwif/DomainScwi/ArrowStructure/apCong
{-# OPTIONS --safe #-}

open import Base.Core
module Scwf.DomainScwf. ArrowStructure.apCong (& % : Ty) where

open import Appmap.Definition

open import Appmap.Equivalence

open import Base.Variables hiding (& ; %)

open import Scwf.DomainScwf.Appmap.Definition

open import Scwf.DomainScwf.Appmap. Valuation.Definition

open import Scwf.DomainScwf.ArrowStructure.NbhSys.Definition &f %
open import Scwf.DomainScwf. ArrowStructure.NbhSys.Instance

open import Scwf.DomainScwf. ArrowStructure.ap.Instance

open import Scwf.DomainScwf.ArrowStructure.ap.Relation &/ B

open import Scwf.DomainScwf.ArrowStructure. Variables &/ %

private
variable
tt : tAppmap I' [ ArrNbhSys &/ & |
uu : tAppmap I' [ ]

apConglemma: t<t - u<su -V {xy}—
[aptu]x—y—[apt’ W |x—y
apConglLemma (<-intro t<t’) (<-intro u<u’) (ap~-intro; p)
= ap>-intro; p
apCongl.emma (<-intro t<t’) (<-intro u<u’)
(apr>-intro, _ _ tx—f ux—z zyLLf)
= apr>-intro, _ _ (t<t’ tx—1) (u<u’ ux—z) zyCf

apCong : tx~t  —uxu —
aptu~xapt’ uw
apCong (~-intro t<t’ t’<t) (=-intro u<u’ w’<u)
= ~-intro (<-intro (apConglLemma t<t’ u<u’))
(<-intro (apConglLemma t’<t u’<u))

B.0.32 Scwf/DomainScwi/ArrowStructure/apSub
{-# OPTIONS --safe #-}

open import Base.Core
module Scwf.DomainScwf. ArrowStructure.apSub (&f & : Ty) where

open import Appmap.Equivalence
open import Base.FinFun
open import Base.Variables hiding (& ; &)
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open import NbhSys.Definition

open import NbhSys.Lemmata

open import Scwf.DomainScwf.Appmap.Definition

open import Scwf.DomainScwf. Appmap.Composition.Instance
open import Scwf.DomainScwf. Appmap.Composition.Relation
open import Scwf.DomainScwf. Appmap.ldentity.Relation

open import Scwf.DomainScwf.Appmap.Valuation.Definition

open import Scwf.DomainScwf.Appmap.Valuation.Instance

open import Scwf.DomainScwf.Appmap.Valuation.Lemmata

open import Scwf.DomainScwf.Appmap.Valuation.Relation

open import Scwf.DomainScwf.ArrowStructure.ap.Instance

open import Scwf.DomainScwf. ArrowStructure.ap.Relation &/ &
open import Scwf.DomainScwf.ArrowStructure.NbhSys.Definition & %
open import Scwf.DomainScwf.ArrowStructure.NbhSys.Instance
open import Scwf.DomainScwf.Comprehension.Morphism.Instance
open import Scwf.DomainScwf.Comprehension.Morphism.Relation

private
variable
y : tAppmap A I’
t : tAppmap I' [ ArrNbhSys o A ]
u: tAppmap I' [ & ]

apSubLemma, : V {xy} = [ap(tey) (Wey) X~y —
[aptuey]xi>y
apSubLemma, {t=t} {y =y} {u} (ap—-intro; p)
= Appmap.—-|closed (ap tu e y) tupyC.L aptuey—_L
where tupyEl = C -cons [ & ] p C,-nil
aptuey—_1 = Appmap.—-bottom (ap tu o y)
apSubLemma; {t=t} {y =y} {u}
(apr>-intro, _ _ (er>-intro yx—y ty—{f)
(er>-intro yx—z uz—x) xyLCf)
= ok>-intro yx—yLz aptuyz—y
where conyz = Appmap.—-con y yx—Yy yx—Zz valConRefl
yXx—ylUz = Appmap.—-{directed y yX—y yX—Z conyz
tyz—f = Appmap.—-mono t (NbhSys.C-LI-fst (ValNbhSys _) _) tyr—f
uyz—x = Appmap.—-mono u (NbhSys.C-LI-snd (ValNbhSys _) _) uz—x
aptuyze—y = ap—-intro, _ _ tyz—{ uyz—x xyCf

apSubLemma, : V {xy} - [aptucy x>y —
[ap(tey)(uey) x>y

apSubLemma, {t=t} {u} {y =y} (e>-intro yx—z (ap—-intro; p))

= Appmap.—-|closed (ap (te y) (wey)) tupyC L apteyuey—_L

where tupyEL =C -cons [ B ] p C,-nil

apteyuey—_L = Appmap.—-bottom (ap (tey) (we y))

apSubLemma, (e—>-intro yX—z

(apr>-intro, _ _ tz—f uz—x xyLCl))
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= ap>-intro, _ _ teyx—>f weyx—x xyLf
where teyxi—f = oi—-intro yx—z tz—f
UoyXH>X = o>-INtro yX—Zz uz—Xx

apSub: {I': Ctxn} — (y : tAppmap AT') > Vtu—
(ap(tey)(uoy)) = ((aptu)ey)
apSub y t u = ~-intro (<-intro apSubLemma, )
(<-intro apSubLemma,)

B.0.33 Scwf/DomainScw{/ArrowStructure/beta
{-# OPTIONS --safe #-}

open import Base.Core
module Scwf.DomainScwf. ArrowStructure.beta (& B : Ty) where

open import Appmap.Equivalence

open import Base.FinFun

open import Base.Variables hiding (& ; %)

open import NbhSys.Definition

open import Scwf.DomainScwf.Appmap.Definition

open import Scwf.DomainScwf.Appmap.Identity.Instance

open import Scwf.DomainScwf.Appmap.Identity.Relation

open import Scwf.DomainScwf. Appmap.Composition.Instance
open import Scwf.DomainScwf. Appmap.Composition.Relation
open import Scwf.DomainScwf.Appmap.Valuation.Definition

open import Scwf.DomainScwf.Appmap.Valuation.Instance

open import Scwf.DomainScwf.Appmap.Valuation.Relation

open import Scwf.DomainScwf.ArrowStructure.ap.Instance

open import Scwf.DomainScwf. ArrowStructure.ap.Relation &/ &
open import Scwf.DomainScwf.ArrowStructure.lam.Instance

open import Scwf.DomainScwf.ArrowStructure.lam.Lemmata of %
open import Scwf.DomainScwf.ArrowStructure.lam.Relation &f %
open import Scwf.DomainScwf.ArrowStructure.NbhSys.ConFinFun &f %
open import Scwf.DomainScwf. ArrowStructure.NbhSys.Instance
open import Scwf.DomainScwf.ArrowStructure.NbhSys.Post & 98
open import Scwf.DomainScwf.ArrowStructure. NbhSys.Pre &f %
open import Scwf.DomainScwf.ArrowStructure.NbhSys.Relation &/ &
open import Scwf.DomainScwf.Comprehension.Morphism.Instance
open import Scwf.DomainScwf.Comprehension.Morphism.Relation

p-lemma, : {t: tAppmapI' [ & ]} —
{u: tAppmap (& = 1) [ A ]|} >V {xy} —
[ap (lamu)t] x>y —
[uo(idMapI',t)]x+y

p-lemma,; {I' =T} {t} {u} {x} {{({y.. ())))} (ap—-intro; p)
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= o>-intro ()x—L uly
where 1dx— L = Appmap.—-bottom (idMap I')
tx— 1 = Appmap.—-bottom t
Ox—L=()-intro{y=((_.,1,))}dx—Ltx—1
tupyCl =LC, -cons [ B ]| p C-nil
ul— 1 = Appmap.—-bottom u
ul—y = Appmap.—-|closed u tupyC L ul—_1
p-lemma, (ap—-intro, __ _ _ (E,-intro, _ _ p))
with (p here)
p-lemma; {I'=T"} {u=u}
(apr>-intro, {x = x} {y} conf _ lamux—f tx—x )
| record { sub = sub
; postablesub = postablesub
; preablesub = preablesub
; YEpost = yEpost
; preCx = preCx
; subCf = subCf
}
= o—-intro (()>-intro {y = ({ X ,, _ ))} idx—X tx—>X) uxx—y
where idx—X = id—-intro (NbhSys.C-refl (ValNbhSys _))
yEpost’ =L, -cons [ # ]| yEpost C-nil
prexCxx = C -cons (& :: I') preCEx
(NbhSys.C-refl (ValNbhSys _))
uprex—postx = |closedLemma u (subsetIsCon conf subCf)
preablesub postablesub
(shrinkLam {I'=T"} u
subCf lamux—{)
Uxx—post = Appmap.—-mono u preXCxx uprex— postx
uxx—y = Appmap.—-|closed u yCpost’ uxx—post

p-lemma,’ : {u: tAppmap (& =N [AB ]} >V {xxX y'} =
[u] ((x".x)) =y )~
Vixyl - x.ye(x.y)::0) -~
[ul{(x.,x))~>{y)

p-lemma,’ ux’x—y’ here = ux’x—y’

f-lemma, : {t: tAppmapI' [ & ]} —
{u: tAppmap (& = I [ RB ]} —
V{xy} > [ue(idMapl',t)]x—y—
[ap (lamu) t]x Yy
p-lemmay {I'=T"} {u=u} {y=(y..(O) )}
(er>-intro (()r>-intro (id—-intro Xx’CX) tX—X) Uxx’ —y)
= apr>-intro, singletonIsCon singletonIsCon
lamx—xy tx—Xx XxyCxy
where xyCxy = NbhSys.C-refl (ArrNbhSys & %)
xx’Exx =L -cons (& :: I') (NbhSys.C-refl &) X’Ex
uxx—y = Appmap.—-mono u Xx’ Cxx uxx’—y
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lamx—xy = lam-intro, singletonIsCon
(f-lemma,’ {u =u} uxx~y)

p-equal : {t: tAppmapI' [ & ]} —
{u: tAppmap (& = ) [ RB |} —
ap lamu) t~ (ue (idMap I, t))
p-equal = ~-intro (<-intro f-lemma,) (<-intro f-lemma,)

B.0.34 Scwi/DomainScwi/ArrowStructure/lamCong
{-# OPTIONS --safe #-}

open import Base.Core
module Scwf.DomainScwf.ArrowStructure.lamCong (& 9% : Ty) where

open import Appmap.Equivalence

open import Base.Variables hiding (& ; %)

open import Scwf.DomainScwf. Appmap.Definition

open import Scwf.DomainScwf. Appmap.Valuation.Definition

open import Scwf.DomainScwf. ArrowStructure.lam.Instance

open import Scwf.DomainScwf.ArrowStructure.lam.Relation & %

open import Scwf.DomainScwf.ArrowStructure.NbhSys.Definition & %
open import Scwf.DomainScwf. ArrowStructure.NbhSys.Instance

lamConglLemma : {tt’ : tAppmap (& = ) [ B ]} —
t<t ->Vi{xy}—
[lamt]x—y— [lamt | x>y
lamConglLemma (<-intro p;) lamr-intro,
= lamr-intro;
lamConglemma (<-intro p;) (lam~-intro, _ p,)
= lam~-intro, _ (4 xy€ef — p; (p, xy€t))

lamCong : {tt’ : tAppmap (& = N[ B ]} -t~ t —
lamt ~ lam t’
lamCong (=-intro t<t’ t'<t)
= ~-intro (<-intro (lamConglLemma t<t’))
(<-intro (lamCongLemma t’<t))

B.0.35 Scwf/DomainScw{/ArrowStructure/lamSub
{-# OPTIONS --safe #-}

open import Base.Core

module Scwf.DomainScwf. ArrowStructure.lamSub (& & : Ty) where
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open import Appmap.Equivalence

open import Base.FinFun

open import Base.Variables hiding (& ; &)

open import NbhSys.Definition

open import NbhSys.Lemmata

open import Scwf.DomainScwf. Appmap.Composition.Instance

open import Scwf.DomainScwf.Appmap.Composition.Relation

open import Scwf.DomainScwf.Appmap.Definition

open import Scwf.DomainScwf.Appmap.Valuation.Definition

open import Scwf.DomainScwf.Appmap.Valuation.Instance

open import Scwf.DomainScwf.Appmap.Valuation.Relation

open import Scwf.DomainScwf.ArrowStructure.lam.Instance

open import Scwf.DomainScwf.ArrowStructure.lam.Relation & 98
open import Scwf.DomainScwf. ArrowStructure. NbhSys.ConFinFun & %
open import Scwf.DomainScwf.ArrowStructure.NbhSys.Definition & %
open import Scwf.DomainScwf.ArrowStructure.NbhSys.Instance

open import Scwf.DomainScwf. ArrowStructure.NbhSys.Post & %
open import Scwf.DomainScwf.ArrowStructure.NbhSys.Pre &f 93
open import Scwf.DomainScwf.ArrowStructure.NbhSys.Relation & A
open import Scwf.DomainScwf.Comprehension.Morphism.Instance
open import Scwf.DomainScwf.Comprehension.Morphism.Relation
open import Scwf.DomainScwf.Comprehension.p.Instance

open import Scwf.DomainScwf.Comprehension.p.Relation

open import Scwf.DomainScwf.Comprehension.q.Instance

open import Scwf.DomainScwf.Comprehension.q.Relation

private
variable
y : tAppmap AT’
t: tAppmap (& = I') [ B ]

lamSubLemma,’ : V {xf} — V {conf} —
[lamteoy ] x — (( Ffconf)) —
Vi{ixy}—->x,y) ef—
[te(ye(pAA),qAL )] {(x.,.x))>((y))
lamSubLemma,’ (e+>-intro yx~y (lam—-intro, f* p)) xyef
= o>-intro yepq (p xy€ef)
where q— = qr>-intro (NbhSys.C-refl &)
p—Xx = p—=-intro (NbhSys.C-refl (ValNbhSys _))
yop> = o—-INtro p—X yX—y
yepq— = ()>-intro yep— q—

lamSubLemma, : V {xy} = [lamtey |X >y —
[lam (te ((yepA ), qA A ))]x—y
lamSubLemmay {t =t} (A=A} {y =7} {y={(L,.(0) )}
(er—>-intro yxr>f" lamf’ —f)
= Appmap.—-bottom (lam (te ( (y e p A &), qA A )))
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lamSubLemma, {y = (( Ffconf ,, (()) ))} (e—-intro yx—{" lamf’—{)
= lamr-intro, _ (lamSubLemma,;’ lamxTf)
where lamx—f = o—-intro yx—f" lamf’ —f

-- From a proof thatto ( (y o p A &), q A & ) maps
--x to (( F f )), we can find a valuation y such that
--y maps x to y, and t maps ({ x,y )) to (( y )) for any
== (X ’ y) ef.
record P-Struct (y : tAppmap AT) (t: tAppmap (& :: ') [ B ])
(x : Valuation A) (f : NbhFinFun &/ &) :
Set where
field
y : Valuation I
yx—y [y Ixey
Ay :Vi{xy}l >,y ef=[t]{(x,y)={y)

getP-Struct’ : {y : tAppmap AT'} —
Vxxyyz— (f: NbhFinFun & %) —
V {conyz conxyf} —
[to(yepAA,qA I )]x]lam—
((F((x,y)::1) conxyf )) —
[t1{(x.y)~>{y))—
ViXy)—Kx.y)ef-
[t]1 (X, z)) > (Y )~
ViIXyl-x.,y)elx,y) -
[1((x ,yu,z[conyz]))— ((y))
getP-Struct’ {I'=T"} {t=t} xxyyzf {conyz} _txy—y _here
= Appmap.—-mono t XyCxLl txy—y
where yCLI = NbhSys.C-LI-fst (VaINbhSys _) conyz
XyExU = C -cons (& :: I') (NbhSys.C-refl &) yEU
getP-Struct’ {I'=T"} {t=t} xxyyzf{conyz} __p
(there Xy’ €f)
= Appmap.—-mono t X’rCx’L (p X'y’ &f)
where rCLI = NbhSys.C-LI-snd (ValNbhSys _) conyz
XtEX’U =C -cons (& :: I') (NbhSys.C-refl &) rEL

getP-Struct : {y : tAppmap AT’} —
V x — (f: NbhFinFun & %) — V {conf} —
[to(yepAd,qA A )]xlam— (( Ffconf)) —
P-Structy tx f
getP-Struct {I'=T"} {t=t} {y =y} xo _
=record {y=1,
; YX—Yy = Appmap.—-bottom y
; Aty = xye@-abs
}
getP-Struct x ((x , y) :: f) (lam—-intro, _ p)
with (p here)
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getP-Struct {I'=T"} {t=t} {y =y} x((x,y):: 1)
{conf = conf} (lam~—-intro, _ p)
| o>-intro {y=((z,,2))}
(()r>-intro (er>-intro (p+>-intro yCX) yy—Zz)
(g—-intro zCX)) tzz—y
= record { y = bigll
; yX—y = Appmap.—-Tdirected y yX—Z rec-yXx—Yy conzrecy
; Aty = getP-Struct’ X x y z rec-y f {conxyf = conf}
(lam~-intro, _ p)
txz—y rec- Aty
}
where rec = getP-Struct {t =t} {y =y} x{
{subsetIsCon conf C-lemmas }
(lam—-intro, _ AX’y’ef —
p (there x’y’€f))
rec-y = P-Struct.y rec
rec-yx—y = P-Struct.yx—y rec
rec-Aty = P-Struct. Aty rec
yX—Z = Appmap.—-mono y yCX yy—z
z2Exz = C -cons (& :: I') zEx
(NbhSys.C-refl (VaINbhSys _))
txz—y = Appmap.—-mono t zzCXz tzz—y
conyx = NbhSys.Con-LI (ValNbhSys _) yCx
(NbhSys.C-refl (ValNbhSys _))
conzrecy = Appmap.—-con y yy—Zz rec-yX—y conyx
bigll = z LI, rec-y [ conzrecy ]

lamSubLemma, : V {xy} —
[te{((yepAY),qA L ) ]x]lam— y —
[lamtey [ Xy
lamSubLemma, {t=t} {y =y} lam—-intro,
= Appmap.—-bottom (lam t o y)
lamSubLemma, (lam~-intro, conf p)
with (getP-Struct _ _ {conf = conf} (lam~-intro, _ p))
lamSubLemma, {t=t} {y =y} (lam~-intro, _ p)

lrecord { y =Yy
y VXY =YXy
; Aty = Aty

}

= o>-intro yx—y (lam~-intro, _ Aty)

lamSub : V{I': Ctxn} — (y : tAppmap AT') -Vt —
(lamtoy)~lam (te{((yepA ), qA I ))
lamSub y t = ~-intro (<-intro lamSubLemma, )
(<-intro lamSubLemma,)
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B.0.36 Scwif/DomainScwi{/ArrowStructure/Variables
{-# OPTIONS --safe #-}

open import Base.Core
module Scwf.DomainScwf.ArrowStructure.Variables (& & : Ty) where
open import Base.FinFun

variable
ff* £ : NbhFinFun of &%

B.0.37 Scwf/DomainScwi/ArrowStructure/ap/AxiomProofs
{-# OPTIONS --safe #-}

open import Base.Core

open import Base.Variables using (n)

open import Scwf.DomainScwf.ArrowStructure.NbhSys.Instance
open import Scwf.DomainScwf.Appmap.Definition

module Scwf.DomainScwf.ArrowStructure.ap. AxiomProofs
{I': Ctx n}
(o B Ty}
(t: tAppmap I' [ ArrNbhSys & &% 1)
(u: tAppmap ' [ & ])
where

open import Base.FinFun

open import NbhSys.Definition

open import NbhSys.Lemmata

open import Scwf.DomainScwf.Appmap.Valuation.Definition

open import Scwf.DomainScwf.Appmap. Valuation.Instance

open import Scwf.DomainScwf.Appmap.Valuation.Lemmata

open import Scwf.DomainScwf.Appmap.Valuation.Relation

open import Scwf.DomainScwf.ArrowStructure.ap.Relation & %

open import Scwf.DomainScwf.ArrowStructure.NbhSys.Definition &f %
open import Scwf.DomainScwf.ArrowStructure.NbhSys.ConFinFun &f %
open import Scwf.DomainScwf.ArrowStructure.NbhSys.Post &f 9B

open import Scwf.DomainScwf. ArrowStructure.NbhSys.Pre o 98

open import Scwf.DomainScwf.ArrowStructure.NbhSys.Relation & A

ap—-mono : V{xyz} - C, I'xy—
[t,u]xap—z—[t,u]yap— z
ap—-mono _ (ap—-intro; p) = ap~>-intro, p
ap—-mono {x} {y} XCy (ap—-intro, _ _ tx—f ux—x xyLf)
= apr>-intro, _ _ ty—f uy—x xyCf
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where ty—f = Appmap.—-mono t xCy tx—f
uy—x = Appmap.—-mono u XLy ux—Xx
ap—-bottom : V {x} — [t,u ] xap— ({ NbhSys.L & ., ({)) ))
apr>-bottom = ap—-intro; (NbhSys.C-refl &)

ap—-|closed’ : V {fxyy } - Vconxyconf - [ B |y Cy—
[ ArrNbhSys & B 1 F ((x,y) :: @) conxy C F f conf —
VIX?y'l - X7,y Ee(x,y) 1 Q) —
C.-proof f conf x” y”
ap—-|closed’ conxy conf y’Cy (C,-intro, _ _ p) here
=record { sub = sub
; yCpost = NbhSys.C-trans 9 y’Cy yCpost
; preCx = preEx
; subCf = subCf
}
where paxy = p here
sub = L -proof.sub paxy
preCx = L, -proof.preCx paxy
yEpost = C,-proof.yCpost paxy
subCf = C -proof.subCf paxy

ap—-lclosed : V {xyz} - C, [Blyz—
[t,u]xap—z—[t,u]xap—y
ap—>-lclosed {y = ((y.. () )}
(E,-cons _ yCy’ C -nil) (apr>-intro; y’C1)
= apr>-intro; (NbhSys.C-trans & yCy’ y’C1)
ap>-lclosed {y = ((y.. (()) )}
(E,-cons _yCy’ C -nil)
(ap-intro, _ _ tx—fux—x’ X’y’Cf’)
= ap>-intro, _ _ tx—f ux—x’ xX’yCf
where x’yCf” = ap—-|closed’ _ _ yCy’ x’y’Cf’
X’yCf = C-intro, singletonIsCon _ x’yEf’

ap—-tdirected” : V {X y z g cong conxy} — V conyz —
[ ArrNbhSys & B ] (F ((x.y) :: @) conxy) C (F g cong) —
[#B]zC NbhSys.. B -V {xXy}—
x,y)e(x,[Flyuz[conyz]):: @) —
C.-proof g cong X’ y’
ap—-tdirected” {x =x} {y} _ (C,-intro, _ _p) _ here
with (p here)
ap—-tdirected” conyz (C,-intro, _ _ p) zEL here
| record { sub = sub
; yEpost = yEpost
; preCx = preEx
; subCf = subCf
}

=record { sub = sub
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; yCpost = NbhSys.C-LI 9B yCpost
(NbhSys.C-trans & zC L (NbhSys.C-1 9))
conyz

; preEx = preEx

; subCf = subCf

}

ap—>-Tdirected” : Vxyz g — V {cong conxz} — V conyz —
[ ArrNbhSys o % | (F ((x,z) :: @) conxz) C (F g cong) —
[ #B]yLC NbhSys. Ll B -V {xXy} —
xX,y)e(x,[Blyuz[conyz]) :: D) —
C.-proof g cong X’ y’
ap—>-Tdirected” x _z _ _ (E,-intro, _ _p) _ here
with (p here)
ap—-Tdirected” x y z _ conyz _ yC .1 here
| record { sub = sub
; yEpost = yEpost
; preEx = preEx
; subCf = subCf
}
= record { sub = sub
; yEpost = NbhSys.C-LI 9B (NbhSys.C-trans & yC.L
(NbhSys.C-1 &B)) yCpost
conyz
; preCx = preCx
; subCf = subCf

}

ap—-tdirected’ : {f f* : NbhFinFun &f %} — V {x X’ y y’ conf conf’ conu} —
V conxx’ conyy’ conxy conx’y’ —
(F((x,y)::@)conxy) C, (Ffconf) —
F(x,y)::@)conx’y’) C, (Ff conf’) —
Vi{X’y’} —
X7, y)e((« ]xux’[conxx’ ],
[B]yuy [conyy ]):: @) —
E,-proof (fU f”) conu x” y”
ap—-tdirected’ {conU = cff conU} conxx’ conyy’ _ _
(E,-intro, _ _ p;) (E,-intro, _ _ p,) here
=record { sub = p;sub U p,sub
; YCpost = NbhSys.C-trans 98
(E-U-lemmasy & conyy’ conposts p; yEpost p,yEpost)
(postLemmas; p;postable p,postable postableU conposts)
; preCx = NbhSys.C-trans &
(preLemmas p,preable p,preable preableuU conpres)
(E-U-lemmas &/ conpres conxx’ p;preCx p,preEx)
; subCf = U-lemmas p;subCf p,subCf

}
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where p;xyh = p; here

p,x’y’h = p, here

pysub = C-proof.sub p;xyh

p,osub = L -proof.sub p,x’y’h

pyEpost = C-proof.yCpost p;xyh

poyEpost = C-proof.yCpost p,x’y’h

p;preCx = C,-proof.preCx pyxyh

popreCx = L, -proof.preCx p,X’y’h

pysubCf = C -proof.subCf p;xyh

posubCf = C -proof.subCf p,x’y’h

pjpostable = C -proof.postablesub p;xyh

p,postable = C -proof.postablesub p,x’y’h

p;preable = C ,-proof.preablesub p;xyh

popreable = C ,-proof.preablesub p,x’y’h

p;preCxLx’ = E-U-lemma, & p;preCx conxx’

popreExLx’ = E-LI-lemmasg & p,preCx conxx’

conpres = NbhSys.Con-LI & p;preExLX’ p,preCxLIx’

preableU = preUnionLemma p,preable p,preable
p;preCxLx’ p,preCxLIX’

postableU = conU (U-lemmas p;subCf p,subCf) preableu

conposts = NbhSys.Con-LI B {z = post (p;sub U p,sub) postableu }
(postLemma,; {postablef = p;postable} {postableu})
(postLemma, {postablef” = p,postable} {postableU})

ap—-fdirected : V {xyz} —
[t,u]xap—y—[t,u]xap—z—
(conyz : ValCon _yz)—
[t.u]xap— (yU,z[conyz])
ap—-tdirected (ap—-intro; p;) (ap—-intro; p,) (con-tup _ )
= apr>-intro; (NbhSys.C-L1 & p; p, _)

ap>-Tdirected {y = ((y .. (()) )} {{(z..{()) ))} (apr—>-intro; p)

(apr>-intro, cong’ conxz tx—g’ ux—Xx’ x’zCg’)

(con-tup _ _)

= ap~>-intro, cong’ singletonIsCon tx—g’ ux—x’ x’yLzCg’

where X’yLzEg’” = C,-intro, _ _

(ap—>-Tdirected” _ _ _ _ _ x’zCg’ p)

ape>-Tdirected {y = ((y .. () )} {{(z..(O) )}

(apr>-intro, _ _ tx—g ux—x xyLg) (ap—-intro, p)

(con-tup _ _)

= apr>-intro, _ singletonlsCon tx—g ux—x xyLizEg

where xylLizEg = C,-intro, _ _ (apr>-Tdirected”” _ xyEg p)
ap>-Tdirected {y = ((y .. () )} {{(z.. (O) )}

(apr>-intro, _ _ tx—g ux—x xyLg)

(apr>-intro, _ _ tx—g’ ux—Xx’ x’zEg")

(con-tup _ _)

with (fromValCon (Appmap.—-con t tx—g tx—g’ valConRefl))
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.. lcon-U _ _ congug’ =
apr-intro, congug’ singletonIsCon tx—guUg’ ux—xLIx" LIEU
where conxx’ = fromValCon (Appmap.—-con u ux—x ux—x’ valConRefl)
tx—gUg’ = Appmap.—-Tdirected t tx—g tx—g’
(con-tup (con-U _ _ congug’) con-nil)
ux—xLIx" = Appmap.—-Tdirected u ux—Xx ux—x’
(con-tup conxx’ con-nil)
LCU = C,-intro, _ congug’
(ap—-Tdirected’ conxx’ _ _ _ xyLCgx’zCg’)

B.0.38 Scwif/DomainScwi{/ArrowStructure/ap/Consistency
{-# OPTIONS --safe #-}

open import Base.Core

open import Base.Variables using (n)

open import Scwf.DomainScwf.ArrowStructure.NbhSys.Instance
open import Scwf.DomainScwf.Appmap.Definition

module Scwf.DomainScwf. ArrowStructure.ap.Consistency
{I': Ctx n}
{d B : Ty}
(t: tAppmap I' [ ArrNbhSys of % ])
(u: tAppmapI' [ & ])
where

open import Base.FinFun

open import NbhSys.Definition

open import NbhSys.Lemmata

open import Scwf.DomainScwf.Appmap.Valuation.Definition

open import Scwf.DomainScwf.Appmap.Valuation.Instance

open import Scwf.DomainScwf.Appmap.Valuation.Relation

open import Scwf.DomainScwf.ArrowStructure.ap.Relation & &

open import Scwf.DomainScwf. ArrowStructure.NbhSys.Definition & %
open import Scwf.DomainScwf.ArrowStructure.NbhSys.ConFinFun &f %
open import Scwf.DomainScwf.ArrowStructure.NbhSys.Post &/ 9B

open import Scwf.DomainScwf.ArrowStructure.NbhSys.Pre &/ 9B

open import Scwf.DomainScwf. ArrowStructure.NbhSys.Relation &f 98

ap—-con: V{xyx'y}—-[t,u]xap—y—
[t,u]x ap—~y — ValCon_xx’ —
ValCon _yy’
ap—>-con {y” = ((y.,(()) ))} (ap—>-intro; yEL) apx’—y’ _
= NbhSys.Con-LI (VaINbhSys [ # ]) yCy’ y'Cy’
where y’Cy’ = NbhSys.C-refl (ValNbhSys _)
yCy’ = NbhSys.C-trans & yC 1 (NbhSys.C-1 A)
yCy =L, -cons _yLy’ C, -nil
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ap—-con (ap—-intro, _ _ _ _ _ ) (ap—-intro; y'E1) _
= NbhSys.Con-LI (VaINbhSys [ % ]) yCy y'Cy
where yCy = NbhSys.C-refl (VaINbhSys _)
y’Cy = NbhSys.C-trans & y’CL (NbhSys.C-1 &)
y'Cy=LC, -cons _y'LCyL, -nil
ap+-con
(apr>-intro, {x} {y} conf conxy tx—f ux—x
(E,-intro, _ _py))
(apr>-intro, {x’} {y’} conf’ conx’y’ tx’—={" ux’—x’
(E,-intro, _ _py))
conxx’
with (fromValCon (Appmap.—-con t tx—f tx’ 1" conxx’))
.. lcon-U _ _ (cff p) = toValCon conyy’
where p;proof = p; here
poproof = p, here
pisub = C-proof.sub p;proof
p,sub = C-proof.sub p,proof
pysubCf = L -proof.subCf p;proof
posubCf = L -proof.subCf p,proof
piyEpost = C-proof.yCpost p;proof
poyEpost = C-proof.yCpost p,proof
pipreEx = C,-proof.preCx pyproof
popreCx = L, -proof.preCx p,proof
p;postable = C -proof.postablesub p;proof
popostable = L -proof.postablesub p,proof
p;preable = C -proof.preablesub p;proof
popreable = C -proof.preablesub p,proof
conxx’ = fromValCon (Appmap.—-con u ux—Xx ux’—Xx’ conxx’)
pipreExuLx’ = C-L-lemma, & p;preCx conxx’
popreCxLIx’ = E-L-lemmas & p,preCx conxx’
preableu = preUnionLemma p, preable p,preable
p;preCxuUx’ popreExLIx’
postableu = p (U-lemmas p;subCf p,subCf) preableu
yEpostU = NbhSys.C-trans & p;yCpost
(postLemma,; {postablef = p;postable})
y’EpostU = NbhSys.C-trans & p,yCpost
(postLemma, {postablef” = p,postable}
{postableU})
conyy’ = NbhSys.Con-LI & yCpostU y’CpostU

B.0.39 Scwif/DomainScwi/ArrowStructure/ap/Instance
{-# OPTIONS --safe #-}

module Scwf.DomainScwf.ArrowStructure.ap.Instance where
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open import Base.Core

open import Base.Variables

open import Scwf.DomainScwf.Appmap.Definition

open import Scwf.DomainScwf. ArrowStructure.ap. AxiomProofs
open import Scwf.DomainScwf. ArrowStructure.ap.Consistency
open import Scwf.DomainScwf.ArrowStructure.ap.Relation
open import Scwf.DomainScwf.ArrowStructure.NbhSys.Instance

ap : tAppmap I' [ ArrNbhSys &/ % | — tAppmap ' [ & ]| —
tAppmap I' [ % |
Appmap._—_(ap{d =} {(B}tu)=[_,_|] ap—>_od B tu
Appmap.—-mono (aptu) = ap—-mono tu
Appmap.—-bottom (ap tu) = ap—-bottom tu
Appmap.—-|closed (ap tu) = apr—-|closedtu
Appmap.—-Tdirected (ap t u) = ap—-Tdirected t u
Appmap.—-con (ap t u) =ap—-contu

B.0.40 Scwf/DomainScwi/ArrowStructure/ap/Relation

{-# OPTIONS --safe #-}
open import Base.Core
module Scwf.DomainScwf.ArrowStructure.ap.Relation (& 9% : Ty) where

open import Base.FinFun

open import Base.Variables hiding (& ; &)

open import NbhSys.Definition

open import Scwf.DomainScwf.Appmap.Definition

open import Scwf.DomainScwf. Appmap. Valuation.Definition
open import Scwf.DomainScwf.Appmap. Valuation.Instance

open import Scwf.DomainScwf.ArrowStructure.NbhSys.Definition
open import Scwf.DomainScwf.ArrowStructure.NbhSys.Instance

data [_,_]_ap—_ (t : tAppmap I [ ArrNbhSys & & ])
(u: tAppmapI' [ & ]) (x : ValuationT') :
Valuation [ B | — Set where
ap—-intro; : V {x} - [ $ ] x € NbhSys.l # —
[t,u]xap— ((x))
ap+-intro, : V {x y f} conf conxy —
[t]x— ((Ffconf)) > [ulxm ((x))—
[ ArrNbhSys o B ] (F ((x,y) :: @) conxy) C (F f conf) —
[t,u]xap—((y))
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B.0.41 Scwf/DomainScw{/ArrowStructure/lam/AxiomProofs

100

{-# OPTIONS --safe #-}

open import Base.Core
open import Base.Variables using (n)
open import Scwf.DomainScwf.Appmap.Definition

module Scwf.DomainScwf. ArrowStructure.lam.AxiomProofs
(o B Ty}
{I': Ctx n}
(t: tAppmap ( :: I') [ % ]) where

open import Appmap.Lemmata

open import Base.FinFun

open import NbhSys.Definition

open import NbhSys.Lemmata

open import Scwf.DomainScwf.Appmap.Valuation.Definition

open import Scwf.DomainScwf.Appmap.Valuation.Instance

open import Scwf.DomainScwf.Appmap.Valuation.Relation

open import Scwf.DomainScwf. ArrowStructure.lam.Lemmata &f 9 t
open import Scwf.DomainScwf.ArrowStructure.lam.Relation &f %

open import Scwf.DomainScwf.ArrowStructure.NbhSys.ConFinFun &f %
open import Scwf.DomainScwf.ArrowStructure.NbhSys.Definition &f %
open import Scwf.DomainScwf.ArrowStructure.NbhSys.Instance

open import Scwf.DomainScwf.ArrowStructure.NbhSys.Post & %

open import Scwf.DomainScwf.ArrowStructure.NbhSys.Pre &f %

open import Scwf.DomainScwf.ArrowStructure.NbhSys.Relation &/ &
open import Scwf.DomainScwf.ArrowStructure.Variables &/ 9B

lam—-mono: V {xyz} - C, I'xy —
[t]xlam—z — [t]ylam— z
lam~—-mono _ lam~-intro; = lamr-intro,
lam~-mono {x = x} {y} XxCy (lam~-intro, _ p)
= lam+~-intro, _ A xyef — Appmap.—-mono t
(E,-cons (&« :: I') (NbhSys.C-refl &) xCy) (p xy€ef)

lam—-bottom : V {x} — [ t]x lam— (( L, ))
lam-bottom = lam~-intro,

lam—-|closed’ : V {x f f* conf conf’} —
[ ArrNbhSys & B | F fconf C F f* conf” —
[t]xlam— (( Ff conf’ )) > V {xy} —
x,y)ef—
[t]({(x.x))~>{y)

lam—-|closed’ (C,-intro, _ _ p) _ xy€ef

with (p xy€ef)
lam—-|closed’ {x = x} {conf” =conf’} _ tx—{" xyef
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| record { sub = sub
; preablesub = preablesub
; postablesub = postablesub
; YEpost = yEpost
; preCx = preEx
; subCf = subCf
}
= Appmap.—-|closed t yCpost’ txx—post
where yEpost’ = C, -cons [ & ]| yEpost C, -nil
preCpost = C -cons (& :: I') preEx
(NbhSys.C-refl (ValNbhSys _))
tprex—post = |closedLemma (subsetlsCon conf’ subCf)
preablesub postablesub
(shrinkLLam subCf tx—f")
txx—post = Appmap.—-mono t preCpost tprex— post

lam—-|closed : V {xy z} —
C, [ ArrNbhSys f B lyz —
[t]xlam—z — [t] xlam—y
lam—-|closed {y = ({(_., (()) ))}
(E,-cons _ E,-intro; E -nil) lam—-intro,
= lamr-intro,
lam—-|closed {y = (( L, ., (()) )}
(E,-cons _ yCf’ C -nil) (lam—-intro, _ p)
= lam—-intro,
lam—-|closed {x =x} {{({ Ff_ ., (()) )}
(E,-cons _ fCf’ C -nil) (lam~—-intro, _ p)
= lam~-intro, _ (lam~-|closed’ fCf’ (lam~-intro, _ p))

lam—-tdirected’ : V {f f* x conf conf’ } —
[t]xlam— (( Ffconf)) —
[t]xlam— (( Ff conf’ )) - V {xy} —
x,yye(fuf) -
[t]{(x..x)) = {y))
lam—-Tdirected’ {f =f} _ _ xyefuf’
with (U-lemma, {f = f} xyefuf’)

lam—-tdirected” (lam—-intro, _p) _ _ | inl xyef
=p xyef

lam—-tdirected’ _ (lam~—-intro, _ p) _ | inr xyef’
=p xyef’

lam—-fdirected : V {xy z} —
[t]xlam—y — [t] xlam— z —
(conyz : ValCon _yz)—
[t]xlam~ (yU, z[conyz])
lam—-fdirected {x =x} {z=((z,, ({)) ))} lam—-intro, tx—z
(con-tup conlz _)
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rewrite (LLUX=x z {conlz}) = tx>z
lam—-tdirected {x = x} (lam~-intro, conf p) lamr-intro,
(con-tup confz _)
rewrite (xL=x (F _ conf) {confz}) = lam~-intro, _p
lam—-tdirected {x = x} (lam~-intro, _ p;) (lam~-intro, _ p,)
(con-tup (con-U conf conf’ _) )
= lam-intro, _ txx—y
where txx—y = lam—-{directed’ (lam~-intro, conf p;)
(lamr-intro, conf’ p,)

B.0.42 Scwf/DomainScwi/ArrowStructure/lam/Consistency
{-# OPTIONS --safe #-}

open import Base.Core
open import Base.Variables using (n)
open import Scwf.DomainScwf.Appmap.Definition

module Scwf.DomainScwf.ArrowStructure.lam.Consistency
(o B Ty}
{I': Ctx n}
(t: tAppmap (o :: ') [ % ]) where

open import Base.FinFun

open import NbhSys.Definition

open import Scwf.DomainScwf.Appmap. Valuation. AxiomProofs

open import Scwf.DomainScwf.Appmap.Valuation.Definition

open import Scwf.DomainScwf.Appmap.Valuation.Lemmata

open import Scwf.DomainScwf.Appmap.Valuation.Instance

open import Scwf.DomainScwf.Appmap.Valuation.Relation

open import Scwf.DomainScwf.ArrowStructure.lam.Relation &f %

open import Scwf.DomainScwf. ArrowStructure.NbhSys.ConFinFun of 98
open import Scwf.DomainScwf.ArrowStructure.NbhSys.Definition & %
open import Scwf.DomainScwf. ArrowStructure.NbhSys.Post & %

open import Scwf.DomainScwf.ArrowStructure.NbhSys.Pre &/ 9B

lamPrePost : V {xy fx} —
V preablef conxpref postablef conypostf —
[t]({(x.x))~{y))—
[ t] {({ pre f preablef ,, x )) — ({ post f postablef )) —
[t]((pre((x.y)::D)
(pre-cons preablef conxpref) ,, x )) —
((post (x,y)::f)
(post-cons postablef conypostf) ))
lamPrePost {x} {y} {f} {x}
preablef conxpref postablef conypostf txx—y txx—postf
= Appmap.—-Tdirected t txUprefx—y txLprefx— postf
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(toValCon conypostf)
where xxEprexyfx = C -cons _ (NbhSys.C-LI-fst & conxpref)
E,-refl

txUprefx—y = Appmap.—-mono t xXCprexyfx txx—y

prefxCprexyfx = C -cons _ (NbhSys.C-LI-snd & conxpref)
C,-refl

txLprefx—postf = Appmap.—-mono t prefxCprexyfx txx— postf

record E,-proofy (f : NbhFinFun & %) (preablef : Preable f)
(x : ValuationI') : Set where
field
postablef : Postable f
tpre—post : [ t] (( pre f preablef ,, x )) — (( post f postablef ))

lam—-con” : V {f x} —
Vi{xyl=>x.yef-[t]{(x.x)r{y))—
(preablef : Preable f) —
C.-proof, f preablef x
lam—-con” _ pre-nil
= record { postablef = post-nil
; tpre—post = Appmap.—-bottom t
}
lam—-con” {f = (x,y) :: f}
p (pre-cons preablef conxpref)
= record { postablef = postablexyf
; tpre>post = lamPrePost preablef _ recpostablef _
(p here) rectpre—post
}
where rec = lam—-con” (4 x’y’&€f — p (there x’y’&f)) preablef
recpostablef = C -proof,.postablef rec
rectpre—post = C -proof,.tpre—post rec
conypostf = fromValCon (Appmap.—-con t
(p here) rectpre—post
(con-tup conxpref valConRefl))
postablexyf = post-cons recpostablef conypostf

lam—-con’ : V {f f* x X’ conxx’} —
Vixyl->&x.yef-[t]{(x.x))~»{y))—
Vixyl=&x, el > [t]{(x,.x )~ {y))—
Vixyl-x,yyedfuf) -
[£]((x.xU, X [conxx’ 1)) = ({y))
lam—-con’ {f} {conxx’ = conxx’} p; p, XyeU
with (U-lemma, {f = f} xy€u)
... I inl xyef = Appmap.—-mono t xXCxxLIx’ (p; xyef)
where XExLIX” = NbhSys.C-LI-fst (VaINbhSys I') conxx’
XXExxLx" = C -cons _ (NbhSys.C-refl &) XEXLIX’
... linr xyef’” = Appmap.—-mono t xx’ExxLIX’ (p, Xy€Ef’)
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where x’CxLIX’ = NbhSys.C-LI-snd (ValNbhSys I') conxx’
xx’ExxLIX’ = C -cons _ (NbhSys.C-refl &) x’EXLIX

fromC,-proof, : V {f{’ x X’ sub} —
V (xy} = (L y) €F = [E]((x. %)) = ((y)) =
¥V {xy} = (.Y €F = [E1{((x, X))~ ((y)) -
ValCon _xx’ —
sub C (fU f”) — Preable sub —
Postable sub

fromC,-proof, p; p, conxx’ subCU preablesub

= L ,-proof,.postablef (lam—-con” (4 xyEsub —
lam—-con’ {conxx’ = conxx’} p; p, (SubCU xy€&sub)) preablesub)

lam—-con: V {xyx' y'} - [t]xlam—y —
[t]x’ lam— y’ — ValCon _xXx —
ValCon _yy’
lam—-con lam~-intro; lam~-intro; _
= toValCon con,-1,
lam~-con lam~-intro; (lamr-intro, _ ) _
= toValCon con,-1,
lam~-con (lam~-intro, _ _) lam~-intro; _
= toValCon con,-1
lam—-con (lam~-intro, conf p;)
(lam#-intro, conf” p,) conxx’
= con-tup (con-U _ _ confUf’) con-nil
where confuf” = cff (fromC,-proof, p; p, conxx’)

B.0.43 Scwf/DomainScw{/ArrowStructure/lam/Instance
{-# OPTIONS --safe #-}

module Scwf.DomainScw{.ArrowStructure.lam.Instance where

open import Base.Core

open import Base.Variables

open import Scwf.DomainScwf.Appmap.Definition

open import Scwf.DomainScwf.ArrowStructure.lam.AxiomProofs
open import Scwf.DomainScwf. ArrowStructure.lam.Consistency
open import Scwf.DomainScwf. ArrowStructure.lam.Relation
open import Scwf.DomainScwf. ArrowStructure.NbhSys.Instance

lam : tAppmap (& :: I') [ B ] — tAppmap I [ ArrNbhSys & 3 |
Appmap._—_(lam {L} {B =R} t)=[_]_lam—_od FBt
Appmap.—-mono (lamt) = lam~—-mono t
Appmap.—-bottom (lam t) = lam—-bottom t
Appmap.—-|closed (lam t) = lam~-|closed t
Appmap.—-Tdirected (lam t) = lam—-Tdirected t
Appmap.—-con (lam t) = lamr~-con t
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B.0.44 Scwif/DomainScwi{/ArrowStructure/lam/Lemmata
{-# OPTIONS --safe #-}

open import Base.Core
open import Scwf.DomainScwf.Appmap.Definition

open import Agda.Builtin.Nat

module Scwf.DomainScwf.ArrowStructure.lam.Lemmata
(A A : Ty)
{n: Nat}
{I': Ctx n}
(t: tAppmap (o :: ') [ % ]) where

open import Base.FinFun

open import NbhSys.Definition

open import NbhSys.Lemmata

open import Scwf.DomainScwf.Appmap. Valuation.Definition

open import Scwf.DomainScwf.Appmap.Valuation.Instance

open import Scwf.DomainScwf.Appmap.Valuation.Relation

open import Scwf.DomainScwf.ArrowStructure.lam.Relation &f %

open import Scwf.DomainScwf.ArrowStructure.NbhSys.ConFinFun & 9%
open import Scwf.DomainScwf. ArrowStructure.NbhSys.Definition &/ &
open import Scwf.DomainScwf. ArrowStructure.NbhSys.Post & %

open import Scwf.DomainScwf.ArrowStructure.NbhSys.Pre &/ 9

open import Scwf.DomainScwf.ArrowStructure. Variables &/ 9B

open import Agda.Builtin.Equality

shrinkLam : V {x confconf’} - fC{ —
[t]xlam~ (( Ff" conf’ )) —
[t]xlam— ({ Ff conf))
shrinkLam {f = f} fCf* (lam-intro, _ p)
= lamr-intro, _ (4 xyef — p (fCf’ xy€ef))

-- The first component of any pair in a FinFun f is smaller
-- than pre f.
preBiggest : V {x y f preablef} — (x,y) ef —
[ & ] x C pre f preablef
preBiggest {preablef = pre-nil} = xye@-abs
preBiggest {preablef = pre-cons preablef conx’pref} here
= NbhSys.C-LI-fst & conx’pref
preBiggest {preablef = pre-cons preablef conx’pref} (there xyef)
with (preBiggest {preablef = preablef} xyef)
... | xEpref = E-U-lemmas &/ xEpref conx’pref

lclosedLemma’ : {x: Valuation I'} — V conf preablef —
[t]xlam— ({ Ffconf)) —
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Vxy—=(x,y) ef-
[ t]((pre fpreablef..x)) ~ ((y))
lclosedLemma’ {f=(x::f")} {x =x} _ preable
(lam-intro, _p) X’ y’ X'y’ &f
= Appmap.—-mono t axCpfx (p X'y’ &f)
where aCpf = preBiggest x’y’ &f
axCpfx = C -cons (& :: I') aCpf
(NbhSys.C-refl (ValNbhSys _))

lclosedLemma : {x: ValuationI'} —
V conf preablef postablef —
[t]xlam— (( Ffconf)) —
[ t] (( prefpreablef, x )) — (({ post f postablef ))
lclosedLemma {f =@} _ _ _ _ = Appmap.—-bottom t
lclosedLemma {f = ((x,y):: ")} {x =x]}
conf (pre-cons preablef” conxpref”)
(post-cons postablef” conypostf’) lamtx—f
= Appmap.—-Tdirected t tpref’ —y tfx—pf’
(con-tup _ con-nil)
where f” = (x,y) ::
tpref’—y = |closedLemma’ _ (pre-cons preablef” conxpref”)
lamtx—{ x y here
pf’Cpf = NbhSys.C-LI-snd & conxpref’
pf’xEpfx = C -cons (& :: I') pf’Cpf
(NbhSys.C-refl (ValNbhSys _))
tpf’x—pf” = |closedLemma (subsetIsCon conf C-lemmas)
preablef’ postablef’
(shrinkLam (A yef’ — there yef’) lamtx—f)
tfx—pf’ = Appmap.—-mono t pf’xCpfx tpf’x—pf’

lux=x:Vx—>V{conlx} —
L, U, x[conlx]=x

lix=x L, =refl

lux=x (Ff_) =refl

xUl=x:Vx—>V{conxl} —
xU, L, [conxl ]=x

xul=x 1, =refl
xUl=x (Ff_)=refl

B.0.45 Scwif/DomainScwi{/ArrowStructure/lam/Relation
{-# OPTIONS --safe #-}

open import Base.Core

module Scwf.DomainScwf. ArrowStructure.lam.Relation (& % : Ty) where

106



B. Code

open import Base.FinFun

open import Base.Variables hiding (& ; &)

open import NbhSys.Definition

open import Scwf.DomainScwf.Appmap.Definition

open import Scwf.DomainScwf.Appmap.Valuation.Definition

open import Scwf.DomainScwf.ArrowStructure.NbhSys.Definition & %
open import Scwf.DomainScwf.ArrowStructure.NbhSys.ConFinFun & 9%
open import Scwf.DomainScwf.ArrowStructure.NbhSys.Instance

data [_]_lam—_ (t : tAppmap (& = ) [ B ]):

Valuation I' — Valuation [ ArrNbhSys of % | —
Set where

lam—-intro; : V {x} — [t ] xlam— (( L, ))

lam-intro, : V {x} — {f: NbhFinFun &/ #} —
(conf : ConFinFun f) —
Vi{xyl-&x,yef-
[t]{(x.x))~>{y))—
[t]xlam— (( Ffconf))

B.0.46 Scwf/DomainScwi/ArrowStructure/NbhSys/AxiomProofs
{-# OPTIONS --safe #-}

open import Base.Core

module Scwf.DomainScwf.ArrowStructure.NbhSys.AxiomProofs
(A A : Ty) where

open import Base.FinFun

open import NbhSys.Definition

open import NbhSys.Lemmata

open import Scwf.DomainScwf.ArrowStructure.NbhSys.ConFinFun & 9%
open import Scwf.DomainScwf. ArrowStructure.NbhSys.Definition &/ B
open import Scwf.DomainScwf.ArrowStructure.NbhSys.Post & %

open import Scwf.DomainScwf. ArrowStructure.NbhSys.Pre &f %

open import Scwf.DomainScwf.ArrowStructure.NbhSys.Relation &/ &
open import Scwf.DomainScwf.ArrowStructure. Variables &/ 9B

C.refl : V{x} - xE, X
C,refl {L,} =LC,-intro,
C,-refl {Ffconf} = C -intro, conf conf 4 {x} {y} xyef —
record
{sub=Xx,y):: @
; subCf = C-lemma, xyef @-isSubset
; preablesub = singletonlsPreable
; postablesub = singletonIsPostable
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; yEpost = E-U-lemma, A (NbhSys.C-refl %) (conl, RB)
; preCx = NbhSys.C-LI & (NbhSys.C-refl &) (NbhSys.C-1 &) (conl, &)

C,-L,:Vi{x}—-1LC,x
E,.-1, = C,-intro,
C.-U, :V{ff f’ conf conf’ conf’} —

Ft conf’ C, Ffconf — Ff{’ conf’ C, F f conf —
Vixyl-&x.yyeuf)—
E.-proof f conf x y
C.-u {=1f}__xyeu
with (U-lemma, {f ={"} xy€V)
C,.-U, (E,-intro, _ _p) _xyeU | inl xyef’
=pxyef’
C.-U, _ (E,-intro, _ _p) xy€U | inr xyef”
=p xyef”

C,-U,:Vi{xyz}—->yLE,x—>zLE,x — (conyz: ArrCony z) —
(yu,z[conyz]) C, x

E.-u {y=1,}{L.} ___=EC,-intro,
Ee_ue {y = F__} {J-e} yEX—— = yEX
C.-U {y=L,} {F__} _zEx_=zCEX
C.-U, {x=ArrfNbh.Ff _} {ArrNbh.F " _} {ArrNbh.F f” _} yEx zEx

(ArrCon.con-U _ _ )
=L -intro, _ _ (E,-U,” yEX zEX)

oU-fst: V{xy} — (conxy: ArrConxy) = xLC, (xU,y [ conxy ])
U -fst {L1,} _ =LC,-intro,
oL fst {Ff_} {L,} _=LC,refl
U fst {Ff_} {Ff _} (ArrCon.con-U _ _ _)
=L, -intro, _ _ A {x} {y} xyef =
record
{sub=(x,y):: @
; subCf = C-lemma, (U-lemmas; xy€ef) @-isSubset
; preablesub = singletonIsPreable
; postablesub = singletonIsPostable
; yEpost = E-U-lemmay B (NbhSys.C-refl %) (conl, %)
; preCx = NbhSys.C-LI & (NbhSys.C-refl &) (NbhSys.C-1 &)
(conl, o)

M1 e

}

o-U-snd : V {xy} — (conxy : ArrConxy) = yLC, (xU,y [ conxy ])
o-U-snd {y =1,} =L, -intro,

o-U-snd { L} {Ff_} =EC,-refl

oU-snd {Ff_} {Ff _} (ArrCon.con-U _ _ _)

=L, -intro, __ A {x} {y} xyef’ —

record

IF1 e
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{sub=(x,y):: @

; subCf = C-lemma, (U-lemma, xy€f’) @-isSubset

; preablesub = singletonlsPreable

; postablesub = singletonIsPostable

; yEpost = E-U-lemmay A (NbhSys.C-refl %) (conl, RB)

; preCx = NbhSys.C-U & (NbhSys.C-refl &) (NbhSys.C-1 &f)
(conl, o)

}

B.0.47 Scwif/DomainScwi/ArrowStructure/NbhSys/ConFinFun
{-# OPTIONS --safe #-}

open import Base.Core

module Scwf.DomainScwf.ArrowStructure.NbhSys.ConFinFun
(A A : Ty) where

open import Base.FinFun

open import NbhSys.Definition

open import Scwf.DomainScwf.ArrowStructure.NbhSys.Post & &
open import Scwf.DomainScwf.ArrowStructure.NbhSys.Pre o 98

open import Agda.Builtin.Equality

-- A finite function f is consistent if every preable subset
-- of it is also postable.
data ConFinFun (f : NbhFinFun &f %) : Set where
cff : (V {f’} - f Cf — Preable f* — Postable f’) —
ConFinFun f

subsetlsCon : V {f f’} — ConFinFun f* — f C f* — ConFinFun f
subsetlsCon (cff p) fCf’
= cff (4 £’Cf preablef” — p (C-trans f’Cf fCf”) preablef™)

singletonlsCon™ : V {x y} — {f : NbhFinFun &/ %} —
fg((X7Y) D) >
ViXyl-&.y)ef-
[#B1y Ly

singletonlsCon” fCxy x’y’ef with (fCxy x’y’&f)

... | here = NbhSys.C-refl %

singletonIsCon’ : V {x yf} - fC ((x,y):: @) —
Preable f — Postable f
singletonIsCon’ fCxy preablef = boundedPostable (singletonIsCon” fCxy)

singletonlsCon : V {x y} — ConFinFun ((x,y) :: @)
singletonIsCon = cff (singletonIsCon’)
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B.0.48 Scwif/DomainScwi/ArrowStructure/NbhSys/Consistency
{-# OPTIONS --safe #-}

open import Base.Core

module Scwf.DomainScwf. ArrowStructure.NbhSys.Consistency
(A R : Ty) where

open import Base.FinFun

open import NbhSys.Definition

open import NbhSys.Lemmata

open import Scwf.DomainScwf.ArrowStructure.NbhSys.ConFinFun & %
open import Scwf.DomainScwf.ArrowStructure.NbhSys.Definition &f %
open import Scwf.DomainScwf.ArrowStructure.NbhSys.Post of 9B

open import Scwf.DomainScwf.ArrowStructure. NbhSys.Pre of %

open import Scwf.DomainScwf.ArrowStructure.NbhSys.Relation &/ &
open import Scwf.DomainScwf.ArrowStructure. Variables &/ 9B

yboundlemma : {x : NbhSys.Nbh &/} — V {y sub} —
V postablef postablef” postableu —
[ # ]y L post f postablef —
V{Xy}—-X,y)esub—[AB ]y L postf postablef’) —
ViXyl—-X,y)e(x,y)::sub) —
[ # ]y’ Cpost (fuf”) postableu
yboundlemma {f = f} {f’} postablef _ postableU yCpostf _ here
= NbhSys.C-trans & yLCpostf postfCpostu
where postfCpostU = postLemma, {f =f} {{’}
yboundlemma {f = f} {f’} _ postablef’ postableu _ p (there x’y’E€sub)
= NbhSys.C-trans & (p X'y’ €sub) postf’CpostU
where postf’EpostU = postLemma, {f ={f} {f’}

record C,-proofs (f : NbhFinFun & %) (isCon : ConFinFun f)
(f” : NbhFinFun of &) (preablef’ : Preable ) :
Set where
field
sub : NbhFinFun &/ &
subCf: sub C f
preablesub : Preable sub
postablesub : Postable sub
ybound : V {xy} =» (x,y) €f — [ B ]y L (post sub postablesub)
preCpref” : [ & ] (pre sub preablesub) C (pre f” preablef”)

Con-L,” : V {sub conf conf’ conf”’} —
(F fconf) C, (Ff’ conf’) —
(Ff conf’) C, (F £’ conf”) —
sub C (fU f”) — (preable : Preable sub) —
E.-proof; f” conf” sub preable
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Con-U,” {sub=g@}
= record
{sub=g
; subCf = @-isSubset
; preablesub = pre-nil
; postablesub = post-nil
; ybound = xye@-abs
; preCpref” = NbhSys.C-1 o
}
Con-u,” {f =f} {sub=(x,y)::sub} __ subCfuf’ _
with (U-lemma, {f = f} (subCfUf” here))
Con-u,” {sub = (x,y) ::sub} (E,-intro, _ _p)_ _ _
| inl xyef with (p xyef)
Con-U,” {sub = (x,y) ::sub} {conf” = cff p} fEf” I'Cf”
subCfuUf” (pre-cons preablesub conxpresub)
I inl xyef
[ record { sub = sub”
; subCf = sub”Cf”
; preablesub = preablesub”
; postablesub = postablesub”
; yEpost = yEpost”
; preCx = pre”’Cx

}

= record
{ sub = sub” U recsub
; subCf = UCE”

; preablesub = preableuU
; postablesub = postableu
; ybound = yboundlemma postablesub” recpostablesub postableu
yLCpost” recybound
; preCpref” = NbhSys.C-trans & (preLemmas preablesub” recpreablesub
preableU consub”recsub)
(E-U-lemmasy &/ consub’recsub conxpresub pre”Cx
recpreCpref”)
}
where rec = Con-U,” fCf” f'Cf” (C-lemma, subCfut”)
preablesub
recsub = C -proofs.sub rec
recsubCf” = CC -proof;.subCf rec
recpostablesub = C ,-proof;.postablesub rec
recpreablesub = C -proof;.preablesub rec
recybound = L -proof;.ybound rec
recpreCpref” = C-proof;.preCpref” rec
sub”Cprexysub = NbhSys.C-trans & pre”’CEx
(NbhSys.C-LI-fst &/ conxpresub)
recsubCprexysub = NbhSys.C-trans & recpreCpref’
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(NbhSys.C-LI-snd & _)
preableU = preUnionLemma preablesub” recpreablesub sub”Cprexysub
recsubCprexysub
UCTE” = U-lemma,; sub”Cf” recsubCt”
postableU = p UCT” preableu
consub”’recsub = NbhSys.Con-LI & {z = pre (sub” U recsub) preableu }
(preLemma, {preablef = preablesub”} {preableu})
(preLemma, {preablef” = recpreablesub} {preableu})
Con-U,” {sub=(x,y) ::sub} _(C,-intro, _ _p)_ _
| inr xyef” with (p xyef”)
Con-U,” {sub = (x,y) ::sub} {conf” = cff p} fEf” 'Cf”
subCfuf’ (pre-cons preablesub conxpresub)
| inr xyef’
| record { sub = sub”
; subCf = sub”Cf”
; preablesub = preablesub”
; postablesub = postablesub”
; yEpost = yEpost”
; preCx = pre”’Ex

}

= record
{ sub = sub” U recsub
; subCf = UCE”

; preablesub = preableU
; postablesub = postableU
; ybound = yboundlemma postablesub” recpostablesub postableu
yCpost” recybound
; preCpref” = NbhSys.C-trans & (preLemmas preablesub” recpreablesub
preableU consub’recsub)
(E-U-lemmasy &/ consub’recsub conxpresub pre”Cx
recpreCpref”)
}
where rec = Con-u,” fEf” f'Ef” (C-lemma, subCfut’)
preablesub
recsub = C -proof;.sub rec
recsubCf” = C -proof;.subCf rec
recpostablesub = C -proof;.postablesub rec
recpreablesub = L -proof;.preablesub rec
recybound = L -proof;.ybound rec
recpreCpref” = C,-proof;.preCpref” rec
sub”Cprexysub = NbhSys.C-trans & pre”Cx
(NbhSys.C-LI-fst & conxpresub)
recsubCprexysub = NbhSys.C-trans & recpreCpref’
(NbhSys.C-LI-snd & _)
preableU = preUnionLemma preablesub” recpreablesub sub”Cprexysub
recsubCprexysub
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UCTE” = U-lemma,; sub”Cf” recsubCf”

postableu = p UCT” preableyu

consub”recsub = NbhSys.Con-LI & {z = pre (sub” U recsub) preableU}
(preLemma, {preablef = preablesub”} {preableU})
(preLemma, {preablef” = recpreablesub} {preableu})

Con-L,” : V {sub conf conf’ conf’} —
(F f conf) C, (F 1’ conf”) —
(Ff conf’) E, (Ff” conf”) —
sub C (fU f”) — (preable : Preable sub) —
Postable sub
Con-u,” fCf” ' Cf” subCfuf” preablesub
= boundedPostable ybound
where proof = Con-Ll,” fEf” {’Cf” subCfUf” preablesub
sub” = C-proof;.sub proof
ybound = C -proof;.ybound proof

Con-u,:Vi{xyz} -xE,z—yE,z— ArrConxy
Con-u, {L,} {y} _ _=con,-1,
Con-u, {Ff_} {L,} __=con,-1,
Con-ui, {Ff_} {Ff _} {L.} O_
Con-U, {F fconf} {Ff conf’} {F{’ conf’} fCf” {'Cf”
= ArrCon.con-U _ _ (cff A4 {f’ = sub} subCfuf’ preablesub —
Con-u,” fEf” ’Cf” subCfuf” preablesub)

B.0.49 Scwif/DomainScwi{/ArrowStructure/NbhSys/Definition
{-# OPTIONS --safe #-}

open import Base.Core

module Scwf.DomainScwf{.ArrowStructure.NbhSys.Definition
(A AB : Ty) where

open import Base.FinFun
open import Scwf.DomainScwf.ArrowStructure.NbhSys.ConFinFun &/ &

data ArrNbh : Set where
1, : ArrNbh
F : (f : NbhFinFun of %) — ConFinFun f — ArrNbh

data ArrCon : ArrNbh — ArrNbh — Set where
con,-Ly : V{x} - ArrConx L,
con,-1L, : V {x} = ArrCon L, x
con-U: V {ff’} — (conf : ConFinFun f) — (conf’ : ConFinFun ) —
ConFinFun (f U f*) - ArrCon (F f conf) (F f* conf”)

_U,_[_]:(x: ArrtNbh) = (y : ArrNbh) — ArrCon x y — ArrNbh
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Lou L [_1=41,

L, u,(Ffconf’)[ _]=FT1 conf’

(Ffconf)u, L, [_]=F{fconf

Ff U, Ff _[con-U__conu]=F((fuf)conu

B.0.50 Scwf/DomainScwi{/ArrowStructure/NbhSys/DefProof
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{-# OPTIONS --safe #-}
open import Base.Core

module Scwf.DomainScwf. ArrowStructure.NbhSys.DefProof
(A RB : Ty) where

open import Appmap.Lemmata

open import Base.FinFun

open import NbhSys.Definition

open import NbhSys.Lemmata

open import Scwf.DomainScwf.Appmap.Definition

open import Scwf.DomainScwf.ArrowStructure.NbhSys.Definition & %
open import Scwf.DomainScwf.ArrowStructure.NbhSys.ConFinFun &f %
open import Scwf.DomainScwf.ArrowStructure.NbhSys.Post & 9B

open import Scwf.DomainScwf. ArrowStructure.NbhSys.Pre of 98

open import Scwf.DomainScwf.ArrowStructure.NbhSys.Relation & S

-- Contains the proof that F f C F ' in the arrow

-- neighborhood system if and only if the smallest approximable
-- mapping containing f' also contains f. We show that the

-- two propositions imply one another.

-- The "containment'' relation.
data _€_ (f : NbhFinFun & %) (y : Appmap & AB) :
Set where
e-intro: V{xy}-> X, y)ef—=[ry]lxry —
fey

-- If an approximable mapping y contains f, then it
-- contains any subset f' of f.
€-lemma : (f’ f : NbhFinFun of &) - " Cf —
(y : Appmap & B) —
fey->f ey
€-lemma f’ f f’Cf y (&-intro p)
= &-intro A xyef” — p (f’Cf xyef’)

-- If f is contained in the mapping y, then y maps (pre f)
-- to (post f)
pre—post : (f : NbhFinFun & %) — (preablef : Preable f) —
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(postablef : Postable f) — (y : Appmap &/ &) —
fe€y — [y ] (pre f preablef) — (post f postablef)
pre—post @ _ _ y _ = Appmap.—-bottom y
pre—post ((x ,y) :: ) (pre-cons preablef” conxpref”)
(post-cons postablef” conypostf”) y (€-intro p)
= appmaplLemmay {y =y} x (pre f’ preablef’) y
(postf” _) _ _ (p here)
(prepost {” preablef” postablef” y (€-intro (1 X'y’ €f’” —
p (there X'y’ €f”))))

-- A pair (x, y) is in this relation iff (x, y) € f, or if
-- it can be derived from the approximable mapping axioms.
data AppmapClosure (f : NbhFinFun &/ &)
(conf: ConFinFun f) : Vx y — Set where
ig-inset: V{xy} - (x,y)€ef—
AppmapClosure f conf x y
ig-bot  :V {x} —
AppmapClosure f conf x (NbhSys.L )
ig-mono : V {xxX’y} - [ & ] X’ C x - AppmapClosure f conf X’ y —
AppmapClosure f conf x y
ig-lclo:V{xyy}—=[%B]yLCy — AppmapClosure f conf x y’ —
AppmapClosure f conf x y
ig-1dir : V {xy y’} — AppmapClosure f conf x y —
AppmapClosure f conf x y* — (con : NbhSys.Con Byy’) —
AppmapClosure fconf x ([ B ]y Uy’ [con ])

smallest=exp’ : (f’ : NbhFinFun &/ %) — {con : ConFinFun "} —
vV {xy} — AppmapClosure f’ conx y —
C,-proof f” conx y
smallest=>exp’ " {x = x} {y} (ig-inset xy€ef’)
= record
{sub=(x,y):: @
; subCf = C-lemma, xy€ef’ @-isSubset
; preablesub = pre-cons pre-nil (conl, &)
; postablesub = post-cons post-nil (conl, X&)
; yEpost = NbhSys.C-LI-fst & (conl, XB)
; preCx = NbhSys.C-LI & (NbhSys.C-refl &)
(NbhSys.C-1 &) (conl, &)
}
smallest=>exp’ f” ig-bot
= record
{sub=g
; subCf = @-isSubset
; preablesub = pre-nil
; postablesub = post-nil
; yEpost = NbhSys.C-1 3B
; preCx = NbhSys.C-1 o
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}
smallest=exp’ f* {con} {x} {y} (ig-mono {x’ = x’} x’Cx idGen)
= record
{ sub = C-proof.sub rec
; subCf = C -proof.subCf rec
; preablesub = C -proof.preablesub rec
; postablesub = C ,-proof.postablesub rec
; yEpost = C,-proof.yEpost rec
; preCx = NbhSys.C-trans & (E,-proof.preCx rec) x’Ex
}
where rec = smallest=exp’ f* {con} {x’} {y} idGen
smallest=>exp’ f* {con} {x} {y} (ig-lclo {y’ =y’} yCy’ idGen)
= record
{ sub = C-proof.sub rec
; subCf = C -proof.subCf rec
; preablesub = C -proof.preablesub rec
; postablesub = C -proof.postablesub rec
; yEpost = NbhSys.C-trans % yCy’ (E,-proof.yCpost rec)
; preCx = E,-proof.preCx rec
}
where rec = smallest=>exp’ f* {con} {x} {y’} idGen
smallest=>exp’ f {cff p} {x} (ig-1dir {y =y} {y’}
1dGeny 1dGeny’ conyy’)
with (smallest=exp’ f* {cff p} {x} {y} idGeny)
| smallest=exp’ f* {cffp} {x} {y’} idGeny’
... [record { sub = sub
: subCf = subCf’
; preablesub = preable
; postablesub = postable
; yEpost = yEpost
; preCx = preEx
}
| record { sub = sub’
; sSubCf = sub’Cf”
; preablesub = preable’
; postablesub = postable’
; yEpost = yEpost’
; preCx = pre’Cx

}
= record
{ sub = sub U sub’
; subCf = UCT

; preablesub = preableyU
; postablesub = postableu
; yEpost = NbhSys.C-trans &
(E-U-lemmasy % _ conpost yCpost yEpost’)
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(postLemmas; postable postable’ _ _ )
; preCx = NbhSys.C-trans & (preLemmas preable preable’ _ )
(NbhSys.C-L1 & preCx pre’Cx conpre)
}
where preableU = preUnionLLemma preable preable’ preCx pre’Cx
conpre = NbhSys.Con-LI & preCx pre’Cx
UCT = U-lemma,; subCf’ sub’Cf’
postableU = p (U-lemma; subCf’ sub’Cf’) preableu
conpost = NbhSys.Con-L1 &
(postLemma,; {f = sub} {postableU = postableU})
(postLemma, {f* =sub’} {postableU = postableU})

appmapClosureCon : V {fconfxyx" y’} —
AppmapClosure f conf x y —
AppmapClosure f conf x’ y’ —
NbhSys.Con & x Xx* —
NbhSys.Con B yy’
appmapClosureCon {f} {cff p} {x} {y} {x"} {y"}
apcloxy apclox’y’ conxx’
with (smallest=>exp’ f {x = x} {y} apcloxy)
| smallest=>exp’ f {x =x"} {y’} apclox’y’
.. lrecord { sub = sub
; subCf = subCf
; preablesub = preable
; postablesub = postable
; YEpost = yEpost
; preCx = preEx
}
| record { sub = sub’
: subCf = sub’Cf
; preablesub = preable’
; postablesub = postable’
; yCpost = y’Cpost’
; preCx = pre’Cx’
}
= NbhSys.Con-LI & {z = post (sub U sub’) postableU} yCpostU y’CpostU
where xUX" = [ & | x U X’ [ conxx’ |
presubCxLIx’ = E-LI-lemma, & preCx conxx’
presub’CxLIx’ = C-LI-lemmas & pre’Cx’ conxx’
preableU = preUnionLemma preable preable’ presubCxLIx’
presub’ CXLIX’
postableU = p (U-lemma; subCf sub’Cf) preableu
yCpostU = NbhSys.C-trans % yLCpost
(postLemma,; {f = sub} {postableU = postableU})
y’CpostU = NbhSys.C-trans 98 y’Cpost’
(postLemma, {f” = sub’} {postableu = postableU})
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SmallestAppmap : (f : NbhFinFun &/ %) — ConFinFun f — Appmap & &%
Appmap._+_ (SmallestAppmap f conf) = AppmapClosure f conf
Appmap.—-mono (SmallestAppmap f _) = ig-mono

Appmap.—-bottom (SmallestAppmap f _) = ig-bot

Appmap.—-|closed (SmallestAppmap f _) = ig-|clo

Appmap.—-tdirected (SmallestAppmap f _) = ig-Tdir

Appmap.—-con (SmallestAppmap f _) = appmapClosureCon

smallest=>exp : (f f : NbhFinFun & %) —
(conf : ConFinFun f) —
(conf’ : ConFinFun f’) —
f € SmallestAppmap f” conf” —
Ffconf E, Ff conf’

smallest=>exp f f* conf conf’ (&-intro p)

= LC,-intro, conf conf” (1 xyef —
smallest=exp’ f* {conf’} (p xy€&f))

exp=smallest’ : (f{” : NbhFinFun & %) — V {conf conf’} —

FfconfE, Ff conf” —

Vi{xy}->x,y) ef-

[ SmallestAppmap f* conf” | x — y
exp=>smallest’ f {* (C,-intro, _ con p) xy&f with (p xy€&f)
exp=smallest’ f {* (C,-intro, _ con p) xyef

| record { sub =f”
; SubCf = subCf
; preablesub = preablef”
; postablesub = postablef”
; yEpost = yEpost
; preCx = preCx
}
= Appmap.—-|closed y’ yEpost yX—post
where y* = SmallestAppmap f* con
ypref’—postf” = prepost f” preablef” postablef” y
(€-lemma f” f* subCf y’
(€-intro ig-inset))
yX—post = Appmap.—-mono y’ preCx ypref”’—postt”

b

exp=>smallest : (f f* : NbhFinFun &/ %) —
V {conf conf’} —
FfconfC, F{ conf” —
f € SmallestAppmap f” conf’
exp=>smallest f {* {Cf’
= €-intro (exp=>smallest’ f {* fC{”)

B.0.51 Scwif/DomainScwi/ArrowStructure/NbhSys/Instance
{-# OPTIONS --safe #-}

118



B. Code

module Scwf.DomainScwf. ArrowStructure.NbhSys.Instance where

open import Base.Core

open import Base.FinFun

open import NbhSys.Definition

open import Scwf.DomainScwf.ArrowStructure.NbhSys. AxiomProofs
open import Scwf.DomainScwf.ArrowStructure.NbhSys.Consistency
open import Scwf.DomainScwf.ArrowStructure.NbhSys.Definition
open import Scwf.DomainScwf. ArrowStructure.NbhSys.Relation
open import Scwf.DomainScwf. ArrowStructure.NbhSys.Transitivity

ArrNbhSys : (f & : Ty) — NbhSys

NbhSys.Nbh (ArrNbhSys of %) = ArrNbh &/ A
NbhSys._C_ (ArrNbhSys of B) = _LC, d RB
NbhSys.Con (ArrNbhSys & ) = ArrCon o A
NbhSys._ LI [ ] (ArrNbhSys of B)= _U, [ ] A SB
NbhSys.L (ArrNbhSys & %) =1,
NbhSys.Con-LI (ArrNbhSys & %) = Con-U, o R
NbhSys.C-refl (ArrNbhSys of B) =L, -refl & R
NbhSys.C-trans (ArrNbhSys & %) = E,-trans o B
NbhSys.C-L (ArrNbhSys o &B) =LC,-1, A4 A
NbhSys.C-LI (ArrNbhSys o B) =C,-U, d B
NbhSys.C-LI-fst (ArrNbhSys & RB) = E,-U,-fst A B
NbhSys.E-LI-snd (ArrNbhSys &/ %) = C,-U,-snd &/ A

B.0.52 Scwf/DomainScwi/ArrowStructure/NbhSys/Post
{-# OPTIONS --safe #-}

open import Base.Core

module Scwf.DomainScwf. ArrowStructure.NbhSys.Post
(A RB : Ty) where

open import Base.FinFun

open import NbhSys.Definition

open import NbhSys.Lemmata

open import Scwf.DomainScwf.ArrowStructure.Variables &/ 9B

data Postable : NbhFinFun of % — Set
post : (f : NbhFinFun &/ %) — Postable f — NbhSys.Nbh %

data Postable where
post-nil : Postable @
post-cons : V {x y f} — (postablef : Postable f) —
NbhSys.Con & y (post f postablef) — Postable ((x,y) :: f)

post @ _ = NbhSys.L &
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post ((x ,y) :: f) (post-cons postablef conxpostf)
=[ A ]y U post { postablef [ conxpostf ]

boundedPostable’ : V {f postablef max} —
V{xy}->x,y) €f>[A]yL max) -
[ B ] post f postablef C max
boundedPostable’ {@} _ = NbhSys.C-1 A
boundedPostable’ {(x,y) :: f}
{postablef = post-cons postablef conypostf} bound
= NbhSys.C-L1 & (bound here) rec conypostf
where rec = boundedPostable’ {postablef = postablef}
A x’y’€f — bound (there x’y’ &f)

boundedPostable : V {f max} —
Vi{xyl-x,y)ef—>[HA]yL max) —
Postable f
boundedPostable { @} _ = post-nil
boundedPostable {(x ,y) :: f} bound
= post-cons (boundedPostable {f} (1 xyef — bound (there xy€&f)))
(NbhSys.Con-LI % (bound here)
(boundedPostable’ {f} A xyef — bound (there xyef)))

postableProoflrr : (postablef; postablef, : Postable f) —

[ & ] (post f postablef;) C (post f postablef,)
postableProoflrr { @} post-nil post-nil = NbhSys.C-refl %
postableProofIrr {(x ,y) :: f} (post-cons postablef; conxpostf;)

(post-cons postablef, conxpostf,)
= LC-l-lemma; A _ _ (NbhSys.C-refl B)
(postableProoflIrr postablef; postablef,)

postLemma, : V {f {” postablef postableu} —
[ B ] post f postablef T post (f U f*) postableu
postLemma,; {postablef = post-nil} = NbhSys.C-1 3B
postLemma,; {f = _:: f} {postablef = post-cons postablef conxpostf}
{post-cons postablefuf” conxpostU }
= C-U-lemma; B _ _ (NbhSys.C-refl &) rec
where rec = postLemma, {f ={} {postablef = postablef}

postLemma, : V {f {” postablef” postableu} —
[ B ] post f* postablef’ C post (f U f”) postableu

postLemma, {f=_} {@} = NbhSys.C-1 &
postLemma, {f =@} {_::_} {postablef’}

= NbhSys.C-trans 9 (NbhSys.C-refl %)

(postableProoflrr postablef” _)

postLemma, {f=(x,y):: f} {(xX",y)::f}

{post-cons postablef’tail conxpostf’tail }

{post-cons postableUtail x’conUtail }

= C-LI-lemmas 9 rec x’conUtail
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where postablef” = post-cons postablef’tail conxpostf’tail
rec = postLemma, {f =1} (T =" ,y’) :: "}
{postablef” = postablef” }

postLemmas : (postablef : Postable f) — (postablef’ : Postable ') —
(postableU : Postable (fU ")) —
(conpost : NbhSys.Con & (post f postablef) (post f* postablef’)) —
[ B ] ([ B ] (post f postablef) LI
(post f” postablef”) [ conpost ])
C (post (f U f) postableu)
postLemmas postablef postablef” postableu conpost
= NbhSys.C-L1 B postfEpostU postf’CpostU conpost
where postfEpostU = postLemma; {postablef = postablef} {postableU}
postf’EpostU = postLemma, {postablef” = postablef’} {postableU}

singletonlsPostable : V {x y} — Postable ((x,y) :: @)
singletonIsPostable = post-cons post-nil (conl, %)

B.0.53 Scwif/DomainScwi/ArrowStructure/NbhSys/Pre
{-# OPTIONS --safe #-}

open import Base.Core

module Scwf.DomainScwf. ArrowStructure.NbhSys.Pre
(A B : Ty) where

open import Base.FinFun

open import NbhSys.Definition

open import NbhSys.Lemmata

open import Scwf.DomainScwf.ArrowStructure.Variables &/ 9B

data Preable : NbhFinFun &/ % — Set
pre : (f : NbhFinFun &f %) — Preable f — NbhSys.Nbh &/

data Preable where
pre-nil : Preable @
pre-cons : V {x y f} — (preablef : Preable f) —
NbhSys.Con & x (pre f preablef) — Preable ((x ,y) :: f)

pre @ _ = NbhSys.L o
pre ((x ,y) :: f) (pre-cons preablef conxpref)
=[ & ] x U pre f preablef [ conxpref ]

preableProoflrr : (preablef; preablef, : Preable f) —

[ & ] (pre f preablef,) C (pre f preablef,)
preableProofIrr {@} pre-nil pre-nil = NbhSys.C-refl &
preableProoflrr {(x ,y) :: f} (pre-cons preablef; conxpref;)
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(pre-cons preablef, conxpref,)
= LC-l-lemmas & _ _ (NbhSys.C-refl &)
(preableProoflIrr preablef; preablef,)

preLemma, : V {f f preablef preableu} —
[ & ] pre f preablef C pre (f U {*) preableu
preLemma, {preablef = pre-nil} = NbhSys.C-1 &
preLemma,; {f = _::f} {preablef = pre-cons preablef conxpref}
{pre-cons preablefuf” conxpreu}
= C-U-lemmas & _ _ (NbhSys.C-refl &) rec
where rec = preLemma,; {f ={} {preablef = preablef}

preLemma, : V {f {* preablef’ preableu} —

[ & ] pre f” preablef’ C pre (f U f) preableU
preLemma, {f = _} {@} = NbhSys.C-1 &
preLemma, {f =@} {_::_} {preablef’}

= NbhSys.C-trans & (NbhSys.C-refl &)

(preableProoflIrr preablef’ _)
preLemma, {f=(x,y):: f} {X",y)::f}

{pre-cons preablef’tail conxpref’tail }

{pre-cons preableUtail x’conUtail }

= E-U-lemmag & rec X’ conUtail

where preablef” = pre-cons preablef’tail conxpref’tail

rec = preLemma, {f =1} {T’ =" ,y’) 1 "}

{preablef” = preablef” }

preLemmas” : (preablef : Preable f) — (preablef’ : Preable {*) —
(preableu : Preable (fuU f*)) —
NbhSys.Con & (pre f preablef) (pre f* preablef”)
preLemmas” {f} {f’} preablef preablef” preableu
= NbhSys.Con-LI & prefCpreU pref’ CpreU
where prefCpreU = preLemma; {f = f} {preableu = preableu}
pref’CpreU = preLemma, {{* =1{"} {preableu = preableu}

preLemma;’ : V x — (preablef : Preable f) — (preablef’ : Preable {’) —
(con; : NbhSys.Con « x (pre { preablef)) —
(con, : NbhSys.Con & (pre f preablef) (pre f” preablef’)) —
NbhSys.Con o ([ & ] x U pre { preablef [ con; ])
(pre t preablef’) —
NbhSys.Con & x ([ & ] (pre f preablef) LI
(pre f” preablef’) [ con, ])
preLemmas’ {f} {f’} x preablef preablef’ con; con, con;
= NbhSys.Con-L & (NbhSys.C-trans & (NbhSys.C-LI-fst & cony)
(NbhSys.C-LI-fst & cony))
(E-U-lemmasy & _ _ (NbhSys.C-LI-snd & _) (NbhSys.C-refl &))

preLemmay : (preablef : Preable f) — (preablef” : Preable ) —
(preableu : Preable (fuU ")) —
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(conpre : NbhSys.Con & (pre f preablef) (pre f* preablef’)) —
[ & ] (pre (f U ") preableu) C
([ & ] (pre f preablef) LI (pre f* preablef’) [ conpre ])
preLemmay {@} {f’} pre-nil _ _
= C-LI-lemmas & (preableProoflrr {f=1} _ ) _
preLemmas {(x,y) :: f} {f'} (pre-cons preablef conxpref) preablef’
(pre-cons preableU conxpreU) conpre;
= NbhSys.C-trans & (E-U-lemmas; & _ conxprell (NbhSys.C-refl o)
(preLemmay {f} {f’} _ _ preableU conpre,))
(U-ass, & _ conpre, conxprell _ (NbhSys.C-refl &))
where conpre, = preLemma;” preablef preablef” preableu
conxprell = preLemma;’ x preablef preablef’ conxpref conpre, conpre;

preUnionLemma’ : V {max} — (preablef : Preable f) —
(preablef’ : Preable f’) —
(preableu : Preable (fuU ")) —
[ & ] (pre f preablef) C max —
[ o ] (pre f* preablef’) C max —
[ & ] (pre (f U ) preableU) C max
preUnionLemma’ {@} {f’} preablef preablef’ preableU prefCmax pref’ Cmax
= NbhSys.C-trans & (preableProoflrr preableyu preablef’) pref’ Cmax
preUnionLemma’ {(x ,y) :: f} (pre-cons preablef conxpref) preablef’
(pre-cons preableU conxpreU) prexyfCmax pref’Cmax
= NbhSys.C-L1 & xEmax rec conxpreyU
where prefCmax = NbhSys.C-trans & (NbhSys.C-LI-snd & conxpref)

prexyfCmax
rec = preUnionLemma’ preablef preablef” preableU prefCmax
pref’Cmax
xCmax = NbhSys.C-trans & (NbhSys.C-LI-fst & conxpref)
prexyfCmax

preUnionLemma : V {max} — (preablef : Preable f) —
(preablef’ : Preable ’) —
[ & ] (pre f preablef) C max —
[ & ] (pre f’ preablef’) C max — Preable (f U )
preUnionLemma {@} _ preablef’ _ _ = preablef’
preUnionLemma {(x ,y) :: f} (pre-cons preablef conxpref)
preablef’ prefCx pref’Cx
= pre-cons rec (NbhSys.Con-LI &/ xEmax preUCmax)
where prefCmax = NbhSys.C-trans &/ (NbhSys.C-LI-snd &/ conxpref)
prefCx
rec = preUnionLemma preablef preablef” prefCmax pref’Cx
xCmax = NbhSys.C-trans & (NbhSys.C-LI-fst & conxpref) prefCx
preUCmax = preUnionLemma’ preablef preablef” rec prefCmax
pref’Cx

singletonlsPreable : V {x y} — Preable ((x,y) :: @)
singletonlsPreable = pre-cons pre-nil (conl, &)
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B.0.54 Scwif/DomainScwi/ArrowStructure/NbhSys/Relation

{-# OPTIONS --safe #-}
open import Base.Core

module Scwf.DomainScwf.ArrowStructure.NbhSys.Relation
(A R : Ty) where

open import Base.FinFun

open import NbhSys.Definition

open import Scwf.DomainScwf. ArrowStructure.NbhSys.ConFinFun of 98
open import Scwf.DomainScwf. ArrowStructure.NbhSys.Definition & %
open import Scwf.DomainScwf.ArrowStructure.NbhSys.Post &/ %

open import Scwf.DomainScwf.ArrowStructure.NbhSys.Pre &/ 9B

record E,-proof (f : NbhFinFun & %) (isCon : ConFinFun f)
(x : NbhSys.Nbh &) (y : NbhSys.Nbh &) :
Set where
field

sub : NbhFinFun o/ &

subCf: sub C f

preablesub : Preable sub

postablesub : Postable sub

yCpost : NbhSys._C_ 9 y (post sub postablesub)

preCx : NbhSys._C_ & (pre sub preablesub) x

data _E,_ : ArrNbh — ArrNbh — Set where
C.-intro; : V {x} = L, E, X
C.-intro, : V {f "} — (conf : ConFinFun f) — (conf’ : ConFinFun {*) —
(V{xy} = (x,y) ef— C,-proof f’ conf’ xy) —

(F fconf) C, (Ff conf’)

B.0.55 Scwf/DomainScwi/ArrowStructure/NbhSys/Transitivity

124

{-# OPTIONS --safe #-}
open import Base.Core

module Scwf.DomainScwf.ArrowStructure.NbhSys.Transitivity
(A B : Ty) where

open import Base.FinFun

open import NbhSys.Definition

open import NbhSys.Lemmata

open import Scwf.DomainScwf.Appmap.Definition

open import Scwf.DomainScwf. ArrowStructure.NbhSys.ConFinFun of 98
open import Scwf.DomainScwf. ArrowStructure.NbhSys.Definition & %
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open import Scwf.DomainScwf.ArrowStructure.NbhSys.Relation &/ B
open import Scwf.DomainScwf.ArrowStructure.NbhSys.Post of 98
open import Scwf.DomainScwf.ArrowStructure. NbhSys.Pre &f %
open import Scwf.DomainScwf.ArrowStructure. Variables &/ %

-- This can be derived from F f C, F f', and makes proving
-- transitivity very simple.
record E,-proof, (f f* : NbhFinFun & %) (preablef : Preable f)
(postablef : Postable f) : Set where
field
sub : NbhFinFun & &
preablesub : Preable sub
postablesub : Postable sub
pfCpost : [ % | (post f postablef) C (post sub postablesub)
preCpf: [ & ] (pre sub preablesub) C (pre f preablef)
subCf’ : sub C f’

shrinkExp’ : V {conf’ conf”} —
fcf - (Ff conf’)C, (Ff conf’) —
Vixyl->x,y)ef—
C.-proof f” conf” x y
shrinkExp” fCf” (C,-intro, _ _ p) xy€ef
=p (fCf’ xyef)

-IffCf andf' C, ', then we can adapt the E -proof
-- of f' and f'' to one for f and f"'.
shrinkExp : V {conf conf’ conf”} —
fcf - (Ff conf’) C, (Ff’ conf”) —
(F f conf) C, (Ff’ conf”)
shrinkExp {f =f} {{" ="} fCf’ {'Cf’
= L -intro, _ _ (shrinkExp’ fCf* {'Cf”)

Q : (ff* : NbhFinFun of %) —
V {conf conf’ preablef postablef} —
(Ffconf) C, (Ff conf’) —
C.-proof, f f” preablef postablef
Qo fCf
=record { sub= g
; preablesub = pre-nil
; postablesub = post-nil
; pfCpost = NbhSys.C-refl %
; preCpf = NbhSys.C-refl of
; subCf” = @-isSubset
}
Q(x,y):: ) f (C,-intro, _ _ p) with (p here)
Q((x,y):: )1 {cff conf} {cff conf’}
{pre-cons preablef” conxpref”} {post-cons postablef” conypostf”}
(E,-intro, _ _p)
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| record { sub = sub
: subCf = subCf
; preablesub = preablesub
; postablesub = postablesub
; yEpost = yEpost
; preCx = preEx
}
= record
{ sub = sub U sub’
; preablesub = preableu
; postablesub = postableu
; pfCpost = NbhSys.C-trans B (E-U-lemmas 9B conypostf”
conpostsubs yCpost
(NbhSys.C-trans & (postableProoflrr postablef” )
(E,-proof,.pfCpost recur)))
(postLemmas; postablesub postablesub’ postableU conpostsubs)
; preCpf = NbhSys.C-trans &/
(preLemmas preablesub preablesub’ preableu
conpresubs) (E-LI-lemmas; & conpresubs conxpref” preCx
(NbhSys.C-trans & (C,-proof,.preCpf recur)
(preableProofIrr _ preablef™)))
; subCf” = U-lemma,; subCf (C,-proof,.subCf” recur)
}
where preablef” = pre-cons {y =y} preablef” conxpref”
postablef” = post-cons {x = x} postablef” conypostf”
conTail = subsetIsCon (cff conf) C-lemma,
recur = Q f” f* {conTail} {_} {preablef”} {postablef”}
(shrinkExp {conf = conTail} C-lemmay
(E,-intro, (cif conf) _p))
sub’ = C-proof,.sub recur
preablesub’ = L -proof,.preablesub recur
postablesub’ = C -proof,.postablesub recur
UCT = U-lemma,; subCf (C,-proof,.subCf” recur)
presubCpref’ = C-LI-lemma, &/ preCx conxpref”
presub’Cpref’ = C-LI-lemmas &/ (NbhSys.C-trans &/
(C,-proof,.preCpf recur)
(preableProofIrr preablef” _)) conxpref”
preableU = preUnionLemma preablesub preablesub’ presubCpref’
presub’Cpref’
postableU = conf’ UCT preableyu
conpostsubs = NbhSys.Con-LI & (postLemma,
{postablef = postablesub} {postableU})
(postLemma, {postablef” = postablesub’ }
{postableU})
conpresubs = NbhSys.Con-LI &
(preLemma, {preablef = preablesub}
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{preableu}) (preLemma, {preablef” = preablesub’}
{preableu})

C,-trans’ : V {conf conf” conf”} —
(Ffconf) C, (Ff" conf’) — (Ff" conf’) C, (Ff” conf”) —
Vi{xy} = (x.,y) €f— LC,-proof {” conf” x y
C.-trans’ {f} {f’} {f’} {conf} {conf’} (C,-intro, __ p;)
(C,-intro, preablef” preablef” p,) xyef
= record
{ sub ={’sub
; subCf = C -proof,.subCf” f’proof,
; preablesub = L ,-proof, .preablesub {’proof,
; postablesub = C ,-proof,.postablesub f’proof,
; yEpost = NbhSys.C-trans B (C,-proof.yCpost {proof)
(E,-proof,.pfCpost f’proof,)
; preEx = NbhSys.C-trans & (E,-proof,.preCpf ’proot,)
(E,-proof.preCx f’proof)
}
where f’proof = p; xyef
f’sub = C,-proof.sub f’proof
f’subcon = subsetlIsCon conf’ (C,-proof.subCf f’proof)
f’subpreable = C ,-proof.preablesub f’proof
f’subpostable = C -proof.postablesub f’proof
f’proof, = Q f’sub f” {conf = f’subcon}
{preablef = f’subpreable} {f’subpostable}
(shrinkExp
(E,-proof.subCf f’proof)
(C,-intro, preablef’ preablef” p,))
f’sub = C-proof,.sub f’proof,

C.-trans: V{xyz} - xCE,y—>yLE,z—>XxE,z
E,.-trans {x =1,} _ _ =L, -intro,
C.-trans {x=Ff_} {Ll,} {Ll,} XEy C,-intro; = XxCy
C.-trans {x=Ff_} {Ff _} {F{"_} xCy yCz

=L, -intro, _ _ (E,-trans’ XxEy yCz)

B.0.56 Scwif/DomainScwi{/Comprehension/Morphism/AxiomProofs
{-# OPTIONS --safe #-}

open import Base.Core
open import Base.Variables
open import Scwf.DomainScwf. Appmap.Definition

module Scwf.DomainScwf.Comprehension.Morphism.AxiomProofs
(y : tAppmap AT) (t: tAppmap A [ & ]) where
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open import Scwf.DomainScwf. Appmap. Valuation.Definition
open import Scwf.DomainScwf.Appmap.Valuation.Relation
open import Scwf.DomainScwf.Comprehension.Morphism.Relation

()-mono: V{xyz} >C Axy—->[(y,t)]x—z—
Kr.t)]lymz
(y—-mono {x =x} {y} {{{z,,z2))} XCy ({)—-intro yx—z txr>z) =
()—-intro (Appmap.—-mono y XLy yX—Zz)
(Appmap.—-mono t XCy tx—z)

()-bottom : V {x} = [(y,t)]x— L,
()>-bottom {x} = ()>-intro (Appmap.+—-bottom y)
(Appmap.—-bottom t)

(y—-lclosed : V{xyz} - C, (4 =1Nyz—
Ky.t)Ixmz—[(y,t)Ixy
(y-lclosed {x =x} {((y ..y )} {{(z..2))}
(C,-cons _ yCz yCz) ({)—-intro yx—z tx—z)
= ()>-intro yx—y tx—y
where yx—y = Appmap.—-|closed y yCZ yX—2z
tup-yCz = (E-cons [ & | yEz C -nil)
tx—>y = Appmap.—-|closed t tup-yCz tx—>z

(y—>-tdirected : V {xyz} - [(y,t)]|x—y—
(r.t)Ix—z—
(conyz : ValCon _yz) —
[(7. )X+ (yU,z [ conyz )
<>H'TdireCted x=x} {{{y.yN}{{z.,z))}
(()-intro yx—y tx—y) (()>-intro yx—z tx—z)
(con-tup conyz conyz)
= ()>-intro yX—yLz tx—ylLiz
where yx—ylz = Appmap.—-{directed y yX—y yX—Z conyz
tx—ylz = Appmap.—-Tdirected t tx—y tx—z (toValCon conyz)

(yp-con: V{xyx'y'} > [(r,t)Ix—y—
[(y,t)]x —»y — ValCon _xx’ —
ValCon _yy’
<>|—>-COII {y = << y»Yy >>} {y’ = << y, ”» y’ >>}
(()r>-intro yx>y tx—y) (()>-intro yx’ -y’ tx’+—y’) conxx’
= con-tup conyy’ conyy’
where conyy’ = fromValCon (Appmap.—-con t tx—y tx’=y’ conxx’)
conyy’ = Appmap.—-cony yX—y yX =Yy conxx’

B.0.57 Scwf/DomainScwf/Comprehension/Morphism/Instance
{-# OPTIONS --safe #-}
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module Scwf.DomainScwf.Comprehension.Morphism.Instance where

open import Base.Core

open import Base.Variables

open import Scwf.DomainScwf.Appmap.Definition

open import Scwf.DomainScwf.Comprehension.Morphism.AxiomProofs
open import Scwf.DomainScwf.Comprehension.Morphism.Relation

(_,_) : tAppmap AT" — tAppmap A [ &/ ] — tAppmap A (& :: I)
Appmap._—_(y ,t) =Pyt

Appmap.—-mono (y ,t) = ()—>-monoyt

Appmap.—-bottom ( y , t) = ()>-bottom y t
Appmap.—-|closed { y,t) = ()—-|closed y t
Appmap.—-tdirected { y , t ) = ()>-tdirected y t
Appmap.—-con{y,t) = ()-conyt

B.0.58 Scwif/DomainScw{/Comprehension/Morphism/Relation
{-# OPTIONS --safe #-}

module Scwf.DomainScwf.Comprehension.Morphism.Relation where

open import Base.Core

open import Base.Variables

open import Scwf.DomainScwf.Appmap.Definition

open import Scwf.DomainScwf.Appmap.Valuation.Definition

open import Agda.Builtin.Nat

data () (y : tAppmap AT) (t: tAppmap A [ < ]):
Valuation A — Valuation (& :: I') — Set where
()-intro : V {xy} = [y | x + (ctTail y) —
[t]x— ((ctHeady)) — ()= 7y txy

-- Some simplifying notation.

()] +_:(y:tAppmap AT) — (t: tAppmap A [ 4 ]) —
Valuation A — Valuation (& :: I') — Set

(7. t)]x—>y=(OP7rtxy

B.0.59 Scwf/DomainScw{/Comprehension/p/AxiomProofs
{-# OPTIONS --safe #-}

module Scwf.DomainScwf.Comprehension.p.AxiomProofs where

open import Base.Core
open import Base.Variables
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open import NbhSys.Definition

open import NbhSys.Lemmata

open import Scwf.DomainScwf.Appmap.Valuation. AxiomProofs
open import Scwf.DomainScwf.Appmap.Valuation.Definition
open import Scwf.DomainScwf. Appmap.Valuation.Instance
open import Scwf.DomainScwf. Appmap. Valuation.Relation
open import Scwf.DomainScwf.Comprehension.p.Relation

p—-mono: V{xyz} -LC, (A4 1)Xy—>Xp—>z2—->yp—z
p-mono (C -cons _ _ XEy) (p—-intro zEX)

= pr>-intro zCtaily

where zCtaily = NbhSys.C-trans (ValNbhSys _) zCx XLy

p—-bottom : {x : Valuation (& :: I")} = xp— L,
p—-bottom {x = x} = pr—>-intro (NbhSys.C-_L (ValNbhSys _))

p—-lclosed : {x: Valuation (& :: ")} -V {yz} —
C,'yz—-xp=z—->xp—y
p—-lclosed yCz (p+-intro zZCX)
= p—-intro (NbhSys.C-trans (ValNbhSys _) yCz zCx)

p—-Tdirected : {x : Valuation (& :: ')} >V {yz} —
Xp—y— Xp—Z—
(conyz : ValCon _yz) —
x p (y U, z [ conyz )
p—-Tdirected (pr—-intro yCX) (pr>-intro ZCX) conyz
= pr>-intro yUzCtailx
where yUzCtailx = NbhSys.C-LI (ValNbhSys _) yCx zCx conyz

p—-con: {x: Valuation (¢/ : I} - V{yx y'} —
XpPy—X pmy —
ValCon _xx’ — ValCon _yy’
p-con (pr-intro yEX) (p—-intro y’CX’) (con-tup _ conxx’)
= Con-U, yCxLIX’ y’ ExLIX’
where yEXLIX* = C-LI-lemma, (ValNbhSys _) yCx conxx’
Yy ExLIX’ = E-U-lemmas (ValNbhSys _) y’EX’ conxx’

B.0.60 Scwf/DomainScwi{/Comprehension/p/Instance
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{-# OPTIONS --safe #-}
module Scwf.DomainScwf.Comprehension.p.Instance where

open import Base.Core

open import Base.Variables

open import Scwf.DomainScwf. Appmap.Definition

open import Scwf.DomainScwf.Comprehension.p.AxiomProofs
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open import Scwf.DomainScwf.Comprehension.p.Relation

p: I:Ctxn) = (& : Ty) - tAppmap (& :: I') I’
Appmap._—_ (pI" o) =_p—_
Appmap.—-mono (pI" &) = pr-mono
Appmap.—-bottom (pI"' &) = pr-bottom
Appmap.—-|closed (pI" &) = p—-|closed
Appmap.—-Tdirected (p I' &) = p—-Tdirected
Appmap.—-con (p I' ) = p—>-con

B.0.61 Scwif/DomainScwi{/Comprehension/p/Relation
{-# OPTIONS --safe #-}

module Scwf.DomainScwf.Comprehension.p.Relation where

open import Base.Core

open import Base.Variables

open import Scwf.DomainScwf.Appmap.Valuation.Definition
open import Scwf.DomainScwf.Appmap.Valuation.Relation

data _p+_ : Valuation (& :: I') — Valuation I" — Set where
p—-intro : {x: Valuation (¢/ :: I')} - V {y} —
C, Iy (ctTailx) = xp—y

B.0.62 Scwf/DomainScw{/Comprehension/q/AxiomProofs
{-# OPTIONS --safe #-}

module Scwf.DomainScwf.Comprehension.q.AxiomProofs where

open import Base.Core

open import Base.Variables

open import NbhSys.Definition

open import NbhSys.Lemmata

open import Scwf.DomainScwf.Appmap. Valuation.Definition
open import Scwf.DomainScwf.Appmap.Valuation.Instance
open import Scwf.DomainScwf.Appmap.Valuation.Relation
open import Scwf.DomainScwf.Comprehension.q.Relation

g—~-mono : V {xy} — {z: Valuation [ &« |} —
C,(I:I)xy—->xq—z—
yq— z
g-mono {&} (T, -cons _xCy _) (q—>-intro zEX)
= g—>-intro (NbhSys.C-trans & zCx XxCy)

q—>-bottom : {x: Valuation (& :: I} - xq— 1,
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gr-bottom {&f = &} = gq—-intro (NbhSys.C- L &)

g—-lclosed : {x: Valuation (& :: )} - V {yz} —
C, [ 1yz—Xq=2—Xqmy
qr>-lclosed {&/ = &} (C,-cons _yEz _) (q—-intro zEX)
= q—>-intro (NbhSys.C-trans & yCz zLCX)

g—-Tdirected : {x: Valuation (& :: ')} -V {yz} —
Xq—Yy — xq— z — VY conyz —
x q— (y U, z [ conyz ])
q—-tdirected {o/ = o/} {x = ((x..x )} {{{(y..(O) N} {{{z.. (D) N}
(gr>-intro yCx) (g—-intro zCXx) (con-tup conyz con-nil)
= ~>-intro yLIzEX
where ylzEx = NbhSys.C-L1 &f yEx zEX conyz

g—-con: {x: Valuation (& :: I} =V {yx y'} —
Xqry—-XxXqgmy —
ValCon _xx" — ValCon _yy’
q—-con {of =} {y=((y..(HO Ny =y ()N}
(gq—-intro yEXx) (q~-intro y’Ex’) (con-tup conxx’ conxx’)
= NbhSys.Con-LI (VaINbhSys _) {z=(([ < ] _U _[conxx’]))}
yEXUX’, y EXLX’,
where yExLIX” = E-LI-lemma, & yEX conxx’
yExUx’, = E -cons [ & | yExUX’ E -nil
y ExUX’ = E-U-lemmas & y’EX’ conxx’
y'Exux’, =L, -cons [ & ]| y’Exux’ C -nil

B.0.63 Scwif/DomainScw{/Comprehension/q/Instance
{-# OPTIONS --safe #-}

module Scwf.DomainScwf.Comprehension.q.Instance where

open import Base.Core

open import Base.Variables

open import Scwf.DomainScwf.Appmap.Definition

open import Scwf.DomainScwf.Comprehension.q.AxiomProofs
open import Scwf.DomainScwf.Comprehension.q.Relation

q: (I': Ctxn) - (& : Ty) - tAppmap (& : ') [ & ]
Appmap._—_ (qI" o) =_qr_
Appmap.—-mono (qI" &) = gq—~-mono
Appmap.—-bottom (qI" &) = q—-bottom
Appmap.—-|closed (qI" &) = q—-|closed
Appmap.—-Tdirected (q I' &) = q—-Tdirected
Appmap.—-con (qI' ) = g—>-con
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B.0.64 Scwi/DomainScwi/Comprehension/q/Relation
{-# OPTIONS --safe #-}

module Scwf.DomainScwf.Comprehension.q.Relation where

open import Base.Core

open import Base.Variables

open import NbhSys.Definition

open import Scwf.DomainScwf.Appmap.Valuation.Definition

data _g—_ : Valuation (& :: I') — Valuation [ &/ | — Set where
gr>-intro : {x: Valuation (& :: ")} —
{y: Valuation [ & |} —
[ & ] (ctHead y) C (ctHead x) - x gy

B.0.65 Scwif/DomainScwi{/ProductStructure/AxiomProofs
{-# OPTIONS --safe #-}

open import Base.Core
module Scwf.DomainScwf.ProductStructure. AxiomProofs (f & : Ty) where

open import Appmap.Equivalence

open import Base.Variables hiding (& ; &)

open import NbhSys.Definition

open import NbhSys.Lemmata

open import Scwf.DomainScwf. Appmap.Definition

open import Scwf.DomainScwf.Appmap.Composition.Instance

open import Scwf.DomainScwf.Appmap.Composition.Relation

open import Scwf.DomainScwf.Appmap.Valuation.Definition

open import Scwf.DomainScwf.Appmap.Valuation.Instance

open import Scwf.DomainScwf.Appmap.Valuation.Lemmata

open import Scwf.DomainScwf.Appmap.Valuation.Relation

open import Scwf.DomainScwf{.ProductStructure.fst.Instance

open import Scwf.DomainScwf.ProductStructure.fst.Relation

open import Scwf.DomainScwf.ProductStructure.NbhSys.Definition
renaming (<_,_>to {(_,_))

open import Scwf.DomainScwf.ProductStructure.NbhSys.Instance

open import Scwf.DomainScwf.ProductStructure.Pair.Instance

open import Scwf.DomainScwf.ProductStructure.Pair.Relation

open import Scwf.DomainScwf.ProductStructure.snd.Instance

open import Scwf.DomainScwf.ProductStructure.snd.Relation

open import Scwf.DomainScwf.ProductStructure.Unit.NbhSys.Definition

open import Scwf.DomainScwf.ProductStructure.Unit.NbhSys.Instance

private
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variable
tt: tAppmap ' [ & ]
uu : tAppmap ' [ B ]
vv  tAppmap ' [ & X A |

fstAxiomLemma, : V {xy} —» [fst<t,u>]x—y —
[t]xPYy
fstAxiomLemma,; {t =t} (fst-intro; yEL)
= Appmap.—-|closed t tup-yC L (Appmap.—-bottom t)
where tup-yEL =LC -cons [ & | yEL C -nil
fstAxiomLemma, (fst-intro, (<>r-intro, tx—y; _))
= txry,

fstAxiomLemma, : V {xy} = [t] X~y —
[fst<t,u>]x—y
fstAxiomLemma, {u=u} {y = ((y;..(() )} tx=y,
= fst-intro, ()x—y;L
where ux—_1 = Appmap.—-bottom u
()x—y;L = <>r-intro, tx—y; ux—_1

fstAxiom: fst<t,u>=~t
fstAxiom = ~-intro (<-intro fstAxiomLemma,)
(<-intro fstAxiomLemma,)

sndAxiomLemma, : V {Xy} - [snd<t,u>]x—y—
[u]lxPy
sndAxiomLemma,; {u =u} (snd-intro; yE1)
= Appmap.—-|closed u tup-yC L (Appmap.—-bottom u)
where tup-yE1l =LC -cons [ 8 ] yEL C -nil
sndAxiomLemma, (snd-intro, (<>-intro, _ ux~—y,))
= uxPy,

sndAxiomLemma, : V {xy} - [u]x—y—
[snd<t,u>]xP—Yy
sndAxiomLemma, {t =t} {y = ((y; .. (()) )} txmy,
= snd-intro, ()x—_Lly,
where tx— L = Appmap.—-bottom t
()x— Ly, = <>>-intro, tx— 1 tx—y,

sndAxiom: snd <t,u>~u
sndAxiom = ~-intro (<-intro sndAxiomLemma, )
(<-intro sndAxiomLemma,)

pairSubLemma, : {y : tAppmap AT’} - V {xy} —
[<t,u>ey|XPH>y—
[<tey,uecy>]|xPy
pairSubLemma, (e+>-intro _ <>>-intro,)
= <>>-intro,
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pairSubLemma, (e-intro tx—z (<>+-intro, tz—y; uzry,))
= <>r>-intro, (e>-intro tX—z tz-y ) (e>-intro tX—z uz—y,)

pairSubLemma, : {y : tAppmap AT’} =V {xy} —
[<tey,uey>]X>y—
[<t,u>ey]|xXPYy
pairSubLemma, {y =y} <>r-intro;
= o>-intro (Appmap.—-bottom y) <>r>-intro,
pairSubLemma, {t=t} {u=u} {y}
(<>>-1ntro, (er>-intro yxX—z tz—y;) (eF>-1ntro yX—>w uw-y,))
= o>-INtro yX—zZLIW ZWHY Y,
where conzw = Appmap.—-con y yx—Zz yx—w valConRefl
yX—zLw = Appmap.—-Tdirected y yX—Z yX—>W cOnzw
zCzlLIw = NbhSys.C-LI-fst (ValNbhSys _) conzw
tzLiw—y, = Appmap.—-mono t zEzLIw tz—y,
wCzlLw = NbhSys.C-LI-snd (ValNbhSys _) conzw
uzLIwey, = Appmap.—-mono u wCzLiw uw—y,
IWHY Y, = <>>-intro, tzLUw—y| uzLw—y,

pairSub : {y : tAppmap AT’} —
(Kt,u>oy)r<(toy),(meoy)>
pairSub = ~-intro (<-intro pairSubLemma, )
(<-intro pairSubLemma,)

fstConglemma,; : va vV - V {xy} > [fstv]x—y—
[fstv x>y
fstConglLemma, _ (fst-intro; yEL)
= fst-intro; yE.L
fstConglLemma, (~-intro (<-intro p) _) (fst-intro, vx—y;y,)
= fst-intro, (p vX—y;Yy,)

fstCong: v v — fstvx fst v’
fstCong vav’
= ~-intro (<-intro (fstConglLemma, vav’)) fst’<fst
where fst’<fst = <-intro (fstConglLemma,; (*Symmetric vav’))

sndConglemma,; : va v’ -V {xy} = [sndv]xHy—
[sndV ]x+—y
sndConglLemma; _ (snd-intro; yE1)
= snd-intro; yC.1
sndConglemma; (=-intro (<-intro p) _) (snd-intro, vx—yy,)
= snd-intro, (p vX—y;y,)

sndCong : v Vv’ — sndv=snd Vv
sndCong vav’
= ~-intro (<-intro (sndConglLemma; vav’)) snd’<snd
where snd’<snd = <-intro (sndConglLemma,; (&Symmetric vav’))
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pairConglemma,; : txt - uxu —
{x: ValuationI'} —» V {y} —
[<t,u>]xPy—
[<t, 0 >]xPYy
pairConglemma; _ _ <>r>-intro; = <>+>-intro,
pairConglLemma; (~-intro (<-intro p;) _)
(~-intro (<-1ntro p,) _) (<>+>-intro, tx—y; ux—y,)
= <>>-intro, (py tx—y,) (pp UX—y,)

pairCong: txt' mu~ru - <t,u>=<t ,u >
pairCong txt’ usu’
= ~-intro (<-intro (pairConglLemma,; t~t’ uaru’)) pair’<pair
where pair’<pair = <-intro (pairCongLemma,
(~Symmetric tat’) (xSymmetric uru’))

B.0.66 Scwif/DomainScwf{/ProductStructure/fst/AxiomProofs
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{-# OPTIONS --safe #-}

open import Base.Core

open import Base.Variables

open import Scwf.DomainScwf.Appmap.Definition

open import Scwf.DomainScwf.ProductStructure.NbhSys.Instance

module Scwf.DomainScwf.ProductStructure.fst. AxiomProofs
(t: tAppmap I' [ & X B ]) where

open import NbhSys.Definition

open import NbhSys.Lemmata

open import Scwf.DomainScwf.Appmap.Valuation.Definition

open import Scwf.DomainScwf. Appmap. Valuation.Lemmata

open import Scwf.DomainScwf.Appmap.Valuation.Relation

open import Scwf.DomainScwf.ProductStructure.NbhSys.Definition
open import Scwf.DomainScwf.ProductStructure.NbhSys.Relation
open import Scwf.DomainScwf.ProductStructure.fst.Relation

fste-mono : V {xyz} - C,I'xy — fst> txz —
fst—tyz
fst—-mono {y =y} _ (fst-intro; zC1) =
fst-intro; zEL
fst—-mono {y =y} xCy (fst-intro, tx—2z,2,)
= fst-intro, ty—z,z,
where ty—z,z, = Appmap.—-mono t XCy tx—z,z,

fst—-bottom : V {x} — fst— t x (( NbhSys.L o })
fst—-bottom {x = x} = fst-intro; (NbhSys.C-refl &)
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fst—-|closed: V {xyz} - C,[d |yz— fst>txz —
fst— txy
fst—-Jclosed {x =x} {{((y.. () )}
(E,-cons _yCz C, -nil) (fst-intro; zE1)
= fst-intro; (NbhSys.C-trans & yCz zC 1)
fst—-Jclosed {x =x} {{((y..(0)) )}
(E,-cons _yCz; C -nil) (fst-intro, tx—z,2,)
= fst-intro, tx—yz,
where yz,Ez,z,” = C -intro, yEz; (NbhSys.C-refl &)
yZ,Ez,2) =C -cons [ o X B | yz,Ez,2,” C,-nil
tx—yz, = Appmap.—-|closed t yz,Cz,z, tx—z,2,

fst—-Tdirected : V {xyz} — fst—> txy — fst—> txz —
(con: ValCon[ & |yz) — fst— tx (yU,z[con])
fst—-tdirected (fst-intro; yEL) (fst-intro; zEL)
(con-tup conyz _)
= fst-intro; yUzE L
where yUzE 1 = NbhSys.C-L1 of yC1 zC 1 conyz
fst—-1directed (fst-intro, tx—y;y,)
(fst-intro; zEl) (con-tup cony,z _)
= fst-intro, tx—y,Lzy,
where zEy; = NbhSys.C-trans & zC1 (NbhSys.C-1 &)
yiUzEy = NbhSys.C-L1 & (NbhSys.C-refl &) zCy, cony;z
y1Uzy,Cyy,” = C -intro, y;UzEy (NbhSys.C-refl B)
y1Uzy,Ey1y, = E-cons [ & X B ] yUzy,Eyy," C,-nil
tx—y,LUzy, = Appmap.—-|closed t y,Uzy,Cy,y, tx—y;y,
fst—-tdirected {x = x} (fst-intro; yE.1)
(fst-intro, tx+z,z,) (con-tup conyz; _)
= fst-intro, tx—ylLiz;z,
where yEz; = NbhSys.C-trans & yE1 (NbhSys.C-1 &)
yuz,Ez, = NbhSys.C-L1 & yEz,; (NbhSys.C-refl &) conyz,;
yUz,z,Cz,2,” = C -intro, ylz;CEz, (NbhSys.C-refl B)
yuz,z,Ez,2, = E -cons [ & X B | yUz,2,Ezz,” C -nil
tx—yllz,z, = Appmap.—-|closed t ylz,2,E7, 7z, tX—2z,7,
fst—-1directed {x = x} (fst-intro, tx—y;y,)
(fst-intro, tx+z;z,) (con-tup _ _)
with (Appmap.—-con t tx—y,y, tx—z,z, valConRefl)
.. | con-tup (con-pair cony;z; cony,z,) _
= fst-intro, tx—L
where tx—Ll = Appmap.—-Tdirected t tx—y,y, tx—z,z,
(con-tup (con-pair _ cony,z,) con-nil)

fsto-con: V {xyx y'} = fstotxy - fst— tx y —
ValConI'xx” — ValCon [ |y Yy’
fst—-con (fst-intro; yEL) (fst-intro; y'EL) _
= toValCon (NbhSys.Con-Ll & yE1 y’C1)
fst—-con (fst-intro; yE1) (fst-intro, _) _
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= toValCon (NbhSys.Con-LI & yCy’| (NbhSys.C-refl &))

where yCy’; = NbhSys.C-trans & yC.1 (NbhSys.C-1 &)
fst—-con (fst-intro, _) (fst-intro; y'EL) _

= toValCon (NbhSys.Con-LI & (NbhSys.C-refl &) y’|Cy)

where y’{Ey = NbhSys.C-trans & y’EL (NbhSys.C-1 &)
fst>-con (fst-intro, tx—y;y,)

(fst-intro, tx’+—y’1y’,) con

with (Appmap.—-con t tx—y,y, tX’=y’;y’, con)
... | con-tup (con-pair cony;y, _) _ = toValCon cony,y,

B.0.67 Scwf/DomainScw{/ProductStructure/fst/Instance
{-# OPTIONS --safe #-}

module Scwf.DomainScwf.ProductStructure.fst.Instance where

open import Base.Core

open import Base.Variables

open import Scwf.DomainScwf. Appmap.Definition

open import Scwf.DomainScwf.ProductStructure.fst. AxiomProofs
open import Scwf.DomainScwf.ProductStructure.fst.Relation
open import Scwf.DomainScwf.ProductStructure.NbhSys.Instance

fst: tAppmap ' [ & X B | — tAppmap ' [ ]
Appmap._—_ (fstt) =fst— t
Appmap.—-mono (fstt) = fst—-mono t
Appmap.—-bottom (fst t) = fst—-bottom t
Appmap.—-|closed (fst t) = fst—-|closed t
Appmap.—-Tdirected (fst t) = fst—-Tdirected t
Appmap.—-con (fst t) = fst>-con t

B.0.68 Scwif/DomainScwi{/ProductStructure/fst/Relation
{-# OPTIONS --safe #-}

module Scwf.DomainScwf.ProductStructure.fst.Relation where

open import Appmap.Definition

open import Base.Core

open import Base.Variables

open import NbhSys.Definition

open import Scwf.DomainScwf.Appmap.Definition

open import Scwf.DomainScwf.Appmap.Valuation.Definition

open import Scwf.DomainScwf.ProductStructure.NbhSys.Definition
open import Scwf.DomainScwf.ProductStructure.NbhSys.Instance

data fst— (t: tAppmap ' [ &/ X KB ]) :
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Valuation I' — Valuation [ &f | — Set where
fst-intro; : V {xy} = [ &/ ] y C NbhSys.L & — fst—> tx ((y))
fst-intro, : V {Xy; yo} = [t]x— ((<y; .y >)) —
fst— tx ((y; )

B.0.69 Scwif/DomainScwi{/ProductStructure/NbhSys/AxiomProofs
{-# OPTIONS --safe #-}

open import NbhSys.Definition

module Scwf.DomainScwf.ProductStructure.NbhSys. AxiomProofs
(D D’ : NbhSys) where

open import Scwf.DomainScwf.ProductStructure.NbhSys.Definition D D’
open import Scwf.DomainScwf.ProductStructure.NbhSys.Relation D D’

private
variable
x 'y z : ProdNbh

Con-u,: xE,z—yLE, z— ProdConxy
Con-u, {L, } {L,}__=con,-1l,
Con-L, {L,} {<y;,y,>}__=con,.-1l,
Con-U, {<xy,x, >} {y=L1,}__=con,-1,
Con-U, {<Xy,X, >} {<2;,2,>} {<Yy;.Y¥ >}
(E-intro, X1E2) X5E25) (E-intro, y1Ez; y,E25)
= con-pair (NbhSys.Con-LI D x;Ez; y,Ez;) (NbhSys.Con-LI D’ x,Ez, y,Cz,)

C,refl: xE, x
C,refl {x =1} =L, -intro;
Crefl {x=<x;,%,>}
= L -intro, (NbhSys.C-refl D) (NbhSys.C-refl D)

C,trans: XC, y—->yL,z—>XxLC,z
E,-trans {z =z} C,-intro; C-intro; = C-intro,
C,-trans C -intro, (E,-intro, _ _) = C,-intro;
C,-trans (C -intro, X;Ey; X,Ey,)
(E,-intro, y;Ez; y,E7,)
= L -intro, (NbhSys.C-trans D x;Ey; y;Ez)
(NbhSys.C-trans D’ x,Cy, y,Ez,)

E-1l:1 E X
E,-1 {x =x} =L, -intro;

cyE,x—=zE,x—= (con: ProdConyz)— (yuU,z[con])C, x

C,.-u
C.-u{Ll }{x}{<z.2,>}_zEx_=z[CX
CE.-u{Ll,}{x}{L,}__-=EC,-intro,
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Co-U {<y1.y2 >} {x} {1} yEx _-=yEx
Co-uf{<y.y2 >} {x} {<z;.,2, >}
(E,-introy y Ewy yoEwy)
(E,-intro, zEw; z,Ew,) (con-pair cony;z; cony,z,)
= L -intro, y;Uz;Ew; y,Lz,Ew,y
where y,Uz;Ew; = NbhSys.C-LI D y,Ew; z;Ew, cony,z;
yoUz,Ew, = NbhSys.C-LI D’ y,Ew, z,Ew, cony,z,

C,-U-fst: (con: ProdConxy) - xE, (x U, y[con ])
C,-u-fst {1, } {_} _=LC,-intro,
C-U-fst{<x;,y; >} {L,}_=
C,-intro, (NbhSys.C-refl D) ((NbhSys.C-refl D”))
C,-U-fst {<xq,y; >} {<X,,y, >} (con-pair conx;X, cony;y,) =
C,-intro, X, Ex Xy y1Ey; Ly,
where x;Ex;Lx, = NbhSys.C-LI-fst D conx; X,
y1Ey;Uy, = NbhSys.C-LI-fst D’ cony;y,

C,-U-snd : (con: ProdConxy) = yC, (xU,y[con])
E,-U-snd {y =1} _ =L -intro;
Co-U-snd {L .} {<Xy),y,>}_=
C,-intro, (NbhSys.C-refl D) (NbhSys.C-refl D))
CE,-U-snd {<Xx;,y; >} {<Xy.,Yyy >} (con-pair conx;X, cony;y,) =
C -intro, X, X LX; Y,y Ly,
where x,ExLx, = NbhSys.C-LI-snd D conx;x,
y,LCy Uy, = NbhSys.C-LI-snd D’ cony,y,

B.0.70 Scwf/DomainScwi{/ProductStructure/NbhSys/Definition
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{-# OPTIONS --safe #-}
open import NbhSys.Definition

module Scwf.DomainScwf.ProductStructure.NbhSys.Definition
(D D’ : NbhSys) where

data ProdNbh : Set where
1. : ProdNbh
<_,_>: NbhSys.Nbh D — NbhSys.Nbh D’ — ProdNbh

data ProdCon : ProdNbh — ProdNbh — Set where
con,-L;:V {x} - ProdConx L
con,-1,:V {x} = ProdCon L, x
con-pair : V {X; X5 X’ X’»} = NbhSys.Con D x; x’; = NbhSys.Con D’ x, X’ —
ProdCon < Xy, Xy > <X’; , X' >

b _[_]: (x: ProdNbh) = (y : ProdNbh) — (con : ProdCon x y) —
ProdNbh
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Lo L. [_T=1,

L U <X, X>[_]=<X;,X)>

<X LXp>U L [_]=<x;,%x)>

<Xp,Xp>U, <Xy, X5 > [ con-pair conx;X’; conx,Xx’, |
=<[D]x;ux’y[conx;x’; |,[ D’ ]x, UX’5 [ conx,x’5 | >

B.0.71 Scwf/DomainScwi{/ProductStructure/NbhSys/Instance
{-# OPTIONS --safe #-}

module Scwf.DomainScwf.ProductStructure.NbhSys.Instance where

open import Base.Core

open import Base.Variables

open import NbhSys.Definition

open import Scwf.DomainScwf.ProductStructure.NbhSys. AxiomProofs
open import Scwf.DomainScwf.ProductStructure.NbhSys.Definition
open import Scwf.DomainScwf.ProductStructure.NbhSys.Relation

_X_: NbhSys — NbhSys — NbhSys
NbhSys.Nbh (d; X d,) = ProdNbhd, d,
NbhSys._ E_(d; xd,) =_E, d;d,
NbhSys.Con (dy Xd,) = ProdCond, d,
NbhSys._L_[_](d; Xdy)=_1, [ ]d;dy
NbhSys. L (d; X dy) =1,
NbhSys.Con-LI (d; X dp) = Con-U, d; d,
NbhSys.C-refl (d; Xxd,) =C, -refld; d,
NbhSys.C-trans (dy X dy) = E-trans d; d,
NbhSys.C-1 (dy xdy) =LC,-1d;d,
NbhSys.C-LI (dy Xdy) =LC,-ld;d,
NbhSys.C-LI-fst (d; X d,y) = C,-U-fstd; d,
NbhSys.C-LI-snd (d; X dp) = E-LI-snd d; d,

B.0.72 Scwf/DomainScwi/ProductStructure/NbhSys/Relation
{-# OPTIONS --safe #-}

open import NbhSys.Definition

module Scwf.DomainScwf.ProductStructure.NbhSys.Relation
(D D’ : NbhSys) where

open import Base.Core
open import Scwf.DomainScwf.ProductStructure.NbhSys.Definition D D’

data _E,_ : ProdNbh — ProdNbh — Set where
C.-introy : V{x} - L E X
C.-intro, : V{xyx y'} = [D]xCy—
[D]xXCy —
<X, X’ >CE, <y.,y >
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B.0.73 Scwif/DomainScwi{/ProductStructure/Pair/AxiomProofs
{-# OPTIONS --safe #-}

open import Base.Core
open import Base.Variables
open import Scwf.DomainScwf.Appmap.Definition

module Scwf.DomainScwf{.ProductStructure.Pair. AxiomProofs
(t: tAppmap ' [ & ])
(u: tAppmap I' [ B ]) where

open import NbhSys.Definition

open import Scwf.DomainScwf.Appmap.Valuation.Definition

open import Scwf.DomainScwf.Appmap.Valuation.Relation

open import Scwf.DomainScwf.ProductStructure.NbhSys.Definition
open import Scwf.DomainScwf.ProductStructure.NbhSys.Instance
open import Scwf.DomainScwf.ProductStructure.NbhSys.Relation
open import Scwf.DomainScwf.ProductStructure.Pair.Relation

<>k-mono: V{xyz}—->LC, I'xy— <>-—tuxz—
<> tuyz
<>k-mono {y =y} XCy <>r>-intro; = <>r>-Intro,
<>rk>-mono {y =y} XLy (<>-intro, tX—z; ux—z,)
= <>r>-intro, ty—z; uy—z,
where ty—z; = Appmap.—-mono t XCy tx—z,
uy—z, = Appmap.—-mono u XLy ux—z,

<>k>-bottom : V {x} - <> tux (( NbhSys.L (& X AB) ))
<>k>-bottom = <>r>-intro;

<>m-|closed: V{xyz} - C, [ XB|yz—
<>k tuxz-—- <>—tuxy
<>>-lelosed {y = (( <y;.y, > .. () N}
(E,-cons _ () E,-nil) <>+-intro,
<>r>-lclosed {y = (( L, .. (()) )}
(E,-cons _ _ C,-nil) <>>-intro,
= <>r>-intro;
<>+=>-{closed {y = (( L, .. (()) )}
(E,-cons _ _ C -nil) (<>+-intro, _ _)
= <>k>-intro;
<>>-lclosed {x =x} {({(<y;.y2>..(0) )}
(E,-cons _ (E,-intro, y;Ez; y,E2,) C,-nil)
(<>r>-intro, tx—y; ux—y,)
= <>>-Intro, ttx—y; tux—y,
where ty,Ez; =C -cons [ & | y;Ez; C,-nil
ttx—>y; = Appmap.—-|closed t ty,;Cz; tx—y,
ty,Cz, = C -cons [ A ] y,Cz, C -nil
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tux—y, = Appmap.—-|closed u ty,Cz, ux—y,

<>-Tdirected : V {xyz} - <> tuxy > <>—tuxz—
(con: ValCon [ X B |yz) —
<>k tux(yu,z[con])
<>k>-fdirected <>-intro; <>-intro; (con-tup _ )
= <>>-intro;
<>m>-Tdirected {x =X} <>>-intro;
(<>r>-intro, tX—2z; ux—2z,) (con-tup _ _)
= <>r>-intro, X2z uxX—z,
<>m>-Tdirected {x = X} (<>r>-intro, tx—y; ux—y,)
<>k>-intro; (con-tup _ _)
= <>>-intro, tX—y; ux—y,
<>m>-Tdirected {x = X} (<>r>-intro, tX—y; ux—y,)
(<>r>-intro, tX—2z; UX—2,)
(con-tup (con-pair cony;z; cony,z,) _)
= <>r>-intro, tx-y;Uz; ux—y,Liz,
where tx—y; Lz, = Appmap.—-Tdirected t tx—y, tx—z; (toValCon cony,z;)
ux—y,Lz, = Appmap.—-Tdirected u ux—y, ux—z, (toValCon cony,z,)

<>k-con: V{xyxy}—<>—tuxy—-<>—tuxy —
ValConI'xx” — ValCon [ 4 X B |yy’
<>F>-con <>k>-intro; <>+>-intro; _
= con-tup con, -1 con-nil
<>k>-con <>k>-intro; (<>F-intro, _ _) _
= con-tup con,-1, con-nil
<>k>-con (<>>-intro, _ _) <>>-intro; _
= con-tup con,-1; con-nil
<>>-con (<>-intro, tXy; uxX—y,) (<>+-intro, txX—y; ux—y,) conxx’
= con-tup cony;y,ysy4 con-nil
where cony,y, = fromValCon (Appmap.—-con t tx—y; tx—y; conxx’)
conyzy, = fromValCon (Appmap.—-con u ux—y, ux—y, conxx’)

cony y,y3y4 = Con-pair conyy, conyzy,

B.0.74 Scwif/DomainScwi{/ProductStructure/Pair/Instance
{-# OPTIONS --safe #-}

module Scwf.DomainScwf.ProductStructure.Pair.Instance where

open import Base.Core

open import Base.Variables

open import Scwf.DomainScwf.Appmap.Definition

open import Scwf.DomainScwf.ProductStructure.NbhSys.Instance
open import Scwf.DomainScwf.ProductStructure.Pair. AxiomProofs
open import Scwf.DomainScwf.ProductStructure.Pair.Relation
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<_, >:tAppmap['[ & | —» tAppmap ' [ B | — tAppmap ' [ & X B ]
Appmap._—_<t,u> =<>~tu

Appmap.—~-mono < t,u> =<>H-monotu

Appmap.—-bottom < t,u > = <>k-bottom t u

Appmap.—-|closed < t,u> = <>m-|closed tu

Appmap.—-{directed < t, u > = <>~>-Tdirected t u

Appmap.—-con < t,u> =<>m-contu

B.0.75 Scwf/DomainScwi{/ProductStructure/Pair/Relation

{-# OPTIONS --safe #-}
module Scwf.DomainScwf.ProductStructure.Pair.Relation where

open import Base.Core

open import Base.Variables

open import Appmap.Definition

open import Scwf.DomainScwf.Appmap.Definition

open import Scwf.DomainScwf.Appmap.Valuation.Definition

open import Scwf.DomainScwf.ProductStructure.NbhSys.Definition
open import Scwf.DomainScwf.ProductStructure.NbhSys.Instance

open import Agda.Builtin.Sigma

data <> (t: tAppmap'[ & ]) (u: tAppmap '[ % ) :
Valuation I" — Valuation [ & X % | — Set where
<>-introg 1V {X} - <> tux (L, )
<>r-introp : V{Xy; yp} = [t]xH ((y;)) =
[ulx ((y2))—
<> tux((<y;.y2>))

B.0.76 Scwf/DomainScw{/ProductStructure/snd/AxiomProofs
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{-# OPTIONS --safe #-}

open import Base.Core

open import Base.Variables

open import Scwf.DomainScwf. Appmap.Definition

open import Scwf.DomainScwf.ProductStructure.NbhSys.Instance

module Scwf.DomainScwf.ProductStructure.snd. AxiomProofs
(t: tAppmapI' [ & X A ]) where

open import NbhSys.Definition
open import NbhSys.Lemmata
open import Scwf.DomainScwf.Appmap.Valuation.Definition
open import Scwf.DomainScwf.Appmap.Valuation.Lemmata
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open import Scwf.DomainScwf.Appmap.Valuation.Relation

open import Scwf.DomainScwf.ProductStructure.NbhSys.Definition
open import Scwf.DomainScwf.ProductStructure.NbhSys.Relation
open import Scwf.DomainScwf.ProductStructure.snd.Relation

snd—-mono : V {xyz} - C,I'xy —» snd— txz —
snd— tyz
snd—-mono {y =y} _ (snd-intro; zC1)
= snd-intro; zEL
snd—-mono {y =y} xCy (snd-intro, tx—z,2,)
= snd-intro, tyrz,z,
where ty—z,z, = Appmap.—-mono t XLy tx—z,2,

snd—-bottom : V {x} — snd— t x (( NbhSys.L & ))
snd—-bottom {x = x} = snd-intro; (NbhSys.C-refl &)

snd—-|closed: V {xyz} - C, [ %A ]yz— snd—>txz —
snd— txy
snd-|closed {x =x} {({y.. (()) )}
(E,-cons _yCz C -nil) (snd-intro; zEL)
= snd-intro; (NbhSys.C-trans & yCz zC 1)
snd>-|closed {x =x} {{(y..(()) )}
(E,-cons _ yEz, C -nil) (snd-intro, tx—z,z,)
= snd-intro, tx—z;y
where z;yEz,z,” = C -intro, (NbhSys.C-refl &) yCz,
2,yCz12y =C -cons [ & X B | z;yCz,z,” T -nil
tx—z;y = Appmap.—-|closed t z;yEz,z, tx—z,z,

snd—-fdirected : V {xyz} — snd— txy — snd— txz —
(con: ValCon [ & |yz) —
snd— tx (yU,z[con])
snd—-Tdirected {x = x} (snd-intro; yC.1)
(snd-intro; zEL) (con-tup conyz _)
= snd-intro; (NbhSys.C-L1 8 yE1 zC 1 conyz)
snd—-Tdirected (snd-intro, tx—y;y,) (snd-intro; zC1)
(con-tup cony,z _)
= snd-intro, txe—y;y,Lz
where zCy, = NbhSys.C-trans & zE 1 (NbhSys.C-1 &)
y,UzEy, = NbhSys.C-LI B (NbhSys.C-refl &) zCy, cony,z
y1¥oUzZEy y,” = C -intro, (NbhSys.C-refl &) y,LzCy,
Y1Y¥2UzEy 1y, = E-cons [ & X B ] y;y,UzEy,y," C,-nil
tX>yy,Uz = Appmap.=-|closed ty y,LIzEy Yy, tx=yy,
snd—-Tdirected (snd-intro; yE1) (snd-intro, tx—z;z,)
(con-tup conyz, _)
= snd-intro, tx—z;yLz,
where yEz, = NbhSys.C-trans 8 yC1 (NbhSys.C-1 R)
yUz,Ez, = NbhSys.C-L1 B yCz, (NbhSys.C-refl &) conyz,
z,yUz,E27,2,” = C -intro, (NbhSys.C-refl &) yLz,Ez,
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z1yUzy,C7,7, = C -cons [ & X B | zyUz,Cz,7,” C -nil
tx—z,ylz, = Appmap.—-|closed t z,yUz,E7z,2, tx—2,7,
snd—-Tdirected {x = x}
(snd-intro, tx~—y,y,) (snd-intro, txr—z,z,)
(con-tup cony,z, _)
with (Appmap.—-con t tx—y,y, tx—z,z, valConRefl)
.. | con-tup (con-pair cony;z; _) _
= snd-intro, tx—Ll
where tx—L = Appmap.—-{directed t tx—y,y, tx—2,2,
(con-tup (con-pair cony;z; cony,z,) con-nil)

snd—-con: V{xyx y'} - snd—txy — snd—tx y  — ValConI'xx’ —
ValCon [ B |yy’
snd—-con (snd-intro; yE1) (snd-intro; y’E1) _
= toValCon (NbhSys.Con-L1 B yE 1L y’'El)
snd—-con (snd-intro; yE1) (snd-intro, _) _
= toValCon (NbhSys.Con-L1 B yCy’; (NbhSys.C-refl %))
where yCy’; = NbhSys.C-trans 98 yE1 (NbhSys.C-1 &)
snd—-con (snd-intro, _) (snd-intro; y'E1) _
= toValCon (NbhSys.Con-L1 & (NbhSys.C-refl &) y’|Cy)
where y’{Ey = NbhSys.C-trans & y’EL (NbhSys.C-1 X)
snd—-con (snd-intro, tx—yy,)
(snd-intro, tx’—y’1y’,) con
with (Appmap.—-con t tx—y,y, tX’—y’;y’, con)
... | con-tup (con-pair _ cony’;y’,) _ = toValCon cony’y’,

B.0.77 Scwf/DomainScw{/ProductStructure/snd/Instance
{-# OPTIONS --safe #-}

module Scwf.DomainScwf.ProductStructure.snd.Instance where

open import Base.Core

open import Base.Variables

open import Scwf.DomainScwf.Appmap.Definition

open import Scwf.DomainScwf.ProductStructure.NbhSys.Instance
open import Scwf.DomainScwf.ProductStructure.snd. AxiomProofs
open import Scwf.DomainScwf.ProductStructure.snd.Relation

snd : tAppmap ' [ o X B | — tAppmap ' [ B |
Appmap._+—_ (snd t) =snd— t
Appmap.—-mono (snd t) = snd—-mono t
Appmap.—-bottom (snd t) = snd—-bottom t
Appmap.—-|closed (snd t) = snd—-|closed t
Appmap.—-Tdirected (snd t) = snd—-Tdirected t
Appmap.—-con (snd t) = snd—-con t
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B.0.78 Scwif/DomainScwi{/ProductStructure/snd/Relation
{-# OPTIONS --safe #-}

module Scwf.DomainScwf.ProductStructure.snd.Relation where

open import Base.Core

open import Base.Variables

open import NbhSys.Definition

open import Scwf.DomainScwf. Appmap.Definition

open import Scwf.DomainScwf.Appmap.Valuation.Definition

open import Scwf.DomainScwf.ProductStructure.NbhSys.Definition
open import Scwf.DomainScwf.ProductStructure.NbhSys.Instance

data snd— (t : tAppmap ' [ &/ X B ]) :
Valuation I — Valuation [ & | — Set where
snd-intro; : V {xy} = [ 9 ]y C NbhSys.L B — snd— tx ({(y ))
snd-intro, : V{Xy; yo} = [t]1x— ((<y; .y >)) =
snd— t X ((y, ))

B.0.79 Scwf/DomainScwf{/ProductStructure/Unit/NSub
{-# OPTIONS --safe #-}

module Scwf.DomainScwf.ProductStructure.Unit.NSub where

open import Appmap.Equivalence

open import Base.Core

open import Base.Variables

open import Scwf.DomainScwf. Appmap.Composition.Instance

open import Scwf.DomainScwf. Appmap.Composition.Relation

open import Scwf.DomainScwf.Appmap.Definition

open import Scwf.DomainScwf.Appmap.Valuation.Definition

open import Scwf.DomainScwf.ProductStructure.Unit.Mapping.Instance
open import Scwf.DomainScwf.ProductStructure.Unit.Mapping.Relation
open import Scwf.DomainScwf.ProductStructure.Unit.NbhSys.Instance

private
variable
y : tAppmap A I’

N;-subLemma; : V {xy} = [0y ey [X—>y—
[01 ] X — y
N;-subLemma; _ =0,V

N;-subLemma, : V {xy} = [0; ]x— y —

[Ojey x>y
N;-subLemma, {y =y} _
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= o>-intro yx—.1 0,V
where yx— L = Appmap.—-bottom y

Ny-sub: (0; e y) = 04
Nj-sub = ~-intro (<-intro N;-subLemma; )
(<-intro Ny-subLemma,)

B.0.80 Scwi/DomainScwi/ProductStructure/Unit/Mapping/Instance

{-# OPTIONS --safe #-}
module Scwf.DomainScwf.ProductStructure.Unit.Mapping.Instance where

open import Base.Core

open import Base.Variables

open import Scwf.DomainScwf.Appmap.Definition

open import Scwf.DomainScwf.ProductStructure.Unit.Mapping.Relation
open import Scwf.DomainScwf.ProductStructure.Unit.NbhSys.Instance

0; : tAppmap I' [ Ny ]

Appmap._+—_ 0; =_0;—>_
Appmap.—-mono0; =4A__—-0;»V
Appmap.—-bottom 0; =0,V
Appmap.—-|closed 0y =4 __ — 0,V
Appmap.—-tfdirected0; =4 __ _ - 0,V
Appmap.—-con 0; = 0;-con

B.0.81 Scwf/DomainScwi{/ProductStructure/Unit/Mapping/Relation
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{-# OPTIONS --safe #-}
module Scwf.DomainScwf.ProductStructure.Unit.Mapping.Relation where

open import Base.Core

open import Base.Variables

open import Scwf.DomainScwf.Appmap.Valuation.Definition

open import Scwf.DomainScwf.ProductStructure.Unit.NbhSys.Definition
open import Scwf.DomainScwf.ProductStructure.Unit.NbhSys.Instance

data _O;—_ {I": Ctx n} : Valuation I — Valuation [ N; | —
Set where
0=V:V{xy} =>x0—Yy

Oy-con:V{xyx'y}->x0py—->x 0~y —
ValConI"'xx” — ValCon _yy’
Op=>-con {y = ((_. (M My ={_..{ON___

= con-tup allCon con-nil
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B.0.82 Scwif/DomainScwi/ProductStructure/Unit/NbhSys/AxiomProofs
{-# OPTIONS --safe #-}

module Scwf.DomainScwf.ProductStructure.Unit.NbhSys.AxiomProofs where
open import Scwf.DomainScwf.ProductStructure.Unit.NbhSys.Definition

private
variable
x y z : UnitNbh

Con-U; : XxC;z—yLC;z— UnitConxy
Con-1; _ _ = allCon

Cy-refl : xE; x
Cy-refl {1} =1,-bot
;l-reﬂ {01} = Ol-reﬂ

C,-trans: xC, y—>yLE,z—>xE;z
C,-trans L ,-bot _ = 1L -bot
C,-trans O;-refl 0;-refl = 0;-refl

EI'J_ . J_l El X
EI_J‘ = J_l-b()t

Ci-U:yEyx—=2zLE; x— (con: UnitConyz)— (yU;z[con]) C; x
E,-U 14-bot L-bot _ = 1,-bot

E;-U 1y-bot O;-refl _ = 0;-refl

Eq-U O0y-refl _ _ = 0;-refl

C,-U-fst: (con: UnitConxy) - xC; (xUU; y[con])
;1-u-fst {J‘l} _ = J_l-bot
EI—LI—fSt {01 } _= Ol-reﬂ

C,-U-snd : (con: UnitConxy) - yLC, (xU; y[con ])
Cq-U-snd {y=1,} _=1,-bot

C,-U-snd {x=1,} {y=0;} _=0,-refl

Ci-U-snd {(x=0;} {y=0;} _=0;-refl

B.0.83 Scwf/DomainScwi/ProductStructure/Unit/NbhSys/Definition
{-# OPTIONS --safe #-}

module Scwf.DomainScwf{.ProductStructure.Unit. NbhSys.Definition where
data UnitNbh : Set where

1, : UnitNbh
0; : UnitNbh
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data _E;_: UnitNbh — UnitNbh — Set where
L,-bot:V {x} - 1L, Ex
Ol-reﬂ . Ol El 01

data UnitCon : UnitNbh — UnitNbh — Set where
allCon : V {x y} — UnitCon x y

_U;_[_]: (x: UnitNbh) — (y : UnitNbh) — UnitCon x y — UnitNbh
Liuyl_l=y
Opupyl_1=0

B.0.84 Scwif/DomainScwi{/ProductStructure/Unit/NbhSys/Instance

{-# OPTIONS --safe #-}
module Scwf.DomainScwf.ProductStructure.Unit.NbhSys.Instance where

open import NbhSys.Definition
open import Scwf.DomainScwf.ProductStructure.Unit.NbhSys. AxiomProofs
open import Scwf.DomainScwf.ProductStructure.Unit.NbhSys.Definition

N; : NbhSys
NbhSys.Nbh N; = UnitNbh
thSyS._E_ Nl = _E]_

NbhSys.Con Ny = UnitCon
NbhSys._ L [ N, =_1,_[]
NbhSys.1 N; =1,
NbhSys.Con-LI N; = Con-LI;
NbhSys.C-refl Ny = E-refl
NbhSys.C-trans Ny = £ -trans
NbhSys.C-L N;  =LE;-1
NbhSys.E-UUN; =LE;-U
NbhSys.C-LI-fst N; = E-LI-fst
NbhSys.C-LI-snd N; = C;-LI-snd

B.0.85 Ucwf/LambdaBeta
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{-# OPTIONS --safe #-}
module Ucwf.LambdaBeta where

open import Base.Variables
open import Ucwf.Plain

open import Agda.Builtin.Nat

record Af-ucwf : Set, where
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field
ucwf : Ucwf
open Ucwf ucwf public
field
lam : Tm (suc m) — Tm m
ap : Tmm — Tmm — Tm m

lamSub : (y : Subnm) — (t: Tm (suc m)) —
(lamt[y D~ am (@[ (yep,q)])

apSub: (y : Subnm) — (tu: Tmm) —
ap(tlyD@lyD=(@ptuly])

f:{t: Tmm} - {u: Tm (sucm)} —
ap lamu)t~ ([ (id,t)])

lamCong : V {tt’ : Tm (sucm)} - txt —
lam t ~ lam t’

apCong: {tt’: Tmm} -V {uu’} —
trxt >u~ruw —
aptu=apt u

b

B.0.86 Ucwi/Plain
{-# OPTIONS --safe #-}

module Ucwf{.Plain where

open import Base.Core using (Rel ; IsEquivalence)
open import Base.Variables

open import Agda.Builtin.Nat

record Ucwf : Set, where
field
Tm : Nat — Set,
Sub : Nat — Nat — Set,;

_~_:Rel (Tmn)
_~ :Rel (Submn)

isEquivT : IsEquivalence (_~_ {n})
isEquivs : IsEquivalence (_~_ {m} {n})
q : Tm (suc n)

[ ]: Tmn—- Submn— Tm m

id: Subnn
o :Subno— Submn— Submo
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B.0.87

(): SubnO
(_,_):Submn — Tm m — Sub m (suc n)
p: Sub (sucn)n

idL:(y:Subnm)— (idey)xy

idR:(y:Subnm)— (yeid)®y

subAssoc : (y : Submn) — (6 : Subno) —
(@:Subor) —
((06)oy)=(0-(5°7))

idSub: (t: Tmn) > (t[id])~t
compSub: (t: Tmn) — (y : Submn) —
(6:Subom) —
t[(yeo) D=ty DI6D

idy:id & ()
<>-zero: (y : Submn) — ({) o y) & ()

pCons: (y : Subnm) — (t: Tmn) —
(pe(r.t)=y
gCons : (y : Subnm) — (t: Tmn) —
ql(r.t)h~t
idExt : (id {suem}) = (p,q)
compExt: (t: Tmn) — (y: Subnm) - (6: Submn) —
(r.t)eo)=(ye-6.t[6])

subCong : {tt’: Tmm} — {y ¥’ : Subnm} —
tet >y 2y —
tlyD=®[y D

<,>-cong: {tt’: Tmm} — {y y’: Submn} —
trt oyRy —
(r.t)y=(y.t)

o-cong : {y 6 : Subno} - {y’ 6 : Submn} —

yRo—

YRS = (yey)=(6e06)

Ucwif/DomainUcwf/LambdaBetalnstance

{-# OPTIONS --safe --sized-types #-}

module Ucwf.DomainUcwf.LambdaBetalnstance where

open import Ucwf.LambdaBeta

open import Ucwf.DomainUcwf.LambdaBeta.ap.Instance
open import Ucwf.DomainUcwf.LambdaBeta.apCong
open import Ucwf.DomainUcwf.LambdaBeta.apSub
open import Ucwf.DomainUcwf.LambdaBeta.beta
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open import Ucwf.DomainUcwf.LLambdaBeta.lam.Instance
open import Ucwf.DomainUcwf.LambdaBeta.lamCong
open import Ucwf.DomainUcwf.LambdaBeta.lamSub
open import Ucwf.DomainUcwf.Plainlnstance

domApgUcwt : Af-ucwf

Ap-ucwfucwf domApUcwf = domUcwf
Ap-ucwf.lam domAgUcwt = lam
Ap-ucwt.ap domAgUcwf =ap
Ap-ucwif.lamSub domAgUcwt = lamSub
Ap-ucwf.apSub domApUcwt = apSub
Ap-ucwft.ff domAfUcwi = f-equal
Ap-ucwf.lamCong domAfUcwf = lamCong
Ap-ucwt.apCong domAfUcwf = apCong

B.0.88 Ucwif/DomainUcw{/PlainInstance
{-# OPTIONS --safe --sized-types #-}

module Ucwf.DomainUcwf.PlainInstance where

open import Appmap.Equivalence

open import Base.Core

open import Base.FinFun

open import Scwf.DomainScwf. Appmap.Composition.Instance
open import Scwf.DomainScwf. Appmap.Empty.Instance

open import Scwf.DomainScwf.Appmap.Identity.Instance
open import Scwf.DomainScwf.PlainAxiomProofs

open import Scwf.DomainScwf.Comprehension.Morphism.Instance
open import Scwf.DomainScwf.Comprehension.p.Instance
open import Scwf.DomainScwf.Comprehension.q.Instance
open import Ucwf.DomainUcwf.Appmap.Definition

open import Ucwf.DomainUcwf.UniType.Instance

open import Ucwf.Plain

domUcwf : Ucwf

Ucwf. Tm domUcwf n =uAppmap n |
Ucwf.Sub domUcwf mn = uAppmap m n
Ucwf.id domUcwf {n} = idMap (nToCtx n)
Ucwf._~ domUcwf =
Ucwf._~_ domUcwf = &
Ucwf.isEquivT domUcwf = =IsEquiv
Ucwf.isEquivS domUcwf = =IsEquiv

Qo

Ucwf.q domUcwf {n} = q (nToCtx n) UniType
Ucwf. [ ] domUcwf = o

Ucwf._o domUcwf = o_

Ucwf.() domUcwf = emptyMap
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Ucwf.(_,_) domUcwf ={(_,_)

Ucwf.p domUcwf {n} = p (nToCtx n) UniType
Ucwf.idL. domUcwf =1dL

Ucwf.idR domUcwf =1idR

Ucwf.subAssoc domUcwf = subAssoc
Ucwf.idSub domUcwf = idSub
Ucwf.compSub domUcwf = compSub
Ucwf.id; domUcwf =1id,
Ucwf.<>-zero domUcwf = <>-zero
Ucwf.pCons domUcwf = pCons
Ucwf.qCons domUcwf = qCons
Ucwf.idExt domUcwf = 1dExt
Ucwf.compExt domUcwf = compExt
Ucwf.subCong domUcwf = e-cong
Ucwf.<,>-cong domUcwf = <,>-cong
Ucwf.o-cong domUcwf = eo-cong

B.0.89 Ucwf/DomainUcw{/Appmap/Definition

{-# OPTIONS --safe --sized-types #-}
module Ucwf.DomainUcwf.Appmap.Definition where

open import Scwf.DomainScwf.Appmap.Definition public
open import Ucwf.DomainUcwf.UniType.Instance

open import Agda.Builtin.Nat

-- Notation for approximable mappings between
-- neighborhoods of the universal type.
uAppmap : Nat — Nat — Set;

uAppmap m n = tAppmap (nToCtx m) (nToCtx n)

B.0.90 Ucwf/DomainUcw{/Appmap/Valuation
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{-# OPTIONS --safe --sized-types #-}
module Ucwf.DomainUcwf.Appmap.Valuation where

open import Scwf.DomainScwf.Appmap.Valuation.Definition public
open import Scwf.DomainScwf.Appmap.Valuation.Instance public
open import Scwf.DomainScwf.Appmap.Valuation.Relation public
open import Ucwf.DomainUcwf.UniType.Instance

open import Agda.Builtin.Nat

-- Notation for valuations of contexts in the ucwf.
uValuation : Nat — Set
uValuation n = Valuation (nToCtx n)
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B.0.91 Ucwf/DomainUcwi{/LLambdaBeta/apCong
{-# OPTIONS --safe --sized-types #-}

module Ucwf.DomainUcwf.LambdaBeta.apCong where

open import Appmap.Equivalence

open import Base.Variables

open import Ucwf.DomainUcwf.Appmap.Definition
open import Ucwf.DomainUcwf.Appmap.Valuation

open import Ucwf.DomainUcwf.LambdaBeta.ap.Instance
open import Ucwf.DomainUcwf.LambdaBeta.ap.Relation
open import Ucwf.DomainUcw{.UniType.Definition

private
variable
tt’uu’ : uAppmapn |

apConglemma: t<t' - u<u —
Vi{xy}—[aptu]x—y—
[apt W’ [x—Yy
apCongLemma _ _ {y = (( L, ., (()) ))} _ = ap—>-intro,
apCongLemma (<-intro t<t’) (<-introu<w’) {y = (( 4, .. (O)) )}
(apr>-intro, tx—g ux—z zfCg)
= apr>-intro, (t<t’ tx—g) (usw’ ux—z) zfCg

apCong: t~t -uru —aptu~apt'
apCong (~-intro t<t’ t’<t) (=-intro usu’ w’<u)
= ~-intro (<-intro (apCongLemma t<t’ u<u’))
(<-intro (apConglLemma t’<t u’<u))

B.0.92 Ucwif/DomainUcwf/LambdaBeta/apSub
{-# OPTIONS --safe --sized-types #-}

module Ucwf.DomainUcwf{.LambdaBeta.apSub where

open import Appmap.Equivalence

open import NbhSys.Definition

open import Base.Variables

open import NbhSys.Lemmata

open import Scwf.DomainScwf.Appmap.Composition.Instance
open import Scwf.DomainScwf.Appmap.Composition.Relation
open import Ucwf.DomainUcwf.Appmap.Definition

open import Ucwf.DomainUcwf.Appmap. Valuation

open import Ucwf.DomainUcwf.LambdaBeta.ap.Instance

open import Ucwf.DomainUcwf.LambdaBeta.ap.Relation
open import Ucwf.DomainUcw{.UniType.Definition
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open import Ucwf.DomainUcwf.UniType.Instance

private
variable
y : UAppmap n m
tu: uAppmap m 1

apSubLemma, : V {xy} > [ap (tey) (Wey) ] x>y —
[aptuey Xy
apSubLemma, {y =y} {y=( L1, . _))} ap—-intro; =
o>-intro (Appmap.—-bottom y) ap+>-intro,
apSubLemma {7 =7} {y = (( L, ._)))
(apr>-intro, (er>-intro yx—y ty—f) (e—-intro yx—z uz—x) xyCf)
= o>-intro (Appmap.—-bottom y) ap—-intro;
apSubLemma {t=t} {y =7} {u=1w} {y = (( 4, f.. (0) )}
(apr>-intro, (er>-intro yx—y ty—g) (e—-intro yx—z uz—Xx) XxyLg)
= o>-intro yx—yLz aptuyz—y
where yCylz = NbhSys.C-LI-fst (ValNbhSys _) valConAll
tyz—g = Appmap.—-mono t yCyLIz ty—g
zCylLlz = NbhSys.C-LI-snd (ValNbhSys _) valConAll
uyz—Xx = Appmap.—-mono u ZzCyLIZ uz—x
aptuyzr—y = ap—-intro, tyz—g uyz—x xyCg
yX—ylz = Appmap.—-tdirected y yx—y yx—z valConAll

apSubLemma, : V {xy} - [aptucy x>y —
[ap (tey) (@ey) Xy
apSubLemma, {y = (( L, ., ({)) ))} _ = ap—-intro,
apSubLemma, {y = ({4, .. (()) ))}
(er>-intro yx—Zz (ap—-intro, tz—g uz—x xfCg))
= apr>-intro, teyx—f weyx—x xfCg
where toyxi—>f = o—>-intro yx—z tz—g
Uey XX = o>-INtro yX—Zz uz—Xx

apSub : (y : uAppmapnm) = Vtu —
(ap (tey)(mey)) ~((aptu)eoy)
apSub y t u = ~-intro (<-intro apSubLemma, )
(<-intro (apSubLemma,))

B.0.93 Ucwf/DomainUcwf/LambdaBeta/beta
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{-# OPTIONS --safe --sized-types #-}
module Ucwf.DomainUcwf.LambdaBeta.beta where

open import Appmap.Equivalence
open import Base.Core
open import Base.Variables
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open import NbhSys.Definition

open import Scwf.DomainScwf.Appmap.Identity.Instance

open import Scwf.DomainScwf.Appmap.ldentity.Relation

open import Scwf.DomainScwf. Appmap.Composition.Instance
open import Scwf.DomainScwf. Appmap.Composition.Relation
open import Scwf.DomainScwf.Comprehension.Morphism.Instance
open import Scwf.DomainScwf.Comprehension.Morphism.Relation
open import Ucwf.DomainUcwf.Appmap.Definition

open import Ucwf.DomainUcwf.Appmap.Valuation

open import Ucwf.DomainUcwf.LambdaBeta.ap.Instance

open import Ucwf.DomainUcwf.LambdaBeta.ap.Relation

open import Ucwf.DomainUcwf.LambdaBeta.lam.Instance

open import Ucwf.DomainUcwf.LambdaBeta.lam.Lemmata

open import Ucwf.DomainUcwf.LambdaBeta.lam.Relation

open import Ucwf.DomainUcwf.UniType.Definition

open import Ucwf.DomainUcwf.UniType.Instance

open import Ucwf.DomainUcwf.UniType.PrePost

open import Ucwf.DomainUcw{.UniType.Relation

open import Ucwf.DomainUcwf{.UniType.SizedFinFun

open import Agda.Builtin.Nat

private
variable
t : tAppmap (nToCtx m) [ UniType ]
u : tAppmap (nToCtx (suc m)) [ UniType |

p-lemma, : V {xy} —
[ap (lamu)t] X >y —
[uo (idMap (nNToCtxm) ,t) [ x>y
f-lemma; {m=m} {u=u} {t=¢t} {y=((L,..(O) )} _
= or>-intro ()Ll ul-1
where idL—_1 = Appmap.—-bottom (idMap (nToCtx m))
tx— 1 = Appmap.—-bottom t
(YL—L = ()-intro{y=((_,, 1, ))}idl—Ltx—1
ul—1 = Appmap.—-bottom u
ﬂ'lemmal {y = << /lu f” <<>> >>}
(apr>-intro, _ _ (E,-intro, _ _ p))
with (p _ _ here)
p-lemma; {m =m} {u=u} {t=t} {y=((4,f.. () )}
(apr>-intro, {x} lamux—g tx—x )
| record { sub = sub
; YE, post = yE, post
; preC, x = preC, x
: subCf” = subCf’
}

= o—>-intro ({)—>-intro {y = ({ x,, _ ))} idx—X tx—X) uxx—y
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where idx—Xx = id—-intro (NbhSys.C-refl (ValNbhSys _))
yEpost’ =, -cons [ UniType | yE, post T, -nil
prexCxx = C -cons (nToCtx (suc m)) prec,x

(NbhSys.C-refl (ValNbhSys _))
uprex—postx = |closed-lemma _ sub
(shrinklam subCf’ lamux—g)

Uxx—post = Appmap.—-mono u preXxCxx uprex— postx
uxx—y = Appmap.—-|closed u yCpost’ uxx—post

f-lemma,” : VxXx'y —
[ul (X7 x)) = ((y" )=
Vixyl =&, y) & (X ,y):10)~
[u]{(x.x))={(y))

f-lemma,’ __ _ux’x—y’ here = ux’x—y’

f-lemma, : V {xy} —
[ue (idMap (nToCtxn) ,t) [x+—y —
[ap(lamu) t]x— Yy
p-lemmay, {y = (( L, .. (()) )} _ = apr-intro,
p-lemma, {n=n} {u=u} {y=((4,f..()) )}
(er>-intro (()r>-intro (id—-intro Xx’CX) tX—X) Uxx’ —y)
= apr>-intro, lamx—xy tx—x (NbhSys.C-refl UniType)
wherey = 4, f
xx’Exx = C -cons (nToCtx (suc n))
(NbhSys.C-refl UniType) x’Cx
uxx—y = Appmap.—-mono u Xx’Cxx uxx’—y
lamx—xy = lam~-intro, (f-lemma,’ {u =u} _ _ _uxx~y)

p-equal : ap (lamu) t ~ (wo ( idMap (nToCtx m) , t })
f-equal = ~-intro (<-intro f-lemma,) (<-intro f-lemma,)

B.0.94 Ucwf/DomainUcwf/LambdaBeta/lamCong
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{-# OPTIONS --safe --sized-types #-}
module Ucwf.DomainUcwf.LLambdaBeta.lamCong where

open import Appmap.Equivalence

open import Base.Core

open import Base.Variables

open import Ucwf.DomainUcwf.Appmap.Definition

open import Ucwf.DomainUcwf.Appmap.Valuation

open import Ucwf.DomainUcwf.LambdaBeta.lam.Instance
open import Ucwf.DomainUcwf.LambdaBeta.lam.Relation
open import Ucwf.DomainUcwf.UniType.Definition

open import Ucwf.DomainUcwf.UniType.Instance
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open import Agda.Builtin.Nat

private
variable
tt’ : uAppmap (suc n) 1

lamConglemma : t<t’ - V {xy} - [lamt]x—y —
[lamt |x—y
lamConglemma _ {y = (( L, ., (()) ))} _ = lamr-intro,
lamCongLemma (<-intro p;) {y = (( 4, f.. () 1)}
(lam+-intro, p,)
= lam~-intro, 4 xyef — p; (p, xy€f)

lamCong : t~t’ —» lam t ~ lam t’
lamCong (~-intro t<t’ t’<t)
= ~-intro (<X-intro (lamConglLemma t<t’))
(<-intro (lamCongLemma t’<t))

B.0.95 Ucwf/DomainUcwf/LambdaBeta/lamSub
{-# OPTIONS --safe --sized-types #-}

module Ucwf.DomainUcwf.LambdaBeta.lamSub where

open import Appmap.Equivalence

open import Base.Variables

open import NbhSys.Definition

open import NbhSys.Lemmata

open import Scwf.DomainScwf.Appmap.Composition.Instance

open import Scwf.DomainScwf. Appmap.Composition.Relation

open import Scwf.DomainScwf.Comprehension.Morphism.Instance

open import Scwf.DomainScwf.Comprehension.Morphism.Relation

open import Scwf.DomainScwf.Comprehension.p.Instance renaming (p to p’)
open import Scwf.DomainScwf.Comprehension.p.Relation

open import Scwf.DomainScwf.Comprehension.q.Instance renaming (q to q’)
open import Scwf.DomainScwf.Comprehension.q.Relation

open import Ucwf.DomainUcwf. Appmap.Definition

open import Ucwf.DomainUcw{.Appmap.Valuation

open import Ucwf.DomainUcwf.LambdaBeta.lam.Instance

open import Ucwf.DomainUcwf.LambdaBeta.lam.Relation

open import Ucwf.DomainUcwf.UniType.Definition

open import Ucwf.DomainUcwf.UniType.Instance

open import Ucwf.DomainUcw{.UniType.SizedFinFun

open import Agda.Builtin.Nat

p : uAppmap (suc m) m
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p {m} =p’ (nToCtx m) UniType

q : uAppmap (suc m) 1
q {m} =q’ (nToCtx m) UniType

private
variable
y : UAppmap n m
t : uAppmap (suc m) |

UT : NbhSys
UT = UniType

lamSubLemma,” : V {xf} » [lamtey [x— (( 4, f)) —
Vixyl—=(x.,y) gf—
[te(yep,q)]1{(x..x))(y))
lamSubLemma,’ (e+>-intro yx—y (lam~-intro, p)) xyef
= er>-intro yepqr> (p xy€f)
where g— = g—-intro (NbhSys.C-refl UT)
p—x = p—-intro (NbhSys.C-refl (ValNbhSys _))
yop> = o—>-INtro p—X yX—y
yepqr> = ()r>-intro yep> g

lamSubLemma, : V {xy} = [lamtey |X >y —
[lam (te (y°p.q)) Xy
lamSubLemma, {y = (( L, ., ({)) ))} _ = lam—-intro,
lamSubLemma; {y = (( 4, f,, ({)) ))} (er>-intro yx—y lamtyf)
= lamr-intro, (lamSubLemma,;’ lamx—f{)
where lamx—f = e—-intro yx—y lamty—f

record P-Struct (y : uAppmap n m)
(t: uAppmap (sucm) 1)
(x : uValuation n) (f : FinFun) :
Set where
field

y : uValuation m

yx—y iy lxey

Ay :VAixy} - X y) €= [t] {(x.y) = {y)

getP-Struct’ : Vxxyyzf—
[te(yep,q)]xlam— (( 4, ((x,y)::))) =
[t {x. y )= {y))—
V{Xyl->&.,y)gf—
[t]{(x.z2))~(y))—
ViXyl->X.,y)& ((x,y):f) —
[t]((x ., yuU,z[valConAll]))~ (¥ ))

getP-Struct’ {m} {t=t} xxyyzf_txy—y _here

= Appmap.—-mono t XxyCxLl txy—y
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where yCLI = NbhSys.C-LI-fst (ValNbhSys _) valConAll
xyCxU = C -cons (nToCtx (suc m))
(NbhSys.C-refl UT) yELI
getP-Struct’ {m} {t=t}xxyyzf__p
(there Xy’ €f)
= Appmap.—-mono t X’rCx’U (p X'y’ &f)
where rCLI = NbhSys.C-LI-snd (ValNbhSys _) valConAll
x'tEX’U = C -cons (nToCtx (suc m))
(NbhSys.C-refl UT) rCuU

getP-Struct : V x — (f : FinFuny) —
[te({yep.q)]lxlam— ((4,f))—
P-Structy tx f
getP-Struct {m} {y =y} x @ _
=record {y=1,
; YX—Yy = Appmap.—-bottom y
; Aty = xye@-abs
}
getP-Struct x ((x , y) :: ) (lam~-intro, p)
with (p here)
getP-Struct {m} {t=t} {y =y} x(x,y):: {)
(lam~-intro, p)
| o>-intro {y=((z,,2))}
(()r>-intro (er>-intro (p+>-intro yCX) yy—Zz)
(g—-intro zCX)) tzz—y
=record { y =z U, rec-y [ valConAll ]
; yX—y = Appmap.—-Tdirected y yx—z rec-yx—y valConAll
; Aty = getP-Struct’ X x y z rec-y f (lam—-intro, p)
txz—y rec- Aty
}
where rec = getP-Struct {t =t} {y =y} xf
(lam-intro, A X’y’€f — p (there X'y’ €f))
rec-y = P-Struct.y rec
rec-yx—y = P-Struct.yx—y rec
rec-Aty = P-Struct. Aty rec
yX—Z = Appmap.—-mono y yCX yy—z
zzCxz = C -cons (nToCtx (suc m)) zEx
(NbhSys.C-refl (ValNbhSys _))
txz—y = Appmap.—-mono t zzCXz tzz—y
bigll =z LI, rec-y [ valConAll ]

lamSubLemma, : V {xy} —[lam (te(yep,q)) x>y —
[lamtey [X Yy
lamSubLemma, {m} {y =y} {y = ((L,..(O) )} _
= or>-intro yx—1L lam.l— 1
where yx— 1 = Appmap.—-bottom y
lam1—1 = lam~-intro;
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lamSubLemma, {y = (( 4, ., ({)) ))} (lam—-intro, p)
with (getP-Struct _ _ (lam~-intro, p))
lamSubLemma, {t =t} {y =y} {y =((4,f..(O) )} _
lrecord { y =Yy
S VXY =YXy
; Aty = Aty
}

= o>-intro yx—y (lam—-intro, Aty)

lamSub : (y : uAppmap n m) — (t : uAppmap (sucm) 1) —
(lamtey)~lam (te ((y °op),q))
lamSub y t = ~-intro (<-intro lamSubLemma, )
(<-intro lamSubLemma,)

B.0.96 Ucwf/DomainUcwf/LambdaBeta/ap/AxiomProofs
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{-# OPTIONS --safe --sized-types #-}

open import Ucwf.DomainUcwf.Appmap.Definition
open import Base.Variables

module Ucwf.DomainUcwf.LambdaBeta.ap.AxiomProofs
{tu: uAppmapn 1} where

open import NbhSys.Definition

open import Ucwf.DomainUcwf.Appmap.Valuation

open import Ucwf.DomainUcwf.LambdaBeta.ap.Relation
open import Ucwf.DomainUcwf.UniType.Definition
open import Ucwf.DomainUcwf.UniType.Instance

open import Ucwf.DomainUcwf.UniType.PrePost

open import Ucwf.DomainUcwf.UniType.Relation

open import Ucwf.DomainUcwf.UniType.Transitivity
open import Ucwf.DomainUcwf.UniType.SizedFinFun

private
UT : NbhSys
UT = UniType

ap—-mono : V {xyz} - L, (nToCtxn)xy —
[t,u]xap—z—[t,u]yap— z
ap—-mono _ ap—-intro; = ap~>-intro;
ap—-mono XLy (apr-intro, tx—f ux—x xyLCf)
= ap—>-intro, ty—f uy—x xyCf
where ty—f = Appmap.—-mono t XCy tx—{
uy—Xx = Appmap.—-mono u XLy ux—x

apr>-bottom : V {x} — [t,u]xap— ({ L, ))
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apr>-bottom = ap~-intro;

ap—-|closed’ : V {f’ xy f} —
[UT]1(4,HCy~
[UT] A, (x.y)::@)EA,f —
VxX'y —
x,y)e (x, 4,0 0)—
C,-proof f” x’ y’
ap—-lclosed’ {x =x} {y} fCy (C,-intro, _ _p) _ _ here
= record { sub = sub
; yE,post = NbhSys.C-trans UT fCy yCpost
; preE, x = preEx
; subCf” = subCf
}
where paxy = p X y here
sub = L -proof.sub paxy
preCx = C -proof.preCC, x paxy
yEpost = C -proof.yC, post paxy
subCf = C -proof.subCf” paxy

ap—-lclosed : V {xyz} - E, (nToCix 1)y z —
[t,u]xap—z—[t,u]xap—y

ap>-|closed {y = (( L, .. (()) ))} _ _ = apr>-intro,
ap—>-lclosed {y = (( 4, ., (()) )} (E,-cons _fCy L -nil)

(apr-intro, {x =x"} {f =1} tx=1f" ux—x’ X’y’'Cf")

= apr>-intro, tx—f" ux—x’ x’fCf’

where x’fCf” = apr>-|closed’ fCy x’y’Cf’

X' fEf” = C-intro, (X’ , 4, 1) :: @) I x’{Cf”

ap—-fdirected’ : V {f ' xx’yy'} —
A, (x,y) @) B, (4, 1) —
A, (X ,y) i D)E, (4, ) = VX"y’ =
x".y") €,
((xU,x’ [con-all ]), (yu, y [con-all ]) :: @) —
C,-proof (fuU, ") x” y”
ap—-tdirected’ {x =x} {x’} {y} {y’} (E,-intro, _ _p;)
(C,-intro, _ _py) X7 y” here
=record { sub = psub U p,sub
; yE, post = Q-post {f = p;sub} p;yEpost p,yEpost
; preC,x = Q-pre {f = p;sub} p;preCx p,preCx
; subCf” = U -lemmas p;subCf p,subCf
}
where pyjxyh  =py xy here
pox’y'h =p, X’y here
pysub = [ ,-proof.sub p;xyh
posub = [,-proof.sub p,x’y’h
p1yEpost = C -proof.yC post p;xyh
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p2yEpost = L, -proof.yC, post pox’y’h
pipreEx = C -proof.preCC ,x pyxyh
popreCx = C -proof.preC x p,x’y’h
pysubCf = C -proof.subCf” p;xyh
posubCf = C -proof.subCf” p,x’y’h

ap—-fdirected : V {xyz} - [t,u]xap—y—
[t,u]xap— z — (conyz: ValCon _yz)—
[t.u]xap— (yL,z[conyz])
ap—>-Tdirected {y = (( L, .. () N} {{( L, .. (O) N}
XYy _ (con-tup _ _) = Xy
ap>-Tdirected {y = (( L, .. (()) )} {{( 4, ..{O) )}
_X—Z(con-tup _ _) =X—Z
ap—>-Tdirected {y = (( 4, f.. (()) )} {{( L, .. (O) N}
X—Yy _ (con-tup _ ) =xmy
ap—>-Tdirected {y = (( 4, ., () )} {{(4, .. (O) )}
(apr>-intro, {x} {_} {g} tx—g ux—x xfCg)
(apr-intro, {x’} {_} {g’} tx—=g" ux—Xx’ xX’{’Cg’)
(con-tup _ _)
= apr>-intro, tx—gug’ ux—xLx’ bigt
where tx—gUg’ = Appmap.—-Tdirected t tx—g tx—g’
(con-tup con-all con-nil)
ux—xLIx’ = Appmap.—-Tdirected u ux—Xx ux—x’
(con-tup con-all con-nil)
fuf’ =4, (fu, )
bigC = C -intro, ([ UT ] x U x’ [ con-all ], fUf") :: @)
(g U, g°) (ap—>-Tdirected’ xfCg x’ f'Cg’)

B.0.97 Ucwf/DomainUcw{/LambdaBeta/ap/Instance
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{-# OPTIONS --safe --sized-types #-}
module Ucwf.DomainUcwf.LambdaBeta.ap.Instance where

open import Base.Variables

open import Ucwf.DomainUcwf.Appmap.Definition

open import Ucwf.DomainUcwf.Appmap.Valuation

open import Ucwf.DomainUcwf.LambdaBeta.ap.AxiomProofs
open import Ucwf.DomainUcwf.LambdaBeta.ap.Relation
open import Ucwf.DomainUcwf.UniType.Definition

ap : uAppmapn | — uAppmapn 1 — uAppmap n |
Appmap._+—_ (ap tu) =[_,_] ap—_tu
Appmap.—-mono (ap tu) = ap—>-mono
Appmap.—-bottom (ap t u) = ap—-bottom
Appmap.—-|closed (ap t u) = ap—-]closed
Appmap.—-Tdirected (ap t u) = ap—-Tdirected
Appmap.—-con (ap t u) = A___ — valConAll
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B.0.98 Ucwi/DomainUcwi{/LambdaBeta/ap/Relation
{-# OPTIONS --safe --sized-types #-}

module Ucwf.DomainUcwf.LLambdaBeta.ap.Relation where

open import Ucwf.DomainUcw{.Appmap.Definition
open import Ucwf.DomainUcwf.Appmap.Valuation
open import Ucwf.DomainUcwf.UniType.Definition
open import Ucwf.DomainUcwf.UniType.Relation
open import Ucwf.DomainUcwf.UniType.SizedFinFun

open import Agda.Builtin.Nat

private
variable
n : Nat

data [_,_]_ap—_ (tu: uAppmap n 1) (x : uValuation n) :
uValuation 1 — Set where
apr-intro; @ [t,u]xap— (( L, ))
ap+>-intro, : V {xy f} —
[t (A, £)) = [ulxe ((x)) -
Gy (X, )11 @) T, (4, ) =
[t,u]xap—((y))

B.0.99 Ucwf/DomainUcwf/LambdaBeta/lam/AxiomProofs
{-# OPTIONS --safe --sized-types #-}

open import Base.Variables
open import Ucwf.DomainUcwf.Appmap.Definition

open import Agda.Builtin.Nat

module Ucwf.DomainUcwf.LambdaBeta.lam.AxiomProofs
{t: uAppmap (suc n) 1} where

open import Base.Core

open import NbhSys.Definition

open import Ucwf.DomainUcwf. Appmap. Valuation

open import Ucwf.DomainUcwf.LambdaBeta.lam.Lemmata
open import Ucwf.DomainUcwf.LambdaBeta.lam.Relation
open import Ucwf.DomainUcwf{.UniType.Definition

open import Ucwf.DomainUcwf.UniType.Instance

open import Ucwf.DomainUcwf.UniType.PrePost

open import Ucwf.DomainUcwf.UniType.Relation

open import Ucwf.DomainUcwf.UniType.SizedFinFun
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lam—~-mono : V {xy z} - C, (nToCtxn) xy —
[t]x]lam—>z — [t]ylam— z
lam~—-mono {y =y} XCy lam—-intro; = lam~-intro,
lam—-mono {x =x} {y =y} xCy (lam~-intro, p)
= lam~-intro, A xyef — Appmap.—~-mono t
(E,-cons (nToCtx (suc n)) (NbhSys.C-refl UniType) xCy)
(p xy€f)

lam—-bottom : V {x} — [t ] xlam— (( L, ))
lam—-bottom = lam~-intro;

lam—-|closed’ : V {xff’} - [ UniType | 1, fE 4, f —
[t]xlam— (( 4, )) —
Vixyl—=-x,y) &f—
[t]({(x.x))~>{y)
lam~-|closed’ (C,-intro, _ _ p) _ xyef with (p _ _ xy&f)
lam—-|closed’ {x = x} _ tx—f" xyef
[ record { sub = sub
s YE, post = yE post
s preCC, x = preC x
; subCf” = subCf’
}
= Appmap.—-|closed t yCpost’ txx—post
where yEpost’ = C, -cons (nToCtx 1) yE,post T, -nil
preCpost = C -cons (nToCtx (suc n)) preC, x
(NbhSys.C-refl (ValNbhSys _))
tprex—post = |closed-lemma x sub
(shrinklam subCf’ tx—f")
txx—post = Appmap.—-mono t preCpost tprex—post

lam—-|closed : V {xyz} - C, (nToCtx 1)y z —
[t]x]lam—z — [ t] xlam— y
lame-|closed {y = (( L, .._ )} {{({(z.._))}
(C,-cons _yCz C -nil) tx—z = lam—-intro,
lame-Jclosed {x =x} {({( 4, f.,,_ )} {{(4, 1. _))}
(E,-cons _{Cf’ C -nil) tx—1
= lam~-intro, (lam—-|closed’ fCf* tx—{")

lam—-fdirected’ : V {xff’} — [t]xlam— (( 4,f)) —
[t]xlam— (( 4, )) =V {xy} -
x.,y) g, fu, ) —
[t]{(x.x))~>{y))
lam—-Tdirected’ {f =f} _ _ xyefuf’
with (Ug-lemma, {f = f} xyefuf’)
lam—-tdirected” (lam—-intro, p) _ _
l'inl xyef = p xyef
lam~-tdirected’ _ (lam~-intro, p) _
| inr xyef’ = p xyef’
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lam—-fdirected : V {xyz} — [t] x lam— y —
[t]xlam— z — (conyz : ValCon _yz)—
[t]xlam— (yU, z[ conyz ])
lam—-tdirected {y = (( L, .. (()) )} {{{ L, .. (O)) )} _ txlam—z
(con-tup _ _)
= txlam—z
lam—-tdirected {y = (( 4, f., (()) )} {{{ L, .. (O)) )} txlam—y _
(con-tup _ _)
= txlam—y
lame-tdirected {y = (( L, .. (() )} {{( 4, .. () )} _ txlamz
(con-tup _ _)
= txlam—z
lame-fdirected {x =x} ({4, £.. () )} ({4, £ (O) )
txlam—f txlam—f" (con-tup _ )
= lam~-intro, txxry
where txx—y = lam—-1directed’ txlam—f txlam—{’

B.0.100 Ucwf/DomainUcwf/LambdaBeta/lam/Instance
{-# OPTIONS --safe --sized-types #-}

module Ucwf.DomainUcwf.LambdaBeta.lam.Instance where

open import Base.Variables

open import Ucwf.DomainUcwf.Appmap.Definition

open import Ucwf.DomainUcwf.Appmap.Valuation

open import Ucwf.DomainUcwf.LambdaBeta.lam.AxiomProofs
open import Ucwf.DomainUcwf.LambdaBeta.lam.Relation

open import Agda.Builtin.Nat

lam : uAppmap (suc n) | — uAppmap n 1
Appmap._+—_ (lam t) =[] lam—~_t
Appmap.—-mono (lam t) = lam~-mono
Appmap.—-bottom (lam t) = lam~-bottom
Appmap.—-|closed (lam t) = lam~-|closed
Appmap.—-Tdirected (lam t) = lam—-Tdirected
Appmap.—-con (lam t) =A_ _ _ —valConAll

B.0.101 Ucwf/DomainUcwf/LambdaBeta/lam/Lemmata
{-# OPTIONS --safe --sized-types #-}

module Ucwf.DomainUcwf.LambdaBeta.lam.Lemmata where

open import Base.Variables
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open import NbhSys.Definition

open import NbhSys.Lemmata

open import Ucwf.DomainUcw{.Appmap.Definition

open import Ucwf.DomainUcwf.Appmap.Valuation

open import Ucwf.DomainUcwf.LambdaBeta.lam.Relation
open import Ucwf.DomainUcwf.UniType.Definition

open import Ucwf.DomainUcwf.UniType.Instance

open import Ucwf.DomainUcw{.UniType.PrePost

open import Ucwf.DomainUcwf.UniType.SizedFinFun

open import Agda.Builtin.Nat

private
variable
t : uAppmap (suc n) |

pre-biggest: Vixy - (x,y) €, f —
[ UniType ] x C pre f
pre-biggest ((x ,y) :: f) x y here
= NbhSys.C-LI-fst UniType con-all
pre-biggest ((x’ ,y’) :: f) x y (there xyef”)
= C-LI-lemmas UniType (pre-biggest f” x y xyef’) con-all

shrinklam : V {xff’} - fC, " —
[t]xlam— (( 4, )) = [t]x]lam— (( 4, f))
shrinklam {f = f} fCf’ (lamr-intro, p)
= lamr-intro, (1 xyef — p (fCf” xyef))

lclosed-lemma’ : Vxf— [t]xlam— (( 4, f)) —
Vxy— x,y) g f—
[t]((pref.x))—({y))
lclosed-lemma’ {n} {t =t} x (x :: ") (lam~-intro, p)
X'y xyef
= Appmap.—-mono t axCpfx (p X'y’ €f)
where aCpf = pre-biggest (x :: ") X’ y’ X'y’ &f
axCpfx = C -cons (nToCtx (suc n)) aCpf

=v

(NbhSys.C-refl (ValNbhSys _))

lclosed-lemma : Vxf —
[t]xlam— (( 4, f)) —
[t]((pref..x))— ((postf))
lclosed-lemma {t =t} X @ _ = Appmap.—-bottom t
lclosed-lemma {n} {t=t} x((x,y) :: {*) lamtx—f
= Appmap.—-Tdirected t tpref’—y tfx—pf’” (con-tup con-all con-nil)
where f” = (x,y) :: f
tpref’—y = |closed-lemma’ x f* lamtx—f x y here
pf’CEpf = NbhSys.C-LI-snd UniType con-all
pf’xEpfx = C -cons (nToCtx (suc n)) pf’Epf
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(NbhSys.C-refl (VaINbhSys _))
tpf’x—pf” = |closed-lemma x f
(shrinklam (4 yef’ — there yef”)
lamtx—{)
tfx—pf’ = Appmap.—-mono t pf’xCpfx tpf’x—pf’

B.0.102 Ucwf/DomainUcwf/LambdaBeta/lam/Relation
{-# OPTIONS --safe --sized-types #-}

module Ucwf.DomainUcwf.LambdaBeta.lam.Relation where

open import Ucwf.DomainUcwf.Appmap.Definition
open import Ucwf.DomainUcwf.Appmap.Valuation
open import Ucwf.DomainUcwf.UniType.Definition
open import Ucwf.DomainUcwf.UniType.SizedFinFun

open import Agda.Builtin.Nat

private
variable
n : Nat

data [_]_lam~_ (t : uAppmap (sucn) 1) :
uValuation n — uValuation 1 — Set where
lam—-intro; : V {x} — [t] xlam~ (( L, ))
lam~-intro, : V {x f} —
Vi{xy}—-x.,y) g f—
[t]{(x.x))~>{y))—
[t]xlam— (( 4,f))

B.0.103 Ucwf{/DomainUcw{/UniType/AxiomProofs
{-# OPTIONS --safe --sized-types #-}

module Ucwf.DomainUcwf{.UniType.AxiomProofs where

open import Base.Core hiding (_,_)

open import NbhSys.Definition

open import Ucwf.DomainUcwf.UniType.Definition
open import Ucwf.DomainUcwf.UniType.Lemmata
open import Ucwf.DomainUcwf.UniType.Relation
open import Ucwf.DomainUcwf.UniType.SizedFinFun

private
variable
x 'y z : UniNbh
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C,refl’ :Vifxy—(x,y) €, f— C -proof fxy
C,refl’ (x*,y’) :: ) xy (there xyef)
= liftC -proof f” (X’ ,y’) :: ) Xy
(A z&f — there z€f) (E,-refl’ f” x y xy€ef)
c,refl’ (_::f) L, L, here
=record { sub=@
; YE, post = C ,-intro,
; preC,x = C ,-intro;
; sSubCf” = @-isSubset;
}
cC,refl’ (_::f)L, (4,1 here
=record { sub=(L,,4,0):: @
; yE, post = C -intro, f f (E,-refl’ f)
; preC, x = C -intro,
; subCf” = C -lemma, here @-isSubset,
}
C,refl’ (_::f)(4,1) L, here
=record { sub=(4,f,1,):: @
; YE, post = C -intro;
; preE, x = C-intro, f f (E,-refl’ f)
; subCf” = C -lemma, here @-isSubset,
}
C,refl’ (_::f) (4,0 (4, ) here
=record { sub=(4,f,4,) 1 @
; YE,post = C -intro, f’ {” (E-refl’ )
; preC, x = C-intro, f f (E,-refl’ f)
; subCf” = C -lemma, here @-isSubset,

}

C,refl: V{x} ->xC,x
c,refl {L,} =C,-intro,
c,refl {4, f} =C -intro, f f (E,-refl’ f)

c,u vy -4, g, 4,f- 1,7, 1,f—
Vxy—x,y) € (" u,f’) —
C,-proof f x y

C,u {(f=f}__xyxyeu

with (Ug-lemma, {f =1} xy€U)
C,-U, (C,-intro, __p)_xyXxyeU |linl xyef’
= record { sub = f’sub
; yE, post = ’yE, post
; preC, x = f"preC, x
; subCt” = f’subCf
}
where f’proof = p x y xyef’
f’sub = C -proof.sub f’proof
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f’yE, post = C -proof.yC post f”proof
f’preC,x = C,-proof.preC, x f"proof
f’subCf = C -proof.subCf” {’proof
C,-U, _ (E,-intro, _ _p) xy xy€U | inr xyef”
= record { sub = f’sub
; yE, post =’y post
; preC, x = {’preC, x
; subCf’ = f’subCf
}
where f’proof = p x y xyef”
f’sub = C ,-proof.sub f’proof
f’yE, post = C ,-proof.yC, post f’proof
f’preC,x = C ,-proof.preC x f’proof
f’subCf = C ,-proof.subCf” f’proof

n

C,U,:yE,x—=>zE,x— UniCon yz— (y U,z [ con-all ]) C, X
C,U, {1} %) (L,) ___ = C,intro,
C,-U, {4, ) {x} {L,} yEx __=yEx
C,-, (L) {x} {4, f} _zEx _ = zEx
Cu-Uy (4, £} {4, £} {4, £} yEx zEx _
= Eu_intrOZ (f’ Us f”) f (I;u_uu’ yEXx ZEX)

C,-U,-helper; : V {x} - xE, (x U, L, [ con-all ])
C,-U,-helper; {x} rewrite (U, ,-L,-rightid x)
=L, -refl

C,-U,-helper, : V {x} — (xu, L, [con-all ]) E, x
C,-U,-helper, {x} rewrite (U,-L,-rightid x)
=LC,-refl

C,-U,fst: V{xy} —=UnConxy—xLC, (xU,y[con-all])
E,-u,fst {1, } _=E,-intro;
C,-u,-fst {4, f} {L,} =L, refl
C,-u,-fst {4, f} {4,} _
=LC,-intro, f fU, ") A x y xyef —
record { sub=(Xx,y):: @
; yE, post = -1, -helper;
; preC, x = C,-LI,-helper,
; subCf” = C-lemma, (U-lemmas; xyef)
@-isSubset,
}

uU,-snd vV {xy} = UniConxy = yC, (xU,y|[con-all])
JU,-snd {y=1,} =L, -intro;
oU,-snd { L)} {4, f} _=C,-refl
JU,-snd {4, £} {4, ) _
=L -intro, * (f U, ") Axy xyef’ —
record { sub=(x,y):: @

I e
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; YE, post = E,-L1,-helper;

; preC, x = E,-L,,-helper,

; subCf” = C -lemmay (U;-lemmay xyef’)
@-isSubset,

}

B.0.104 Ucwi{/DomainUcw{/UniType/Definition
{-# OPTIONS --safe --sized-types #-}

module Ucwf.DomainUcwf.UniType.Definition where
open import Agda.Builtin.Size

-- We give pairs, finite functions, neighborhoods of the
-- universal type, and related concepts sizes.

-- This lets Agda see that the recursion used in the

-- transitivity proof is well-founded.

data X : {1: Size} — Set

data FinFung : {1: Size} — Set

data UniNbh : {i: Size} — Set

data X; where
_._:V{i} = (xy: UniNbh {i}) — X, {i}

data FinFung where
@ : V {i} — FinFun, {i}
_i_:V{i} = X, {1} = FinFun, {1} — FinFun, {i}
data UniNbh where
1,V {i} — UniNbh {i}
-- Note that 4, increases the size!
A, o ¥V {1} — FinFuny {i} — UniNbh {1 i}

_U,_:V{i} — FinFun, {i} — FinFun, {i} — FinFun, {i}
U, =1f
xohHu P =x::(fu, )

data UniCon : UniNbh — UniNbh — Set where
con-all : V {xy} — UniCon x y

U, []:V{i} - (xy: UniNbh {i}) —
UniCon x y — UniNbh {i}
L,u,L,[_1=1,
LU, (A, DI 1=4,
DU, L, [_1=4,
(G Dy (A, £) [ 1= 4, (FU, £)
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B.0.105 Ucwf/DomainUcw{/UniType/Instance
{-# OPTIONS --safe --sized-types #-}

module Ucwf.DomainUcwf.UniType.Instance where

open import Base.Core

open import NbhSys.Definition

open import Ucwf.DomainUcwf.UniType.AxiomProofs
open import Ucwf.DomainUcwf.UniType.Definition
open import Ucwf.DomainUcwf.UniType.Relation
open import Ucwf.DomainUcwf.UniType.Transitivity

open import Agda.Builtin.Nat

UniType : NbhSys

NbhSys.Nbh UniType = UniNbh
NbhSys._C_ UniType =_LC,_
NbhSys.Con UniType = UniCon
NbhSys._11_[_] UniType = L, [_]
NbhSys.L UniType =1,
NbhSys.C-refl UniType = LC,-refl
NbhSys.C-trans UniType = C ,-trans
NbhSys.C-1L UniType = LC,-intro;
NbhSys.C-L1 UniType = LC,-L,
NbhSys.C-LI-fst UniType = C,-LI,-fst
NbhSys.C-LI-snd UniType = E,-LI,,-snd
NbhSys.Con-LI UniType = A _ _ — con-all

-- In a ucwf contexts are simply natural numbers.

-- As we want to use approximable mappings as initially
-- defined for scwfs, we define a function that ''translates'
-- natural numbers to scwf-contexts.

nToCtx : V (n) —» Ctxn

nToCtx zero = []

nToCtx (suc n) = UniType :: (nToCtx n)

B.0.106 Ucwf/DomainUcwf/UniType/Lemmata
{-# OPTIONS --safe --sized-types #-}

module Ucwf.DomainUcwf{.UniType.Lemmata where

open import Base.Core hiding (_,_)

open import Ucwf.DomainUcwf.UniType.Definition
open import Ucwf.DomainUcwf.UniType.PrePost
open import Ucwf.DomainUcwf.UniType.Relation
open import Ucwf.DomainUcw{.UniType.SizedFinFun
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open import Agda.Builtin.Equality
open import Agda.Builtin.Size

IiftE -proof : V {1j} — (f{" : FinFun, {i}) —
(xy: UniNbh {j}) = fC, f —
C,-proof f x y — C-proof f* x y
liftC -proof f f* x y fCf’
record { sub = sub
; yE,post = yL post
; prelC, x = pre, x
; SubCf” = subCf’
}
=record { sub = sub
; YE, post = yE post
; preE, x = preE X
; subCf” = C-trans subCf’ fCf’

}

shrinkC,, : V {ij} — {ff" : FinFun, {i}} —
{f’: FinFun, {j}} - 4, C, 4, >fC,f —
VI S
shrinkC,, {f =f} {f’} {f’} (C,-intro, _ _ p) fCf’
=L, -intro, f (A x y xyef — p x y (fCf* xyef))

@-L,:V{f} - 4,2 LC, 41D
@-1, {f} =C, -intro, @ f (A Xy = XyEQ-abs)

C,-U,-lemma, : V {ij} — (x: UniNbh {i}) —
(y z: UniNbh {j}) = xE,y —
xLC, (yu, z[ con-all ])
C,-U,-lemma; _y zC -intro; = C -intro,
C,-u,-lemma; (4, f) (4, ) L, (E,-intro, _ _p)
=L ,-intro, f " p
C,-U,-lemma; (4, 1) (4, 1) (4, 1) (E,-intro, _ _p) =
C,-intro, f (" U, 17) (X y’ X'y €f —
lifte ,-proof f* (f” U, £7) X* y’” U,-lemmas (p x* y’ X'y’ €f))

C,-U,-lemma, : V {ij} — (x: UniNbh {i}) —
(yz: UniNbh {j}) - xC,z —
xC, (yu, z [ con-all ])
C,-U,-lemma, _yzLC -intro; = C -intro,
C,-U,-lemma, (1, 1) L, (4, ) (E,-intro, _ _p)
=LC,-intro, f " p
C,-U,-lemma, (1, f) (4, ) (4, ) (C,-intro, _ _p)
=L, -intro, f (" U, ) (X" y’ X'y €f -
liftE -proof £ (f” U, ) X* y’ U -lemma, (p Xy’ X'y’ €f))
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C,-U,lemmas’ : V {ij} — {ff" : FinFung {i}} —
{t* £ : FinFun, {j}} - (4, D C, (4, ) -
4, 0E, (4,7) -
Vxy—-x,y) g fu,f) —
C,-proof (" U, ") x y
C,-U,-lemmas” {f=f} {f'} __xyxyeu
with (Us-lemma, {f = f} xy€u)
C,-U,-lemmay’ (C -intro, __p)_Xy _
| inl xyef with (p x y xyef)
C,-U,-lemmay’ {f” ="} {{} I
| record { sub = sub
; YE, post = yE post
; preE, x = preE X
; SubCf” = subCf’
}
=record { sub = sub
; Yy, post = yL post
; pre, x = pre X
; subCf” = A x’y’€sub — U -lemmay (subCf’ x’y’€sub)
}
C,-U,lemmay” _(C, -intro, __p)Xy _
I inr xyef” with (p x y xyef’)
C,-U,-lemmas” {f" =1} {f} I
| record { sub = sub
s YE, post = yE, post
s preC, x = preC, X
; subCf” = subCf’
}
= record { sub = sub
s YE, post = yE, post
, preC, x = preC, x
; subCf” = A x’y’€sub — U,-lemma, (subCf” x’y’Esub)

}

C,-U,-lemmas : V {ij} — (xy : UniNbh {i}) —
(zw : UniNbh {j}) > xE,z—>yLC,w—
(xU,yl[con-all])E, (zU, w [ con-all ])

C,-U,lemmay L, L, =C -intro;

C,-U,-lemmas (4, f) _zw xEz C -intro,

=LC,-U,-lemma; (4, fu, L, [con-all ]) zw xCz

C,-U,lemmay L, (4,1)z(4,”)_yEw

=LC,-U,-lemma, (L, U, 4,f [con-all )z (4, ) yCw

C,-U,-lemmay __ _ _ (C, -intro, f f* p;) (E,-intro, £ £ p,)

= L[ -intro, (fU, ) (f" U, £) fUF"C UF”
where fUIPET" U™ = € -U,-lemmas’ (E,-intro, £ 1 p;)
(C,-intro, 7 £ py)

_uu
_uu
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u,-1,-leftid : V {i} — (x : UniNbh {1}) —
1,u,x[con-all | =x

u,-L,-leftid L, = refl

u,-L,-leftid (4, f) = refl

u,-L,-rightid : V {i} — (x : UniNbh {i}) —
xU, L, [con-all ] =x

u,-L,-rightid L, = refl

u,-L,-rightid (4, f) = refl

U,-ass’ @ {i: Size} — {xy: X, {i}} = {f : FinFung {i}} —
x=y—=> A, =4, -
A, xiiH)=4,@F )

L,-ass’ refl refl = refl

U,-ass : {i: Size} — (xy z: UniNbh {i}) —
(xU,yl[con-all])u,z[con-all ] =
xU, (yu, z[ con-all ]) [ con-all ]
u,-ass L, L, zrewrite (U,-L1,-leftid (L, U, z [ con-all ])) = refl
u,-ass L, (4, ) z rewrite (U,-L,-leftid (4, f* U, z [ con-all ]))
=refl
U,-ass (4, ) L, L, =refl
u,-ass (4, ) L, (4, ) =refl
u,-ass (4, 1) (4, 1) L, =refl
u,-ass (4, @) (4, 1) (4, ) = refl
U,-ass (4, ((x;,%x9) 11 g) (4,1) (4,1)
= U,-ass’ refl (U,-ass (4, ) (4, ") (4, 1))

U,-cong : {i: Size} — {xyzw: UniNbh {i}} - x=z —
y=w—(xU,y[con-all ])=(zu, w|[ con-all ])
U,-cong refl refl = refl

post-=: {i: Size} — (ff’ : FinFun, {i}) —
post (f U, f*) = (post f L, post f* [ con-all ])
post-= @ f rewrite (U,-L,-leftid (post f*)) = refl
post-= ((X; , Xp) 11 @) f
rewrite (LI,-ass X, (post g) (post{’))
= L,-cong refl (post-= g 1)

pre-=: {i: Size} — (ff’ : FinFun, {i}) —
pre (f U, *) = (pre f U, pre f’ [ con-all ])
pre-= @ {” rewrite (U,-L1,-leftid (pre *)) = refl
pre-= ((x , Xp) 1 @) P
rewrite (L,-ass X; (pre g) (pre f”))
= U,-cong refl (pre-= g {”)
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B.0.107 Ucwf/DomainUcw{/UniType/PrePost
{-# OPTIONS --safe --sized-types #-}

module Ucwf.DomainUcwf.UniType.PrePost where
open import Ucwf.DomainUcwf.UniType.Definition

pre : V {i} — FinFun, {i} — UniNbh {i}
preg =1,
pre ((x,y)::f)=xu, pre f [ con-all ]

post: V {i} — FinFun, {i} — UniNbh {i}
post@d =1,
post ((x,y)::f)=yu, post f[ con-all ]

B.0.108 Ucwf{/DomainUcw{/UniType/Relation
{-# OPTIONS --safe --sized-types #-}

module Ucwf.DomainUcwf.UniType.Relation where

open import Base.Core hiding (_,_)

open import Ucwf.DomainUcwf.UniType.Definition
open import Ucwf.DomainUcwf.UniType.PrePost
open import Ucwf.DomainUcwf.UniType.SizedFinFun

open import Agda.Builtin.Size

private
variableij : Size

record E,-proof {1] : Size} (f : FinFung {j})
(xy : UniNbh {i}) : Set

data _E,_: UniNbh {i} — UniNbh {j} — Set

record E,-proof f x y where
inductive
field
sub : FinFun,
yC,post : y E, (post sub)
preC,x : (pre sub) C, x
subCf’ : sub C;

data _C,_ where

C,-intro; : V {ij} = {x: UniNbh {j}} —
(L, (i) g, x

C,-intro, : V {ij} — (f : FinFun, {i}) —
(f : FinFuny {j}) —
((xy: UniNbh {i}) - x,y) €, f =
C,-proof {i} (j) £ xy) =
T, (1) (1) (4, B (4, F)

177



B. Code

B.0.109 Ucwf/DomainUcw{/UniType/SizedFinFun
{-# OPTIONS --safe --sized-types #-}

module Ucwf.DomainUcw{.UniType.SizedFinFun where

open import Base.Core hiding (_,_)
open import Ucwf.DomainUcwf.UniType.Definition

open import Agda.Builtin.Size
open import Agda.Primitive

private
variable
ff £ : FinFung

data _e,_: {1: Size} — X, {i} = FinFun, {i} — Set where
here : {i: Size} — {x: X, {i}} — {f: FinFun, {i}} —
X €, (x::f)
there : {i: Size} — {xx": X, {1}} — {f: FinFun, {1}} —
xg f—-xeg (x 1 1)

_C,_:{i: Size} — FinFun, {i} — FinFun, {i} — Set

G, fijftr=Vi{x}-_eg_{i}xf—-_e, {i} xP

§—

C,refl : {i: Size} — {f: FinFung {i}} - fC f
C,-refl xef = xef

C,-trans : {1: Size} — {ff" {”: FinFung {i}} - fC, " —
G e S i
C,-trans fCf" {"Cf” xef = {Ct” (fCf” x€f)

C,-lemmas @ {i: Size} - V {x} — {f: FinFun, {i}} —
fC,(x::1)
C,-lemmas yef = there yef

Ci-lemma, : V{x} - xe, f-1C f-x:i:f)Cf
C,-lemma, xef _ here = xef
C,-lemma, xef " Cf (there yef) = ’Cf yef

@-isSubset, : {i: Size} — {f: FinFun, {i}} - @ C f
@-isSubset, ()

U,-lemma, : {i: Size} — {ff" £’ : FinFun, {i}} —
fe, -1 c, ">y, ) c 7
U,-lemma, {f =@} _Cf” yefuf’ = "Cf” yefuf’
Us-lemma; {f=x::_} fCf” _here = fCf” here
Us-lemma; {f=x:: {7} fCf” " Cf” (there yefuf”)
= U,-lemma; (C-trans C -lemmas fCf”) {*Cf” yefuf’
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U,-lemma, : {i: Size} — {ff* : FinFun, {i}} - V {x} —
xe,fu, ) - xeHvxet)

U,-lemma, {f = @} here = inr here
U,-lemma, {f = @} (there x€xs) = inr (there xExs)
U,-lemma, {f =x:: _} here = inl here
U,-lemma, {f =x:: "} (there yeuv)

with (U,-lemma, yeU)
U,-lemma, (there yeu) | inl yef” = inl (there yef”)
U,-lemma, (there yeu) | inr yef’ = inr yef’

U,-lemmas : {i: Size} — {f " : FinFun, {i}} - V {x} —
xe, f-xeg,(fu,f)
U,-lemmas {f = x :: f’} here = here
U,-lemmas {f = x :: {7} (there yef”) = C,-lemmasy yef”’uf’
where yef’ut” = Ug-lemma; yef”

U,-lemma, : {i: Size} — {f{" : FinFun, {i}} = V {x} —
xe P =»xeg, (fu,f)
Us-lemmay {f = @} xef’ = xef’
U,-lemmay {f =x:: {7} yef’ = C -lemma; yef’uf’
where yef”Uf” = U;-lemma, yef’

Ug-lemmas : fC 7> C 7 > (fu, ") C, (" U, )
U,-lemmag _ _ xefuf” with (U -lemma, xefuf”)
Us-lemmas fC° _ _ | inl x&f = U -lemma; (fCf” x€f)
U,-lemmas _ °CP” _ | inr x€f” = U -lemma, ("Cf” xef”)

-- From a proof that a pair of neighborhoods is

-- in the empty set, anything.

XyE@-abs: {p: Set} -V {xy} > X,y)E DT —p
XyE@-abs ()

B.0.110 Ucwf/DomainUcw{/UniType/Transitivity
{-# OPTIONS --safe --sized-types #-}

module Ucwf.DomainUcwf.UniType.Transitivity where

open import Base.Core

open import Ucwf.DomainUcwf.UniType.AxiomProofs
open import Ucwf.DomainUcwf.UniType.Definition
open import Ucwf.DomainUcwf.UniType.Lemmata
open import Ucwf.DomainUcwf.UniType.Relation
open import Ucwf.DomainUcwf.UniType.PrePost

open import Ucwf.DomainUcwf.UniType.SizedFinFun

open import Agda.Builtin.Size
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private
variable
1j: Size

record E,-proof, (f : FinFun, {1}) (f" : FinFun, {j}) :
Set where
field
sub : FinFun,
pfC, post : (post f) E, (post sub)
preC,,pf : (pre sub) C, (pre f)
subCf’ : sub &, I’

Q-post: V {ij} — {xy: UniNbh {i}} —
{ff : FinFun, {j}} - xE, postf —
y E, postf” — (x U,y [ con-all ]) E, post (f U, )
Q-post {x =x} {y} {f} {f’} xCpostf yCpostf’ rewrite (post-=f ")
= LC,-U,-lemmas x y (post f) (post f*) xCpostf yCpostf’

Q-pre: V{ij} — {xy: UniNbh {i}} —
{ff’ : FinFun, {j}} - pre fC, x —
pref’C,y—pre (fU, "), (xU,y[con-all])
Q-pre {x =x} {y} {f} {f’} prefCx pref’Cy rewrite (pre-=f )
= C,-U,-lemmas (pre f) (pre {*) x y prefEx pref’Cy

Q:V{ij} - (f: FinFung {1}) — (f’ : FinFun, {j}) -
4, HDE, (4, ) — E,-proof, {1} {j}
Qo =
record { sub =@
; pfC, post = C -intro;
; preC,pf = C,-intro,
; subCf” = @-isSubset;
}
Q((x1,xy) 1) " (C,-intro, _ _p)
with (p xq X, here)
Q((xq,%xy) 11 )" (E,-intro, _ _p)
| record { sub = sub
s Y&, post = yL post
; preC, x = preC, x
: subCf” = subCf’
}
= record { sub = sub U sub’
; piC, post = Q-post {f = sub} yE, post pfC, post’
; preCC, pf = Q-pre {f = sub} preC, x preC,pf’
; subCf” = U -lemma; subCf” sub’Cf’
}
where recur = Q {”  (C-intro, £
(A ababef” — pab (there abef™)))
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sub’ = C -proof,.sub recur

pfC, post’ = C -proof,.pfC post recur
preC,pf’ = C,-proof,.preCC, pf recur
sub’Cf” = C -proof,.subCf’ recur

C,-trans : V {i x} — {y: UniNbh {i}} - V {z} —
xE,y—-yL,z—>xL,z

C,-trans’ : V {i} - Vf— (f’ : FinFun, {i}) > V" —
4HE, 4, 1) -, HE, 4, T) -
VX'y = (x,y)€;f— C, -proof {” X"y’

C,-trans {x =1,} __ =L -intro,
C,-trans {x =4, @} {L,} {L,} O
C,-trans {x = 4, @} {4, '} {L,} (C,-intro, __ ) ()
C,trans {x =4, @} {4, } {4, )} __=@-1,
C,-trans {x =4, (x:: @)} {4,{} {4, ]} xCy yCz
= LC,-intro, (x :: g) {7 (E,-trans’ (x :: g) f* " xCy yCz)

C,-trans’ f f* 7 (C-intro, _ _p) PEf” x y xyef
with (p x y xy€f)
C,-trans’ f f* 7 fCf T x y xyef
| record { sub = sub’ ; subCf” = subCf’ }
with (@ sub’ £ (shrinkC, {f" ="} 'Cf” subCf”))
C,-trans’ f f* {7 (C -intro, _ _p) PEf” x y xyef
| record { sub = sub’
; preC,x = pre’C, x
; YE, post = yE, post’
; subCt” = sub’Cf’
}
| record { sub = sub”
; piC, post = pfC, post”
; prel, pf = pre”C, pf
; SubCf” = sub”Cf”
}
= record { sub = sub”
; yE, post = E -trans yE post’ pfC post”
; preC, x = C -trans pre”’C, pf pre’C,x
; subCf” = sub”Cf”
}
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